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Abstract
This research explores the welfare implications of vertical licensing when the final

goods are produced by multiple complementary inputs. We spotlight the importance

of two-part tariff input terms when there is a buyer–seller relationship after vertical

licensing, which has different welfare ramifications depending on the product dif-

ferentiation. When the products are less differentiated, our result shows welfare

improving licensing, but when the products are more differentiated, the wholesale

price is set above the supplier’s marginal cost through licensing, leading to the

problem of double marginalization and reducing welfare. This study offers various

policy implications, which go up against conventional wisdom that welfare

improving licensing may not be attainable by considering multiple complementary

inputs.

Keywords Vertical licensing � Two-part tariffs � Input pricing � Complementary

inputs � Vertically-related market � Social welfare

JEL Classification L130 � L220 � L240 � L42 � D450

1 Introduction

Technology licensing is a common practice among firms, as many well-known firms

license the production technology of their core inputs to external firms. As a

sourcing strategy it transforms the licensee into the licensor’s input supplier, which
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is called vertical licensing. One example of vertical licensing is in the car

manufacturing industry, in which Toyota created suppliers that were formerly

integral units of its own company. Nippon Denso Co., which manufactures the

drivetrain system, and Aisin Seiki Co., which produces engine components and

systems for automobiles, started out within Toyota, but later became independent

corporate entities.1 Another example is in the commercial aircraft market, where

aircraft giant Boeing licensed its wing production technology to three Japanese

firms, which are Mitsubishi Heavy Industries, Kawasaki Heavy Industries Ltd., and

Fuji Heavy Industries, instead of producing it in-house. They are now suppliers

providing inputs related to aircraft production for Boeing. It is interesting to observe

that the costs in Japan are not less than in-house costs. Hence, Boeing’s licensing

decision cannot be justified based on cost savings alone.

As products become more and more sophisticated, input complementarity has

also become more widespread. Taking Toyota again as an example, it buys directly

from 200 component suppliers that account for 2 billion units.2 In practice, Boeing

also purchases from more than 6000 suppliers.3 It seems that a firm licensing its

input production technology to an external firm aggravates the inefficiency arising

within complementary inputs. Is there a theoretical explanation to the rationality for

licensing even if it aggravates inefficiency? What is the role of multiple

complementary inputs on input pricing? How are licensing incentives influenced

by multiple complementary inputs? Does vertical licensing improve welfare when

using multiple inputs for producing final goods?

To answer the above questions, we build a model whereby two downstream firms

produce two competing final goods using multiple complementary inputs, A and B.

We denote A as the core input that both firms initially produce in-house

respectively. One downstream firm considers licensing its core input production

technology to an external firm through a fixed fee licensing contract. When

licensing takes place, the downstream firm becomes a licensor, transforming the

external firm into its input supplier and turns it to be a licensee. The input sourcing

trades through a two-part tariff contract, including a fixed fee and a wholesale price

per unit of input, whose terms are determined through Nash bargaining between the

external firm and the downstream firm. The other complementary input, B, is

provided by an exclusive supplier in the upstream market.4

Following this setting, our study shows that the licensing is driven by input

pricing, in which the two-part tariff input contract has some main ramifications for

the welfare implications. The wholesale price can be higher or lower than the

1 Who are Toyota’s Main suppliers? Investopedia (September 22, 2019) (https://www.investopedia.com/

ask/answers/060115/who-are-toyotas-tyo-main-suppliers.asp).
2 Based on data from Toyota’s headquarters, the total value of purchased components is pegged at $300

millions a month.
3 For example, Boeing purchases jet engines from General Electric and avionics from Honeywell for its

product portfolio.
4 The energy sector or power-generating sector is characterized by oligopolistic competition. As Tyagi

(1999) demonstrates, the market for microprocessors, aircraft engines, and many other products are also

characterized by oligopolistic competition, emphasizing that input suppliers have significant market

power.
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upstream licensee’s marginal cost, depending on the degree of product differen-

tiation, and it is motivated by the simultaneous presence of two effects: the input A
effect and the input B effect. The first effect refers to the fact that the input producer,
the licensee, subsidizes its downstream licensor by setting the wholesale price lower

than its marginal cost so as to expand its downstream licensor’s output and profits at

a rival firm’s expense. The second effect, the input B effect, corresponds to the

upstream licensee setting a positive mark-up to its downstream licensor so as to

reduce the negative impact of the market power from the complementary input

supplier, in order to lower the derived demand and the price of input B.

The key drivers of vertical licensing differ substantially among the level of

product differentiation. Interestingly, when the products are less differentiated, the

more severe market competition is, the larger are the upstream licensee’s incentives

to enhance the competitive position of its downstream customer by setting the

wholesale price below the marginal cost. Therefore, due to the intensity of the input

A effect, licensing incentives exist even in markets with homogeneous products.

The licensee does this, because it can extract profit from the resulting higher profits

of the licensor through a fixed fee of the two-part tariff. The licensor can then

capture all of its joint profits from the upstream licensee through fixed fee licensing.

When the products are more differentiated, the softer competition lowers the

upstream licensee’s incentive for expansion of its downstream customer market

share. However, the upstream licensee’s incentives are stronger to reduce the

negative impact of the market power from the complementary input supplier by

raising the wholesale price above the marginal cost, increasing the licensor’s cost

instead of subsidizing the licensor. Why? Actually, in this case the licensee and the

licensor use their vertical trading contract as an instrument that allows the

downstream licensor to self-sabotage to extract a sufficiently large piece of the profit

from the complementary input supplier. The licensor does so, because it can receive

a subsidization from the licensee through a fixed fee of the two-part tariff. Lastly,

the licensor uses fixed-fee licensing to capture its joint profit from the upstream

licensee. This is a feature of using complementary inputs that is absent in a single-

input model and may strengthen the potential negative implications of vertical

licensing. Therefore, vertical licensing is desirable for the licensor, even for free

licensing, but may not be desirable for the consumers and the economy due to

double marginalization caused by the positive mark-up through the wholesale price

when the products are more differentiated.

Our study differs from Bakaouka and Milliou (2018), as they focus on the

incentives of vertical licensing with and without the licensee’s entry into the final

goods market and confine their model by using a single input. Without introducing

complementary inputs, they only find the input A effect, in which the licensee only

has an incentive to subsidize its downstream customer to expansion. Therefore, they

find that vertical licensing definitely increases social welfare due to the positive

effect of subsidization on consumer surplus. Our paper conversely shows that

vertical licensing in the presence of complementary inputs may cause double

123

Welfare reducing vertical licensing in the presence of… 123



marginalization, thus inducing welfare reduction.5 In their licensee’s entry case,

they find that the licensee sets the wholesale price above the input’s marginal cost in

order to alleviate the increased competition of the licensee’s entry. However, our

intuition is quite different from theirs as follows. Our model takes a vertical trading

contract as an instrument to alleviate the market power of the complementary input

supplier instead. Moreover, the licensee’s entry causes an increase of product

variety and greater competition, leading to positive welfare implications. In

contrast, in our paper, the wholesale price is set in such a way that it only

accompanies the double marginalization and profit loss of the complementary input

supplier, which in turn provide negative welfare implications.

Our study also relates to the vast theoretical literature on technology licensing

by introducing a vertically-related market such as by Pack and Saggi (2001) and

Rey and Salant (2012). Pack and Saggi (2001) indicate that vertical international

technology transfer differs substantially from horizontal technology transfer. Rey

and Salant (2012) examine the impact of the licensing policies of one or more

upstream owners of essential intellectual property on the variety offered by a

downstream industry.6 However, they do not introduce the complementary input

in the upstream sector and also neglect a seller-buyer relationship between the

licensor and the licensee. In contrast to them, the vertical trading contract is

derived from the licensing, which plays a crucial role on welfare implication.

Furthermore, our paper also relates to the literature on outsourcing. Various

papers within this strand, such as Shy and Stenbacka (2003), Sappington (2005),

Arya et al. (2008a, b) and Lim and Tan (2010), analyze a final product

manufacturer’s sourcing decision through linear contracts. Milliou (2020)

considers that outsourcing of a vertically integrated firm to a common input

supplier can arise when non-linear (instead of linear) contracts are used and

investigates the welfare implication. Our study differs in that the upstream

market consists of complementary input suppliers, which has ramifications on the

two-part tariff vertical contract determined and the corresponding welfare

implications. The other distinction of our study is a focus on the two-part tariff

input contract that is derived from vertical licensing instead of outsourcing to an

already existing vertically integrated rival or an independent upstream firm. Our

paper complements this literature in studying how vertical licensing affects the

complementary input supplier’s price and the impacts on social welfare.

Several studies in the theoretical literature relate to the issue of complementary

inputs, such as Kopel et al. (2016) who analyze a multi-input-multi-product firm’s

sourcing strategy, showing that such a firm might manufacture in-house even if the

5 The welfare reducing result stands in line with the literature, such as Fauli-Oller and Sandonis (2002),

Chang et al. (2013) and Kuo et al. (2016). However, they analyze the welfare impact of horizontal

licensing.
6 By introducing a vertically-related market, Mukherjee (2003), Arya and Mittendorf (2006) and

Mukherjee and Ray (2007) focus on a setting in which the licensor and the licensee are downstream firms

operating in the same production stage.
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marginal production cost exceeds the per-unit input price.7 Kopel et al. (2017) then

consider multi-input sourcing of a multi-input-multi-product firm, showing that

purchase complementary inputs from non-integrated suppliers can be optimal.

Kitamura et al. (2018) build a model of exclusive contracts in the presence of

complementary inputs. Laussel and Resende (2020) investigate how asymmetric

information on final demand affects strategic interaction between a downstream

monopolist and a set of upstream monopolists. Although they introduce the

complementary inputs, but restrain their model by the downstream monopolist.

Therefore, there is the absence of an incentive of market expansion of the

downstream firm.

The remainder of this paper runs as follows. Section 2 introduces the model

setting. Section 3 analyzes the terms of input pricing and licensing incentives.

Section 4 investigates the welfare implications of vertical licensing. Section 5

extends the model settings to check if the results derived by two complementary

inputs are still robust. Finally, Sect. 6 concludes with remarks.

2 The Model

We consider a downstream market consisting of two firms, firm 1 and firm 2. Each

firm i (i = 1, 2) produces a differentiated final good by using two complementary

inputs, A and B. Input A is a core input that is produced in-house by each firm at

marginal cost c[ 0, while input B is exclusively provided by supplier UB at a

wholesale price per unit of input, wB.
8 Without loss of generality, we assume that

the marginal cost of supplier UB for producing the input is null.

Both firms hold a patent for their core input production technologies. One of

them (firm 1) considers licensing its core input production technology to an external

firm, firm S, for a fixed licensing fee, F� 0. When the licensing agreement is signed,

the licensee (firm S) is in the position to produce input A for the licensor at marginal

cost c.9 The input sourcing terms include the terms of a two-part tariff: a fixed fee,

T, and a wholesale price per unit of input, ws, that firm 1 pays to firm S. The two-

part tariff is determined through Nash bargaining among firm S and firm 1. The

bargaining power of firm S and firm 1 is given by b and 1� b, respectively, with
0� b� 1. To simplify, we assume that the cost of entry in the final goods market is

7 Our paper closely relates to the growing literature on complementary patents such as Shapiro (2001),

Lerner and Tirole (2004) and Schmidt (2014). These papers analyze the effects of patent pools and

complementary patents with n upstream firms’ technology licensing while we highlight the welfare

implications of vertical licensing from a downstream firm when the final goods are produced by multiple

complementary inputs. Moreover, the downstream firm in our model can produce a core input in-house

while these papers assume the technologies from n upstream firms are essential.
8 We assume that supplier UB practices uniform input pricing, which naturally could be true, because

input price discrimination is not allowed by antitrust law.
9 We assume that the licensee has the same marginal cost of production as the licensor for simplicity. The

licensor has more (less) incentives to license its technology when the licensee is more (less) efficient than

the licensor.
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prohibitively high, and thus entry by firm S is blocked, or the ability of producing

the core input does not suffice for production of the final good.

The inverse demand function of firm i’s final good is:

pi ¼ 1� qi � rqj; i ¼ 1; 2; i 6¼ j;

where pi and qi are the price and the quantity of firm i’s final good, respectively, and
qj is the quantity of its rival’s final good. The parameter r measures the degree of

product differentiation, where r 2 0; 1½ �. The higher r is, the closer substitutes the

final goods are.

To explore the incentives of vertical licensing and its implications, the timing of

the game goes as follows. In the first stage, firm 1 decides whether to license its

input technology to external firm S. In the case of licensing, firm 1 sets the licensing

fee F, and in turn firm S signs or does not sign the licensing agreement. If the

agreement is signed, then in the following stage firm 1 and firm S negotiate over the

two-part tariff, (ws; T). In the third stage, each firm purchases input B from supplier

UB. Supplier UB maximizes its profits to determine the input price, wB.
10 In the final

stage, firm 1 and firm 2 choose their quantities simultaneously and separately. We

solve for the subgame perfect Nash equilibrium of the game.

3 Vertical licensing pricing and incentives

When the licensing agreement has been signed, in the last stage firm 2 maximizes its

profit as: pL2 ¼ 1� qL2 � rqL1 � c� wL
B

� �
qL2, while firm 1 maximizes instead the

following profits (gross from T and F) to choose its output,qL1:

pL1 ¼ 1� qL1 � rqL2 � ws � wL
B

� �
qL1 ; ð1Þ

where superscript ‘‘L’’ denotes the equilibrium with vertical licensing, and ws

denotes a wholesale price per unit of input A. In the third stage, supplier UB chooses

wL
B in order to maximize its own profits, which is pLB � pLB qL1 wL

B

� �
; qL2 wL

B

� �
;wL

B

� �
¼

wL
B qL1 þ qL2
� �

: Solving the first-order condition, we derive the equilibrium input B’s

price as:

wL
B ¼ 2� c� ws

4
: ð2Þ

From (2), it is easy to show that an increase in the wholesale price of the core

input lowers the input price of B, which is
owL

B

ows
¼ �1

4
\0.

In the second stage, firm S and firm 1 negotiate over ws; Tð Þ. In particular, they

solve the following generalized Nash bargaining problem:

10 In this paper we focus on how the vertical trading contract between the licensor and licensee affects

the incentive of vertical licensing. Therefore, we assume that the input price of a complementary input is

determined by wholesale input pricing for simplification.
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max pLs wsð Þ þ T
� �b

pL1 wsð Þ � T � pN1
� �1�b

; ð3Þ

where pLs wsð Þ ¼ pLs qL1 wL
B wsð Þ;ws

� �
;ws

� �
¼ ws � cð ÞqL1 wsð Þ is firm S’s profit and

pL1 wsð Þ ¼ pL1 qL1 wL
B wsð Þ;ws

� �
; qL2 wL

B wsð Þ;ws

� �
;wL

B wsð Þ;ws

� �
. Note that the disagree-

ment payoffs of firm S are equal to zero since firm S has no outside option.

However, firm 1 can produce the core input in-house in case of disagreement with

firm S during the negotiations. Therefore, the outside option of firm 1 is

pN1 (Appendix 1 for the details).

Maximizing (3) with respect to T, we find that

T ¼ b pL1 wsð Þ � pN1
� �

� 1� bð ÞpLs wsð Þ. Thus, it follows that the equilibrium whole-

sale price maximizes the joint profits of firm S and firm

1: U ¼ pL1 wsð Þ þ pLs wsð Þ � pN1 .
11 Using the envelop theorem, we rewrite the first-

order condition as (Appendix 2 for the details):

dU

dws
¼ opL1

oqL2

oqL2
ows

� �
þ opLs

oqL1

oqL1
ows

� �� 	

þ opL1
oqL2

oqL2
owL

B

� �
þ opL1

owL
B

� �
þ opLs

oqL1

oqL1
owL

B

� �� 	
owL

B

ows


 �

¼ 0: ð4Þ

Solving (4) and then comparing ws with c, we have12:

ðws � cÞ ¼ � oqL1
owL

B

owL
B

ows
þ oqL1
ows

� ��1

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�ð Þ

opL1
oqL2

oqL2
ows|fflfflfflffl{zfflfflfflffl}

input A effect �ð Þ

þ opL1
oqL2

oqL2
owL

B

þ opL1
owL

B

� �
owL

B

ows|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
input B effect þð Þ

2

6664

3

7775
; ð5Þ

where
opL

1

oqL
2

oqL
2

ows
¼ �r2qL

1

4�r2
\0 and

opL
1

oqL
2

oqL
2

owL
B
þ opL

1

owL
B

 �
owL

B

ows
¼ 2rqL

1
2�rð Þ

4 4�r2ð Þ [ 0.

The first effect in the square brackets originally appears in the literature when

they are confined the model to a single input. We refer to this as the input A effect,
which is negative. Intuitively, firm S has an incentive to enlarge the output of firm 1

by charging a low wholesale price in order to increase the joint profits. Therefore,

the input A effect leads to the wholesale price being set below the upstream

marginal cost for the output expansion. The second effect is the input B effect,
which is the extra effect when introducing the complementary inputs and is positive.

An increase in the wholesale price reduces the negative impact of the market power

from the complementary input supplier, lowering the derived demand and the price

of input B and resulting in higher joint profits. On the other hand, a lower input price

of B also benefits the rival firm and results in lower profit for firm 1. Therefore, the

optimal wholesale price is determined by these two effects. According to Eq. (5),

11 Substituting T into (3), the gross profits (from F) of firm S and firm 1 can be rewritten as pLs wsð Þ þ T ¼
b pL1 wsð Þ � pN1 þ pLs wsð Þ
� �

and pL1 wsð Þ � T � pN1 ¼ 1� bð Þ pL1 wsð Þ þ pLs wsð Þ � pN1
� �

.

12 We have
oqL

1

owL
B

owL
B

ows
þ oqL

1

ows

 �
¼ � 6þrð Þ

4 4�r2ð Þ\0 in (5).
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the equilibrium wholesale price is w�
s ¼ cþ 2 1�cð Þ 2�rð Þ 2�2r2�rð Þ

A1
, where A1 �

6þ rð Þ �4r2 � r þ 10ð Þ[ 0 due to 0� r� 1.13 We hereafter use w�
s to indicate

that wholesale price is an equilibrium wholesale price. Moreover, we find that

w�
s [ c when the two products are more differentiated, that is 0� r\r � 0:780776.

However, when the two products are less differentiated, that is r� r� 1, we have

w�
s � c.
As mentioned earlier, when the two products are more differentiated, the

downstream competition is softer. Firm 1 is capable of bearing a higher wholesale

price from firm S in order to lower the price of the complementary input B and to

generate a larger profit. Firm 1 does so through the fixed fee of a two-part tariff

input contract, leading to T�\0. As the two products are less differentiated, we

show that firm S has incentives to enhance the output of firm 1 at the rival’s expense

in order to increase firm 1’s profits that it captures through T—that is, T� [ 0.

It is worth mentioning that if there is a competitive fringe of input B suppliers,

(that is, wL
B ¼ 0 and letting

owL
B

ows
¼ 0 in (5)), only the input A effect remains in (5),

which is negative. This implies that firm S always subsidizes through the wholesale

price to downstream firm, and the results are consistent with Jansen (2003) and

Bakaouka and Milliou (2018).

Our results also relate to Kopel et al. (2016, 2017), in which we find that firm 1’s

sourcing strategy for a specific input may deviate from a least-cost comparison

through vertical licensing in order to lower the price of the common input. However,

those two studies only focus on a monopolistic downstream firm and ignore

strategic competition in the final product market, leading to the absence of the input

A effect. The results are stated formally in the following lemma.

Lemma 1 When firm 1 transforms two complementary inputs into final goods and
practices vertical licensing with external firm S, the wholesale price is higher than
the input firm’s marginal cost ðw�

s [ cÞ if the two products are more differentiated
such that 0� r\r � 0:780776; otherwise, the wholesale price is lower than the

input firm’s marginal cost w�
s � c

� �
if product differentiation is low such that

r� r� 1.

In the extreme case of homogeneous products, the input A effect dominates the

input B effect due to intensified downstream competition. This leads firm S to

subsidize firm 1 to enlarge the output through the two-part tariff input contract. By

contrast, Bakaouka and Milliou (2018) show that an external firm always subsidizes

the licensor. However, their result no longer holds if the products are more

differentiated when we further consider complementary inputs for producing the

final good, in which the input B effect is newly derived.

13 When 0� r\r, it shows that w�
s [ 0 due to 2� 2r2 � rð Þ[ 0. When r� r� 1, w�

s [ 0 if

c[
2 1�cð Þ 2�rð Þ 2�2r2�rð Þ

A1
due to 2� 2r2 � rð Þ\0. This condition holds if

c �31r2 � 4r þ 68ð Þ[ 2 2� rð Þ 2� r2 � rð Þ, which is always fulfilled due to r� r� 1. Therefore, w�
s is

positive.
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As mentioned previously, when the products are more differentiated, the

wholesale price is set above the upstream marginal cost for lowering the price of

complementary input B strategically. For proof of this intuition, we use (12) in

Appendix 1 and (14) in Appendix 2 with (2) and arrive at:

wL
B � wN

B ¼ � 1� cð Þ 2� rð Þ 2� 2r2 � rð Þ
2A1

¼
� w�

s � c
� �

4
\ �ð Þ0 if 0� r\r r� r\1ð Þ: ð6Þ

When the products are less differentiated, the wholesale price is set below the

upstream marginal cost for firm 1’s output expansion, which leads to a higher

derived demand of complementary input B and the price. Therefore, we have

wN
B �wL

B when the products are less differentiated; otherwise, we have wN
B [wL

B

when the products are more differentiated.

In the first stage, we explore the incentives of firm 1 to license the production

technology to firm S. The licensing fee is determined in the following way: firm S

rejects the licensing agreement if and only if its profits without the agreement

exceed its profits with agreement. Since the former profits are equal to 0, it follows

that firm 1 will optimally set F ¼ pLs w�
s

� �
þ T . Therefore, firm 1’s net equilibrium

profits with the licensing are pLE1 ¼ pL1 w�
s

� �
� T þ F ¼ pL1 w�

s

� �
þ pLs w�

s

� �
, where

superscript LE denotes net equilibrium profits from the licensing, in which includes

the payments of two-part tariff input contract to firm S and receiving the fixed fee of

the licensing contract from firm S. This shows that firm 1 captures not only the

profits from its own sales in the final goods market, but also firm S’s profits from the

input sales.14 Comparing firm 1’s net equilibrium profits in the licensing case pLE1
with its profits pN1 in the no licensing case (Appendix 2 for the details), we have:

pLE1 � pN1 ¼ 1� cð Þ2 2� 2r2 � rð Þ2

4A1 2þ rð Þ2
¼

A1 w�
s � c

� �2

16 2þ rð Þ2 2� rð Þ2
[ 0: ð7Þ

The above result runs in accordance with the literature on vertical separation, in

which vertical separation and external input sourcing are preferred over vertical

integration. As Lemma 1 mentions earlier, due to the input A effect, firm S increases

the aggressiveness of firm 1 in the final goods market by subsidizing through the

wholesale price, that is w�
s � c\0, when product differentiation is low. A lower

wholesale price leads to its expanded output at the expense of the rival firm’s output.

Thus, it is straightforward to realize that firm 1 has an incentive to license its input

technology to firm S under this case.

Intuitively, firm 1 facing a higher marginal cost is derived from licensing than

with in-house production should result in no incentive for it to license when the two

14 In the case of homogeneous goods, firm S has to subsidize more to firm 1 then captures firm 1’s profit

through T due to severe competition. Therefore, the net equilibrium profit of the licensor is not so

significant when two products are homogeneous goods. In the case of independent goods, due to less

competitive in the downstream market, the subsidy of firm S to firm 1 through T is small, leading a higher

net equilibrium profit of the licensor.
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products are more differentiated. In fact, less competition in the downstream market

strengthens the input B effect and the licensing incentives. This is because that

vertical licensing comes from a strategic rise in the wholesale price, leading to a

lower complementary input price at the complementary supplier’s expense instead

of the rival firm’s that makes a larger pie for firm 1 and firm S.

It is important to note that the above result holds not only when firm 1 charges a

positive fixed fee for the licensing agreement, but also when it offers the licensing

agreement for free (F ¼ 0). Comparing the difference in firm 1’s profits in the case

of licensing without receiving the licensing fee versus the in-house case, we have

pLE1 F ¼ 0ð Þ � T� � pN1 ¼ 1� bð Þ pL1 þ pLs � pN1
� �

as follows:

pLE1 F ¼ 0ð Þ � T� � pN1 ¼ 1� bð Þ 1� cð Þ2 2� 2r2 � rð Þ2

4 2þ rð Þ2A1

¼
1� bð Þ w�

s � c
� �2

A1

16 2þ rð Þ2 2� rð Þ2
[ 0: ð8Þ

Equation (8) shows that firm 1 has an incentive to provide its core input

production technology to firm S even for free under any level of its bargaining

power. This is stated in the following proposition.

Proposition 1 When firm 1 transforms two complementary inputs into final goods,
it always licenses its core input production technology to the external firm for any
bargaining power and even under free licensing.

Recall that firm 1 and firm S negotiate over ws;Tð Þ by maximizing their joint

profits. Therefore, pL1 w�
s

� �
� T� is better off than the case of producing the core

input in-house. The intuition behind this result is as follows. It is easy to understand

that the positive impact from the incentive of licensing for firm 1 is due to

subsidization through vertical licensing when product differentiation is low.15

However, double marginalization arises, which leads to lower profit under licensing

relative to the profit under in-house when two products are more differentiated. If

the above situation is the case, then why does firm 1 have incentives to provide its

input production technology to firm S even for free? Actually, firm 1 and firm S use

their vertical trading contract as an instrument that allows them to behave in a pro-

collusive way at the expense of the complementary input supplier. Therefore, firm 1

enjoys a larger profit even for free licensing. On the other hand, when firm 1

produces the core input in-house, the complementary input supplier B captures all

the extra profit from firm 1 through the input price, which lowers the reservation

profit of firm 1 without licensing. Therefore, vertical licensing always occurs even

for free.

This finding is quite different from the result of Bakaouka and Milliou (2018).

They conclude that free licensing occurs only if the licensor’s bargaining power is

sufficiently high. However, it is interesting to note that free licensing is always

15 When the two products are similar (dissimilar), the gross profit of firm 1 from T (that is, pL1) is

significant (less) under licensing and results in T[ \ð Þ0. Please refer the details in Appendix 2.
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profitable to a licensor under any bargaining power by considering the final product

is produced by complementary inputs.

4 Welfare implications of vertical licensing

We have already seen that vertical licensing is desirable from the licensor’s

viewpoint. In this section we examine whether vertical licensing is also desirable

from the welfare viewpoint. Social welfare comprises consumer surplus and total

industry profits. Comparing consumer surplus in the case of licensing versus that for

the in-house case shows that CSL � CSN ¼ �A2 1�cð Þ2 �2r2�rþ2ð Þ
4 2þrð Þ2A2

1

¼ �A2 1�cð Þ w�
s�cð Þ

8 2þrð Þ2 2�rð ÞA1
;

where A2 ¼ 2r5 þ 9r4 � 83r3 � 142r2 þ 156r þ 200
� �

[ 0 due to 0� r� 1. It

shows that CSL\ �ð ÞCSN if 0� r\r (r� r� 1). Intuitively, the input B effect

dominates the input A effect, leading w�
s [ c, to the detriment of the consumer

surplus when products are more differentiated. Therefore, we have CSL\CSN .
Otherwise, it is conducive to the consumer surplus, in which the input B effect is

dominated by the input A effect when product differentiation is low.

For proof of this intuition, using (6) and (14) inAppendix 2,we compare the production

marginal cost of firm 1 in the absence of vertical licensing—that is, wN
B þ c

� �
—with that

in the presence of vertical licensing—that is, w�
s þ wL

B

� �
. Thus, we have:

wL
B � wN

B

� �
þ w�

s � c
� �

¼
3 w�

s � c
� �

4
\0 �ð Þ if 0� r\r ðr� r\1Þ: ð9Þ

We already show that the wholesale price is set above the upstream marginal

cost—that is, w�
s � c

� �
[ 0—leading to wL

B � wN
B

� �
\0 when the two products are

more differentiated from (6). However, the benefit of lowering the price of

complementary input B is dominated by the disadvantage for enhancing the

wholesale price strategically, which results in lower consumer surplus. On the

contrary, the benefit of w�
s � c

� �
\0 dominates the detriment of wL

B � wN
B

� �
[ 0

when the two products are less differentiated, causing higher consumer surplus.

Comparing total industry profits in the case of licensing and for the in-house case,

which is PL �PN ¼ �A3 1�cð Þ2 �2r2�rþ2ð Þ
2 2þrð Þ2A2

1

¼ �A3 1�cð Þ w�
s�cð Þ

4 2þrð Þ2 2�rð ÞA1
, where A3 ¼

6r5 þ 41r4 þ 43r3 � 178r2 � 124r þ 280
� �

[ 0 due to 0� r� 1. It shows that

PL\ �ð ÞPN if 0� r\r (r� r� 1). This is because that the input B effect

dominates the input A effect, leading w�
s [ c and less outputs. Therefore, the total

industry profits under licensing are lower than that in the in-house case when

product differentiation is higher (Appendix 3 for the details). From the above

discussion, we have Proposition 2.

Proposition 2 Vertical licensing has positive (negative) implications on consumer
surplus and total industry profits when product differentiation is low (high).
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The above analysis shows that whether the wholesale price is set above or

below the upstream marginal cost plays a crucial role in affecting the welfare in

the presence of vertical licensing. When the two products are more differen-

tiated, a higher wholesale price is intuitively charged, which lowers the derived

demand and the price of complementary input B. It enhances firm 1’s profit at

the expense of the complementary supplier’s profit. Therefore, the profit of

complementary input supplier B is lower under the licensing case; that is,

pLB\pNB . Moreover, an increase in the wholesale price has bearing on the pricing

externality of the rival firm, which leads to higher profit for firm 2; that is,

pL2 [ pN2 .
As Proposition 1 mentions, firm 1 always has higher profit when it licenses its

input production technology; that is,pL1 þ pLs � pN1 . However, the losses of comple-

mentary input supplier B are so significant that dominates the externality benefits of

firm 2 and the higher profit of firm 1 under vertical licensing. As a result, negative

welfare implications from vertical licensing appear. From the above discussion, we

establish the following proposition.

Proposition 3 Vertical licensing may reduce social welfare and leads to an
irreconcilable difference between the licensor and social welfare when product
differentiation is high even for free technology licensing.

This result reveals that vertical licensing can inhibit welfare even when there is

no foreclosure, no rise in the rival firm’s cost, and free technology licensing when

products are more differentiated, which sharply differ from the positive welfare

implications of technology licensing. In our paper, industry profit in the downstream

market even increases through vertical licensing as products are more differentiated

(Appendix 3 for the details). However, the decreased welfare is driven by a high

wholesale price, w�
s � c

� �
[ 0, through the two-part tariff input contract. It also

results in double marginalization at the expense of consumer surplus. This is a

feature of introducing complementary inputs that is absent in the single input

literature.

The above results differ from Bakaouka and Milliou (2018) who find that

vertical licensing is always beneficial for consumers and social welfare.

However, our findings show that vertical licensing is desirable for the licensor,

but not for the consumers and the economy as a whole and depends on the

degree of product differentiation. In addition, our findings are also related to Kao

and Peng (2016) and Kishimoto (2020), they all analyze the welfare implication

of horizontal licensing. The former show that the licensor has an incentive to

freely share its technology to potential entrants and conclude that free licensing

is socially desirable. In contrast, we consider vertical licensing and show that it

is detrimental even when the licensing is free as the two products are more

differentiated. Kishimoto (2020) considers a setting in which the licensing

contract is determined through asymmetric Nash bargaining. However, he

focuses on the role of bargaining power with horizontal licensing on the welfare

implications, while we focus on the role of input pricing with bargaining power

and complementary inputs in a vertical licensing framework.
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5 Extension

5.1 Transforming multiple complementary inputs into final goods

This subsection extends the model in Sect. 4 to consider that each downstream firm

produces a differentiated final good using input A and n varieties of complementary

input B, which are essential, and n� 1; where n is continuous. Moreover, input Bv is
provided by complementary supplier Bv exclusively, where v = 1, 2, …, n. For
simplicity, we assume that the input B suppliers have symmetric production

technologies and they can produce the inputs at zero cost. The other settings are the

same as in Sect. 4.16 The price of input Bv in the third stage is wL
B ¼ 2�c�ws

2 1þnð Þ , which

shows that when the final good consists of more varieties of complementary inputs,

the input price of input Bv will be lower—that is,
owL

B

on ¼ � 2�c�wsð Þ
2 nþ1ð Þ2 \0. In the second

stage, firm S and firm 1 determine the wholesale price of input A by maximization

of the Nash bargaining problem.

Comparing the equilibrium wholesale price of input A in the case of licensing

with c, we derive17:

ðws � cÞ ¼ � oqL1
owL

B

owL
B

ows
þ oqL1
ows

� ��1
opL1
oqL2

oqL2
ows

þ opL1
oqL2

oqL2
owL

B

þ opL1
owL

B

� �
owL

B

ows


 �
; ð10Þ

where
opL

1

oqL
2

oqL
2

ows
¼ �r2qL

1

4�r2
\0 and

opL
1

oqL
2

oqL
2

owL
B
þ opL

1

owL
B

 �
owL

B

ows
¼ n 2�rð ÞqL

1

4�r2ð Þ 1þnð Þ [ 0.

The above result is similar to (5), whereby the wholesale price set above or below

the upstream marginal cost is determined by the input A effect and the input B effect

as mentioned in Sect. 4. It also shows that the equilibrium wholesale price is

w�
s ¼ cþ 2 1�cð Þ 2�rð Þ �r2�nr2�rnþ2nð Þ

2 2�r2ð Þþn 6�2r2�rð Þ½ � rnþ2nþ4ð Þ, where w
�
s [ c if 0� r\~r � �nþ

ffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ8ð Þ

p
2 1þnð Þ ; other-

wise, the wholesale price is set below the upstream marginal cost. Moreover, we

have: o~r
on ¼

5nþ4ð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ8ð Þ

p

2 1þnð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ8ð Þ

p [ 0.18

In contrast to the results in Sect. 4, when there are n varieties of complementary

inputs for producing the final good with input A, charging a higher wholesale price

instead of utilizing a subsidy still holds and in fact is more likely to happen. The

intuition runs as follows. The more varieties of complementary inputs that are used,

the greater is the cost burden for producing final goods, causing lower output of firm

1, which reduces the profits of the downstream firms. Therefore, the input A effect

tends to set the wholesale price below the upstream licensee’s marginal cost to

expand the market share at a rival firm’s expense. On the other hand, complemen-

tary input suppliers have a monopoly power on their inputs that are essential for

downstream firms, leading to sufficiently high prices of complementary inputs.

16 Appendix 4 derives the equilibria in the case of no licensing and in the case of vertical licensing.

17 We have
oqL

1

owL
B

owL
B

ows
þ oqL

1

ows

 �
¼ � 2nþrnþ4ð Þ

2 4�r2ð Þ 1þnð Þ\0 in (10).

18 We can confirm that 5nþ 4ð Þ[
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ 8ð Þ

p
for any n.
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Therefore, the increased input B effect tends to set the wholesale price above the

upstream licensee’s marginal cost in order to lower the price of complementary

input Bv. Moreover, the input B effect strengthens and dominates the input A effect

as more varieties of complementary inputs are used. Therefore, upstream firm S is

more likely to decrease the aggressiveness of downstream firm 1 in the final goods

market in order to enjoy lower prices of other complementary inputs for pursuing

more joint profit as more varieties of input B are used, showing that o~r
on [ 0.

We next explore the incentives of firm 1 to license the production technology of

its core input to external firm S when n varieties of complementary inputs should be

used. We find that the net equilibrium profits of firm 1 in the case of licensing are

always higher than that in the case of no licensing; that is, pLE1 � pN1 ¼
1�cð Þ2 r2� 2�2r2�rð Þn½ �2

2 2�r2ð Þþn 6�2r2�rð Þ½ � rnþ2nþ4ð Þ 1þnð Þ2 2þrð Þ2 [ 0. Therefore, we have the following

proposition.

Proposition 4 When firm 1 transforms n varieties of complementary inputs with
input A into final goods, firm 1 always licenses its core input production technology
to external firm S, and the wholesale price of input A is more likely to be higher than

the input firm’s marginal cost; that is, o~r
on [ 0.

As we mentioned earlier, charging a higher wholesale price of input A through

vertical licensing weakens the aggressiveness of firm 1 in the final goods market,

and thus there are lower prices of complementary inputs. However, vertical

licensing intensifies the double marginalization problem of the final goods and

lowers the industry profits, causing a drop in welfare and a conflict of interest

between the licensor and society’s desires. This result is different to the literature

such as Bakaouka and Milliou (2018). In contrast, we extend their model using

multiple complementary inputs, creating the input B effect and meaning that the

wholesale price may be set above the upstream marginal cost. This self-sabotage

behaviour is more likely to occur as more varieties of complementary inputs are

used. Therefore, the double marginalization caused by vertical licensing and the

pro-competitive welfare implication may not hold in our model. This result stands in

line with complementary inputs literature, as first investigated by Cournot (1938).

He observes that each upstream firm does not take negative externalities into

account, which refer to the impact of the input price on the profits of all other

upstream firms. These negative externalities stem from the goods produced by the

upstream firms being perfect complements that are sold by independent firms,

leading to inefficiently high prices of complementary inputs. These negative

externalities also occur in our model, which strengthen the input B effects and create

the double mark-up, causing anti-competitive welfare implications.

Our work also relates to papers on self-sabotage, such as Arya and Mittendorf

(2011). They consider a single-input-multi-product firm where a firm can service

multiple markets, in which product lines interact through the use of a common

input. They point out that a firm can reduce the supplier’s price by adding a

seemingly unprofitable product so as to increase the firm’s profit. In our model,
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licensing can be used as a way for a vertical trading contract to increase the

licensor’s cost in order to reduce the complementary input supplier’s price so as to

enjoy higher profit. Moreover, the downstream licensor’s self-sabotage strategy is

more likely to occur as more varieties of complementary inputs are applied.

5.2 A wholesale price contract

We so far have discussed the licensing incentive when firm 1 and firm S negotiate

over the input sourcing term, including the terms of a two-part tariff in the second

stage. In this sub-section we extend the analysis from two-part tariffs to a wholesale

price contract in the second stage, and the remaining settings are the same. In this

case, we find that the optimal wholesale price, ŵs, is always set above the upstream

marginal cost. Therefore, we have ŵs � c for any product differentiation, leading

firm 2 to enjoy a cost-advantage and higher profit. Therefore, we find that pLE1 �

pN1 ¼ pL1 ŵsð Þ þ F � pN1 ¼ pL1 ŵsð Þ þ pLs ŵsð Þ � pN1 ¼ � 4r2þ3rþ2ð Þ 1�cð Þ2

16 rþ6ð Þ rþ2ð Þ2 \0 (Appendix

5 for the details). As a result, firm 1 has no incentive to license its core input

production technology to firm S with a wholesale price input contract.

The intuition behind the above goes as follows. With a two-part tariff input

contract, due to the presence of fixed fees, firm S cares about the joint profit with the

downstream firm. However, with a wholesale input contract, due to the absence of

fixed fees, firm S only cares about the downstream firm’s output to maximize its

profit instead, resulting in a positive mark-up on the wholesale price. Moreover, the

wholesale input contract also causes a positive externality to the rival firm due to a

lower price of complementary input, leading to a significant profit loss. Therefore,

when vertical trading takes place through a wholesale price contract, licensing does

not arise in equilibrium.

The above result is different from Kopel et al. (2016). They show that a multi-

input-multi-product firm might have a strategic incentive even when the optimal

wholesale price exceeds the marginal cost in-house when there is a wholesale price

contract. This is because they confine their model to a downstream monopolist, in

which the monopolist can reduce the price of a complementary input without

positive externality to the rival firm so as to increase its profit through a sourcing

strategy with the wholesale price set above the marginal cost.

5.3 A two-part tariff or pure royalty licensing contract

In this sub-section we consider the case in which the licensing contract is composed

of a two-part tariff or pure royalty instead of a fixed fee, and the remaining settings

are the same. In fact, the purpose of the fixed fee of a licensing contract is to capture

all of the extra profits from firm S after licensing. We assume that firm 1 offers a

two-part tariff contract in the licensing stage, as long as the joint profit

maximization can be realized through a two-part tariff input contract in the

following second stage. The lump sum fee of a licensing contract is enough for the

instrument to capture all of the extra profits from S after licensing. Therefore, the
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royalty rate determined is not influential even if it is set to zero (Appendix 6 for the

details). Hence, vertical licensing still occurs when the licensing contract is

composed of a two-part tariff. In addition, we find that the results with a two-part

tariff are equivalent to those from the fixed fee licensing.

In the case of a pure royalty licensing, lump sum fee is not available, and the

licensor is not able to extract all the extra profits from firm S. However, the licensor

and licensee still can reach joint profit maximization by Nash bargaining over two-

part tariffs in the second stage. In this case, the wholesale price is adjusted with the

royalty rate at a one-to-one proportion to ensure the joint profit maximization is

realized. Therefore, the royalty rate can be any value even if it is set to zero. What

about the incentive of royalty licensing? We already have proved from Proposition 1

that vertical licensing occurs even for free, not to mention the royalty revenue when

royalty licensing takes place. Therefore, vertical licensing still occurs when the

licensing contract is a pure royalty.

Our result differs from the result of Mukherjee and Tsai (2015). They find that

both social welfare and profit are higher under two-part tariff licensing than those

under fixed fee licensing by considering cost-reducing horizontal licensing.

However, we conclude that the fixed fee is equivalent to the two-part tariff when

we employ vertical licensing, which is accompanied by a seller-buyer relationship

through the two-part tariff.

6 Concluding remarks

The environment that the pro-competitive licensing is attainable and the

corresponding effects on welfare have attracted widespread attention in the field

of industrial organization. This research has examined the welfare implication of

vertical licensing when the final goods are produced by two complementary inputs.

We specifically show that when vertical licensing takes place, the licensee has an

incentive to subsidize its own downstream firm through a low wholesale price in

order to enhance the downstream licensor’s output and profit at the rival firm’s

expense. We refer to this as the input A effect, which is already derived from the

literature by assuming a single input model. The new effect is driven by introducing

complementary inputs in our study. We refer to this as the input B effect, which is

absent in the literature. An increase in the wholesale price through vertical trading

contract lowers the derived demand of the complementary input, resulting in a low

complementary input price. When the two products exhibit less differentiation, the

market is intensified, strengthening the input A effect. Therefore, it leads to

subsidization from the licensee through a two-part tariff input contract, which

causes higher consumer surplus and improves welfare. When the products are more

differentiated, the licensor does not suffer severe competition from the market, and

thus the wholesale price is set above the input’s marginal cost so as to reduce the

negative impact of the market power from the complementary input supplier.

However, the high wholesale price through vertical licensing generates double

marginalization, which is detrimental to consumer surplus and welfare.
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The above results reveal that whether the wholesale price is set above or below

the upstream marginal cost has crucial ramifications in affecting the corresponding

welfare implications, showing the importance of a two-part tariff input contract

when there is a buyer–seller relationship after vertical licensing. However, our study

also demonstrates that the licensor always has incentives to provide its input

production technology to the external firm, even when the licensee has full

bargaining power and licenses the technology for free. Therefore, our study offers

policy implications that may go up against conventional wisdom that welfare

improving licensing may not be attainable by considering multiple complementary

inputs.

We also relax the setting for considering more complementary inputs for

producing the final goods, in which vertical licensing to the external firm always

occurs. The wholesale price is especially more likely to be higher than the input

firm’s marginal cost in the case of more complementary inputs and fosters the

occurrence of welfare reducing vertical licensing. Moreover, when we confine the

input terms to wholesale pricing as an extension, it shows that the wholesale price is

set above the marginal cost and has a positive externality on the rival firm, leading

to a significant profit loss for the licensor. Therefore, vertical licensing does not

arise in equilibrium. We also consider as an extension the case in which the

licensing contract is composed of a two-part tariff or a per-unit royalty instead of

fixed-fee licensing. We conclude that our result still remains—that is, vertical

licensing occurs, as long as joint profit maximization can be realized through the

vertical trading contract in the second stage.

There are several ways in which this paper could be extended for future studies.

First, we could relax the assumption of the same marginal cost of the licensor and

licensee to see how sensitive our results are to the asymmetric cost in this paper.

Second, we assume that firm 1 licenses its technology to firm S. It is of interest to

discuss the result if firm 1 decides to source input A from its rival firm 2. With this

extension, we expect that the incentive of firm 1 to license to firm 2 is smaller than

licensing to firm S since firm 2 will charge a higher input price to alleviate

competition in the downstream markets, resulting in a lower profit of firm 1. These

extensions are reserved for future research.

Appendix 1: Outside option for firm 1

In the absence of licensing, firm 1 produces the core input in-house. Each firm

chooses its output in order to maximize its profits as pNi ¼ 1�ð
qNi � rqNj � c� wN

B ÞqNi ; i ¼ 1; 2; i 6¼ j, where superscript ‘‘N’’ denotes the equilib-

rium with no licensing. Solving the resulting system of first-order conditions, we

obtain the Cournot-Nash equilibrium quantities, qN1 ¼ qN2 ¼ 2�rð Þþr cþwN
Bð Þ�2 cþwN

Bð Þ
4�r2

. In

the following stage, supplier UB maximizes the profit, which is

pNB � pNB qN1 wN
B

� �
; qN2 wN

B

� �
;wN

B

� �
¼ wN

B qN1 þ qN2
� �

, to determine the price of input B.

The first-order condition of pNB leads to:
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dpNB
dwN

B

¼ opNB
oqN1

oqN1
owN

B

� �
þ opNB

oqN2

oqN2
owN

B

� �
þ opNB
owN

B

¼ 0; ð11Þ

where
opNB
oqN

1

oqN
1

owN
B

 �
¼ opNB

oqN
2

oqN
2

owN
B

 �
¼ wN

B
r�2
4�r2

� �
\0, and

opNB
owN

B

¼ qN1 þ qN2
� �

[ 0. Therefore,

we have the equilibrium input price of B and the respective equilibrium profits as:

wN
B ¼ 1� cð Þ

2
and pN�1 ¼ pN�2 ¼ 1� cð Þ2

4 2þ rð Þ2
: ð12Þ

Appendix 2: Two-part tariff input pricing

In the second stage, firm S and firm 1 negotiate over ws; Tð Þ to determine T and ws.

Substituting T into (3), it follows that ws is chosen to maximize the following profits

as U ¼ pL1 wsð Þ þ pLs wsð Þ � pN1 . The first-order condition of (3) is:

dU

dws
¼ opL1

oqL1

oqL1
owL

B

owL
B

ows
þ oqL1
ows

� �
þ opL1

oqL2

oqL2
owL

B

owL
B

ows
þ oqL2
ows

� �
þ opL1
owL

B

owL
B

ows
þ opL1
ows


 �

þ opLs
oqL1

oqL1
owL

B

owL
B

ows
þ oqL1
ows

� �
þ opLs
ows


 �
¼ 0:

ð13Þ

Using the envelop theorem, we derive
opL

1

oqL
1

oqL
1

owL
B

owL
B

ows
þ oqL

1

ows

 �
¼ 0,

opL
1

ows
¼ �qL1\0, and

opLs
ows

¼ qL1 [ 0. Therefore, we obtain the first-order condition as (4). Solving (4), we

derive the equilibrium wholesale price as (5) and rewrite the wholesale price and

equilibrium fixed fee as:

w�
s � c

� �
¼ 2 1� cð Þ 2� rð Þ 2� 2r2 � rð Þ

A1

: ð14Þ

We can easily check that w�
s [ �ð Þc if 0� r\r � 0:780776 (r� r� 1).

T� ¼
1� cð Þ2 �2r2 � r þ 2ð Þ �8 r2 � 4ð Þ2þbA4

h i

4 6þ rð Þ 2þ rð Þ2 �4r2 � r þ 10ð Þ2

¼
1� cð Þ w�

s � c
� �

�8 r2 � 4ð Þ2þbA4

h i

8 2� rð Þ 2þ rð Þ2 �4r2 � r þ 10ð Þ
; ð15Þ

where A4 ¼ 8r4 þ 6r3 � 27r2 � 12r þ 20ð Þ[ �ð Þ0 if 0� r\r (r� r� 1).

Therefore, we have T� [ 0 due to w�
s � c

� �
\0 and �8 r2 � 4ð Þ2þbA4

h i
\0 as

r� r� 1. When 0� r\r, we find �8 r2 � 4ð Þ2þbA4

h i
[ 0 if b[ b � 8 r2�4ð Þ2

A4
,

where b[ 1 due to 0� r� 1. Therefore, we have �8 r2 � 4ð Þ2þbA4

h i
\0 due to
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0� b� 1. Hence, we have T�\0 due to w�
s � c

� �
[ 0 and �8 r2 � 4ð Þ2þbA4

h i
\0.

Moreover, the net equilibrium profit of firm S is:

pLs þ T� ¼ b 1� cð Þ2 �2r2 � r þ 2ð Þ2

4 2þ rð Þ2A1

¼
bA1 w�

s � c
� �2

16 2þ rð Þ2 2� rð Þ2
[ 0: ð16Þ

Appendix 3: Welfare implications

The industry profits in the downstream market and in the upstream market for the in-

house case are ðpN1 þ pN2 Þ ¼
2�rð Þ2 1�cð Þ2

2 4�r2ð Þ2 and pNB ¼ 2�rð Þ 1�cð Þ2
2 4�r2ð Þ , respectively. The total

industry profits for the in-house case are PN ¼ ðpN1 þ pN2 Þ þ pNB ¼ 1�cð Þ2 2�rð Þ2 3þrð Þ
2 4�r2ð Þ2 .

The industry profits in the downstream market in the licensing case are

PL
D ¼ ðpL1 � T� þ FÞ þ pL2 ¼ pL1 þ pL2 þ pLs ¼ 2 1�cð Þ2 2�rð Þ �3r2�5rþ14ð Þ

6þrð ÞA1
, and the profit

of complementary input supplier B in the licensing case is

pLB ¼ 2 �3r2�5rþ14ð Þ2 1�cð Þ2 2þrð Þ
A2
1

, in which the total industry profits in the licensing case

are PL � PL
D þ pLB.

Comparing the difference in the profits of the downstream market between the

licensing case and the in-house case, we have:

PL
D � pN1 þ pN2

� �
¼ 1� cð Þ2A5 �2r2 � r þ 2ð Þ

2 2þ rð Þ2 r þ 6ð ÞA1

¼
1� cð ÞA5 w�

s � c
� �

4 2þ rð Þ2 2� rð Þ r þ 6ð Þ
; ð17Þ

where A5 ¼ �6r3 � 21r2 þ 12r þ 44ð Þ[ 0 due to 0� r� 1. It shows that

PL
D [ �ð Þ pN1 þ pN2

� �
as 0� r\r (r� r� 1).

Comparing the difference in the profits of complementary input supplier B

between the licensing case and the in-house case, we have:

pLB � pNB ¼ �A6 1� cð Þ2 �2r2 � r þ 2ð Þ
2 2þ rð ÞA2

1

¼
�A6 1� cð Þ w�

s � c
� �

4 4� r2ð ÞA1

; ð18Þ

where A6 ¼ 10r4 þ 27r3 � 106r2 � 92r þ 232ð Þ[ 0 due to 0� r� 1. From (18), it

shows that pLB\ �ð ÞpNB if 0� r\r (r� r� 1).

We already showed that CSL\ �ð ÞCSN and PL\ �ð ÞPN if 0� r\r (r� r� 1)

in Sect. 4. Therefore, for the difference in social welfare between the licensing case

and the in-house case, we find that SWL\ �ð ÞSWN if 0� r\r (r� r� 1).

Appendix 4: Multiple varieties of complementary inputs

The profit functions of two firms with n varieties of complementary inputs when

firm 1 produces the core input in-house are:
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pNi ¼ 1� qNi � rqNj � c�
Xn

i¼1

wN
Bi

 !

qNi ; i ¼ 1; 2; i 6¼ j: ð19Þ

Using the first-order conditions from (19), we obtain the equilibrium outputs at

the final stage. The profit function of complementary input supplier Bv, v = 1, 2, …,

n, in the case of in-house is pNBv ¼ wN
Bv qN1 þ qN2
� �

. The equilibrium wholesale price

of input supplier Bv is wN
Bv ¼ 1�c

1þnð Þ. The resulting equilibrium outputs and profits of

downstream firms in the in-house case (that is, no licensing) are:

qNi ¼ 1� c

1þ nð Þ 2þ rð Þ ; p
N
i ¼ 1� cð Þ2

1þ nð Þ2 2þ rð Þ2
; i ¼ 1; 2: ð20Þ

When the licensing agreement has been signed, the resulting equilibrium outputs

are:

qL1 ¼ 2� rð Þ � 2ws � 2nwL
B þ rcþ rnwL

B

4� r2
; qL2

¼ 2� rð Þ þ rws þ rnwL
B � 2c� 2nwL

B

4� r2
; ð21Þ

where wL
B1 ¼ wL

B2 ¼ � � � ¼ wL
Bn ¼ wL

B due to symmetry.

Firm 1 and firm S maximize their joint profit. The first-order condition can thus

be rewritten as:

dU

dws
¼ opL1

oqL2

oqL2
owL

B

owL
B

ows
þ oqL2
ows

� �
þ opL1

owL
B

owL
B

ows

� �
 �
þ opLs

oqL1

oqL1
owL

B

owL
B

ows

� �
þ opLs

oqL1

oqL1
ows


 �

¼ 0:

ð22Þ

From (22), we get the equilibrium wholesale price as (8) and rewrite it as:

w�
s � c

� �
¼ 2 1� cð Þ 2� rð Þ �r2 � nr2 � rnþ 2nð Þ

2 2� r2ð Þ þ n 6� 2r2 � rð Þ½ � rnþ 2nþ 4ð Þ : ð23Þ

It shows that w�
s [ �ð Þc if 0� r\~r � �nþ

ffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ8ð Þ

p
2 1þnð Þ (~r� r� 1). Moreover, we

have: o~r
on ¼

5nþ4ð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ8ð Þ

p

2 1þnð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffi
n 9nþ8ð Þ

p [ 0.

The equilibrium wholesale price is wL
B ¼ 2þrð Þ 1�cð Þ n 6�2r2�rð Þþ 8�r2�4rð Þ½ �

2 2�r2ð Þþn 6�2r2�rð Þ½ � rnþ4þ2nð Þ . The

equilibrium outputs are qL1 ¼
2�rð Þ 1�cð Þ

2 2�r2ð Þþn 6�2r2�rð Þ½ � and q
L
2 ¼

1�cð Þ n 8�3r2�2rð Þþ2 4�r2�2rð Þ½ �
2 2�r2ð Þþn 6�2r2�rð Þ½ � rnþ4þ2nð Þ .

We now have the equilibrium profits of firm 1 and firm S in the case of licensing.

The net equilibrium profit of firm 1 is:
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pLN1 ¼ pL1 þ pLs ¼ 2� rð Þ2 1� cð Þ2

2 2� r2ð Þ þ n 6� 2r2 � rð Þ½ � rnþ 2nþ 4ð Þ : ð24Þ

Using (12), we can derive pLN1 � pN1 [ 0.

Appendix 5: A wholesale price contract

In the second stage, firm S and firm 1 negotiate over ws instead of over ws; Tð Þ.
Under this case, they solve the following generalized Nash bargaining problem:

max pLs wsð Þ
� �b

pL1 wsð Þ � pN1
� �1�b

; ð25Þ

where pLs wsð Þ ¼ pLs qL1 wL
B wsð Þ;ws

� �
;ws

� �
¼ ws � cð ÞqL1 wsð Þ is firm S’s profit, and

pL1 wsð Þ ¼ pL1 qL1 wL
B wsð Þ;ws

� �
; qL2 wL

B wsð Þ;ws

� �
;wL

B wsð Þ;ws

� �
.

Maximizing (25) with respect to ws and solving the first-order condition, we can

derive ŵs bð Þ. It shows that ŵs bð Þ� c and oŵs

ob [ 0. If we assume b ¼ 1, then we can

derive the wholesale price as:

ŵs ¼
2cr þ 4c� r þ 2

r þ 6
: ð26Þ

We then substitute (26) into the profit function of firm S: pLs ¼ ws � cð Þq1. We

can derive the optimal fixed-fee licensing revenue in the first stage as:

F̂ ¼ 1� cð Þ2 2� rð Þ
4 r þ 6ð Þ r þ 2ð Þ :

Comparing firm 1’s equilibrium profits in the licensing case pLE1 with its profits

pN1 in the no licensing case, we have:

pLE1 � pN1 ¼ pL1 ŵsð Þ þ F � pN1 ¼ � 4r2þ3rþ2ð Þ 1�cð Þ2

16 rþ6ð Þ rþ2ð Þ2 \0.

As a result, firm 1 has no incentive to license its core input production technology

to firm S with a wholesale price input contract in the extreme case of b ¼ 1.

Appendix 6: A two-part tariff or pure royalty licensing contract

In the first stage, firm 1 decides whether to license its input technology to external

firm S. We consider the case in which the licensing contract is composed of two-part

tariffs, k;Fð Þ, instead of a fixed-fee licensing, where k is the royalty rate and F is the

fixed fee. Firm S and firm 1 then negotiate over a vertical contract—that is,

ws; Tð Þ—to determine T and ws in the second stage. Following this setting and

routine calculation, we substitute T into (3) in the second stage, and it follows that

ws is chosen to maximize the following profits as U ¼ pL1 ws; kð Þ þ pLs ws; kð Þ � pN1 .
The first-order condition is the same as (4). By solving the first-order condition, we

derive the equilibrium w�
s and T� as:
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w�
s kð Þ ¼ cþ 2 1� cð Þ 2� rð Þ 2� 2r2 � rð Þ

A1

þ k;

T� ¼ 2� 2r2 � rð Þ 1� cð Þ2 8br4 þ 6br3 � 8r4 � 27br2 � 12br þ 64r2 þ 20b� 128ð Þ
4 r þ 2ð Þ2 4r2 þ r � 10ð Þ2 r þ 6ð Þ

;

ð27Þ

where cþ 2 1�cð Þ 2�rð Þ 2�2r2�rð Þ
A1

is the same as (14), which is the optimal wholesale

price under fixed-fee licensing. Here, (27) shows that w�
s is a function of the royalty

rate, k, with ows

ok ¼ 1, and fixed fee T� is not related to k. Therefore, the royalty rate

can be any value even if it is set to zero. By substituting k ¼ 0 into w�
s kð Þ, we can

derive the same w�
s in (5). The results in the first stage and the incentive for licensing

are the same as (7). Therefore, it is found that vertical licensing occurs when the

licensing contract is a two-part tariff.

In the case of pure royalty licensing in the first stage, which is F ¼ 0, the

wholesale price in the second stage is the same as (27). Therefore, the result is

similar to the above. We can derive the same w�
s in (5) as k ¼ 0 in (27), and the

results in the first stage are the same as (7). Therefore, vertical licensing still occurs

when the licensing contract is a pure royalty. However, a royalty licensing cannot

extract all the extra profit from firm S. Therefore, pure royalty licensing is inferior to

fixed-fee or two-part tariff licensing.
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