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Abstract
We uniquely model an upstream mixed duopoly engaging in either uniform pricing 
or spatial price discrimination when facing a continuum of downstream firms. Uni-
form pricing generates higher welfare with a fully public firm. Uniform pricing gen-
erates greater optimal partial privatization except when the cost disadvantage of the 
public firm is large and downstream cost convexity is large. Similarly, welfare under 
optimal partial privatization is larger under uniform pricing except when the cost 
disadvantage of the public firm is relatively large and downstream cost convexity is 
large. Thus, the implications of the pricing scheme depend critically on the upstream 
and downstream cost structure and the ownership structure.

Keywords Mixed duopoly · Input market · Spatial price discrimination · Uniform 
pricing

JEL Classification H44 · L13 · L32 · L52

1 Introduction

Understanding the welfare implications of spatial pricing methods remains a funda-
mental area of inquiry. While the literature often focuses on only a final goods mar-
ket (for example, Anderson et al. 1989), there exists a separate focus on the pricing 
consequences within a vertical chain. Within this focus, several papers compare spa-
tial pricing methods of an upstream monopoly facing a continuum of downstream 
firms (Holahan 1975; Chen and Hwang 2014) but none do so in the context of a 
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mixed oligopoly upstream. We uniquely compare uniform pricing and spatial price 
discrimination when a mixed upstream duopoly faces a continuum of downstream 
firms with elastic demand.

To the best of our knowledge the only paper to consider an upstream mixed duop-
oly facing a continuum of downstream firms is Heywood et al. (2023). They assume 
spatial price discrimination and do not compare pricing methods, the focus of so 
many previous papers. We show that the presence of the upstream public firm fun-
damentally changes the insights of earlier work. Neither pricing method is routinely 
welfare superior. When the cost advantage of the public firm is large and the cost 
convexity downstream is large, optimal partial privatization will make discrimina-
tory pricing welfare superior.

The relevance of this demonstration is illustrated by the cigarette industry in 
China which produces more than 40 percent of the world’s cigarettes. Keeler et al. 
(1996) show that cigarette producers in the United States spatially price discriminate 
across distributors and retailers (largely by state). China’s cigarette industry differs 
in two relevant ways.1 First, the upstream input market for cigarettes has tradition-
ally been a mixed oligopoly with both public and private firms. Second, the input 
price faced by retailers of cigarettes is strictly regulated by the law and prohibits 
upstream spatial price discrimination. These characteristics raise exactly the issues 
we examine: the justification of the pricing prohibition and the extent to which par-
tial privatization upstream should be pursued.

A similar example is provided by the pharmaceutical industry.2 Ballreich (2017) 
examines pricing policy in the US confirming price discrimination across regions 
for cancer drugs. In China, the pharmaceutical industry consists of both public and 
private firms. Government policy again influences pricing policy as a national uni-
fied online platform increases price transparency and access to reduce spatial price 
discrimination in the procurement of drugs.3

In what follows, the next section places our contribution in the context of past lit-
erature and further describes its practical importance. Section 3 presents the model 
and derives the equilibria for uniform and then discriminatory pricing. Section  4 
compares the equilibria for exogenously given partial privatization. It then compares 
the optimal degree of partial privatization across pricing schemes and finally com-
pares the resulting welfare demonstrating the critical role of the cost structure both 
upstream and down.

1 See Rubens (2023) for more details on the cigarette industry in China.
2 In both the US and China, the cigarette and pharmaceutical industries produce products with extensive 
externalities and cigarette taxation is an important source of government revenue. Within China, alco-
hol has similar externalities and taxation, but by contrast price discrimination remains evident. Hu et al. 
(2022) shows that in 2017 alcohol was the fourth-greatest contributor to total consumption tax revenue. 
The Chinese Baijiu Wholesale Price Index (http:// lzbjj gzs. com/) shows the price index differences across 
China.
3 The government still directly controls the price of anesthetics and grade-one psychiatric medications 
and charges uniform prices (http:// www. china daily. com. cn/ kindle/ 2015- 05/ 06/ conte nt_ 20637 082. htm).

http://lzbjjgzs.com/
http://www.chinadaily.com.cn/kindle/2015-05/06/content_20637082.htm
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2  Placing our contribution in the literature

Our value added is comparing uniform mill pricing and spatial price discrimination 
for two rival input producers. We do so in a model in which one rival is a mixed 
ownership firm and we examine the optimal extent of privatization of that firm. We 
compare welfare, market size (both boundary and output) and the optimal extent of 
privatization across the two pricing schemes.

This differs in several respects from earlier examinations. It does share the focus 
of comparing welfare across spatial pricing methods with Norman (1981), DeCanio 
(1984), Hobbs (1986), Hwang and Mai (1990), Yang and Muñoz-García (2018) and 
many others,4 Unlike those papers, it examines an input market rather than a final 
market. Thus, we retain the double marginalization that is a key component of verti-
cal structure and the resulting welfare judgment (Spengler 1950).5 The current paper 
shares both the focus on comparing welfare across pricing schemes and the vertical 
structure with Holahan (1975) and Chen and Hwang (2014). Yet, unlike those con-
tributions, it does not assume a private monopoly upstream.

In place of a monopoly upstream we imagine a mixed duopoly (DeFraja and Del-
bono 1989). Others have been concerned with the consequences of a mixed duop-
oly in a vertical chain and on spatial pricing comparisons but not simultaneously. 
Thus, Kawasaki (2022) imagines a mixed duopoly in which firms produce imperfect 
complements. The extent of partial privatization and the degree of complementa-
rity determine whether the public firm should discriminate between two markets or 
offer a uniform price. The discrimination can only be by the public firm. The only 
discrimination is across the two markets and only a final goods market is consid-
ered. Relatedly, Kawasaki (2023) considers a mixed duopoly competing on price 
in two markets where the partially privatized firm can access only one of the two 
markets. Full nationalization is socially preferable under uniform pricing and there 
exists optimal partial privatization under discriminatory pricing. A different con-
stant return to technology makes discriminatory pricing socially preferable.

Others introduce the vertical chain and pricing comparisons but not spatial pric-
ing. Choi and Lim (2023) show that the choice of price discrimination or uniform 
pricing influences the endogenous competition strategy downstream and that the 
equilibrium depends on the cost difference among retailers. Building from Vetter 
(2017), Han and Zeng (2023) consider a vertical mixed oligopoly with a partially 
privatized upstream firm and endogenous downstream entry. They find that uniform 
pricing reduces social welfare when the upstream firm is highly nationalized. Our 
examination of spatial pricing will yield a different result.

Earlier work imagines a mixed oligopoly in a vertical chain and spatial pricing 
but makes no pricing comparisons. Heywood et al. (2020) model a private monopoly 

4 Thisse and Vives (1988) present a private duopoly model in which the choice of pricing scheme is 
endogenized while Espinosa (1992) and Heywood et al. (2021b) compare the stability of collusion under 
the two pricing schemes.
5 In addition to a unit line segment, spatial price discrimination has been examined on a circle (Mat-
sumura and Okamura 2006) and in a spokes model (Reggiani 2014).
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selling inputs to a mixed duopoly downstream that spatially discriminates. The pres-
ence of the public firm reduces the incentive of the downstream firms to locate 
inefficiently to gain concessions from the upstream monopoly (Gupta et  al 1994). 
Heywood et al. (2021a) model a mixed duopoly upstream selling to a downstream 
private duopoly that spatially discriminates. The upstream public firm reduces the 
extent of double marginalization but produces at a higher cost. In both models, the 
spatial price discrimination remains downstream and pricing methods are never 
compared.

Heywood et al. (2023) adopted the vertical structure of Holahan (1975) and Chen 
and Hwang (2014) with upstream producers facing a continuum of downstream mar-
kets. Instead of a monopoly upstream producer, they imagined a mixed duopoly and 
showed that a fully public firm that is not too inefficient improves social welfare 
relative to a monopoly or a private duopoly. They also confirmed the existence of 
an optimal degree of partial privatization that better aligns the trade-off between 
production costs and pricing distortions. Spatial price discrimination was taken for 
granted and never compared to uniform pricing.

Research on mixed oligopolies often examines the optimal extent to privatize a 
public firm. A partially privatized firm can be socially optimal by reducing produc-
tion costs relative to the fully public firm while still maintaining a focus on wel-
fare (Matsumura 1998). In addition to providing output more cheaply, changing the 
ownership structure can also influence investment behavior (Feldman et  al. 2021) 
and the provision of public goods (Schmitz 2021). Under the usual assumption, a 
partially privatized firm maximizes a weighted average of social welfare and own 
profit with the weights reflecting relative public and private ownership. In the cur-
rent paper we both compare pricing policies and identify their interaction with the 
optimal degree of privatization.

The implications of this focus are important. The presence of a public firm can 
improve welfare by reducing the extent of double marginalization. Partial privatiza-
tion may further enhance welfare by reducing the cost disadvantage of an entirely 
public firm. Thus, in Chinese industries such as mining and oil (with geographically 
differentiated markets) or tea (with a differentiated product), the government par-
tially privatized upstream public firms that often competed with private firms. This 
“double-hundred action” which took place in 2018–2020 was explicitly designed to 
improve firm efficiency. Indeed, Liu and Zhao (2023) confirm empirically that the 
resulting partial privatization improved efficiency and innovation.

We combine a focus on vertical structure with the presence of a mixed duopoly 
upstream. For the first time we use this combination to explicitly compare uniform 
mill pricing and spatial price discrimination following a long line of literature. We 
further add the relevant policy issue of partial privatization to this comparison.

3  Model formulation and initial results

Mixed ownership firm 1, with private ownership share � ∈ [0, 1] , competes with 
private firm 2 in an upstream market selling a homogeneous good to downstream 
firms. Production costs upstream are zero for private firm 2 and c > 0 per unit for the 



A mixed duopoly input market: uniform pricing versus spatial…

mixed ownership firm 1. This formulation assumes that production costs are greater 
with public ownership (see among others Pal 1998; Wang and Mukherjee 2012 and 
Gelves and Heywood 2013).6

The downstream market is a line segment with consumers uniformly distributed 
and each having the inverse demand Px = 1 − qx , where px and qx are the price and 
the quantity for consumers at x ≥ 0 the distance from 0 . We fix the locations of both 
upstream firms at x = 0.7 Thus, the inputs could be raw materials that are site-specific 
at a mining, forest, or farm region. As in Holahan (1975), Chen and Hwang (2014) 
and Heywood et al. (2023), we assume that there is only one downstream firm in 
each final good market x that charges the monopoly price and does not sell into other 
markets. Each downstream firm incurs transport cost tx per input and produces one 
final good from one input. In addition to the transport cost and input cost, the down-
stream firm has quadratic cost vq2

x
∕2 for producing and retailing final goods.8

The objectives of the mixed ownership firm 1 and the private firm 2 in the 
upstream market are as follows:

where �1 and �2 are defined as the upstream firm profits and SW is social welfare 
defined as follows:

where Ω and CS are respectively the sum of all downstream profits and consumer 
surplus:

Here xlimit represents the boundary of the entire downstream market. We require 
that the mixed ownership firm be able to earn a profit (is not excluded from the 
market because of its elevated cost) and so assume that 0 < c <

1

3
 . In addition, we 

assume that in pursuing increased welfare, the mixed ownership firm cannot violate 
a zero-profit constraint (there is no subsidy for the mixed ownership firm).

The game has three stages. In stage 1, the government chooses the partial pri-
vatization degree for social welfare maximization, λ. In stage 2, the upstream 
firms simultaneously choose the quantity. In stage 3, the downstream firms choose 

(1)
Firm 1 ∶ max G = ��1 + (1 − �)SW

Firm 2 ∶ max �2

(2)SW = �1 + �2 + Ω + CS

(3)Ω =

xlimit

∫
0

Ωxdx,CS =

xlimit

∫
0

q2
x

2
dx

6 Megginson and Netter (2001) provide empirical evidence of this cost disadvantage while Matsumura 
and Matsushima (2004) provide theoretical support.
7 As in Heywood et  al. (2018, 2023), allowing for endogenous upstream location makes the model 
intractable. See Vogel (2011) for a model without a public firm and not in a vertical chain in which both 
the location and number of firms are endogenous.
8 A linear cost function generates an equilibrium without optimal partial privatization in the uncon-
strained equilibrium under either uniform pricing or discriminatory pricing. The reason is that linear cost 
reduces the cost savings of privatization making the role of double-marginalization more important. This 
pushes the equilibrium to the constraint.
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quantities for profit maximization. This game is solved by backward induction with 
the right-hand side market boundary determined endogenously as in Chen and 
Hwang (2014).

We examine the game separately on the assumptions of uniform pricing and spa-
tial price discrimination. Under uniform pricing the upstream firms play a quantity 
game for the entire downstream market and set the resulting price which does not 
vary by location. Under spatial price discrimination, the upstream firms play a quan-
tity game within each downstream market and allow prices that do vary by location.

Under either pricing assumption the equilibrium in the third stage of the game is 
the same. Each downstream firm maximizes profit:

where Ωx is the profit of the downstream firm at market x , and �x is the price of the 
inputs charged by the upstream firm. Differentiating Ωx with respect to qx yields the 
optimal output in market x:

As in Chen and Hwang (2014), the market boundary is the location just suffi-
ciently far away that the equilibrium output becomes zero. Setting (5) equal to 0 
yields the market boundary:

It is the conditions in (5) and (6) that the upstream firms see in setting their quan-
tities under either pricing assumption.

3.1  Uniform pricing upstream (U)

The upstream firms charge a fixed input price to downstream firms across all mar-
kets. This yields upstream profits �i:

where i = 1, 2 and �u is the uniform input price. The quantities q1 and q2 are those 
supplied by the relevant upstream firms. Let xu

limit
 be the market boundary associated 

with the uniform pricing as in (6).
In equilibrium, the upstream supply equals downstream demand, 

q1 + q2 =

xu
lim it∫
0

qx(�)dx =
(1−�u)2

2 t(2+v)
 and thus:

Substituting (8) into (1) yields the objective of the upstream mixed ownership 
firm:

(4)max
qx

Ωx =
(
1 − qx − �x − tx

)
qx − vq2

x
∕2

(5)qx(�x) =
1 − �x − tx

2 + v

(6)xlimit =
1 − �x

t

(7)�u
1
= (�u − c)q1, �

u
2
= �uq2

(8)�u = 1 −

√
2t(2 + v)

(
qu
1
+ qu

2

)
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Jointly solving �G
u

�q1
= 0 and ��

u
2

�q2
= 0 , yields equilibrium output:

The output of the upstream private firm will be positive, qu
2
> 0 , given our 

assumptions that 0 < c <
1

3
 and � ∈ [0, 1] . The resulting equilibrium uniform input 

price is:

If (11) implies that �u ≥ c , the zero-profit constraint does not bind and we refer 
to it as “unconstrained equilibrium.”

If the input price in (11) implies that 𝜔u < c , then the zero-profit constraint binds, 
the “constrained equilibrium”. The mixed firm produces the output such that �u = c . 
Jointly solving the best response function of the private firm and this constraint 
yields equilibrium outputs. The following lemma summarizes how privatization 
affects the equilibrium output.

Lemma 1 Recognizing that �̂�u = 1−c

3−7c+v(1−3c)
∈ (0, 1) divides the constrained and 

unconstrained equilibria, it is the case that (i) with a more privatized mixed firm 
( ̂𝜆u < 𝜆 ≤ 1 ), the firm outputs are in (10), the input price in (11), output in market x 
is qu

x
=

2 (1+�−c)

(3 v+7)�+2 v+3
−

tx

2+v
 and the market boundary is xu

limit
=

2(2+v)(1−c+�)

[(3 v+7)�+2 v+3]t
 ; and (ii) 

with a less privatized public firm ( 0 ≤ 𝜆 ≤ �̂�u ), �u = c , firm outputs are 
qu
1
=

(3 c−1)(c−1)

2(2+v) t
 and qu

2
=

c(1−c)

(2+v)t
 , output in market x is qu

x
=

1−tx−c

2+v
 and the market 

boundary is xu
limit

=
1−c

t
.9

Proof In the appendix.

(9)

Gu = ��u
1 + (1 − �)SWu

= �(�u − c)q1 + (1 − �)
[

(�u − c)q1 + �uq2
]

+ (1 − �)

xulimit

∫
0

q2x(�
u)

2
dx

+ (1 − �)

xulimit

∫
0

(

1 − qx(�u) − �u − tx
)

qx(�u) −
vq2x(�

u)
2

dx

(10)
qu
1
=

2(1 − c + �)(3 − 6c − � + v − 3cv)

t(3�v + 7� + 2v + 3)2

qu
2
=

2(1 − c + �)(2cv + �v + 4c + 3� − 1)

t(3�v + 7� + 2v + 3)2

(11)�u =
(v + 3)� + 2cv + 4c − 1

(3v + 7)� + 2v + 3

9 As we focus on the market left of the boundary, 0 ≤ x ≤ xu
limit

 , there is an implicit constraint on the 
parameter t. The value of t helps set the boundary and equilibrium output is always non-negative within 
that boundary.
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Lemma 1 shows that changes in privatization influence the market boundary only 
when it is large ( 𝜆 > �̂�u ). The zero-profit constraint applies when privatization is 
low as the mixed firm produces higher quantities, decreasing the input price. Con-
sequently, privatization will be more likely to play a role when the mixed ownership 
firm is not too inefficient (as 𝜕�̂�

u

𝜕c
> 0 ). This yields the following proposition.

Proposition 1 Under uniform pricing, when �̂�u < 𝜆 ≤ 1 , increasing privatization 
decreases the market boundary and the total output.

Proof In the appendix.

The result is intuitive and follows from (i) of the Lemma’s proof. Privatization 
increases the weight on profit, decreases total output, raises the market price, and so 
decreases the market boundary.10

While privatization decreases the market size and the total output, it also reduces 
the market share of the mixed ownership firm reducing total production cost. This 
trade-off allows us to move to the initial stage of the game and explore the govern-
ment’s choice of the optimal degree of partial privatization. Substituting the uncon-
strained results into SWu and solving �SW

u

��
= 0 , we have the unconstrained optimal 

partial privatization degree �u under uniform pricing:

This yields the following proposition:

Proposition 2 Under uniform pricing, optimal partial privatization is anywhere in 
the range 0 ≤ 𝜆 ≤ �̂�u if v < (3 c−1)2

2 c(1−2 c)
 . The optimal partial privatization is 1 if 

v >
2(1−3 c)(9 c−8)

26 c2−29 c+4
 and 29−5

√
17

52
< c <

1

3
 . In other cases, the optimal partial privatiza-

tion is �u.

Proof In the appendix.

This differs drastically from the model of substitute goods of Kawaski (2023) in 
which partial privatization never improved welfare under uniform pricing. Our dif-
ference is generated by the setting of an endogenous market boundary and the focus 
on a vertical market structure. Proposition 2 shows that when c is small, there always 
exists an optimal partial privatization less than 1. This reflects that the cost asym-
metry upstream is sufficiently small that the extra output of the mixed ownership 

(12)�u = c − 1 +
(3cv + 7c − v − 4)c

√
(2 + v)

[(
9c2 + 1 − 3c

)
(2 + v) + cv

]
− (c + v + 2)

10 First, privatization raises the market input price from (11);𝜕𝜔
u

𝜕𝜆
= −

2(v+2)(3 cv+7 c−v−4)

(3 v𝜆+7 𝜆+2 v+3)2
> 0 as 

0 < c < 1∕3 . Second, the increased input price decreases total output by Eq.  (5): qx(�x) =
1−�x−tx

2+v
 . 

Finally, the higher input price increases the market price through the demand function.
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firm increases welfare by reducing the double-marginalization problem. For large c, 
this reverses, and full privatization is optimal. Note, however, that the extra output 
upstream from a mixed ownership firm comes not only with a higher upstream cost 
but that it interacts with the extent of convexity downstream. With increased v, the 
threshold value of c for full privatization decreases. With larger convexity down-
stream, the extra output upstream increases the downstream marginal cost by more. 
Increased privatization will be socially preferable for a given c when v is high. Thus, 

Fig. 1  Social welfare and privatization under uniform pricing. Note: These assume t = 1 and c = 0.2
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when both c and v are large, full privatization is optimal as the increased production 
costs at both levels outweigh the advantages of reducing double marginalization.

Figure 1 illustrates this proposition under the assumption that t = 1 and c = 0.2. 
It shows that when downstream cost convexity is small or moderate, v = 1 or v = 2, 
there exists an internal optimal degree of partial privatization. Some privatiza-
tion reduces the cost of production sufficiently to outweigh the reduced output and 
decreased market boundary associated with worsened double-marginalization. Fur-
ther privatization worsens double marginalization enough to lower social welfare. 
Hence, a partially privatized mixed firm is socially preferable.

3.2  Spatial price discrimination upstream (D)

We now assume the upstream firms engage in spatial price discrimination. We 
start by determining the upstream quantities when each downstream market x has a 
unique input price �d

x
 . The profit of the upstream firm in a given market is

where qix is the quantity supplied by the upstream firm i , i = 1, 2 . At equilibrium, 
the upstream supply equals the downstream demand in each market x , 
q1x + q2x = qx(�

D
x
) =

1−�d
x
−tx

2+v
 and thus we have the inverse demand function:

Since the upstream firms have linear costs, maximizing total profit implies maxi-
mizing profit in each downstream market. Substituting (14) into (1) yields the objec-
tive function of the upstream mixed ownership firm:

Jointly solving �G
d
x

�q1x
= 0 and ��

d
2x

�q2x
= 0 , yields the unconstrained outputs:

Notice that the upstream private firm serves market x only when qd
2x
> 0 . The 

upstream mixed ownership firm serves market x without the zero-profit constraint 
only when �d

x
≥ c.

(13)�d
1x
=
(
�d
x
− c

)
q1x, �

d
2x
= �d

x
q2x

(14)�d
x
= 1 − tx − (2 + v)

(
q1x + q2x

)

(15)

Gd
x = ��d

1x + (1 − �)SWd
x

= �
(

�d
x − c

)

q1x + (1 − �)

[

(

�d
x − c

)

q1x + �d
xq2x +

(

q1x + q2x
)2

2

]

+ (1 − �)

[

(

1 − q1x − q2x − �d
x − tx

)(

q1x + q2x
)

−
v
(

q1x + q2x
)2

2

]

(16)
qd
1x
=

(1 − tx)(1 − �) + (2 + v)(1 − 2c − tx)

(2 + v)(2�v + 5� + v + 1)

qd
2x
=

(2 + v)[c + �(1 − tx)] − (1 − tx)(1 − �)

(2 + v)(2�v + 5� + v + 1)
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Recognizing that �̂�d = 1−c

3+v−2cv−5c
∈ (0, 1) now divides the constrained and 

unconstrainted equilibria, the following lemma shows how privatization affects 
the equilibrium output strategy.

Lemma 2 There are three types of equilibria with a more privatized mixed firm, 
�̂�d < 𝜆 ≤ 1 : (i) in markets 0 ≤ x < x̂1 =

c(1−𝜆)

t(1−3𝜆−𝜆v)
+

1−2 c

t
 , the outputs are those in 

(16); (ii) in markets x̂1 ≤ x < x1 =
1−2 c

t
 , the equilibrium is constrained and 

qd
1x
=

1−2c−tx

2+v
 , qd

2x
=

c

2+v
 and (iii) in markets x1 ≤ x ≤ xd

limit
=

1

t
 , qd

1x
= 0 , qd

2x
=

1−tx

2(2+v)
 , 

a monopoly equilibrium. With a less privatized mixed firm, 0 ≤ 𝜆 < �̂�d , there are 
only 2 types of equilibria: (i) the constrained equilibrium when 0 ≤ x < x1 and (ii) 
the monopoly equilibrium when x1 ≤ x ≤ xd

limit
.

Proof See appendix.

Figure 2 summarizes the types of equilibria described in Lemma 2. In the case 
of the more privatized public firm, for close downstream markets, the uncon-
strained equilibrium persists. For those at an intermediate distance, the higher 
transport cost means that the resulting demand leads to a constrained equilibrium. 
At the greatest distance, the transport cost means that demand (combined with 

Fig. 2  Types of equilibria with spatial price discrimination. Note: �̂�d = 1−c

3+v−2cv−5c
∈ (0, 1)
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the zero-profit constraint) requires the mixed firm to drop out. When the mixed 
firm is mostly public, the zero-profit constraint immediately binds as shown in the 
second panel.

The spatial segmentation of the equilibrium is generated by the cost asymmetry 
of the upstream firms. With its higher production costs, the mixed firm faces a zero-
profit constraint producing less output than does the private firm. Thus, there will be 
markets that are far enough away that the mixed firm does not enter and in which the 
private firm becomes a monopoly. A more privatized mixed firm has greater incen-
tives to reduce output from the point where profit is zero (the constraint is less likely 
to bind). Having a mixed firm facing fewer zero-profit constraints results in a larger 
set of markets having an unconstrained equilibrium.

The influence of privatization on the market boundary differs under discrimina-
tory pricing from that under uniform pricing.

Proposition 3 Under discriminatory pricing, the market boundary is independent of 
the degree of privatization. Privatization does, however, increase the locations with 
the unconstrained equilibrium.

Proof By Lemma 2.

Under price discrimination, the market boundary for the entire market is set by 
the private firm xd

limit
=

1

t
 and is independent of privatization. However, the market 

boundary for the mixed ownership firm is x1 =
1−2 c

t
 , which is determined by the 

upstream marginal costs. This contrasts with uniform pricing in which the boundary 
is determined by the upstream cost c. Privatization reduces the average production 
cost by reallocating the market share between the two firms which retain fixed but 
different marginal costs.11 Even though privatization does not change the entire mar-
ket boundary under discriminatory pricing, a more privatized mixed firm generates 
a larger set of markets for the unconstrained equilibrium. Privatization increases the 
profit of the mixed ownership firm, moving it away from the zero-profit constraint 
and from pricing equal to marginal cost.

Figure 3 illustrates the influence of privatization on quantities and welfare. Note 
that the output of the mixed firm is larger than that of the private firm with small 
degrees of privatization but smaller than that of the private firm with large degrees 
of privatization. Greater privatization has offsetting influences. It can harm welfare 
by reducing total output in the region with the unconstrained equilibrium. However, 
it can improve welfare by moving market share from the mixed firm to the private 
firm. When �̂�d < 𝜆 ≤ 1 and 0 ≤ x < x̂1 , greater privatization increases the equilib-
rium output of the relatively efficient private firm ( 𝜕q

d
2x

𝜕𝜆
= −

tvx+2 cv+4 tx+5 c−v−4

(2 v𝜆+5𝜆+v+1)2
> 0 ) 

but decreases that of the relatively inefficient mixed firm 

11 Heywood et al. (2020, 2023) assume that increasing privatization reduces the cost of the mixed firm. 
Under this alternative assumption, the market boundary would change with the extent of privatization.
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12 Near the origin, greater privatization decreases welfare by increasing the input price and decreasing 
total output. Away from the origin, greater privatization increases welfare by increasing the market share 
of the private firm, reducing the average production cost.

( 𝜕q
d
1x

𝜕𝜆
=

2(tvx+2 cv+4 tx+5 c−v−4)

(2 v𝜆+5𝜆+v+1)2
< 0 ). Therefore, greater privatization decreases welfare 

near the origin but raises welfare away from it as shown in the second panel.12

Greater privatization brings additional double-marginalization and reduced out-
put compared with the constrained equilibrium, the size effect. Greater privatization 
also reduces the output of the mixed firm and so the average production cost, the 
cost effect. The influence on total welfare depends on the strength of the two effects. 
The optimal privatization �d is that associated with �SW

d

��
= 0.

Although we cannot obtain an analytic result, Fig. 4 illustrates the existence of 
optimal partial privatization under discriminatory pricing.

We summarize this pattern in a lemma that applies to all cases, not just that 
illustrated.

Lemma 3 When the convexity of the downstream market is large enough (e.g. 
v >

1−3c

c
 ), optimal privatization is in the unconstrained region ( 𝜆 ∈ (�̂�d, 1]).

Proof In the Appendix.

Lemma 3 reflects the interaction of c and v to identify the production cost increase 
associated with the mixed firm increasing output. As c is larger, that cost increases. 

Fig. 3  Social welfare and quantity under discriminatory pricing ( c = 0.2 , t = 1 , v = 2 , �̂�d = 0.25 ). 
Note: The left panel shows outputs across locations. The red line is the quantity of the mixed owner-
ship firm and the blue line is that of the private firm. The solid line is when � = 0.4 and the dashed line 
is when � = 0.6 . The right panel shows the effect of privatization on the social welfare at each location 
ΔSWd

x
= SWd

x
(� = 0.6) − SWd

x
(� = 0.4)
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The extra output also has additional costs downstream, as those firms move up their 
marginal cost curve. Thus, as before, this indicates that the higher cost of the public 
firm interacts with the convex downstream cost structure to increase the extent of 
optimal privatization. We now turn to a more complete comparison of the pricing 
methods.

4  Comparing uniform and discriminatory pricing

In this section we compare outcomes between the two pricing schemes. To show the 
effect of the two schemes, we fix the privatization degree and compare the bound-
ary, output and welfare. We then compare the optimal extent of privatization and the 
associated welfare at these endogenized levels.

We use the first two lemmas to compare equilibrium output and the market 
boundary. We recognize that while there is a single market boundary with both firms 
serving the entire market under uniform pricing, the market boundary of the two 
firms can differ under spatial price discrimination. With spatial price discrimination 
there can be markets that only the private firm serves. This is summarized in the fol-
lowing proposition:

Proposition 4 (i) The market boundary of the private firm is larger with discrimina-
tory pricing. The market boundary of the mixed ownership firm is larger with dis-
criminatory pricing only when cost differences are small ( 0 < c <

1

8
 ) and privatiza-

tion is large ( 2 c(v+1)+1

3−14c+v(1−6 c)
< 𝜆 ≤ 1 ). Otherwise, discriminatory pricing decreases 

Fig. 4  Social welfare and pri-
vatization under discriminatory 
pricing. Notes: The influence 
of privatization, λ, on welfare 
assuming t = 1 , c = 0.2 and 
v = 2

dSW
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the market boundary of the mixed ownership firm. (ii) When 0 < 𝜆 ≤ �̂�d , discrimina-
tory pricing has a larger output; when �̂�d ≤ 𝜆 ≤ �̂�u , discriminatory pricing has a 
larger output for large cost differences but smaller output for small cost differences; 
when �̂�u < 𝜆 ≤ 1 , discriminatory pricing has a larger output for small cost differ-
ences but smaller output for large cost differences.

Proof In the Appendix.

The presence of a mixed ownership firm does not change the conclusion that 
there is a larger market boundary under discriminatory pricing (Chen and Hwang 
2014).13 It does, however, introduce an important nuance as the market boundary for 
the mixed firm need not increase with discriminatory pricing. A mixed firm tends to 
let the efficient private firm take more market share to reduce the average production 
cost. The decrease in the market boundary of the mixed firm can be generated by the 
two forces. First, the mixed firm reduces the market share in each market. Greater 
privatization increases the output of the private firm ( 𝜕q

d
2x

𝜕𝜆
= −

tvx+2 cv+4 tx+5 c−v−4

(2 v𝜆+5𝜆+v+1)2
> 0 ) 

but decreases that of the mixed firm ( 𝜕q
d
1x

𝜕𝜆
=

2(tvx+2 cv+4 tx+5 c−v−4)

(2 v𝜆+5𝜆+v+1)2
< 0 ). Second, the 

mixed firm reduces its market boundary. The mixed firm uses both methods to 
increase the market share of the private firm. Thus, its boundary will often be 
smaller under discriminatory pricing.

The exception is when the mixed firm is not too inefficient ( 0 < c <
1

8
 ). Here 

discriminatory pricing increases its boundary when privatization is large. Conse-
quently, the boundary for the mixed firm with high privatization and little ineffi-
ciency exceeds that under uniform pricing.

Unlike the case of an upstream monopolist (Chen and Hwang 2014), discrimina-
tory pricing need not have a larger output. The total output depends on the output in 
each market and the total market size. This gives rise to three regions.

When privatization is small such that ( 0 < 𝜆 ≤ �̂�d ), the constrained equilibrium 
exists under both pricing schemes. In the constrained equilibrium, increased privati-
zation does not influence the within-market output only the market size. In this case, 
the larger market boundary generated by discriminatory pricing leads to more output 
( xd

limit
=

1

t
> xu

limit
=

1−c

t
).

When privatization is of medium value ( ̂𝜆d ≤ 𝜆 ≤ �̂�u ), increased privatization 
reduces the within-market output under the unconstrained discriminatory pricing 
equilibrium but does not affect that of the uniform pricing ( Qu

x
=

1−tx−c

v+2
 ). This offsets 

the larger market boundary. Here, discriminatory pricing produces more only when 
c is large enough such that the market size under the uniform pricing is small enough 
( 𝜕x

u
limit

𝜕c
= −

1

t
< 0 ) while it does not affect that under the discriminatory pricing 

( xd
limit

=
1

t
).

13 Both firms serve all markets up to the market boundary with uniform pricing but with discrimina-
tory pricing the market boundary is that of the private firm. There are markets that only the private firm 
serves.
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When privatization is large ( ̂𝜆u < 𝜆 ≤ 1 ), increased privatization decreases the 
within-market output under the two unconstrained equilibria. However, with 
increased privatization a larger c tends to generate a smaller loss in the market 
size under uniform pricing ( xu

limit
=

2(v+2)(1−c+�)

(3� v+7�+2 v+3)t
 , 𝜕xu

limit

𝜕c
= −

2(v+2)

(3𝜆 v+7𝜆+2 v+3)t
< 0 , 

𝜕2xu
limit

𝜕c𝜕𝜆
=

2(v+2)(3 v+7)

(3𝜆 v+7𝜆+2 v+3)2t
> 0 ). Moreover, for discriminatory pricing a larger c 

reduces the market size of the unconstrained equilibrium ( 𝜕x̂1
𝜕c

= −
2𝜆 v+5𝜆−1

t(𝜆 v+3𝜆−1)
< 0 ) 

but increases the market size of the private monopoly ( 𝜕(1−x1)
𝜕c

=
2

t
> 0 ). There-

fore, when c is large enough, the output under the discriminatory pricing 
decreases more and uniform pricing generates more output.

Figure 5 illustrates the influence of the pricing method on total output. In the 
illustration t = 1, v = 1, � = 0.28 and the cases of moderate and large privatization 
are examined. For the moderate case in panel 1, �̂�d ≤ 𝜆 ≤ �̂�u implies that 
� v+3�−1

3� v+7�−1
≤ c ≤ � v+3�−1

2� v+5�−1
⇔ c ∈ (0.067, 0.125) . The plot shows greater output with 

discriminatory pricing when c > 0.073 but smaller output for c < 0.073 . For the 
greater privatization case in panel 2, �̂�d < �̂�u < 𝜆 ≤ 1 implies that 
0 < c ≤ 𝜆 v+3𝜆−1

3𝜆 v+7𝜆−1
⇔ c ∈ (0, 0.067) . It shows the reverse pattern with greater out-

put with discriminatory pricing when c < 0.020 but smaller output when 
c > 0.020 . This illustrates the general result of Proposition 4(ii).

Fig. 5  Illustrating the output difference between discriminatory and uniform pricing. 
Notes:ΔQ = Qd − Qu =

(
qd
1
+ qd

2

)
−
(
qu
1
+ qu

2

)
 and parameters are t = 1, v = 1, � = 0.28
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Now we turn to the welfare comparison given exogenous privatization.

Proposition 5 For a given degree of privatization, spatial price discrimination 
implies higher social welfare only when: (i) the cost disadvantage is moderate 
( 0.125 < c < 0.308 ); (ii) cost convexity is extremely large; (iii) privatization is large.

Proof See appendix.

0.2c � , 2v � 0.2c � , 10v �

0.2c � , 4v �

SW SW

SW

Fig. 6  The comparison between the social welfare under SPD and under UP ( t = 1)
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While these are sufficient conditions, they isolate the interaction of the cost 
parameters upstream and down and they imply two additional points. First, there 
exist conditions under which discriminatory pricing is superior. Second, those con-
ditions are limiting, suggesting that uniform pricing will often be superior. Figure 6 
illustrates both these points by comparing social welfare given the extent of privati-
zation and adopting a moderate cost disadvantage of c = 0.2. The first panel presents 
cost convexity v = 2 and the second panel presents cost convexity v = 4. Throughout 
the range of all possible privatization, uniform pricing is welfare superior for both 
cases. The final panel presents cost convexity v = 10. With this extremely high con-
vexity and only with privatization above 0.78, spatial price discrimination becomes 
welfare superior.

Spatial price discrimination is preferable as higher privatization reduces the aver-
age production cost in each market by reallocating market share to the more efficient 
firm.14 This, in turn, improves the welfare gain from serving new markets. Yet, for 
this to dominate the fact that uniform pricing can significantly prevent double mar-
ginalization requires a very large degree of privatization. Thus, the relevant policy 
combinations emerge as low privatization and uniform pricing or high privatization 
and discriminatory pricing.

Next, we compare the optimal partial privatization across pricing schemes.

Proposition 6 In the “more privatized” region where �̂�d < 𝜆 ≤ 1 and for large 
c > 0.13, discriminatory pricing generates smaller optimal partial privatization 
when downstream cost convexity is small but larger optimal privatization when con-
vexity is large. For c < 0.13 , discriminatory pricing generates smaller optimal pri-
vatization for any downstream cost convexity.

Proof See appendix.

Proposition 6 demonstrates how the cost structure influences optimal privatiza-
tion. Discriminatory pricing extends the market boundary increasing the concern 
with the double-marginalization problem. With a small cost disadvantage, the 
additional output of a more public firm can alleviate this concern. Thus, the opti-
mal extent of privatization is less under discriminatory pricing for smaller cost 
parameters.

When the cost disadvantage of the public firm is large, optimal privatization is 
determined by costs downstream. With less convexity (v is small), the additional 
output of the public firm can continue to control the double-marginalization problem 
made worse by discriminatory pricing resulting in lower degrees of privatization. 
Yet, given both a larger cost disadvantage upstream and high convexity downstream, 
the additional output of the public firm comes at too great a total cost. In this case, 
the public firm should be more privatized under discriminatory pricing. The optimal 

14 First, greater privatization increases the output of the private firm but decreases that of the mixed 
firm, reducing the average upstream cost. Second, higher privatization reduces the total output and thus 
reduces average costs downstream because of the cost convexity. A proof demonstrating that these lower 
costs increase welfare is available from the authors.
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degree of privatization always trades off alleviating double marginalization and the 
cost effect.15

Finally, we are interested in the social welfare comparison with optimal privatiza-
tion for each pricing scheme.

Proposition 7 Under optimal privatization, discriminatory pricing could be welfare 
superior only in the “more privatized” region. It can happen only when the down-
stream cost convexity is large, and the upstream cost difference is large but not 
extreme ( 0.130 < c < 0.308 ). Otherwise, uniform pricing is welfare superior.

Proof See appendix.

Consistent with the analysis in Proposition 4, spatial price discrimination extends 
the market size but increases the loss from double marginalization. This yields 
different cases. Given the constrained equilibrium for both pricing schemes, the 
upstream cost differential and downstream cost convexity are relatively small. Dis-
criminatory pricing generates greater loss from double marginalization making uni-
form pricing socially preferable. This persists with the unconstrained equilibrium 
for uniform pricing but a constrained equilibrium for discriminatory pricing. Even 
though the production cost difference generates a greater output reduction with uni-
form pricing, optimal partial privatization improves welfare enough so that double 
marginalization still generates more inefficiency and uniform pricing is preferred.

With the increase of the upstream and downstream costs, the importance of pro-
duction efficiency increases. With the unconstrained equilibrium for both pricing 
schemes, optimal partial privatization reduces production costs under both schemes. 
Importantly, discriminatory pricing becomes preferred as it decreases the market 
size of the inefficient firm without the shrinking of the market boundary.

But when c is very large, full privatization is chosen under either pricing scheme. 
Complete privatization reduces production inefficiency but not enough to offset the 
increased double marginalization associated with price discrimination. Compared 
with uniform pricing, discriminatory pricing generates greater double-marginaliza-
tion both because of the larger region for the private monopoly under full privatiza-
tion and because of the greater market power in each market with an unconstrained 
equilibrium. As these losses outweigh the efficiency gain, uniform pricing results in 
greater welfare.

5  Conclusion

We examine a vertical chain in which an upstream mixed duopoly faces a con-
tinuum of downstream firms each with downward-sloping demand. In this frame-
work we compare uniform pricing and spatial price discrimination. Uniform pricing 

15 Unlike Heywood et al. (2021a), the optimal extent of partial privatization never depends on transport 
cost t  . This invariance reflects the upstream manufacturers being co-located and the endogenous market 
boundary.
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generates higher welfare with a fully public firm. Yet, a fully public firm is typically 
not optimal.

Uniform pricing generates greater optimal partial privatization except when the 
cost disadvantage of the public firm is large and downstream cost convexity is large. 
Similarly, welfare under optimal partial privatization is larger under uniform pric-
ing except when the cost disadvantage of the public firm is larger (moderate) and 
downstream cost convexity is large. Thus, the implications of the pricing scheme 
depend critically on the upstream and downstream cost structure and the ownership 
structure. Once optimal partial privatization is considered spatial price discrimina-
tion can be welfare superior.

Future work might examine a variety of extensions or variations. First, the private 
firm in the duopoly might be foreign-owned. In such cases the relevant policy objec-
tive could be domestic welfare which would exclude the profit of the foreign firm 
(Corneo and Jeanne 1994; Fjell and Pal 1996; Inoue et al. 2009). This could drasti-
cally change the extent of optimal privatization and the resulting comparison of the 
pricing schemes. Second, we placed both firms in the left corner. While attempts to 
endogenize location proved intractable, varying this location could be instructive. 
Third, our assumption of a monopoly in each downstream market could be modified.

Despite these possible extensions, our results isolate the importance of partial 
privatization to improve welfare. Moreover, once this is recognized, discriminatory 
pricing can be welfare superior depending on the cost structure both upstream and 
down. This argues against a blanket prohibition on such pricing by input suppliers.

Appendix

Proof of Lemma 1. (i) When �̂�u < 𝜆 ≤ 1 , we have 𝜔u > c . Substituting (11) into 
Eqs. (5) and (6) directly derives the results. (ii) When 0 ≤ 𝜆 ≤ �̂�u , we �u = c and so 
by (8) c = 1 −

√
2t(2 + v)

(
qu
1
+ qu

2

)
 . Jointly solving with the response function of 

the private firm,qu2 =
1−6t(2+v)qu1+

√
1+6t(2+v)qu1

9 t(2+v)
 , derives the equilibrium results.

Proof of Proposition 1 𝜕xu
limit

𝜕𝜆
=

2(v+2)(3 cv+7 c−v−4)

(3 𝜆 v+7 𝜆+2 v+3)2t
< 0 �(q

u
1+q

u
2)

��
 = 4(2+v)(1+𝜆−c)(3 cv+7 c−v−4)

(3 𝜆 v+7 𝜆+2 v+3)3t
< 0.

Proof of Proposition 2 When 0 ≤ 𝜆 ≤ �̂�u , SWu,c =
(1−c)(7 c2v+15 c2−2 cv−6 c+v+3)

6 (v+2)2t
 . When 

�̂�u < 𝜆 ≤ 1 , the social welfare is denoted as SWu,uc . It is easy to derive that 
SW

u,uc

𝜆=�̂�u
= SWu,c . In the “unconstrained equilibrium” the monotonicity of social welfare 

with privatization depends on a quadratic function: 

sign
{

�SWu,uc

��

}
= sign

{
Φ0�

2 + Φ1� + Φ2

}
 , where

Φ0 = 9cv2 + 36cv − 2v2 + 35c − 12v − 16

Φ1 = −2
(
9c2v2 + 39c2v − 8cv2 + 42c2 − 36cv + v2 − 41c + 6v + 8

)
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At � = 0 , 𝜕SW
u,uc

𝜕𝜆
> 0 . If 𝜕SW

u,uc

𝜕𝜆
|𝜆=�̂�u > 0 , then when �̂�u < 𝜆 ≤ 1 , the optimal privati-

zation can only be at � = min {�u, 1} . If 𝜕SW
u,uc

𝜕𝜆
|𝜆=�̂�u < 0 , then there is v < (3 c−1)2

2 c(1−2 c)
 . 

Given the constraint, it is easy to derive that 𝜕SWu,uc

𝜕𝜆
|𝜆=1 < 0 , which means 

𝜕SWu,uc

𝜕𝜆
< 0 for �̂�u < 𝜆 ≤ 1 and thus the optimal privatization is in the range 

0 ≤ 𝜆 ≤ �̂�u . By computing �u = 1 , we can derive the condition for whether the 
optimal privatization equals to �u or 1.

Proof of Lemma 2 (i) When �̂�d < 𝜆 ≤ 1 , we have the unconstrained equilibrium in 
Eq. (16) where both qd

1x
 and qd

2x
 are non-negative if 0 ≤ x < x̂1 =

c(1−𝜆)

t(1−3𝜆−𝜆v)
+

1−2 c

t
 . If 

x̂1 ≤ x < x1 =
1−2 c

t
 , qd

1x
 in Eq. (16) would be negative. But for the profit maximiza-

tion the private firm would choose the output such that �d
x
= c , which makes the 

mixed firm not exit the market. By jointly solving 
�d
x
= 1 − tx − (2 + v)

(
q1x + q2x

)
= c and ��

d
2x

�q2x
= 0 , we have the constrained equilib-

rium qd
1x
=

1−2c−tx

2+v
 and qd

2x
=

c

2+v
 . If x1 ≤ x ≤ xd

limit
=

1

t
 , under the constrained equi-

librium qd
1x
=

1−2c−tx

2+v
< 0 , the mixed firm exists the market and it turns to a monop-

oly equilibrium. By solving qd
1x
= 0 and ��

d
2x

�q2x
= 0 , the equilibrium output becomes 

qd
1x
= 0 and qd

2x
=

1−tx

2(2+v)
.

(ii)When 0 ≤ 𝜆 < �̂�d , the unconstrained equilibrium in (i) does not exist because 
of qd

1x
< 0 . Therefore, there are only 2 types of equilibria: the constrained equilib-

rium when 0 ≤ x < x1 and the monopoly equilibrium when x1 ≤ x ≤ xd
limit

.

Proof of Lemma 3 At 𝜆 → �̂�d , sign
{

�SWd

��

}
= sign

{
−

6c2(v+2)2(cv+3 c−1)(2 cv+5 c−v−4)2

(2 cv+5 c−v−3)3

}
 . 

Therefore, when v > 1−3c

c
 , the optimal partial privatization must locate in the uncon-

strained region, 𝜆 ∈ (�̂�d, 1].

Proof of Proposition 4 (i) By Proposition 1 and Lemma 1, for � ∈ [0, 1] , max xu
limit

=
1−c

t
 . 

Thus, xd
limit

− xu
limit

=
c

t
> 0 . By Lemma 2, the market boundary for the mixed firm is 

x1 =
1−2 c

t
 under spatial price discrimination.

If 0 < 𝜆 ≤ �̂�u , x1 − xu
limit

= −
c

t
< 0.

If �̂�u < 𝜆 ≤ 1 , x1 − xu
limit

=
2 c(v+2)+�(v+3)−1

(3� v+7�+2 v+3)t
−

2c

t
 . In this case, if c > 1

8
 , then 

x1 < xu
limit

 ; if c < 1

8
 , then x1 < xu

limit
 when 𝜆 <

2 c(v+1)+1

3−14c+v(1−6 c)
 while x1 > xu

limit
 when 

𝜆 >
2 c(v+1)+1

3−14c+v(1−6 c)
.

(ii) Define ΔQ = Qd − Qu =
(
qd
1
+ qd

2

)
−
(
qu
1
+ qu

2

)
.

If 0 < 𝜆 ≤ �̂�d , ΔQ =
c2

2t(v+2)
> 0.

Φ2 = −c(2v + 3)(4cv + 8c − 2v − 5)
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If �̂�d ≤ 𝜆 ≤ �̂�u,ΔQ =
1

2 t(v+2)

[
c2 −

(2cv+5c−v−3)2(𝜆−�̂�d)
2

(𝜆 v+3𝜆−1)(2𝜆 v+5𝜆+v+1)

]
 . As �̂d = 1−c

3+v−2cv−5c

> 1
3+v  , ΔQ > 0 when c > c1 =

𝜆 v+3𝜆−1√
(𝜆 v+3𝜆−1)(2𝜆 v+5𝜆+v+1)+2𝜆 v+5𝜆−1

 . Note that 

�̂�d ≤ 𝜆 ≤ �̂�u implies that � v+3�−1

3� v+7�−1
≤ c ≤ � v+3�−1

2� v+5�−1
 . By comparing the lower bound-

ary � v+3�−1

3� v+7�−1
 with the critical value, we have that: when � ≤ (v+2)

�√
v2+4 v+12−v

�
+2

2(v2+7 v+11)
 , 

ΔQ > 0 if c > c1 and ΔQ < 0 if c < c1 ; when 𝜆 >
(v+2)

�√
v2+4 v+12−v

�
+2

2(v2+7 v+11)
 , ΔQ > 0.

When �̂�u < 𝜆 ≤ 1 , it is that ΔQ =
1

2t(�+1)

[
(� v+3 �−1)2(c−�−1)2

(3 � v+7 �+2 v+3)2(2 � v+5 �+v+1)
+

(�2+� v+2 �−1)c2

(v+2)(� v+3 �−1)

]
 . 

Notice that �̂�u = 1−c

3−7c+v(1−3c)
 . If � ≥

√
v2+4 v+8−(2+v)

2
 , ΔQ > 0 . If 𝜆 <

√
v2+4 v+8−(2+v)

2
 , 

we have that ΔQ > 0 as long as 

c < c2 =

√
(v+2)(𝜆 v+3𝜆−1)3(𝜆+1)

√
(1−𝜆2−2𝜆−𝜆 v)(3𝜆 v+7𝜆+2 v+3)2(2𝜆 v+5𝜆+v+1)+

√
(v+2)(𝜆 v+3𝜆−1)3

 . Notice that 

�̂�d < �̂�u ≤ 𝜆 ≤ 1 means c ≤ � v+3�−1

3� v+7�−1
 . By comparing the lower bound with the criti-

cal value, we have that ΔQ < 0 if c > c2.

Proof of Proposition 5 Given the exogenous privatization degree � , we define 
ΔSW = SWd − SWu . Even though the welfare function is complicated, it is sufficient 
to focus on � = 1 which yields

When 1
8
< c <

26+30
√
3

253
 , the numerator increases with v . Hence, when v is large 

enough, ΔSW|𝜆=1 > 0.

Proof of Proposition 6: Since �̂�u > �̂�d , the “more privatized” region implies 
�̂�u ≤ 𝜆 ≤ 1 . By Proposition 2,v > (3 c−1)2

2 c(1−2 c)
 . Optimal partial privatization in the “more 

privatized” region under uniform pricing is �u from (12). Optimal partial privatiza-
tion under discriminatory pricing follows from �SW

d

��
= 0 . This sign is determined by 

a cubic function g(�) = �0�
3 + �1�

2 + �2� + �3 where:

ΔSW|�=1 = SW
d|�=1 − SW

u|�=1

=
(1 − 8c)

(
253c2 − 52c − 8

)
v − 3476c3 + 1281c2 + 138c − 92

6750 t(v + 2)2

�0 = −
(
5v2 + 25v + 32

)
(2v + 5)2c2 + (v + 4)(v + 3)(7v + 19)(2v + 5)c − 2 (v + 4)2(v + 3)2

�1 = − (2v + 5)
(
3v

3 − 7v
2 − 83v − 118

)
c
2 + (v + 4)

(
3v

3 − 9v
2 − 113v − 179

)
c + 4 (v + 4)2(v + 3)

�2 =
(
15v3 + 55v2 + 17v − 68

)
c2 − (v + 4)

(
6v2 + 8v − 19

)
c − 2 (v + 4)2
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If c < 2(v+4)(v+2)

(3 v+7)(3 v+5)
 , then sign

{
�SWd

��

}
= sign{−g(�)} ; if c > 2(v+4)(v+2)

(3 v+7)(3 v+5)
 , then 

sign
{

�SWd

��

}
= sign{g(�)}.

Given that 0 < c <
1

3
 and v > (3 c−1)2

2 c(1−2 c)
 , we have 𝜙1 > 0 and 𝜙2 < 0 . Moreover, 

we can derive the following when �̂�u ≤ 𝜆 ≤ 1 : (1) if 𝜙0 > 0 , then g�(𝜆) > 0 and 
g(�̂�u) > 0 ; (2) if 𝜙0 < 0 and g�(�̂�u) < 0 , then g(𝜆) < 0 ; (3) if  𝜙0 < 0 and 
g�(�̂�u) > 0 , then g(�) could be monotonically increasing with � or first increasing 
and then decreasing with �.

By computation, under �̂�u ≤ 𝜆 ≤ 1 , with the increase of v there are 4 cases: 
(1) when v is small g(�) is always non-positive; (2) when v gets larger g(�) is first 
non-positive and then non-negative and finally non-positive; (3) when v is large 
g(�) is first non-negative and then non-positive; (4) when v is large enough g(�) is 
always non-negative. Given �̂�u ≤ 𝜆 ≤ 1 and under discriminatory pricing, case (1) 
means �d ≤ �u . For case (2), 𝜆d = �̂�u ≤ 𝜆u or 𝜆d > �̂�u and g(�d) = 0 . For case (3), 
g(�d) = 0 . For case (4), �d = 1.

By solving �u = 1 , v < 2(1−3 c)(9 c−8)

26 c2−29 c+4
 (when c > 0.16 ) and v > 2(1−3 c)(9 c−8)

26 c2−29 c+4
 (when 

c < 0.16 ) ensuring that 𝜆u < 1.
We identify the sign of g(�u) under different values of c and v with the restric-

tions above and summarize in the following figure:

The feasible areas under the constraints are I and II. The solid line represents 
g(�u) = 0 . The dashed line represents v = 2(1−3 c)(9 c−8)

26 c2−29 c+4
 . The dotted line represents 

𝜙3 = −3c(v + 1)(3cv + 6c − v − 4) > 0
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v =
(3 c−1)2

2 c(1−2 c)
 . Notice that when c > 0.16 , under the constraint that v < 2(1−3 c)(9 c−8)

26 c2−29 c+4
 

there is always c < 2(v+4)(v+2)

(3 v+7)(3 v+5)
 . Therefore, in area I g(𝜆u) < 0 and 𝜆d < 𝜆u . In area 

II g(𝜆u) > 0 and 𝜆d > 𝜆u . By solving lim
v→+∞

g(�u;v, c) = 0 , we have the root 
c ≈ 0.13 , which means that when c < c , all pairs (c,v) are located in area I and 
thus 𝜆d < 𝜆u . When c > c , (c,v) are located in area I when v is small ( 𝜆d < 𝜆u ) but 
in area II when v is large enough ( 𝜆d > 𝜆u).

Proof of Proposition 7 When optimal privatization is in the “less privatized” region 
for both schemes, 𝜆u ≤ �̂�d and 𝜆d ≤ �̂�d , then ΔSW1 = SWu,c − SWd,c =

c3(v+1)

6 (v+2)2t
> 0.

When the optimal partial privatization is in the “more privatized” region under 
discriminatory pricing but in the “less privatized” region under uniform pric-
ing,�̂�d ≤ 𝜆u < �̂�u and �̂�d ≤ 𝜆d < �̂�u , uniform pricing is socially preferable. To see this,

define ΔSW2 = SWd,uc − SWd,c =
(2 c� v+5 c�−� v−c−3�+1)2

6 t(� v+3�−1)2(v+2)2(2� v+5�+v+1)2
⋅ �1

. �1 =

(
8�2v3 + 60�2v2 + 3�v3 + 150�2v + 10�v2

+125�2 − 4�v − 3v
2 − 26� − 10v − 7

)
c −

(
�v2 + 8�v + 13� + v + 1

)

(�v + 3� − 1)
 Note that: 

c(�v + 3� − 1) − (2c�v + 5c� − �v − c − 3� + 1) = −1 − (cv + 2c − v − 3)� . At 
𝜆 = �̂�d , it equals − c2(v+2)

2 cv+5 c−v−3
> 0 . Hence when �̂�d ≤ 𝜆 < �̂�u , c(�v + 3� − 1)

> (2c�v + 5c� − �v − c − 3� + 1).
Since �1 − c(v + 1)(2�v + 5� + v + 1)2 is still a linear function with c, we can 

specify the sign by computing the value at c = 0 and c = 1∕3 . Both are negative and 
thus 𝜓1 < c(v + 1)(2𝜆v + 5𝜆 + v + 1)2.

Therefore, when �̂�d ≤ 𝜆 < �̂�u , ΔSW1 > ΔSW2 ⇒ SWu,c > SWd,uc.
When optimal privatization is in the “more privatized” region for both schemes, 

𝜆u ≥ �̂�u and 𝜆d ≥ �̂�u , we compute ΔSW3 = SW
u,uc
opt − SW

d,uc
opt  , where the footnote 

“opt” means “optimized results”. We can derive a closed form �u as in the paper but 
a much more complicated closed form �d by solving a cubic equation.

Under both pricing policies, optimal privatization, increases with upstream cost 
c and downstream cost convexity v . Therefore, letting v go to infinity, there are two 
cases: (i) full privatization is optimal; (ii) partial privatization is optimal.

In the first case when both are fully privatized, the result is.
ΔSW3 = SW

u,uc

�=1
− SW

d,uc

�=1
=

(8 c−1)(253 c2−52 c−8)v+3476 c3−1281 c2−138 c+92
6750 (v+2)2t

.
When 0 < c < 1∕3 , 3476c3 − 1281c2 − 138c + 92 > 0 . Therefore, ΔSW3 < 0 

when 1
8
< c <

26+30
√
3

253
≈ 0.308 and v is large enough.

When privatization is partial under both pricing 

schemes, lim
v→+∞

�u =
9 c2−

√
(9 c2−2 c+1)(3 c−1)2−8 c+1

9 c−2
 and lim

v→+∞
�d =

3 c

2−10 c
 . 

0 < lim
v→+∞

𝜆u < 1 when 0 < c <
29−5

√
17

52
≈ 0.161 and 0 < lim

v→+∞
𝜆d < 1 when 

0 < c <
2

13
≈ 0.154 . In this case, when v goes to positive infinity, we have:
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Hence, when v goes to positive infinity 0 < c < 0.130 means SWu,uc

𝜆=𝜆u
> SW

d,uc

𝜆=𝜆d
 and 

0.130 < c < 0.154 means SWu,uc

𝜆=𝜆u
< SW

d,uc

𝜆=𝜆d
.

When 0.130 < c < 0.308 , if v is small (e.g. v →
(3 c−1)2

2 c(1−2 c)
 ), 

ΔSW3 = SW
u,uc

𝜆=𝜆
− SW

d,uc

𝜆=𝜆
> 0 for any � ∈ (0, 1) and 0 < c < 1∕3 . By simulating 

ΔSW3 = SW
u,uc
opt − SW

d,uc
opt  we have that ΔSW3 = SW

u,uc
opt − SW

d,uc
opt < 0 only when v is 

large but ΔSW3 = SW
u,uc
opt − SW

d,uc
opt > 0 when v is small.
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