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Abstract We report the development of a millimeter-wave electron-spin-resonance 
(ESR) measurement system at the University of Fukui using a 3He/4He dilution 
refrigerator to reach temperatures below 1 K. The system operates in the frequency 
range of 125–130 GHz, with a homodyne detection. A nuclear-magnetic-resonance 
(NMR) measurement system was also developed in this system as the extension for 
millimeter-wave ESR/NMR double magnetic-resonance (DoMR) experiments. Sev-
eral types of Fabry–Pérot-type resonators (FPR) have been developed: A piezo actu-
ator attached to an FPR enables an electric tuning of cavity frequency. A flat mirror 
of an FPR has been fabricated using a gold thin film aiming for DoMR. ESR signal 
was measured down to 0.09 K. Results of ESR measurements of an organic radical 
crystal and phosphorous-doped silicon are presented. The NMR signal from 1H con-
tained in the resonator is also detected successfully as a test for DoMR.
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1 Introduction

Magnetic-resonance techniques such as electron-spin resonance (ESR) [1, 2] and 
nuclear-magnetic resonance (NMR) [3, 4] are efficient methods for studies of var-
ious materials from the microscopic point of view. In particular, ESR can help us 
to directly investigate the interactions among electrons and between electrons and 
nuclei of magnetic materials. Phenomena based on the quantum effects of spin 
systems have been attracting a significant research attention. To study such quan-
tum properties, very low temperatures are often required to suppress thermal fluc-
tuations [5]. Many studies have been reported on NMR and muon spin resonance/
relaxation (μSR) measurements in the ultra-low-temperature region below 1  K 
[6–11]. However, ESR reports at very low temperatures are rather rare [12–22], 
mainly owing to the technical difficulties such as the heat inflow from the out-
side through waveguides and cables and heating by electromagnetic waves used 
to irradiate the sample. Nevertheless, several ESR systems have been cooled to 
extremely low temperatures using the 3He single-shot method, nuclear adiabatic 
demagnetization, etc. [12–22]. It is notable that Sakon and coworkers developed 
an ESR system using a 3He–4He dilution refrigerator (DR), which can be used 
over a wide-frequency range of 45–110  GHz at temperatures down to 160 mK 
[18].

When an ESR measurement system is combined with the NMR technique, 
ESR/NMR double magnetic-resonance (DoMR) techniques could be achieved. 
The electron nuclear double resonance (ENDOR) [23–26] technique is utilized to 
provide useful information about electron–nucleus hyperfine interactions. In case 
that dynamic nuclear polarization (DNP) [27–32] is caused by irradiation of ESR 
transitions, DNP-NMR is one of the ESR/NMR DoMR techniques. The develop-
ment of a DNP–NMR system is one of the current central issues in the NMR 
spectroscopy as well as in medical applications.

A typical example of DNP was reported more than 50 years ago, in an ESR study 
of a low-phosphorous-doped silicon (Si:P), where a donor electron spin is coupled 
with a 31P nuclear spin [33]. Since Kane has proposed a magnetic-resonance-type 
quantum-computer model with Si:P, where the DNP effect is utilized for “initializa-
tion” [34], Si:P has been attracting a significant renewed interest. Although the 31P-
NMR signal has not been directly observed owing to the low concentration of phos-
phorus in Si:P, the 31P-NMR detection could be achieved using the DNP. Therefore, 
Si:P is appropriate as a target sample for a simultaneous ESR and NMR measure-
ment. External magnetic fields above 3 T and ultra-low temperatures below 0.3 K 
were required for the Kane’s quantum-computer demonstration experiments.

Considering the importance of low temperature for studies on quantum effects 
and quantum information, as well as the recent rapid developments of DoMR 
techniques, it is highly significant to develop a low-temperature DoMR measure-
ment system. Furthermore, higher magnetic field (and frequency) of the magnetic 
resonance can improve the resolution of spectrum. Measurement systems that can 
perform both ESR and NMR at ultra-low temperatures and high magnetic fields 
are very rare [21, 22].
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We have been developing millimeter-wave ESR and DoMR measurement sys-
tems for the very-low-temperature range [35–37]. These systems are based on the 
Fabry–Pérot-type resonator (FPR), composed of two mirrors.

In this paper, we report our recent development of a millimeter-wave homodyne-
detection ESR system, using a 3He–4He DR. The NMR system is attached to the 
ESR system aiming for DoMR. After a brief description of our system in the follow-
ing section, we describe the developed FPRs: (1) An FPR accommodates a home-
made piezo actuator for electric tuning of resonance frequency. (2) A flat mirror of 
an FPR is made of gold thin film being suitable for DoMR. (3) A coupling iris is 
placed on a flat mirror to keep the sample at the same position during the tuning of 
the resonance frequency. Furthermore, we discuss the results of the measurements 
with the ESR system: ESR results of 1,1-diphenyl-2-picrylhydrazyl (DPPH) radical 
crystal show that it works as a field marker. ESR spectrum of phosphorous-doped 
silicon shows DNP effect.

2  Overview of the ESR–NMR System Using a DR

Figure  1 shows a schematic of our millimeter-wave ESR/NMR system with a 
3He–4He DR (Kelvinox MX 400, Oxford Instruments plc). The DR unit is installed 
into a cryostat with an 18-T superconducting magnet (SCM, Oxford Instruments 
plc).

The ESR system is based on a homodyne-detection system [2, 36–40]. To obtain 
a better sensitivity of ESR measurements, the InSb detector is anchored at a low 
temperature of the still stage in the DR. Note that ESR results shown in Sects.  4 
and 5.1 were obtained with the detector anchored on the 1-K pot stage. Although 
the sensitivity for the latter case is a little worse, there is an advantage that the 
temperature stabilization of the 1-K pot stage is relatively easy even for the case 
of the sample temperature above ~ 2 K. This design is achieved using the circulator 
and isolator, which operate even at very low temperatures, though their frequency 
band is rather narrow (approximately 125–130 GHz). We used oversized (Q-band) 
waveguides made of CuNi connected between the room temperature and 4  K to 
simultaneously achieve a smaller loss and better thermal insulation. D-band CuNi 
waveguides are also used for the thermal insulation between the stages at different 
temperatures. At present, we have a loss of 20–24 dB from the tapered waveguide at 
the entrance to the DR to the end of the waveguide just above the FPR. The lowest 
temperature at the mixing chamber (M/C) reaches 34 mK [36]. The cooling power at 
0.1 K is 240 µW with a still-heater power of 50 mW [36]. We have performed ESR 
measurements in a temperature range down to 0.09 K, as shown in Sect. 5.1. The 
lowest temperature depends on the millimeter-wave power.

A phase-locked Gunn diode (PLO-6-128-01, Farran Technology) oscillator has 
an output power of approximately 10 mW around the central frequency (~ 128 GHz). 
The stability of the frequency is approximately 3 × 10−6. The millimeter-wave source 
is changed to a backward wave oscillator (BWO, Model OB-76) when a wide sweep 
of the frequency is necessary to, for example, observe a resonance frequency of FPR 
changing as the mirror distance of FPR is changed.
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Fig. 1  Schematic of the millimeter-wave ESR system with an FPR in the DR with an SCM. The waveguides 
made of CuNi are shown in gray. The dashed lines outline the connections by cables. The names of the stages 
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perature change between the room temperature and that of the sample. The thick dashed black lines represent 
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radio-frequency (RF) coils, and variable capacitor is outlined by the green lines (color figure online)
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Millimeter waves from the oscillator are split by a magic-T hybrid (or a direc-
tional coupler with a 20-dB coupling) into main and bias lines in the homodyne-
detection system, as described in Sect. 3. A 0–50-dB attenuator (ATT) is inserted 
into each line to adjust the incident power. An amplitude modulation (AM) 
(Hz–kHz) is applied to the millimeter wave on the main line through a PIN diode. 
The temperature is measured with ruthenium oxide (RuO) thermometers. To meas-
ure the sample temperature, a RuO thermometer is attached to a flat mirror of FPR 
directly or to the FPR body anchored to the flat mirror. As the output power of the 
millimeter wave from the Gunn diode is reduced during its traveling through the 
components by approximately 10 dB before the DR and 20–24 dB inside the DR, 
the amount of heat produced by the electromagnetic-wave irradiation of the sample 
area is at most a few tens of microwatts, well below the cooling power of the DR at 
0.1 K.

An NMR excitation and detection system, which consists of a conventional 
pulsed NMR system (THAMWAY Co., Ltd.) with an LC tuning circuit, is attached 
to the ESR system, as shown in Fig. 1. A preamplifier (N141-206AA, THAMWAY 
Co., Ltd.) operating at 4 K is utilized. We used coaxial cables made of CuNi and 
NbTi. The latter one is used to reduce the thermal conductivity between the M/C 
and 1-K pot stages.

3  FPR

3.1  Design and Variations of the FPR

As discussed above, an FPR is used in our system. The resonator frequency can be 
adjusted by changing the distance between the two mirrors d [41]. The incident mil-
limeter waves pass through the iris (coupling hole) and reflect between the mirrors, 
forming  TEM00q resonant modes, where q is an integer.

We have developed several types of FPRs. Figure 2 shows the variations of our 
FPRs. The basic design of the FPR is shown in Fig. 2a, where the two mirrors are 
made of oxygen-free copper. If the distance d between the mirrors is fixed by, for 
example, copper blocks, the resonant frequency will depend on the temperature 
owing to the thermal shrink. Moreover, the sensitivity usually depends on the fre-
quency mainly owing to the impedance transformation between both ends of the 
waveguide. It is sometimes challenging to find a resonant mode after cooling the 
FPR, or perform a measurement with an optimal sensitivity. Therefore, it is desir-
able to adjust the resonant frequency of the FPR even at low temperatures. Such 
adjustment can be achieved by introducing a home-made piezo actuator on the bot-
tom side, as shown in Fig.  2b. The piezo actuator consists of a piezo stack (PSt 
150/7 × 7/7, Piezo Mechanic Co., Ltd.) glued with a graphite rod. The graphite rod 
is sandwiched by two blocks made of titanium. When a saw-tooth voltage wave is 
applied to the piezo stack by a piezo controller (ANC150, Attocube systems AG) 
through a driver to amplify the voltage (M26110, Mess-Tek Co., Ltd.), the piezo 
stack expands and contracts repeatedly according to the voltage, and the graphite rod 
moves up/down by the slip–stick principle. Therefore, the position of the flat mirror 
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is changed mechanically. The piezo actuator has operated in the temperature from 
room temperature down to 2.6 K [36]. One may start to move the piezo actuator in a 
DR at even below 1 K, but the temperature will immediately rise to a few Kelvin or 
higher.

3.2  FPR with a Gold thin Layer for DoMR

As we aim to perform DoMR, we need a resonator for both ESR and NMR. The 
FPR is advantageous, over the conventional cylindrical cavities, as the area between 
the mirrors is open towards the outside. However, the RF field for NMR is disturbed 
owing to the existence of the copper plate on the sample. To overcome this problem, 
we utilized the frequency dependence of the skin depth. An RF wave for NMR can 
transmit through a thin metal layer, while a millimeter wave for ESR is reflected by 
it. Feher [42] used, for ENDOR experiments at a low field, a rectangular microwave 
cavity made of silver layer with slits allowing nuclear frequency penetrating into the 
cavity. This idea is applied to our millimeter-wave FPR, though slits are probably 
not necessary in our case because of the open structure of the FPR. Figure 2c shows 
a schematic of a cross section of an FPR with RF coils.
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Fig. 2  Cross sections of the FPRs. a Basic FPR with spherical and flat mirrors made of copper. b Piezo 
actuator is installed to adjust the mirror distance d. c FPR for DoMR, whose flat mirror is fabricated 
using a gold thin film. d Flat–spherical FPR
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For a compatibility of ESR and NMR, millimeter waves have to be reflected, and 
RF waves should be transmitted as much as possible. We need to find the suitable 
film thickness for this requirement. The skin depth can be calculated as follows [43]:

where � = 2�f  is the angular frequency, f is the operational frequency of the ESR 
and NMR, μ is the magnetic permeability of the material ( �gold = 4� × 10−7 H/m), 
and σ is the electrical conductivity ( �gold = 4.1 × 107 S/m at room temperature) 
[44]. The frequencies used for the example calculations are 128 GHz for ESR and 
138 MHz for 31P NMR in Si:P under the same magnetic field. Equation (1) reveals 
that the target range of the film thickness is 0.22–6.7 μm.

The manufacturing process for a flat gold thin-film mirror is shown in Fig. 3a. 
First, an epoxy (Stycast 1266) was shaped into a disk (diameter: approximately 
30 mm; thickness: approximately 5 mm). The mirror was then polished; after the 
polishing, the surface roughness was evaluated with a digital microscope (VHX-
500F, Keyence Co., Ltd). A thin gold film was then deposited onto the epoxy disk 
using a coater (SC-701Mk II Advance, Sanyu Electron Co., Ltd).
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√
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Fig. 3  a Photograph showing the development of the flat mirror with a gold film: (1) an as-shaped epoxy 
resin (Stycast 1266) plate; (2) after polishing with a surface roughness smaller than 8 μm; (3) after depo-
sition of the gold layer by sputtering. b Photograph of the flat mirror, coated by the gold layer, with an 
RF coil. c Q value as a function of the thickness of the gold film
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The film thickness was determined by fluorescent X-ray measurements (XDV-
μ-SDO Fischer scope X-ray System, FISCHER Instruments K.K.). After the cali-
bration using a standard sample with a known film thickness, the fluorescent X-ray 
intensity was measured on the flat gold thin-film mirror for an X-ray irradiation 
period of 19 s.

The high Q value of the resonator is an important factor that determines the sen-
sitivity of the ESR measurements. Frequency sweep measurements were performed 
using a millimeter vector network analyzer (MVNA, Model MVNA8-350-2, AB 
millimeter). Figure  3c shows the Q values obtained for the FPR with a gold film 
mirror as a function of the film thickness. The Q value exhibited a maximum or 
saturated at approximately 0.4–0.5 μm. A minimization of the film thickness is the 
easiest approach to minimize the disturbance on the RF field by the layer. There-
fore, we chose a film thickness of 0.47 μm for the gold film on our flat mirror. The 
observed surface roughness of the disk was 18 μm (maximum) for a hand-polished 
disk, which was reduced below 8 μm for a machine-polished disk. The Q value did 
not significantly depend on the roughness, in the range smaller than 18 μm.

3.3  Flat–Spherical FPR

An FPR (Fig. 2d) with oppositely oriented spherical and flat mirrors was developed, 
referred to as a flat–spherical FPR. This design is advantageous as the sample on the 
flat mirror does not move during the adjustment of the resonant frequency, which is 
very useful for multi-frequency ESR measurements in a wide-frequency range. As 
the mirror distance has to be changed possibly by a few millimeters, the field inho-
mogeneity in the sample changes, leading to changes in the lineshape and linewidth. 
The evaluation of the applied field becomes less accurate. We evaluated the multi-
frequency ESR measurements with a regular (spherical–flat) FPR and flat–spherical 
FPR at 150 K with a 4He-gas flow cryostat. The linewidth significantly changed for 
the regular FPR, while it was almost constant for the flat–spherical FPR [45]. The 
results will be reported in another paper.

It is worth noting that the iris of the flat–spherical FPR requires a rather sensitive 
tuning as the intensity of the electromagnetic wave at the iris is stronger than that of 
the regular FPR. We have measured Q values and reflection coefficient by changing 
the diameter of the circular iris with a spherical mirror with a curvature radius of 
12.5 mm. The hole with a diameter of approximately 0.56 mm provides a critical 
coupling independently of the resonant modes.

4  Homodyne Detection

As shown in the previous sections, a homodyne-detection system is constructed in 
our DR. Compared to the direct transmission or reflection measurements without 
homodyne or heterodyne detections, the homodyne detection [36–40] has advan-
tages: (1) the sensitivity is better, and (2) absorption and dispersion curves can be 
obtained selectively. The main disadvantage is the rather narrow-frequency range; 
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the frequency range in the direct measurement method is basically unlimited except 
for the cutoff of the waveguide. It is worth noting that a heterodyne detection system 
[19, 46] provides a higher sensitivity than the homodyne system, though the avail-
able frequency range becomes significantly narrower. We present below our homo-
dyne-detection system including measurement results confirming its performance.

In our system, the main-line millimeter wave is guided to the resonator and comes 
back to InSb after mixing with the bias-line millimeter wave using a directional cou-
pler. An InSb bolometer is used as a detector of the millimeter wave. The AM fre-
quency component of the signal from InSb is obtained by the lock-in detection. The 
resistance of the InSb detector is approximately proportional to the incident power. 
Therefore, the change of the voltage detected at InSb, VInSb, is expressed as follows:

where VMain and VBias are the voltages of the main- and bias-line millimeter waves, 
respectively, and Δφ is the phase difference between the main- and bias-line mil-
limeter waves, which is controlled by the phase shifter inserted in the bias line. The 
waveform of VMain may contain an ESR signal. When the effect of the ESR on the 
cavity resonance is sufficiently small, the reflection coefficient Γ changes its mag-
nitude according to the absorption resonance line; it changes its phase according to 
the dispersion line. Therefore, the absorption and dispersion lines can be observed 
selectively by adjusting Δφ using the phase shifter. Usually, VMain is significantly 
smaller than VBias; V2

Main is negligible, and the ESR signal from VMain is amplified by 
the application of VBias owing to the third term of Eq. (2).

Furthermore, two experiments are presented to evaluate our homodyne-detec-
tion system. Figure 4 shows the lock-in detected amplitude as a function of the 
main-line attenuator (main ATT). In these measurements, we used a directional 
coupler with a 20-dB coupling factor instead of the magic-T hybrid to divide 
the millimeter-wave output from the Gunn oscillator; the coupled port was con-
nected to the main line. The phase is adjusted to obtain the maximum value of the 
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lock-in output amplitude, which implies that Δφ is almost zero or π. As shown in 
the figure, for a sufficiently large VBias (bias ATT = 0 dB), VInSb is proportional to 
the voltage of the main-line millimeter wave, showing the dominance of the third 
term of the right-hand side of Eq. (2). For a small VBias (bias ATT = 0 dB), VInSb 
is proportional to the power of the main-line millimeter wave for small values of 
the main ATT, as the second term becomes significant. For the crossover point at 
a main ATT of approximately 15 dB, VMain ≈ VBias. These results are consistent 
with Eq. (2).

The second evaluation experiment was performed by acquiring ESR spectra 
from a small amount of DPPH. In this experiment, we used an FPR made of cop-
per. Figure  5 shows the observed ESR spectra using our ESR system with the 
DR for both absorption and dispersion. The calculated spectra are also shown 
for comparison. The procedure of the calculation is explained in Appendix A. 
For the calculation, a Lorentzian-type ESR lineshape is assumed. The half-width 
of the lineshape at half maximum 1/T2 is set to approximately  10−9  s−1 includ-
ing the effect of inhomogeneity of the applied field in the sample. The frequency 
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dependence of the spectrum is well reproduced by setting the loaded quality fac-
tor QL of the resonator to 2 × 103. Therefore, it is confirmed that the homodyne-
detection system works properly.

5  ESR Measurements

5.1  ESR Measurements of DPPH

We present the ESR results over the temperature range of 6.5–0.09  K. The sam-
ple was a small amount of DPPH powder. As shown in Fig. 6a, the spectra clearly 
changed over this temperature range. The changes in peak-to-peak (P–P) width are 
complex, as shown in Fig. 6b. As the temperature decreased below 3.5 K, the P–P 
width gradually increased, and the intensity decreased. Below approximately 0.5 K, 
the P–P width again decreased. We also measured the magnetic susceptibility χ 
of a 6.7-mg DPPH-powder sample in an applied magnetic field of 100 Oe using 
a superconducting quantum interference device (SQUID) magnetometer (MPMS, 
Quantum Design) in the temperature range of 2–100  K; the results are shown in 
Fig.  6c. The susceptibility deviated from the high-temperature Curie–Weiss-type 
behavior below approximately 20  K, suggesting a development of a short-range 
antiferromagnetic ordering. A small anomaly in the susceptibility around 6 K was 
observed, which could be attributed to a small change of the ESR intensity from 
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(T − θ) (color figure online)
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DPPH at 6 K, as shown in Fig.  6b, though its origin is still unclear. Considering 
that the low-temperature behavior of the ESR spectrum, related with the develop-
ment of magnetic correlations in this material, differs depending on the type of the 
solvent [47–52], it is important to analyze the crystal structure of our DPPH sample, 
which has already been measured. Nevertheless, the observed ESR spectrum of the 
DPPH sample shows almost no shift in the resonance position over the temperature 
range of 6.5–0.09 K, although the P–P width increases by a factor of approximately 
1.5. Therefore, the DPPH sample can be considered a useful standard sample with a 
magnetic-field accuracy of a few tens of gauss over this temperature range.

5.2  Simultaneous Measurements of ESR and NMR

Before performing DoMR, we have to achieve ESR and NMR measurements with 
a single FPR. For a 31P-DNP–NMR measurement of Si:P, it is necessary to realize 
a DNP-enhanced polarization of the nuclear spin system in Si:P owing to the DNP 
effect.

We discuss the results of ESR and NMR performed at very low tempera-
tures with the DR using an FPR with a flat gold thin-film mirror. We used Si:P 
(10 × 17 × 0.26  mm3, 31P concentration: 7.05 × 1016  cm−3, which is in the insula-
tor region [53]) as the sample for ESR measurements. Figure 7 shows an example 
of an ESR spectrum for Si:P, obtained at 0.25 K and 128.2 GHz. We observed the 
well-known two-line structure split by the hyperfine interaction [32, 33, 35, 37, 54] 
as well as a cluster line in-between. The left (low field) and right (high field) lines 
correspond to the 31P nuclear spin states, “up” and “down”, respectively. Therefore, 
the intensity ratio of the two lines indicates the nuclear spin polarization. As shown 
in Fig. 7, the nuclear polarization was enhanced owing to the DNP effect after the 

mS  mI 

I+S- 
I–S+ 

ωL 

ωH 

ESR 
ESR 

NMR 

NMR 

DNP 

(a) (b)

Fig. 7  a Four-level energy diagram for Si:P. The dashed line indicates a transition pass producing DNP. 
b ESR spectra of Si:P at 128.2 GHz and 0.25 K obtained before (blue) and after (red) the irradiation of 
the millimeter wave for 20 min around the H-line. The arrow in each resonance line indicates the cor-
responding nuclear spin state. The nuclear polarization owing to the DNP effect is observed (color figure 
online)
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irradiation of the millimeter wave around the right line for 20  min. The obtained 
nuclear polarization was approximately 50%, hundreds of times larger than the ther-
mal equilibrium polarization. It is confirmed that the flat gold thin-film mirror is 
efficient as an ESR resonator below 1 K.

As a test of NMR measurements with the FPR, we measured the NMR signal of a 
proton (1H) contained in the epoxy plate of the flat mirror. Figure 8 shows a Fourier-
transformed 1H-NMR signal observed at 1.3 K, under a low field of 0.63 T. This test 
shows that ESR and NMR measurements can be simultaneously performed using 
the flat gold thin-film mirror. The filling factor for NMR is very low for these coil 
shape and configuration. ENDOR measurements could be suitable with this FPR. 
We are currently developing a new design of the resonator suitable for an NMR 
detection, which will be reported in a following paper.

6  Summary

We developed a homodyne-detection millimeter-wave ESR measurement system 
at the University of Fukui using a 3He/4He DR to reach temperatures below 1  K 
with an operating frequency range of 125–130 GHz. An NMR measurement system 
was also constructed in this system for an expansion to millimeter-wave ESR/NMR 
DoMR experiments. The experimental results verified the expected performance of 
the homodyne-detection system. Several types of FPRs for this system, consisting of 
spherical and flat mirrors, were developed. The FPR with a piezo actuator enabled 
to tune the resonance frequency electrically even at low temperatures. The FPR with 
a coupling iris on a flat mirror was utilized to keep the sample at the same position 
during the tuning of the resonance frequency. The FPR with a flat mirror fabricated 
using a gold thin film was developed aiming for DoMR.

ESR and NMR experiments using the FPRs were presented. We performed ESR 
measurements of a DPPH (it contains 10–20% benzene) powder sample in the tem-
perature range of 6.5–0.09 K. The results suggested that the DPPH sample can be a 
useful standard sample with a magnetic-field accuracy of a few tens of gauss over 
this temperature range. In addition, we presented the ESR spectrum from the donor 
electron spin in Si:P showing the DNP-enhanced nuclear polarization. The NMR 
signal from 1H contained in the resonator was also detected successfully as well as 
the ESR signal from Si:P with a single FPR.

Fig. 8  Fourier-transformed 
1H-NMR spin-echo signal of 
epoxy at 1.3 K using an RF 
coil installed on the flat gold 
thin-film mirror. The operating 
frequency is 26.87 MHz; the 
applied field is 0.63 T
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Appendix A: ESR Lineshape for the Homodyne System

The calculation procedure for the magnetic-resonance lineshape discussed in Sect. 4 is 
presented below.

A resonant cavity is often expressed in terms of the microwave analog of a series 
RLC-tuned circuit [2]. Figure 9 shows an equivalent circuit. The resonant angular fre-
quency �0 and unloaded quality factor Q0 are expressed as follows:

where R, L, and C are the resistance, inductance, and capacitance, respectively. The 
impedance of the circuit is as follows:

(3)�0 =
1

√

LC
,

(4)Q0 =
1

R

√

L

C
,

(5)Z = R + i
(

�L −
1

�C

)

.

Fig. 9  LCR circuit equivalent 
to the FPR coupled with the 
oscillator through a waveguide

ω
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For a reflection cavity, such as our FPR, a waveguide with an impedance Z0 is cou-
pled to the cavity with a coupling coefficient (or coupling parameter) β:

The impedance from the waveguide ZL is:

We measure the loaded quality factor QL from the waveguide:

If the cavity is perfectly coupled or matched to the waveguide, then β = 1 and 
QL = Q0∕2..

Furthermore, we consider the case when the cavity contains a magnetic sample 
with a magnetic susceptibility � = � � − i� �� . The effect of the electric permeability is 
assumed to be negligible. The parameters L, R, Z, and β are expressed as follows:

where q is the filling factor of the sample. The reflection coefficient without the sam-
ple Γ(ω) is:

The reflection coefficient with the sample Γ*(ω) is obtained in the same manner:

(6)� =
Z0

n2R
.

(7)ZL = n2Z.

(8)QL =
Q0

1 + �
.

(9)L∗ = L
(

1 + q� �
)

,

(10)R∗ = R + q�L� �� = R

(

1 + qQ0

�

�0

� ��

)

,

(11)Z∗ = R∗ + i
(

�L∗ −
1

�C

)

,

(12)�∗ =
Z0

n2R∗
,

(13)� (�) =
ZL − Z0

ZL + Z0
=

1 − � + iQ0

(

�

�0

−
�0

�

)
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�
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�

) .
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�
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�

)
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0

(

�

�∗
0

−
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0

�
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where,

We can rewrite Eq. (14) as:

We define the reflection coefficient for an empty cavity at � = �0 as:

and define γ  = qQL� ( � ′ = qQL�
′ , � ′′ = qQL�

′′ ); we obtain:

For the resonance frequency ( �0):

The measured ESR signal is expressed by:

(15)�∗
0
=

�0
√

1 + q� �
,

(16)Q∗
0
= Q0

√

1 + q� �

1 + qQ0
�

�0

� ��
,

(17)�∗ =
�
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�

�0

� ��
.

(18)� ∗(�) =
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�

�0
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(
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(
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−
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�
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�
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� �
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It is well known that � ��(�) and � �(�) correspond to the absorption and disper-
sion lines of the magnetic resonance, respectively, related to each other by the Kram-
ers–Kronig relation. Therefore, it is useful to express � in terms of γ:

where:

The real and imaginary parts of � contain both � ��(�) and � �(�) ; therefore, the 
observed ESR signals are not perfectly separated into absorption and dispersion sig-
nals. Nevertheless, it is known that the mixing becomes significant when the spin 
density is approximately larger than 3 × 1015  cm−3 [38]. As the spin density is suf-
ficiently small for our measurements, we can observe almost pure dispersion and 
absorption signals as the real and imaginary parts of � , respectively.

In the calculation shown in Sect. 4, we used a Lorentzian-like lineshape:

where �e is the gyromagnetic ratio of the electron, H0 is the applied field, and �0 is 
the uniform susceptibility. These equations are derived from the Bloch’s equations, 
without saturation and with a long spin–spin relaxation time T2 [55]. Slightly dif-
ferent equations are obtained in Refs. [4] and [33], though the obtained lineshape is 
very close to that corresponding to the above equations. The free parameters for the 
calculations shown in Fig. 4 are the relaxation rate 1/T2 revealing the width of the 
lineshape, QL determining the frequency dependence, and scaling factor including q 
and �0.
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