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Abstract
Common wisdom suggests that cross-holdings can lead to significant output contrac-
tion, and thus hurt consumers. On the contrary, we demonstrate that cross-holdings 
may increase industry output and benefit consumers in an asymmetric Cournot oli-
gopoly with the presence of a welfare-maximizing tax/subsidy policy. The govern-
ment will strategically use the tax/subsidy policy to regulate the market outcomes in 
anticipation of the adverse effect of cross-holdings, which could raise industry out-
put and benefit consumers in certain situations depending on the cost distributions 
and cross-holding structures.

Keywords Cross-holding · Tax/subsidy policy · Consumer surplus
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1 Introduction

Cross-holding, which entitles the acquiring firm to non-controlling ownership in the 
acquired firm, is very common in a wide range of industries (Alley 1997; Dietzen-
bacher et al. 2000; Gilo et al. 2006; Trivieri 2007; Brito et al. 2014). This increasing 
trend of cross-holding activities has led competition authorities to assess the anti-
competitive effects of such acquisitions.1 However, there is a vivid debate on this 
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issue. In Europe, it is widely discussed whether or not to extend EU merger control 
to cover cross-holdings, but the anti-competitive effects of cross-holdings have not 
been confirmed so far (European Commission 2014).2

Common wisdom in the literature is that cross-holdings hurt consumers because 
the output market becomes more concentrated. The reason, as argued in Reynolds 
and Snapp (1986), is that the acquiring firm is induced to take into consideration 
the effect of its output decision on the acquired firm’s profit. This consideration 
makes the acquiring firm compete less aggressively by reducing its production, and 
the equilibrium industry output (price) is thus reduced (raised). Thus, cross-holdings 
generate a consumer-hurting effect. Since then a growing literature has followed up 
on the work of Reynolds and Snapp (1986) to support the theory of harm, including 
Flath (1992), Dietzenbacher et al. (2000), Liu et al. (2018), and Ma and Zeng (2022), 
etc.3 By introducing cost asymmetry into the homogeneous Cournot model, Farrell 
and Shapiro (1990) and Ma et al. (2021) demonstrate that cross-holding could ben-
efit social welfare when a high-cost firm increases its ownership in a low-cost firm. 
In addition, in a Cournot duopoly, Fanti (2015) shows that cross-holding may raise 
social welfare when the solely-owned firm is less efficient than the other (cross-held) 
firm and the market size is not too large. The reason of welfare-improving lies in the 
increased market production efficiency due to output redistribution. But importantly, 
industry output always decreases, and then cross-holding hurts consumers.4 How-
ever, the evidence does not always support this view. In Levy (2013) and European 
Commission (2014), there are a number of cases in which cross-holdings do not 
necessarily lead to anti-competitive outcomes.

The literature on cross-holdings generally ignores policies by the government.5 
Indeed, governments may use taxation to reduce the distortion created by imper-
fectly competitive product market. In this paper, we study whether and the circum-
stances under which the consumers could be harmed or benefited by cross-holdings 
in an asymmetric Cournot oligopoly with the consideration of a welfare-maximizing 
tax/subsidy policy before production. It is important to emphasize that we aim to 
focus on the effect of cross-holdings on consumer surplus (i.e., industry output and 
price) rather than social welfare in Farrell and Shapiro (1990) and Ma et al. (2021). 
The reason for us to focus on consumer surplus is that it is the most common wel-
fare standard used by competition authorities (see Vergé 2010; Gassler 2018; Hu 

3 There have also been studies on the collusive effects of cross-holdings in repeated settings. Malueg 
(1992) shows that cross-holdings have an ambiguous effect on collusion in a repeated Cournot duopoly. 
Gilo et al. (2006, 2013) find that cross-holdings can facilitate collusion in the infinitely repeated Bertrand 
model. Yang and Zeng (2021) examine the collusive effect of cross-holding with the introduction of cost 
asymmetry in an infinitely repeated Cournot duopoly game. The authors show that increasing cross-hold-
ing may either facilitate or hinder collusion. However, our analysis focuses on static competition.
4 For empirical evidence and analysis of the anti-competitive effects of cross-holdings, we refer the read-
ers to Alley (1997); Dietzenbacher et  al. (2000); Trivieri (2007), and Nain and Wang (2018), among 
other papers.
5 We find a few exceptions. Bárcena-Ruiz and Campo (2012) study the effects of cross-holdings in a 
model with strategic environmental policy, Fanti and Buccella (2016, 2021) revisit the classic issue of 
the strategic trade policy with the consideration of unilateral and bilateral cross-holdings, respectively.

2 So far, some countries in Europe such as Austria, Germany and the United Kingdom are competent to 
review passive cross holdings. The list outside Europe includes the United States, Japan, and Brazil.
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et  al. 2022; Shelegia and Spiegel 2022; etc.). For example, the consumer surplus 
standard is a guiding principle of competition policy in the U.S., the EU, and the 
UK (see OECD 2012, p. 26–27). Therefore, investigating the outcome for consumer 
surplus is an important factor, as it yields significant antitrust implications. Our pri-
mary research question is: do cross-holdings always reduce (increase) industry out-
put (price) and therefore hurt consumers?

The welfare-maximizing tax/subsidy policy provides the government with one 
effective instrument to achieve its objective of welfare maximization, which could 
generate different welfare implications. In an asymmetric oligopoly with n efficient 
firms and m inefficient firms, we consider four different cross-holding structures: 
(i) cross-holdings among efficient firms; (ii) cross-holdings among inefficient firms; 
(iii) efficient firms hold ownership shares in inefficient firms; and (iv) inefficient 
firms hold ownership shares in efficient firms.6 We show that the government will 
strategically use tax/subsidy policy to regulate the market in anticipation of the 
adverse effect of cross-holdings. As cross-holdings increase, the government may 
tend to reduce taxes or increase subsidies in many cases. It turns out that cross-
holdings may increase industry output and benefit consumers in the presence of the 
tax/subsidy policy, depending on the cost distributions and cross-holding structures. 
The finding of consumer-benefiting cross-holdings is very important for competition 
authorities to develop sound antitrust policies.

Two other papers in the literature of horizontal cross-holdings demonstrate that 
cross-holdings could benefit consumers. Ghosh and Morita (2017) consider knowl-
edge transfer in an asymmetric Cournot oligopoly in which an efficient firm holds 
ownership shares in one of the inefficient rivals. Although cross-holding reduces 
industry output, the accompanied knowledge transfer improves production efficiency 
and thus raises industry output. Hence, an endogenously determined cross-holding 
in this model could improve industry output in a range of parameterizations. López 
and Vives (2019) introduce cost-reducing R &D investment with spillovers into a 
Cournot oligopoly with cross-holdings. The authors show that when spillovers are 
sufficiently large, some overlapping ownership may actually increase social welfare 
and may even be consumer welfare-enhancing. Obviously, the mechanisms in these 
two papers are significantly different from ours. In this paper, we demonstrate that 
the tax/subsidy policy is a significant and non-negligible factor for the competi-
tive effects of cross-holdings. With the presence of endogenous tax/subsidy policy, 
cross-holdings could benefit consumers even if there are no innovation, knowledge 
transfer (or cost synergy), or firm entry. Our focus in this paper is cross-holdings in 
horizontal markets. With the presence of upstream firms, downstream cross-hold-
ing affects not only final production but also input prices. And reduced input prices 

6 We discuss bilateral cross-holdings (seen also in Malueg 1992; Bárcena-Ruiz and Campo 2012; Fanti 
2016a; López and Vives 2019 etc.) in case 1 and 2, and unilateral cross-holdings (seen also in Farrell and 
Shapiro 1990; Ghosh and Morita 2017; etc.) in case 3 and 4. Though unilateral cross-holdings are widely 
observed in reality, we also observe an increasing trend of bilateral cross-holdings. For example, there 
are bilateral shareholdings between Renault and Nissan, Toyota and Subaru, BAIC Motor and Daimler 
AG, Air China and Cathay Pacific Airways, Tencent and Spotify, etc. Fanti and Buccella (2021) have 
thoroughly discussed the reasons that drive bilateral cross-ownership while providing some real-world 
examples.
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may indirectly expand industry output to a greater extent than the output reduction 
directly induced by cross-holding (Shuai et al. 2023), which therefore, benefits con-
sumers and social welfare. Similar arguments are provided in Fanti (2016a, 2016b) 
which study the effects of downstream cross-ownership with the consideration of 
pair-wise exclusive vertical relationships.7

Another important paper by Liu et al. (2015) studies the merger incentive in a sym-
metric Cournot oligopoly with consumption externality and a strategic unit tax policy. 
The authors show that (i) a unit tax policy increases the incentive for a horizontal merger, 
and (ii) a horizontal merger with a sufficiently large number of inside firms could ben-
efit consumers. It is important to note that there are essential differences between Liu 
et al. 2015 and our paper. Firstly, Liu et al. (2015) focus on mergers with full control-
ling acquisitions which reduce the number of active firms. But we consider cross-hold-
ings with partial non-controlling acquisitions, which allow independent decisions by all 
engaged firms. This is also the main argument why merger control rules are not allowed 
to be extended to cover cross-holdings in most countries.8 Secondly, the authors pro-
pose a model of symmetric Cournot firms and show that a horizontal merger may raise 
industry output and benefit consumers. But the consumer-benefiting merger requires a 
sufficient number of merged firms (i.e., a sufficient reduction in the number of firms) 
and a moderate marginal social cost of the public fund. By contrast, we consider asym-
metric firms (efficient firms vs. inefficient firms) in our model, which are all active in the 
market. We further consider four different cross-holding structures and show that cross-
holdings may benefit consumers depending on the cost distributions and cross-holding 
structures. To some extent, our results are much richer, and more clearly illustrate how 
the effects of tax/subsidy policy and cross-holdings interact and balance.

The rest of the paper is organized as follows. Section 2 builds up the basic model 
with asymmetric Cournot firms. Section 3 presents the analysis and main findings. 
Section 4 discusses the robustness of the main results under a different tax scheme 
and mode of competition. Section 5 concludes.

2  The model

We consider an asymmetric oligopoly with n ≥ 1 efficient firms with marginal cost 
d, and m ≥ 1 inefficient firms with marginal cost c, where 0 ≤ d < c . All firms pro-
duce homogeneous products under Cournot competition. The inverse market 
demand function is P = a − Q , where P is market price, and Q = Σn

i=1
qi + Σm

j=1
qj is 

industry output. We use qi and qj to denote the output of each efficient firm i, and 
each inefficient firm j, respectively.

7 Fanti (2016a) shows that the downstream bilateral cross-holdings in a Cournot duopoly may be socially 
desirable when the (upstream) labor market is unionized. Fanti (2016b) demonstrates that the down-
stream unilateral cross-holding in a Bertrand competition may be socially desirable when the products 
are strategic complements and are not too differentiated, as the effect of reduced input price outweighs 
the collusive effect under such conditions.
8 Due to the critical difference between passive cross-holdings and mergers, the well-known results of 
mergers can not be naturally extended to the case of passive cross-holdings.
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Firms in the market are assumed to engage in cross-holdings. Following the lit-
erature, we assume throughout the paper that cross-holdings between firms are pas-
sive in the sense that each firm is entitled to a share of its target’s profit but not 
decision making (see Farrell and Shapiro 1990; Flath 1992; Gilo et al. 2006; Ghosh 
and Morita 2017), i.e., 0 < 𝛿 < 1∕2 . We consider the following four different cross-
holding structures:9

 Case 1. efficient firms hold symmetric ownership shares in each others: each efficient 
firm i acquires a share, �∕(n − 1) , of ownership in each efficient rival firm.

 Case 2. inefficient firms hold symmetric ownership shares in each others: each inef-
ficient firm j acquires a share, �∕(m − 1) , of ownership in each inefficient rival 
firm.

 Case 3. efficient firms hold symmetric ownership shares in inefficient firms: each 
efficient firm i holds a share, �∕n in each inefficient firm j.

 Case 4. inefficient firms hold symmetric ownership shares in efficient firms: each 
inefficient firm j holds a share, �∕m in each efficient firm i.

In all four cases, each acquiring firm holds a total fraction of ownership, � , in acquired 
firms. And this fractional ownership is symmetrically distributed among acquired 
firms.10 Indeed, our results continue to hold in a more general case in which the 
assumption of symmetric distribution of acquired shares fails as long as the total frac-
tion of ownership held by others are the same for each acquired firm (see footnote 17 
and 19).

As is known, another stylized fact is the existence of taxation in oligopolistic 
sectors. To be distinct from the cross-holding literature that does not consider gov-
ernment policies, we consider the case that the welfare-maximizing government 
imposes an ad valorem tax � on each firm (Anderson et al. 2001; Wang and Zhao 
2009). Following the literature, the tax rate, � , is assumed throughout to be strictly 
less than unit, i.e., 𝜏 < 1 . Otherwise, the profits are negative for firms and therefore 
they will not produce in equilibrium. Further, it could be a tax when � is positive and 
a subsidy when � is negative. The producer price is thus (1 − �)P.

Note that our aim is not to endogenize the ownership acquisitions. Rather, we aim 
to re-examine the effect on consumer surplus of a small increase in the ownership 
of acquisition �.11 Without the presence of a welfare-maximizing tax policy, Farrell 
and Shapiro (1990) and Ma et al. (2021) study the effects of increasing ownership 

9 If we consider a horizontal merger, case 1 refers to the situation in which we have a reduction in the 
number of efficient firms. And the remaining cases (case 2–4) correspond to the situation in which we 
have a reduction in the number of inefficient firms. Our model of cross-holdings applies to a general case 
with partial ownership acquisitions among symmetric firms or asymmetric firms.
10 For the purpose of a clear presentation, we assume symmetric ownership shares in acquired firms. 
With the presence of identical firms, it is reasonable to assume symmetric ownership shares between 
identical firms in each group. The assumption of a symmetric case of ownership can also be observed in 
the literature such as Malueg (1992) and López and Vives (2019).
11 In each case, we show that firms may obtain the motivation to jointly increase the degree of cross-
holdings. In other words, under certain circumstances, increasing the degree of cross-holdings leads to 
higher joint profit for involved firms.
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slightly on profits, industry performance, and market concentration. The authors find 
that increasing ownership reduces industry output and therefore hurts consumers in 
different contexts.12 Our paper, as a direct contrast, challenges the result on con-
sumer surplus with the introduction of a welfare-maximizing tax policy.

The timeline of the game is as follows. In stage 1, the government determines � 
to maximize social welfare. In stage 2, all firms compete in a Cournot fashion. We 
assume throughout this paper that all firms are active in production after cross-hold-
ings. As usual, we solve this two-stage game with backward induction.

3  The analysis and results

To illustrate how cost asymmetry affects the outcomes of government regulation, we 
present the case of symmetric firms as a benchmark. After that, we incorporate cost 
asymmetry between firms into the model to clearly explain how it makes significant 
differences under different cross-holding structures.

3.1  Benchmark case: symmetric Cournot firms

The n + m firms are identical with marginal cost c and engage in symmetric cross-
holdings. Assume that all firms produce a positive quantity in the (unique) Cournot 
equilibrium. In the second stage, each firm i, i = 1, 2,… , n + m , determines qi to 
maximize its profit

Solving the first-order conditions leads to the equilibrium quantities in the second 
stage as

The second-order conditions for the maximization problems are satisfied. To ensure 
positive outputs for the firms, we assume 𝜏 < (a − c)∕a.

In the first stage, the government chooses � to maximize social welfare, i.e., the 
sum of industry profit, consumer surplus, and tax revenue:13

(1)

�i = (1 − �)
(
(1 − �)(a − Q)qi − cqi

)
+

�

n + m − 1

∑
k≠i

(
(1 − �)(a − Q)qk − cqk

)
.

(2)qi =
(1 − �)(a(1 − �) − c)

(1 + (m + n)(1 − �))(1 − �)
.

12 Farrell and Shapiro (1990) study profitable bilateral cross-holding in an asymmetric Cournot oligop-
oly. Ma et  al. (2021) extend the model of Farrell and Shapiro (1990) to study a model of multilateral 
cross-holdings between asymmetric Cournot firms with a single acquiring firm.
13 We implicitly assume that there are no costs for the government to impose different taxes in different 
industries (see also in Anderson et  al. 2001; Wang and Zhao 2009; Dinda and Mukherjee 2014). Our 
result does not change if there is a fixed cost for government to impose strategic taxes. Furthermore, if 
the implementation cost is a fraction of the tax revenue, our analyses should carry through but our result 
may depend on the magnitude of the implementation cost.
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By solving the first-order condition, we obtain the tax rate in equilibrium as

The second-order condition is assumed to be satisfied. Simple calculations lead to 
that

14 which indicates that the government provides subsidies to firms in equilibrium, 
and the rate of subsidies increases with �.15 Simple calculations lead to

Proposition 1 When firms are symmetric in technology and hold symmetric shares 
in each other, an increase in � does not affect the industry output in equilibrium.

The strategic tax/subsidy policy considered here provides the government with 
one instrument to achieve its objective of welfare maximization, which is very effec-
tive when firms are identical in technology. Intuitively, increasing cross-holdings 
induces firms to compete less aggressively by reducing production. Hence, the gov-
ernment strategically increases subsidies to encourage the production of firms. With 
a well-designed subsidy, the government could realize the desirable result of perfect 
competition for any degree of cross-holdings.16

By (1), we obtain the profit for each firm i as

Then we have

which confirms the motivations to increase the degree of cross-holdings jointly. This 
inequality implies that the profit of each firm is maximized when � reaches the maxi-
mum possible value in footnote 15. As the market becomes more concentrated due 

(3)SW = ((1 − �)PQ − cQ) + Q2∕2 + �PQ.

(4)�∗ =
a − c

a − c((m + n)(1 − �) + 1)
.

𝜏∗ < 0 and
𝜕𝜏∗

𝜕𝛿
= −

c(a − c)(m + n)

(a − c((m + n)(1 − 𝛿) + 1))2
< 0,

(5)Q∗ = (n + m)q∗
i
= a − c, and P∗ = c.

(6)�∗
i
=

c(a − c)2

(m + n)(c((m + n)(1 − �) + 1) − a)
.

𝜕𝜋∗
i

𝜕𝛿
=

c2(a − c)2

(a − c((m + n)(1 − 𝛿) + 1))2
> 0,

14 If 𝜏∗ > 0 , we must have a − c > c(m + n)(1 − 𝛿) , which leads to 𝜏∗ > 1 by (4). This contradicts with 
the assumption of 𝜏 < 1 . Therefore, we have 𝜏∗ < 0.
15 Notice that we have 𝛿 < 1 −

a−c

c(m+n)
 given 𝜏∗ < 0 . Thus, 𝛿 < min{

1

2
, 1 −

a−c

c(m+n)
}.

16 Denote N = n + m . It can be further calculated that 𝜕𝜏
∗

𝜕N
=

c(a−c)(1−𝛿)

(a−c(N(1−𝛿)+1))2
> 0, which indicates that the 

designed subsidy decreases with the number of firms.
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to an increase in cross-holdings, each firm receives a higher subsidy from the gov-
ernment and then realizes a higher profit.

However, when firms are asymmetric in technology, there exist competition 
among efficient firms, competition among inefficient firms and competition between 
efficient and inefficient firms, while only one kind of competition exists in the case 
of symmetric firms. Hence, the asymmetric-firms case may yield different implica-
tions because the government has to take all the factors into consideration.

3.2  Asymmetric Cournot firms

In this section, we examine whether consumers can benefit from cross-holdings with 
a higher industry output and a lower price when firms are asymmetric in production 
technology. We consider the following cases.

3.3  Case 1: Cross‑holdings between efficient firms

In the second stage, each firm simultaneously chooses the optimal quantity to 
achieve profit maximization. The profit for each efficient firm is

where the first term on the RHS denotes firm i’s operating earnings, and the sec-
ond term denotes its financial interests earned through ownership acquisitions.17 
Straightforwardly, the profit for each inefficient outside firm is

Solving the first-order conditions leads to the equilibrium quantities in the second 
stage as

The second-order conditions are satisfied. Thus, the industry output is given by

For any given tax rate, an increase in � reduces qi , but raises qj . The industry output 
decreases as a result. Hence, cross-holdings make consumers worse off under exog-
enous taxation. This result is well known in the literature (Farrell and Shapiro 1990). 

(7)

�i = (1 − �)
(
(1 − �)(a − Q)qi − dqi

)
+

�

n − 1

∑
k≤n,k≠i

(
(1 − �)(a − Q)qk − dqk

)
,

(8)�j = (1 − �)(a − Q)qj − cqj.

qi =
(1 − �)(a(1 − �) − d(1 + m) + cm)

(1 + m + (1 − �)n)(1 − �)
,

qj =
a(1 − �) + (1 − �)dn − (1 + (1 − �)n)c

(1 + m + (1 − �)n)(1 − �)
.

(9)Q =
a(m + (1 − �)n)(1 − �) − (1 − �)dn − cm

(1 + m + (1 − �)n)(1 − �)
.

17 As we see from (1), for case 1 and similarly for case 2, our results hold when each engaged firm owns 
1 − � percent of its own shares and a total � percent of shares in target firms.
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Intuitively, cross-holdings build up a financial relationship between efficient firms, 
and thus induces them to compete less aggressively by reducing production. All out-
side firms respond to raise production as a result.

In the first stage, the government chooses � to maximize social welfare, which is

By solving the first-order condition, we obtain the tax rate in equilibrium as

where H1(�)=(1 + m + (1−�)n)
(
(1−�)(1+m)d2n−2(1−�)dcnm+(1+(1−�)n)c2 m

)
. The sec-

ond-order condition for the maximization problem is assumed to be satisfied.

Lemma 1 𝜏1∗|𝛿=0 < 0 when T2 < a < T1 , and �1∗|�=0 ∈ [0, 1) when a ≤ T2 , where

 further, 𝜕𝜏1∗∕𝜕𝛿 < 0 when d∕c < m∕(1 + m) . The sign of ��1∗∕�� is ambiguous 
(can be either positive or negative) when d∕c > m∕(1 + m).

Lemma  1 indicates that the equilibrium tax can be either positive or negative 
without cross-holdings, which depends on the market size. That is, the government 
may either introduce a tax (when demand is small) or a subsidy (when demand is 
relatively large) to firms. In anticipation of the negative effect of cross-holdings on 
industry output and market efficiency, the government strategically reduces � to 
regulate the market outcomes when the low-cost firms are very efficient, aiming to 
achieve social welfare maximization. That is, as � increases, the government may 
tend to reduce taxes levied on firms or raise subsidies to firms.

Incorporating the equilibrium tax rate, we get the equilibrium quantities for all 
firms. By (9), the equilibrium industry output is

where D1 = c2 m(1 + n(1 − �)) − 2cdmn(1 − �) + d2n(m + 1)(1 − �). We next exam-
ine how consumer surplus changes with a higher � . Differentiating Q1∗ with respect 
to � leads to

The following results follow straightforwardly from (13).

Proposition 2 In case 1, an increase in � benefits consumers when d∕c < m∕(1 + m) . 
Otherwise, it hurts consumers.

(10)SW =
(
(1 − �)PQ − dQi − cQj

)
+ Q2∕2 + �PQ.

(11)�1∗ = 1 −
((1 − �)dn + cm)2

H1(�) − a((1 − �)dn + cm)
,

T1 =
(m + n + 1)

(
c2m + d2n + mn(c − d)2

)
cm + dn

, T2 =
c2m + d2n + mn(c − d)2(m + n + 2)

cm + dn
;

(12)Q1∗ = a −
D1

(1 − �)dn + cm
,

(13)
�Q1∗

��
=

c3nm(1 + m)

((1 − �)dn + cm)2

(
d

c
− 1

)(
d

c
−

m

1 + m

)
.
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The literature following Reynolds and Snapp (1986) believes that cross-holdings 
create market concentration, and lead to a reduction in industry output and consumer 
surplus, which therefore results in a higher price and generates a main concern for 
both antitrust authorities and academics. This result is obtained without the consid-
eration of strategic tax/subsidy policies. By contrast, we show that cross-holdings 
between efficient firms may unexpectedly raise industry output when these engaged 
firms are sufficiently efficient (i.e., exists large firm heterogeneity) with the consid-
eration of strategic tax/subsidy policies.

The driving factor to our result is the strategic tax/subsidy policy by the gov-
ernment, which aims to correct market inefficiency due to the socially undesirable 
output shifting from engaged efficient firms towards outside inefficient firms. When 
efficient firms engage in cross-holdings, these firms produce less while outside inef-
ficient firms produce more, which results in an inefficient production distribution. 
The total output decreases as a result. This anti-competitive effect of cross-holdings 
are identified in the literature. In anticipation of this, the government may reduce 
� to encourage production. This tax-reducing effect is positive to production. The 
resulting output expansion caused by government regulation dominates the well-
known output reduction caused by cross-holdings when d∕c < m∕(1 + m) . As such, 
our results generate important insights for competition policy.

To end this section, we look at the joint profit of efficient firms to confirm the 
motivations to jointly increase � . Straightforward calculations lead to

Even though the expressions are complicated, we can show that the derivative 
�(n�∗

i
)∕�� can be either positive or negative.18 Under certain circumstances, effi-

cient firms are motivated to increase cross-holdings. And if the condition in Proposi-
tion 2 is satisfied, increasing the degree of cross-holdings raises industry output and 
benefits consumers.

In the following example, we illustrate that increasing cross-holdings among effi-
cient firms could be profitable for firms and benefit consumers.

Example 1 Consider a = 100 , n = 3 , m = 4 , c = 20 , d = 9 . Standard calculations 
yield the equilibrium outcomes:

Any � ∈ (0, 1∕2) would satisfy the constraints of 𝜏1∗ < 1 , q1∗
i

> 0 , and q1∗
j

> 0 . Sim-
ple calculations yield 𝜕𝜏1∗∕𝜕𝛿 < 0 , holding for any � ∈ (0, 1∕2) . We have 

�1∗
i

=
(1 − �)

(
ad(cm + dn(1 − �)) − (d(m + 1) − cm)D1

)2
(cm + dn(1 − �))2

(
(1 + m + n(1 − �))D1 − a(cm + dn(1 − �))

) .

�1∗ =
9�(1663 − 484�) − 4211

45(1 − �)(113� − 348)
, and Q1∗ =

7405 − 1005�

107 − 27�
.

18 The condition for ��1∗
i
∕�� to be positive or negative can be obtained through straightforward calcula-

tions. However, these conditions are considerably complicated and therefore not informative. We thus 
omit the expressions of the derivative and the conditions in this and the subsequent cases for the sake of 
readability and clarity.
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0 < 𝜏1∗ < 1 when 0 < 𝛿 < 0.3092, and 𝜏1∗ < 0 when 0.3092 < 𝛿 < 0.5 . That is, 
increasing � induces the government to reduce the tax rate. The government levies 
taxes on firms when the degree of cross-holdings is small and provides subsidies to 
firms when that is large. The profit of each efficient firm is obtained as

which is positive for 0 < 𝛿 < 0.3703 and is negative for 0.3703 < 𝛿 < 0.5 . This 
implies that the efficient firms have incentive to increase cross-holdings till 
� = 0.3703 . Further, we have

Since d∕c < m∕(1 + m) , the condition in Proposition 2 is satisfied. Hence, increas-
ing � raises industry output and thus benefit consumers.

3.4  Case 2: Cross‑holdings between inefficient firms

By analogy, we can easily obtain the equilibrium outcomes when inefficient firms 
hold passive ownership in each other. A simple way to do this is to switch n and m 
with each other, and switch d and c with each other in case 1. It follows that cross-
holdings in this case shift production from inefficient firms to efficient firms, which 
improves market efficiency. This is the major difference from that in case 1. The 
industry output decreases due to market concentration. As a result, the government 
strategically uses taxation as a tool to reduce the adverse effect of cross-holdings.

As in Lemma 1, we can derive the conditions for �2∗|�=0 to be positive or nega-
tive. The two cutoffs can be written by switching m and n, c and d in T1 and T2 , 
respectively. The distance between the two cutoffs is again cm + dn . Further, we 
have 𝜕𝜏2∗∕𝜕𝛿 < 0 , which holds when the assumptions on tax/subsidy and quantities 
are satisfied. That is, the government responds to reduce the tax levied on firms or 
raise the subsidy to firms to regulate the market outcomes.

In equilibrium, following (13) we have

Proposition 3 In case 2, an increase in � always benefits consumers.

�1∗
i

=
3125(1693 − 669�)2

9(107 − 27�)2(348 − 113�)
, with

��1∗
i

��
=

844000

(107 − 27�)2
+

83747125

9(348 − 113�)2
+

172480000

(27� − 107)3
,

𝜕Q1∗

𝜕𝛿
=

92400

(107 − 27𝛿)2
> 0.

(14)
𝜕Q2∗

𝜕𝛿
=

d3nm(1 + n)

((1 − 𝛿)cm + dn)2

(
c

d
− 1

)(
c

d
−

n

1 + n

)
> 0.
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As in case 1, there are two counteracting effects on industry output: the well-
known anti-competitive effect due to an increase in cross-holdings, and a positive 
tax-reducing effect due to a reduction in tax rate. However, different from that in 
case 1, the firms that reduce production are those low-production inefficient firms. 
Meanwhile, the efficient firms respond to expand production. Hence, this anti-com-
petitive effect is weaker in this case because of the above-mentioned efficient pro-
duction distribution. It turns out that this weakened anti-competitive effect is domi-
nated by the positive tax-reducing effect, which therefore benefits consumers.

We finally check whether the inefficient firms are motivated to increase shares in 
each other by examining how � influences �2∗

j
 , which can be written as the mirror-

image of �1∗
i

 in case 1. Similar to that in case 1, there exist certain circumstances 
under which inefficient firms have incentives to increase cross-holdings as illustrated 
in the following example.

Example 2 Consider a = 100 , n = m = 3 , c = 45 , d = 42 . Standard calculations 
yield the equilibrium outcomes:

Any � ∈ (0, 1∕2) would satisfy the constraints of 𝜏2∗ < 1 , q2∗
i

> 0 , and q2∗
j

> 0 . Sim-
ple calculations yield 𝜕𝜏2∗∕𝜕𝛿 < 0 with 𝜏2∗ < 0 , holding for any � ∈ (0, 1∕2) . That 
is, the government provides subsidies to firms and the level of which increases with 
the degree of cross-holdings, � . The profit of each efficient firm is obtained as

which is positive when 0 < 𝛿 < 0.3375 , and is negative when 0.3375 < 𝛿 < 0.5 . 
This implies that the inefficient firms have incentives to increase cross-holding till 
� = 0.3375 . Further, we have

which supports the finding in Proposition 3.

3.5  Case 3: Efficient firms hold shares in inefficient firms

In this case, all firms engage in cross-holdings. The profit for each efficient acquir-
ing firm is

�2∗ =
3�(9� + 242) − 1565

12�(171� − 592) + 6004
, and Q2∗ =

1628 − 816�

29 − 15�
.

�2∗
j =

36(1717 − 849�)2(1 − �)
(29 − 15�)2(3�(171� − 592) + 1501)

, with

��2∗
j

��
=
36(849� − 1717)(3�(3�(171�(4245� − 26038) + 9547018) − 24124418) + 17097343)

(15� − 29)3(3�(171� − 592) + 1501)2
,

𝜕Q2∗

𝜕𝛿
=

756

(29 − 15𝛿)2
> 0,
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and the profit for each inefficient acquired firm is

Standard calculations by solving the first-order conditions yields that19

The second-order conditions are satisfied. The industry output is therefore

In the first stage, the government chooses � to maximize social welfare in (10), 
yielding the equilibrium tax rate as

where H2(�) = c2m(n + 1) − cdm(2n + �) + d2n(m + 1) . The second-order condi-
tion is assumed to be satisfied.

Lemma 2 𝜏3∗|𝛿=0 < 0 when T4 < a < T3 , and �3∗|�=0 ∈ [0, 1) when a ≤ T4 , where

 further, the sign of ��3∗∕�� is ambiguous (can be either positive or negative).

Lemma 2 indicates that the government may respond to raise � when � increases, 
which is different from that in the previous two cases. The increase in � undoubtedly 
lowers the production of firms as we see below. The equilibrium industry output is

(15)�i = (1 − �)(a − Q)qi − dqi +
�

n

m∑
j=1

(
(1 − �)(a − Q)qj − cqj

)
,

(16)�j = (1 − �)
(
(1 − �)(a − Q)qj − cqj

)
.

qi =
a(1 − �)(n − m�) + cm(n + �) − dn(1 + m)

(1 + (1 − �)m + n)(1 − �)n
,

qj =
a(1 − �) + dn − (1 + n)c

(1 + (1 − �)m + n)(1 − �)
.

(17)Q =
a(m + n − m�)(1 − �) − dn − cm(1 − �)

(1 + (1 − �)m + n)(1 − �)
.

(18)�3∗ = 1 −
(dn + cm(1 − �))2

(1 + n + m(1 − �))H2(�) − a(cm(1 − �) + dn)
,

T3 =
(m + n + 1)

(

c2m +
(

(c − d)2m + d2
)

n
)

cm + dn
,

T4 =
m
(

c2 + (c − d)2(m + 2)n + (c − d)2n2
)

+ d2n
cm + dn

;

(19)Q3∗ = a −
H2(�)

dn + cm(1 − �)
.

19 As we see from (15) and (16) for case 3 (and those profit functions in case 4), our results hold when 
each acquiring firm owns a total � percent of the shares in acquired firms, and each acquired firm owns 
1 − � percent of its own shares.
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Differentiating Q3∗ with respect to � leads to that

Proposition 4 In case 3, an increase in � hurts consumers.

In case 1 and 2 with outside firms, we identify the positive effect of tax pol-
icy on industry output and show that it could act as an effective tool to increase 
consumer surplus. However, when all firms are engaged in cross-holdings, things 
are very different. Firstly, the market becomes more concentrated with all firms 
involved. Furthermore, in case 3, the high-production efficient firms reduce pro-
duction while those low-production inefficient firms expand production. The out-
put reduction effect of cross-holding is more significant. Lastly, the government 
may raise taxes or reduce subsidies for firms. Apparently, the above three factors 
will lead to a reduction in industry output. Even when the government reduces 
taxes or increases subsidies to firms, the two above-mentioned negative effects 
will dominate the positive tax-reducing effect, which makes consumers worse off.

We have demonstrated that such cross-holdings are detrimental to industry 
output. Hence, our result suggest that the anti-trust authorities should pay greater 
attention to such cases. However, a natural question is: whether efficient firms 
have incentives to hold/increase shares in inefficient firms? In consideration of 
firms’ incentives to engage in cross-holdings, the joint profit of the involved firms 
must increase (see Farrell and Shapiro 1990; Ma et al. 2021; Shuai et al. 2023; 
etc). Let Π3∗ = n�3∗

i
+ m�3∗

j
 (see Appendix) denote the joint profit of involved 

firms. Straightforward calculations can yield the conditions for �Π3∗∕�� to be 
positive or negative. As before, these complicated conditions are omitted to avoid 
messy presentations. And we use the following example to illustrate that cross-
holdings are jointly profitable for involved firms but are detrimental to 
consumers.

Example 3 Consider a = 100 , n = m = 3 , c = 36 , d = 28 . Standard calculations 
yield the equilibrium outcomes:

Any � ∈ (0, 1∕2) would satisfy the constraints of 𝜏3∗ < 1 , q3∗
i

> 0 , and q3∗
j

> 0 . It 
follows straightforwardly that 𝜏3∗ < 0 for any � ∈ (0, 1∕2) , and

That is, the government provides subsidies to firms without cross-holdings, but 
reduces subsidies as � increases. The industry output decreases as a result. In this 
case,

(20)
�Q3∗

��
= −

c3nm2

(dn + cm(1 − �))2

(
d

c
− 1

)(
d

c
−

n + 1

n

)
.

�3∗ =
2(37 − 9�)� − 58

�(63� − 214) + 198
, and Q3∗ = 72 −

120

16 − 9�
.

𝜕𝜏3∗

𝜕𝛿
=

10(16 − 9𝛿)(9𝛿 + 14)

(𝛿(63𝛿 − 214) + 198)2
> 0; and

𝜕Q3∗

𝜕𝛿
= −

1080

(16 − 9𝛿)2
< 0.
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which is positive for 0 < 𝛿 < 0.36 and is negative for 0.36 < 𝛿 < 0.5 . This implies 
that the firms have incentives to increase cross-holdings till � = 0.36 . Such cross-
holdings reduce industry output and hurt consumers.

3.6  Case 4: Inefficient firms hold shares in efficient firms

We can easily obtain the equilibrium outcomes in case 4 by switching n and m with 
each other, and switching d and c with each other in case 3. Following (20), we have

Proposition 5 In case 4, an increase in � benefits consumers when d∕c > m∕(m + 1) . 
Otherwise, it hurts consumers.

The result in Proposition  5 is in sharp contrast to that found in Proposition  4. 
The main reason is that the anti-competitive effect is weaker in this case because 
the firms that reduce production are those low-production inefficient firms while the 
efficient firms respond to expand production. Specifically, cross-holdings in this case 
shift production from inefficient firms toward efficient firms, which is socially desir-
able to the government. When the cost gap between efficient and inefficient firms 
is small, i.e., d∕c > m∕(m + 1) , the above positive effect on welfare due to output 
redistribution is not significant. To the government, increasing cross-holdings has 
“mainly negative” effect due to the reduction in industry output. Hence, the gov-
ernment strategically use the tax/subsidy policy to reverse this outcome. This posi-
tive policy effect turns out to dominate the anti-competitive effect, which therefore 
raises industry output. By contrast, when the cost gap between efficient and inef-
ficient firms is large, i.e., d∕c < m∕(m + 1) , the above positive effect on welfare is 
significant, which could neutralize part of the negative effect from output reduction 
to the government. Hence, we do not have a strong positive policy effect that could 
dominate the anti-competitive effect.

As before, we use the following example to illustrate our finding in Proposition 5.

Example 4 Consider a = 100 , n = m = 3 , c = 16 , d = 14 . Standard calculations 
yield the equilibrium outcomes:

Π3∗ =96

(
760 − 765�

�(63� − 214) + 198
+

5

9� − 16
+

150

(16 − 9�)2
+ 6

)
, with

�Π3∗

��
=96

(
2700

(16 − 9�)3
−

(126� − 214)(760 − 765�)

(�(63� − 214) + 198)2
−

45

(9� − 16)2
−

765

�(63� − 214) + 198

)
,

(21)
�Q4∗

��
= −

d3mn2

(cm + dn(1 − �))2

(
c

d
− 1

)(
c

d
−

m + 1

m

)
.

�4∗ =
3�(7� + 80) − 613

6�(28� − 65) + 62
, and Q4∗ =

8

15 − 7�
+ 84.
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To ensure 𝜏4∗ < 1 , q4∗
i

> 0 , and q4∗
j

> 0 , we need 0 < 𝛿 < 0.1717 . It follows straight-
forwardly that 𝜏4∗ < 0 in this case,

That is, the government always provides subsidies to firms. Furthermore, it tends to 
increase subsidies as � increases. The industry output increases as a result. In this 
case,

which is positive for 0 < 𝛿 < 0.1717 . This implies that the firms have incentives 
to increase cross-holdings till � = 0.1717 . Since the condition, d∕c > m∕(m + 1) , 
in Proposition 5 is satisfied, such cross-holdings raise industry output and benefit 
consumers.

4  Further discussions

Before concluding the paper, we briefly discuss two extensions of the basic model in 
consideration of (i) unit tax and (ii) price competition. The detailed calculations for 
each of the following two cases are provided in the Appendix.

4.1  Unit taxation

In the basic model, we conduct the analysis with the consideration of strategic ad 
valorem taxation by the welfare-maximizing government. In the existing literature, 
another prevalent form of taxation is unit taxation, often referred to as specific taxa-
tion. It is widely acknowledged that unit (or specific) taxation and ad valorem taxa-
tion can yield distinct outcomes in the context of imperfect competition. Hence, it is 
interesting to assess the robustness of our main findings when considering strategic 
unit taxation.

Let us consider a scenario in which all firms are taxed at the same rate of t per 
unit of output, and reexamine the four cases in the basic model. Following the stand-
ard backward induction process, we find that an increase in the degree of cross-hold-
ings harms consumers in cases 1 and 3 and benefits consumers in cases 2 and 4. The 
reasons for these outcomes are as follows: In cases 1 and 3 (and conversely in cases 
2 and 4), under any given tax rate, efficient firms tend to reduce production, while 
inefficient firms increase production. The industry output decreases as a result. This 
essentially aligns with the consequence of reducing the number of efficient (inef-
ficient) firms. The first instinct is that this will lead to a decrease in industry output 

𝜕𝜏4∗

𝜕𝛿
= −

3(7𝛿 − 15)(1155𝛿 − 2491)

2(3𝛿(28𝛿 − 65) + 31)2
< 0; and

𝜕Q4∗

𝜕𝛿
=

56

(15 − 7𝛿)2
> 0.

Π4∗ =8

(
50601 − 23541�

3�(28� − 65) + 31
+

143

15 − 7�
+

8

(15 − 7�)2
− 21

)
, with

�Π4∗

��
=
67261224 − 31283784�

(3�(28� − 65) + 31)2
−

896

(7� − 15)3
+

8008

(15 − 7�)2
+

188328

3�(28� − 65) + 31
,
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due to reduced competition. However, following a similar line of reasoning as Dinda 
and Mukherjee (2014) which also consider unit taxation, we encounter an intriguing 
outcome in cases 2 and 4: engaging in cross-holdings actually leads to an increase 
in industry output and thus benefits consumers. This is because inefficient firms 
become less aggressive in production, thereby reducing competition between effi-
cient and inefficient firms. Consequently, a welfare-maximizing government signifi-
cantly increases subsidies to enhance market competition, resulting in higher indus-
try output.

4.2  Price competition

The basic model focuses on Cournot competition. It would be interesting to explore 
the implications of cross-holdings when competition involves pricing in a mar-
ket with differentiated products. A prior research paper authored by Fanti (2016b) 
demonstrates that the mode of competition has a significant impact on the welfare 
consequences of cross-holdings in a vertical market.20 In this section, we assess the 
robustness of our previous findings by allowing firms to engage in price competition 
while offering differentiated products.

Following the IO literature on oligopoly with differentiated products, a represent-
ative consumer’s utility function is given by

which leads to the demand function for firm i’s product as

where y is the consumption of all other goods and � ∈ (0, 1) measures the degree of 
product substitutability.

The standard backward induction process yields equilibrium results in the two 
stages; however, the expressions for equilibrium prices and quantities are highly 
complex, which obstructs a comprehensive analysis of welfare implications in a 
clear and concise manner. Consequently, for each case, we perform an extensive 
series of numerical simulations using Mathematica. Our simulations indicate that an 
increase in the degree of cross-holdings has adverse effects on consumers in cases 1 
and 3, while benefiting consumers in cases 2 and 4. As we can observe, cross-hold-
ings create anti-competitive effects for any given tax rate, which has a detrimental 
impact on consumers. However, the welfare-maximizing government can strategi-
cally employ taxation as a tool to devise appropriate remedies that benefit consum-
ers. In the Bertrand model, prices are considered strategic complements. This is 

(22)U(q1, q2,… , qn+m) = a

n+m∑
i=1

qi −
1

2

(
n+m∑
i=1

q2
i
+ �

n+m∑
i=1

n+m∑
j≠i

qiqj

)
+ y,

(23)qi =
(1 − �)a − (1 + �(n + m − 2))pi + �

∑n+m

j≠i
pj

(1 − �)(1 + �(n + m − 1))
,

20 The unconventional result, where an increase in cross-ownership can enhance consumer surplus and 
social welfare within a vertical industry, is observed under price competition but not under Cournot com-
petition.
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because when one firm opts to reduce prices, it incentivizes the other firm to follow 
suit for profitable outcomes. Especially in cases where efficient firms are encour-
aged to adopt less aggressive behaviors, such as in cases 1 and 3, this negative effect 
tends to be notably significant, consistently outweighing the positive effect arising 
from the taxation remedies.21 In contrast, in cases 2 and 4, inefficient firms are moti-
vated to conduct less aggressive practices, resulting in less substantial competition-
related issues. The government’s tax remedies serve to mitigate the adverse effects 
of cross-holdings, ultimately leading to increased industry output.

5  Concluding remarks

It is believed in the literature that cross-holding leads to market concentration and 
hurts consumers by reducing industry output, which creates concerns for the anti-
trust authorities. Although there currently are no antitrust rules that can be reliably 
and effectively applied to curtail such anti-competitive effects, treatment of cross-
holdings has gained increasing attention by antitrust authorities worldwide.

However, this view generally ignores the role of the government. As is know, 
another stylized fact is the existence of taxation in oligopolistic sectors with cross-
holdings. Thus, a natural question arises: does the common wisdom that cross-hold-
ing decrease output and therefore hurt consumers still hold with the consideration of 
a welfare-maximizing tax/subsidy policy? We find that, with the presence of endog-
enous taxation by the government, cross-holdings could well increase industry out-
put and reduce price in certain situations. Specifically, (i) when the low-cost firms 
are sufficiently efficient, increasing cross-holdings between efficient firms could 
benefit consumers; (ii) when the cost cap between firms are sufficient small, increas-
ing cross-holdings in efficient firms by inefficient firms could benefit consumers; 
and (iii) increasing cross-holdings between inefficient firms always benefits consum-
ers. These results are worthy of notice to both antitrust authorities and academics.

In this paper, we take the first step to study the welfare effects of cross-holdings 
under a welfare-maximizing tax/subsidy policy. To begin with, we make several sim-
plifying assumptions for tractability, such as homogenous products, linear demand, 
and constant marginal costs. In the future, discussing the robustness of our main 
results by relaxing some of these assumptions is worthwhile. Furthermore, as that 
in most of the literature, we take cross-holdings as exogenously given to study how 
an increase in cross-holdings affects consumer surplus. A possible future direction 
is to endogenize the decision to acquire shares in our model, which can be assumed 
either before or after the stage of the welfare-maximizing tax policy.22 We believe 
this will generate rich policy implications and greatly enrich the current literature.

21 Note that, under certain circumstances, the government may raise the tax rate to mitigate inefficien-
cies in product distribution, which can also have a negative impact on industry output.
22 Consider adding a stage in which firms choose the degree of cross-holdings to maximize their profits 
before the government optimizes social welfare. Our current numerical analysis indicates that, in Exam-
ple 1–4, the equilibrium ownership rates are 37.03% , 33.75% , 36% and 17.17% , respectively. We also 
have simulations which show that the equilibrium ownership rate can be either zero (i.e., the joint profit 
of involved firms decreases after engaging in cross-holdings) or 1/2 under other circumstances.
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Appendix

Proof of Lemma 1

Without cross-holdings, we have

where N = m + n . Both the denominator and numerator are linear in a. Therefore, 
straightforward calculations yields

where T1 =
(m+n+1)(c2 m+d2n+mn(c−d)2)

cm+dn
, and T2 =

c2 m+d2n+mn(c−d)2(m+n+2)

cm+dn
. Notice that we 

have T1 − T2 = cm + dn.
Further, taking derivative with respect to � over �1∗ yields

where D2 = cdm(1 + m + 3n(1 − �)) − c
2
m(2 + m + 2n(1 − �)) − d

2
n(m + 1)(1 − �). 

It can be calculated that D2 < 0 for any c > d > 0 , m > 0 , n > 0 and 0 < 𝛿 < 1∕2 . 
Therefore, if d∕c < m∕(1 + m) , we must have 𝜕𝜏1∗∕𝜕𝛿 < 0 . If d∕c > m∕(1 + m) , 
we have 𝜕𝜏1∗∕𝜕𝛿 < 0 when ad(cm + dn(1 − 𝛿)) + (d(m + 1) − cm)D2 > 0 and 
𝜕𝜏1∗∕𝜕𝛿 > 0 when ad(cm + dn(1 − 𝛿)) + (d(m + 1) − cm)D2 < 0.

Proof of Lemma 2

Without cross-holdings, we have

Both the denominator and numerator are linear in a. Therefore, we can simplify the 
condition of �3∗ being tax or subsidy into intervals in terms of a. Straightforward 
calculations yields

where T3 =
(m+n+1)(c2 m+((c−d)2 m+d2)n)

cm+dn
 , and T4 =

m(c2+(c−d)2(m+2)n+(c−d)2n2)+d2n
cm+dn

 . The 
distance between the two cutoffs is T3 − T4 = cm + dn.

More generally, taking derivative with respect to � over �3∗ yields

�1∗|�=0 = a(cm + dn) − c2m(n(N + 2) + 1) + 2cdmn(N + 2) − d2n(m(N + 2) + 1)

a(cm + dn) − (N + 1)
(
c2m + d2n + mn(c − d)2

) ,

𝜏1∗|𝛿=0
{

< 0, when T2 < a < T1;

∈ [0, 1), when a ≤ T2,

��1∗

��
= −

n(cm + dn(1 − �))
(
ad(cm + dn(1 − �)) + (d(m + 1) − cm)D2

)
(
a(cm + dn(1 − �)) − (1 + m + n(1 − �))D1

)2 ,

�3∗|�=0 =
m
(
c2 + (m + 2)n(c − d)2 + n2(c − d)2

)
+ nd2 − a(cm + dn)

(m + n + 1)
(
c2m + d2n + (c − d)2mn

)
− a(cm + dn)

.

𝜏3∗|𝛿=0
{

< 0, when T4 < a < T3;

∈ [0, 1) when a ≤ T4,
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where F = ac(cm(1 − �) + dn) − L , and

The sign of ��3∗∕�� depends solely on the sign of F. We have 𝜕𝜏3∗∕𝜕𝛿 > 0 if F < 0 , 
and vice versa. Taking derivative of F with respect to � yields

When a < (d + (c − d)m)(c + (c − d)n)∕c , 𝜕F∕𝜕𝛿 > 0 , which indicates F 
increases with � in (0,  1/2). We find that F|𝛿=0 < 0 and F|𝛿=1∕2 < 0 . Hence, 
F < 0 for any � ∈ (0, 1∕2) , which implies 𝜕𝜏3∗∕𝜕𝛿 > 0 in this case. When 
a > (d + (c − d)m)(c + (c − d)n)∕c , 𝜕F∕𝜕𝛿 < 0 , which indicates F decreases with � 
in (0, 1/2). We find that

where G =
c+(c−d)n

c(cm+dn)

(
c2m(m + 2n + 2) − cdm(m + 3n + 1) + d2n(m + 1)

)
 ; and

where H =
c+(c−d)n

c(cm+2dn)

(
c2m(m + 4n + 4) − cdm(m + 6n + 3) + 2d2n(m + 1)

)
 . Since

given that 𝜕F∕𝜕𝛿 < 0 , we have the following results: 

1) when (d + (c − d)m)(c + (c − d)n)∕c < a < G , we have F|𝛿=0 < 0 and F|𝛿=1∕2 < 0 . 
Then F < 0 for any � ∈ (0, 1∕2) . Thus, 𝜕𝜏3∗∕𝜕𝛿 > 0;

2) when G < a < H , we have F|𝛿=0 > 0 and F|𝛿=1∕2 < 0 . Then F decreases from a 
positive number to a negative number as � increases from 0 to 1/2. Thus, ��3∗∕�� 
would correspondingly be negative and then positive.

3) when a > H , we have F|𝛿=0 > 0 and F|𝛿=1∕2 > 0 . Then F > 0 for any � ∈ (0, 1∕2) . 
Thus, 𝜕𝜏3∗∕𝜕𝛿 < 0.

In conclusion, we have

��3∗

��
=

−m(cm(1 − �) + dn)F(
(1 + n + m(1 − �))H2(�) − a(cm(1 − �) + dn)

)2 ,

L = (c(1 + n) − dn)
(
c2m(m(1 − �) + 2(1 + n))−cdm(1 + 3n + � + m(1 − �))+d2(m + 1)n

)
.

�F

��
= cm((d + (c − d)m)(c + (c − d)n) − ac).

F|𝛿=0
{

< 0, if
(d+(c−d)m)(c+(c−d)n)

c
< a < G;

> 0, if a > G,

F|𝛿=1∕2
{

< 0, if
(d+(c−d)m)(c+(c−d)n)

c
< a < H;

> 0 if a > H,

H − G =
2m2(c − d)(c + cn − dn)2

(cm + dn)(cm + 2dn)
> 0,
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The expression for joint profit in Case 3

Π3∗ = n�3∗
i

+ m�3∗
j

 , straightforward calculations lead to

Detailed calculations for the case of unit tax

All settings remain consistent with the basic model, except that we have replaced the 
ad valorem tax � with a unit tax t. Moreover, this tax may function as a tax when t is 
positive and as a subsidy when t is negative.

Case 1: Cross-holdings between efficient firms
In the second stage, each firm simultaneously chooses the optimal quantity to 

achieve profit maximization. The profit for each efficient firm is

while the profit for each inefficient firm is �j = (a − Q − t − c)qj. Solving the first-
order conditions leads to the equilibrium outputs as

All the second-order conditions in this section are satisfied.
In the first stage, the government chooses the unit tax t to maximize social welfare

𝜕𝜏3∗

𝜕𝛿

⎧
⎪⎪⎨⎪⎪⎩

> 0, when a < G;

< 0, when G < a <
L

c(cm(1−𝛿)+dn)
;

> 0, when
L

c(cm(1−𝛿)+dn)
< a < H;

< 0, when a > H.

Π3∗ =

⎛
⎜⎜⎜⎜⎜⎝

a2
�
cm(c − d�) + d2n

�
(cm(1 − �) + dn)3 + aH2(�)⋅

(cm(1 − �) + dn)2(cdm(�(2 + m(1 − �)) + n(4 − �))

−c2m(2 + 2n + m�(1 − �)) − d2n(2 + m(2 − �))
�
− H2(�)

2
⋅

(cm(1 − �) + dn)
�
m
�
cm�2(c − d) + �(d + dm − cm)(c − cn + dn)

+(2cdn − d2n)(m + n + 2) − c2(n(m + n + 2) + 1)
�
− d2n

�

⎞⎟⎟⎟⎟⎟⎠
(cm(1 − �) + dn)3

�
(1 + n + m(1 − �))H2(�) − a(cm(1 − �) + dn)

� .

�i = (1 − �)(a − Q − t − d)qi +
�

n − 1

∑
k≤n,k≠i

(a − Q − t − d)qk,

qi =
(1 − �)(a + cm − d(m + 1) − t)

1 + n + m − �n
, qj =

a + c((� − 1)n − 1) − d�n + dn − t

1 + n + m − �n
.

SW = (P − t)Q − dQi − cQj + Q2∕2 + tQ.
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By solving the first-order condition, we obtain

Substituting it into the outputs, we get the equilibrium industry output as

Differentiating it with respect to � leads to

Case 2: Cross-holdings between inefficient firms
By analogy, we can easily obtain the equilibrium outcomes when inefficient firms 

hold passive ownership in each other. A simple way to do this is to switch n and m with 
each other, and switch d and c with each other in case 1. Thus, we obtain

Simple calculations lead to

Case 3: Efficient firms hold shares in inefficient firms
The profit for each efficient acquiring firm is

while that for each inefficient acquired firm is �j = (1 − �)(a − Q − t − c)qj. Stand-
ard calculations by solving the first-order conditions yields

In the first stage, the government chooses a optimal unit tax t to maximize social 
welfare, which yields

t1∗ =
cm − a(m − �n + n) + d(1 − �)n

(n + m − �n)2
.

Q1∗ = a − d −
m(c − d)

m + n − �n
.

𝜕Q1∗

𝜕𝛿
= −

mn(c − d)

(n + m − 𝛿n)2
< 0.

t2∗ =
dn − a(m − �m + n) + c(1 − �)m

(m + n − �m)2
, Q2∗ = a − c +

n(c − d)

m + n − �m
.

𝜕Q2∗

𝜕𝛿
=

mn(c − d)

(m + n − 𝛿m)2
> 0.

�i = (a − Q − t − d)qi +
�

n

m∑
j=1

(a − Q − t − c)qj,

qi =
n(a + cm − d(m + 1) − t) − �m(a − c − t)

n(1 + m + n − �m)
, qj =

a − c(n + 1) + dn − t

1 + m + n − �m
.

t3∗ =
m
(
c(m + n)� + c − d(m + n + 1)� − �2m(c − d)

)
+ dn − a(m − �m + n)

(m + n − �m)2
.
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The equilibrium industry output is

Differentiating Q3∗ with respect to � leads to

Case 4: Inefficient firms hold shares in efficient firms
We can easily obtain the equilibrium outcomes in case 4 by switching n and m 

with each other, and switching d and c with each other in case 3. Thus, we obtain

Simple calculations lead to

As in the basic model, numerous examples can be found to substantiate that, under 
certain circumstances, the firms have the incentive to increase cross-holdings in 
these four cases.

Simulations for the case of price competition

We conduct extensive numerical simulations and present the results in Tables 1, 
2, 3, and 4. The Mathematica codes to solve each case and generate the tables are 
available upon request. In each table, we use a = 100, c = 10, d = 6 and � = 0.5 . 
We assign different values to m and d and increase � from 0.00 to 0.45. In each 
case, we consider four values for m, which are listed in the first column, and four 
values for d, which are given in the second row at the top. The equilibrium indus-
try output is provided in the last four columns. The "/" in the tables implies that 
these parameter values fail to satisfy the assumptions in our model.

As we see in these tables, an increase in the degree of cross-holdings has 
adverse effects on Q∗ and thus hurts consumers in cases 1 and 3, while improving 
Q∗ and thus benefiting consumers in cases 2 and 4.

Q3∗ = a − d −
m(c − d)

m + n − �m
.

𝜕Q3∗

𝜕𝛿
= −

m2(c − d)

(m + n − 𝛿m)2
< 0.

t4∗ =
n
(
d(m + n)� + d − c(m + n + 1)� + �2n(c − d)

)
+ cm − a(m − �n + n)

(m + n − �n)2
,

Q4∗ =a − c +
n(c − d)

m − �n + n
.

𝜕Q4∗

𝜕𝛿
=

n2(c − d)

(m − 𝛿n + n)2
> 0.
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Table 1  Q∗ in Case 1 m � d

8 6 4 2

10 0.00 169.530 167.277 164.026 161.443
0.05 169.522 167.263 164.004 161.414
0.10 169.513 167.246 163.980 161.382
0.15 169.503 167.228 163.954 161.345
0.20 169.492 167.207 163.924 161.304
0.25 169.479 167.184 163.889 161.257
0.30 169.465 167.157 163.850 161.203
0.35 169.447 167.125 163.804 161.140
0.40 169.427 167.089 163.751 161.066
0.45 169.403 167.045 163.687 160.978

8 0.00 168.326 166.191 162.882 160.233
0.05 168.316 166.172 162.855 160.197
0.10 168.305 166.151 162.826 160.157
0.15 168.292 166.128 162.792 160.112
0.20 168.278 166.102 162.754 160.061
0.25 168.262 166.072 162.711 160.003
0.30 168.244 166.038 162.662 159.936
0.35 168.222 165.998 162.604 159.859
0.40 168.197 165.951 162.536 159.767
0.45 168.166 165.895 162.456 159.658

6 0.00 166.771 164.832 161.440 158.645
0.05 166.759 164.808 161.406 158.599
0.10 166.745 164.781 161.367 158.548
0.15 166.729 164.751 161.323 158.490
0.20 166.712 164.717 161.274 158.425
0.25 166.691 164.677 161.217 158.350
0.30 166.668 164.632 161.152 158.264
0.35 166.640 164.580 161.077 158.164
0.40 166.607 164.517 160.988 158.046
0.45 166.568 164.443 160.881 157.904

4 0.00 164.697 163.138 159.637 156.495
0.05 164.682 163.106 159.590 156.433
0.10 164.664 163.070 159.537 156.364
0.15 164.645 163.029 159.477 156.285
0.20 164.622 162.983 159.409 156.196
0.25 164.596 162.930 159.331 156.094
0.30 164.566 162.869 159.241 155.977
0.35 164.531 162.797 159.136 155.839
0.40 164.488 162.712 159.012 155.676
0.45 164.437 162.609 158.863 155.479
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Table 2  Q∗ in Case 2 m � d

8 6 4 2

10 0.00 169.530 167.277 164.026 161.443
0.05 / 167.289 164.035 161.448
0.10 / 167.301 164.045 161.452
0.15 / 167.316 164.057 161.458
0.20 / 167.332 164.070 161.464
0.25 / 167.350 164.085 161.470
0.30 / 167.372 164.103 161.478
0.35 / 167.396 164.123 161.488
0.40 / 167.426 164.147 161.499
0.45 / 167.461 164.176 161.512

8 0.00 168.326 166.191 162.882 160.233
0.05 168.335 166.205 162.895 160.239
0.10 168.346 166.222 162.909 160.245
0.15 168.358 166.240 162.924 160.252
0.20 168.371 166.262 162.942 160.260
0.25 168.386 166.286 162.962 160.270
0.30 168.404 166.313 162.986 160.281
0.35 168.425 166.346 163.013 160.293
0.40 168.449 166.384 163.046 160.308
0.45 168.477 166.430 163.085 160.327

6 0.00 166.771 164.832 161.440 158.645
0.05 166.783 164.862 161.458 158.653
0.10 166.797 164.874 161.478 158.663
0.15 166.812 164.899 161.500 158.673
0.20 166.829 164.928 161.525 158.685
0.25 166.848 164.960 161.553 158.698
0.30 166.870 164.997 161.587 158.714
0.35 166.896 165.041 161.626 158.732
0.40 166.927 165.093 161.672 158.754
0.45 166.963 165.155 161.728 158.781

4 0.00 164.697 163.138 159.637 156.495
0.05 164.713 163.166 159.664 156.508
0.10 164.729 163.196 159.693 156.522
0.15 164.748 163.231 159.727 156.539
0.20 164.769 163.270 159.765 156.557
0.25 164.793 163.315 159.808 156.578
0.30 164.821 163.367 159.859 156.603
0.35 / 163.427 159.918 156.632
0.40 / 163.499 159.989 156.667
0.45 / 163.585 160.075 156.710
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Table 3  Q∗ in Case 3 m � d

8 6 4 2

10 0.00 169.530 167.277 164.026 161.443
0.05 169.515 167.247 163.989 161.410
0.10 169.500 167.217 163.952 161.377
0.15 169.484 167.187 163.916 161.344
0.20 169.469 167.157 163.879 161.310
0.25 169.454 167.126 163.842 161.277
0.30 169.438 167.096 163.805 161.244
0.35 169.422 167.065 163.768 161.210
0.40 169.407 167.034 163.731 161.177
0.45 169.391 167.003 163.693 161.143

8 0.00 168.326 166.191 162.882 160.233
0.05 168.311 166.159 162.843 160.197
0.10 168.295 166.128 162.804 160.161
0.15 168.280 166.097 162.764 160.125
0.20 168.265 166.065 162.725 160.089
0.25 168.249 166.034 162.685 160.053
0.30 168.234 166.002 162.646 160.017
0.35 168.218 165.970 162.606 159.981
0.40 168.202 165.938 162.566 159.944
0.45 168.187 165.906 162.526 159.908

6 0.00 166.771 164.832 161.440 158.645
0.05 166.757 164.801 161.399 158.607
0.10 166.743 164.770 161.358 158.568
0.15 166.728 164.738 161.316 158.529
0.20 166.714 164.706 161.274 158.490
0.25 166.699 164.674 161.232 158.452
0.30 166.684 164.642 161.190 158.413
0.35 166.670 164.610 161.148 158.374
0.40 166.655 164.578 161.106 158.335
0.45 166.640 164.545 161.064 158.296

4 0.00 164.697 163.138 159.637 156.495
0.05 164.686 163.109 159.596 156.455
0.10 164.674 163.080 159.554 156.415
0.15 164.661 163.051 159.512 156.374
0.20 164.649 163.022 159.470 156.334
0.25 164.637 162.993 159.428 156.294
0.30 164.625 162.963 159.386 156.253
0.35 164.612 162.934 159.343 156.213
0.40 164.600 162.904 159.301 156.172
0.45 164.587 162.874 159.258 156.131
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Table 4  Q∗ in Case 4 m � d

8 6 4 2

10 0.00 169.530 167.277 164.026 161.443
0.05 169.534 167.282 164.030 161.447
0.10 169.537 167.287 164.035 161.450
0.15 169.541 167.292 164.040 161.453
0.20 169.545 167.297 164.045 161.457
0.25 169.548 167.302 164.050 161.460
0.30 169.552 167.307 164.055 161.463
0.35 169.555 167.312 164.060 161.467
0.40 169.559 167.318 164.065 161.470
0.45 169.563 167.323 164.070 161.473

8 0.00 168.326 166.191 162.882 160.233
0.05 168.331 166.199 162.890 160.238
0.10 168.337 166.206 162.897 160.243
0.15 168.342 166.214 162.905 160.248
0.20 168.348 166.222 162.913 160.254
0.25 168.354 166.230 162.920 160.259
0.30 168.359 166.238 162.928 160.264
0.35 168.365 166.246 162.936 160.269
0.40 168.371 166.254 162.943 160.274
0.45 168.376 166.262 162.951 160.279

6 0.00 166.771 164.832 161.440 158.645
0.05 166.781 164.846 161.454 158.654
0.10 166.790 164.860 161.467 158.663
0.15 166.800 164.874 161.480 158.671
0.20 166.809 164.888 161.493 158.680
0.25 166.819 164.901 161.507 158.689
0.30 166.828 164.915 161.520 158.698
0.35 166.838 164.929 161.533 158.706
0.40 166.847 164.943 161.547 158.715
0.45 166.857 164.957 161.560 158.724

4 0.00 164.697 163.138 159.637 156.495
0.05 164.715 163.166 159.664 156.513
0.10 164.733 163.193 159.691 156.531
0.15 164.750 163.221 159.718 156.548
0.20 / 163.249 159.746 156.566
0.25 / 163.277 159.773 156.584
0.30 / 163.304 159.800 156.602
0.35 / 163.332 159.828 156.619
0.40 / 163.360 159.855 156.637
0.45 / 163.389 159.883 156.655
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