
Taxation, capital accumulation, environment
and unemployment in an efficiency wage model

Manash Ranjan Gupta1 • Priya Brata Dutta2

Received: 13 October 2020 / Accepted: 25 July 2021 / Published online: 26 August 2021
� The Author(s), under exclusive licence to Springer-Verlag GmbH Austria, part of Springer Nature 2021

Abstract
We develop an aggregate growth model with environmental pollution and unem-

ployment equilibrium to be explained by efficiency wage hypothesis. Environmental

quality is degraded due to emissions generated from production and is improved by

abatement expenditure. The efficiency of a worker varies positively with its wage,

unemployment rate and environmental quality. In the short-run equilibrium, an

exogenous improvement in environmental quality given the capital stock lowers

efficiency wage rate and unemployment rate but raises the rental rate on capital and

the level of output; and an exogenous increase in capital stock given the environ-

mental quality raises efficiency wage rate and level of output but lowers rental rate

on capital and unemployment rate. Capital stock and environmental quality accu-

mulate over time. A proportional tax is imposed on the rental income on capital to

finance the abatement expenditure; and households’ savings is invested. An increase

in the tax rate raises the capital stock, national income and the environmental

quality but lowers the unemployment rate in the long run equilibrium.

Keywords Environmental pollution � Efficiency wage hypothesis � Unemployment �
Tax on rental income � Abatement expenditure � Economic growth

JEL Classification F64 � O44 � H20 � Q56

1 Introduction

There are various alternative theories to explain unemployment in a macro economic

model; and ‘Efficiency Wage hypothesis’ is one of them. According to the traditional

version of this efficiency wage hypothesis, the efficiency of a worker varies positively
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with her wage rate and the unemployment rate in the labour market. A higher wage rate

motivates the labourer to work hard. A higher unemployment rate lowers the marginal

disutility of work effort in the presence of a threat of firing; and this, in turn, makes the

labourer more disciplined and hardworking. Many models in the existing literature

introduce unemployment problem using efficiency wage framework.1 A few of them

are intertemporal in nature; and attempts to explain the interaction between economic

growth and unemployment.2 However, majority of these existing efficiency wage

models do not consider the problem of environmental pollution. Introducing efficiency

wage hypothesis into a dynamic model with environmental pollution and capital

accumulation, one can easily study the interaction among capital accumulation,

unemployment and environment; and can also analyse simultaneous effects of different

policies on all these macro economic variables. Unfortunately no existing model takes

care of this interaction. On the other hand, many dynamic models deal with the

interaction between economic growth and environmental pollution.3 However, none of

these models consider the problem of unemployment.

It is always important to analyse this interaction between unemployment and

environment because many developed countries and developing countries in the world

suffer from both the unemployment problem and the environmental pollution problem. In

less developed countries, many underemployedworkers are employed in labour intensive

informal sectors; andproductions in these sectors generate substantial emissions leading to

pollution of air and water.4 Unemployed workers and dishonest businessmen often earn

incomedestroyingnatural resources.Thusgrowingunemploymentdegrades thequalityof

environment through the growth of anti social aswell as informal economic activities. The

agricultural sector in a less developed economy contributes substantially to national

employment. However, application of scientific farming with chemical fertilizers,

pesticides and insecticides etc. not only raises the agricultural productivity and level of

employment but also leads to water pollution in lakes and canals.

A few works introduce environmental pollution in efficiency wage models.

Albert and Meckl (2001) and Schneider (1997) develop models with efficiency

wage and green tax to improve environment. However, their models are static and

short-run equilibrium models; and hence do not focus on capital accumulation and

economic growth. Lai et al. (2002) is the only dynamic model in this context.

However, in Lai et al. (2002), we find an intertemporal analysis without capital

accumulation. Moreover, environmental quality does not directly enter into the

efficiency function of labour in these models.

1 See, for example, Alexopoulos (2003), Brecher et al. (2002) Solow (1979), Summers (1988), Calvo

(1979), Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Salop (1979),

Akerlof (1984), Akerlof and Yellen (1990) etc.
2 See, for example, Alexopoulos (2003), Brecher et al. (2002) etc.
3 See, for example, Smulders (1999), Smulders and Gradus (1996), Gradus and Smulders (1993), Greiner

(2005), Economides and Philippopoulos (2008), Managi (2006), Dinda (2005), Di Vita (2008), Hartman

and Kwon (2005), Heutel (2012), Le Kama (2001), Elbasha and Roe (1996), Oueslati (2002), Bertinelli

et al. (2008), Byrne (1997), Itaya (2008), Bovenberg and Smulders (1995), Huang and Cai (1994),

Benarroch and Weder (2006), Selden and Song (1995), Brock and Taylor (2005) and many others.
4 For employment contribution of informal sector, one can find evidences in Papola (1981), Mitra (1998)

etc. For emission generation from informal sector, evidences are available in Sethuraman (1981), Squire

(1981) etc.
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We develop an one sector dynamic model with an unemployment equilibrium to

be explained by the efficiency wage hypothesis.5 Only one commodity is produced

with capital and labour as inputs; and labour is measured in efficiency unit. The

special property of the present model is that efficiency of labour varies positively

not only with the wage rate and the unemployment rate but also with the quality of

environment; and this property follows from the rational behaviour of the worker

who derives utility from environmental quality as well as from consumption and

when these two arguments in the utility function are complementary to each other.

So the motivation of the worker to work hard is also improved because the

improvement in the environmental quality raises her marginal utility of consump-

tion which, in turn, raises her marginal benefit of working harder. This efficiency

enhancing effect of environment is missing in the existing efficiency wage models.6

Environmental quality is defined as a combined stock of natural gifts consisting

of fresh air, pure water, fertility of land, plants, animals etc.; and we ignore the

problem of aggregation of these different natural gifts in this theoretical exercise. It

may be treated as an aggregate public durable consumption good of the worker

available free of cost. Emission generated from the production sector is a flow

variable and is different from this stock of environmental quality. This environ-

mental quality changes over time; and emission from production causes intertem-

poral degradation of environmental quality while an abatement activity leads to its

upgradation. Many existing models treat environmental quality as a stock variable

making it different from emission which is a flow variable.7 However, many other

models assume environmental quality to be identical to emission; and hence it is

treated as a flow variable there.8 The distinction between environment stock and

emission flow makes sense in a dynamic intertemporal model.

In this paper, our goal is to make a dynamic long run equilibrium analysis with

intertemporal accumulation of capital as well as of environmental quality. The

model takes care of the negative effect of production activity on environmental

degradation assuming that the level of emission is proportional to the level of

output. Proportional tax is imposed on the rental income on capital; and the tax

revenue is spent to finance abatement activities. The change in environmental

quality is defined as the old emission removed by abatement activity plus the natural

improvement of environmental quality minus the present emission generated by

production. So the environmental quality changes over time9 due to negative

environmental effects of production activity and positive effects of abatement

5 See works of Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Gupta

(2000), Gupta and Gupta (2001), Chaudhuri and Banerjee (2008) etc.
6 Lai et. al. (2002) is the only exception in this context. However, in Lai et. al. (2002), we find an

intertemporal analysis without capital accumulation. One can not analyse the effect of capital income

taxation using this framework.
7 See, for example, Bouche et al. (2019), Gupta and Ray Barman (2010), Economides and Philippopoulos

(2008), Bovenverg and Smulders (1995) etc.
8 See, for example, Greiner (2005), Smulders and Gradus (1996), Gradus and Smulders (1993), Gruver

(1976), Forster (1973) etc.
9 See, for example, Gupta and Barman (2009, 2010), Economides and Philippopoulos (2008), Greiner

(2005) etc.
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activity. Capital accumulation which is the source of economic growth also takes

place over time through investment of savings. These two features justify the

dynamic long run equilibrium analysis to be done at the end.

We derive a few interesting results from this model. First, an exogenous

improvement in the environmental quality given the capital stock lowers the

efficiency wage rate and unemployment rate but raises the rental rate on capital and

the level of output in the new short run equilibrium. Second, an exogenous increase

in the capital stock given the environmental quality raises efficiency wage rate and

level of output but lowers rental rate on capital and unemployment rate in the new

short run equilibrium. Third, an exogenous increase in the tax rate on rental income

on capital raises capital stock, national income and environmental quality but lowers

unemployment rate in the new long run equilibrium when tax revenue is utilized to

finance abatement expenditure. This third result is valid not only in the exogenous

saving model but also in the endogenous savings model. The first and the third result

can not be obtained from traditional efficiency wage models where labour efficiency

is independent of environmental quality.

Capital income taxation as a policy instrument is chosen from the view point of

equity.10 Abatement expenditure is productive in this model because labour

efficiency varies positively with environmental quality; and so an improvement in

environmental quality leads to a redistribution of income in favour of the capitalists

raising the rental rate on capital and lowering the efficiency wage rate of labour.

Abatement activities cause improvement in environmental quality. Thus our

analysis attempts to justify a policy combination of taxing capitalists income and

utilizing the tax revenue to finance abatement expenditure. However, this

justification can not be made in the absence of any efficiency enhancing effect of

environment. Existing efficiency wage models do not incorporate the efficiency

enhancing effect of environment.

Micro foundation of the efficiency function is provided in Sect. 2. We develop

the basic short run equilibrium model in Sect. 3. In Sect. 4, we introduce

intertemporal accumulation of capital and degradation of environmental quality to

make the model dynamic. Savings rate is assumed to be exogenous with capitalists

and workers having different savings propensities. We analyse properties of long-

run equilibrium in sub-Sect. 4.1; and study comparative steady-state effects in

subsection 4.2. The Ramsey savings problem is solved in subsection 4.3 using a

representative household framework. Section 5 is used to make concluding remarks.

2 Efficiency function

In this section, we provide the micro foundation of the efficiency function of labour.

This efficiency function is derived from utility maximizing behaviour of the worker

who derives utility from consumption and environmental quality and derives

disutility from effort. Here the stock of environmental quality enters into the utility

function as an argument and provides a flow of consumption services to the worker.

10 We do not consider the efficiency aspect and thus fail to find out the properties of optimum tax policy.

In a future work we may find out what determines the optimum tax rate.
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However, the worker does not derive any disutility from the flow of emission

generated by the production sector.

Let C be the expected consumption level of the worker and X C;E
� �

be his utility

function and V eð Þ be the disutility function where e is his effort level and E stands for

the stock of environmental quality. Here, 0� e� 1. Maximum effort permissible

physically is normalized to unity. We assume following restrictions to be satisfied: (i)

X1 [ 0, X2 [ 0, X11 � 0, X22\0, X12 [ 0 and (ii) V0 eð Þ[ 0, V00 eð Þ[ 0. Here,

X12 [ 0 implies that consumption and environmental quality are complementary.

X11 � 0 implies that the worker is not a risk-lover. Also V eð Þ is independent of E.
Hence themarginal disutility of effort, V0 eð Þ, is independent of environmental quality.

The objective of the worker is to maximize the net utility given by

Z ¼ X C;E
� �

� V eð Þ

with respect to the choice of effort, e, as well as with respect to the rate of savings. Here

C ¼ 1� sð ÞY

where Y represents the expected level of income and s represents the savings rate.

Here expected income consists of expected wage income as well as of non wage

income. Hence,

Y ¼ pwþ 1� pð Þwa þ wn

where w is the wage income and wn is the non wage income. 1� pð Þ is the prob-

ability that the worker will be monitored and fired if caught shirking; and wa is the

alternative expected wage income if the worker is fired. We assume that this

probability, 1� pð Þ, is lower (higher) when his effort level is higher (lower).

Mathematically, p ¼ p eð Þ with p0 eð Þ[ 0.

Also p 0ð Þ ¼ 0 and p 1ð Þ ¼ 1. Here, p00 eð Þ\0 is a simplifying assumption. The

alternative expected wage income after being fired is given by.

wa ¼ 1� uð Þw� þ ub.

Here u is the unemployment rate defined as the level of unemployment divided

by the total number of workers. This unemployment rate denotes the probability of

remaining unemployed after losing the job. The actual wage rate in the alternative

job is denoted by w�; and b stands for the rate of unemployment allowance.

Using all these four equations, we have

C ¼ 1� sð Þ p eð Þ w� w� þ u w� � bð Þ½ � þ 1� uð Þw� þ ubþ wnf g

and

Z ¼ X 1� sð Þ p eð Þ w� w� þ u w� � bð Þ½ � þ 1� uð Þw� þ ubþ wnf g;Eð Þ � V eð Þ:

We assume the savings rate, s, to be exogenously given.11 Savings finances future

consumption. So, in an one period model, endogenous allocation of income between

11 We develop an exogenous saving growth model in Sect. 4 of this paper. So the derivation of efficiency

function with an exogenous value of s is consistent with the assumption made in that section.
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consumption and savings does not make sense. It makes sense in a multiperiod life

time utility maximization model. So, in the present section, Z is to be maximized

with respect to e only; and the first-order condition of maximization is given by

1� sð ÞX1p
0 eð Þ w� w�ð Þ þ u w� � bð Þf g ¼ V0 eð Þ:

Here the right hand side represents marginal disutility of effort and the left hand

side represents marginal utility of effort. X1 represents marginal utility of expected

consumption and 1� sð Þp0 eð Þ w� w�ð Þ þ u w� � bð Þf g stands for the marginal

contribution of effort on expected consumption. Additional effort leads to additional

income; and this, in turn, leads to additional consumption and additional utility.

The second order condition of maximization is always satisfied because

D ¼ 1� sð Þ X11p
0 eð Þ þ X1p

00 eð Þð Þ w� w�ð Þ þ u w� � bð Þf g � V00 eð Þ½ �\0:

Here w�w� [ b, by assumption. Also 0\s\1. For X11 � 0, D is always

negative because p00 eð Þ\0 and V00 eð Þ[ 0. Here consumption is uncertain. X11 ¼
0ð\0Þ implies that worker is risk neutral (averter). Utility defined over expected

consumption makes sense when the worker is risk neutral.

From the first order condition of maximization, we have

Ddeþ X12dE ¼ � 1� sð Þ p0 eð ÞX1 þ p eð ÞV0 eð ÞX11

X1

� �
dw� udbþ w� � bð Þduf g:

Here � X11

X1

� �
represents the absolute rate of risk aversion.

We assume that no allowance is paid to unemployed workers. So b ¼ 0. Hence,

with X11 ¼ 0, i.e., with risk-neutrality assumption, we have

de

dw
¼ � 1� sð ÞX1p

0 eð Þ
D

[ 0;

and

de

du
¼ � 1� sð ÞX1p

0 eð Þw�

D
[ 0:

So an increase in the wage rate and/or unemployment rate generates a positive

effect on the optimum level of effort of the risk-neutral worker.

Mathematical signs of de
dw

and de
du

remain unchanged when X11\0 but is very

low, i.e., when the worker is risk averter but the degree of risk aversion is very low.

However, when the degree of risk aversion is very high, these signs may be

reversed.

It can be easily shown that

de

dE
¼ �X12 :ð Þ

D
[ 0 if X12 [ 0;

and this sign is independent of whether X11 is negative or zero. So, regardless of risk
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neutrality or risk aversion, an improvement in the environmental quality always

raises the optimum level of effort of the worker.

If X1 is independent of C, i.e., if X11 ¼ 0, then a change in the non-wage income,

wn, does not affect the equilibrium condition. So optimum effort level, e, is

independent of non-wage income, wn, when the worker is risk neutral.

However, when X11\0, then

de

dwn ¼ �X11 1� sð ÞV0 eð Þ
DX1

\0:

Hence an increase in the non-wage income must have a negative effect on the

optimum level of effort when the worker is risk averter.

If e� is the equilibrium effort level of the worker, then

e� ¼ e� w;E; u;wnð Þ

is the optimum effort function and this is called the labour efficiency function in this

model. From this labour efficiency function, we can easily establish the following

proposition.

Proposition 1 Efficiency of labour varies positively with the wage rate as well as
with the unemployment rate when the worker is risk neutral and also when the
degree of risk aversion of the worker is positive but is very low. It also varies
positively with the environmental quality if environmental quality and consumption
are complementary in workers preference. It varies inversely with (is independent
of) the non wage income when the worker is risk averter (neutral).

We provide intuitive explanations behind the proposition. An exogenous increase

in the wage rate means an increase in the higher return on her effort and indirectly

means an increase in the cost of her shirking. So she must work hard following an

increase in the wage rate. Similarly an increase in the unemployment rate means a

decrease in her expected income from the alternative source which, in turn, implies

an increase in the cost of shirking. So she puts a higher effort in her workplace when

she faces a higher unemployment rate in the labour market. An improvement in the

environmental quality raises the marginal utility of consumption of the worker when

consumption and environmental quality are complementary in workers’s preference.

So the worker works hard to earn more following an improvement in environmental

quality.

An increase in non wage income acts like a risk free gift income to the worker;

and so it discourages the risk averter worker to work hard when wage income is

uncertain. However, it does not affect the effort choice of the risk-neutral worker

because the risk neutral worker is indifferent between risky income and risk free

income. This negative effect12 of non wage income on labour efficiency is very

small when X11 is very low; and so, for the sake of simplicity, we ignore this effect

in this paper assuming risk-neutrality. The worker is assumed to save and to earn

rental income in the dynamic model to be developed in Sect. 4; and so an analysis of

12 In fact, Agell and Lundborg (1992,1995) point out a similar negative effect of non-wage income on

labour efficiency without providing any formal micro foundation.
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the role of non wage income on labour efficiency is important in this mico-

foundation section.

It may be noted that efficiency of labour varies inversely with the quality of

environment when X12\0, i.e., when consumption and environmental quality are

substitutes. However, we do not consider this case. There may be a substitution

between effort and environmental quality in the disutility function. The labour

efficiency varies positively with environmental quality when it is substitute to

leisure. However, if leisure and environmental quality are complementary, then also

an improvement in environmental quality demotivates the worker from working

hard. So our special result that labour efficiency varies positively with environ-

mental quality is conditional on the assumption that environmental quality is

complementary to consumption and not to leisure.

Disutility function is also independent of the level of emission in this case.

However, if the marginal disutility of effort varies positively with the level of

emission, then the level of production may have a negative effect on the efficiency

of labour because production sector generates emission.

Entry of environmental quality as an argument in the labour efficiency function

creates an indirect positive effect of environment on productivity. Many authors like

Nordhaus (1992), Bovenberg and Smulders (1995), Greiner (2005), Gupta and

Barman (2009, 2010) etc. introduce environment as a productive input in the

aggregate production function without providing any micro foundation of this

positive effect. Our exercise provides the required micro foundation through

derivation of the efficiency function of labour; and this has not been done earlier.

3 The short run equilibrium model

The transitional dynamic phase of every dynamic model consists of a series of short

run equilibria defined at different points of time. In the short-run equilibrium of the

present model, we solve for equilibrium values of variables like factor prices,

intersectoral factor allocations and level of output of different sectors. These values

are obtained at a given point of time in terms of given values of stock variables like

capital stock and environmental quality. These equilibrium values change over time

when capital stock and environmental quality change over time.

We consider a decentralized economy with only one production sector and with

two factors of production called labour and capital and also with all exchanges

taking place in competitive markets. The production function obeys all standard

neo-classical properties including constant returns to scale. Capital stock is

exogenously given in the short run, i.e., at a particular point of time, but changes

over time. So it plays the role of a parameter in the short run. Labour is measured in

efficiency unit; and number of workers is given and time independent. Wage rate is

perfectly flexible in both the directions. However, there exists unemployment in the

labour market; and this unemployment equilibrium is explained by efficiency wage

hypothesis,13 according to which, the efficiency of a worker in general varies

13 See works of Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Gupta

(2000), Gupta and Gupta (2001) and Chaudhuri and Banerjee (2008) etc.
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positively with the wage rate and unemployment rate.14 The special property of this

model is that the efficiency of labour varies positively also with the quality of

environment; and this efficiency function is already derived in Sect. 2 of this paper.

This quality of environment is also exogenously given in the short run, i.e., at a

given point of time. However, it accumulates over time. An exogenous improve-

ment in the quality of environment raises the efficiency of labour by raising the

marginal utility of consumption of the worker. Rental rate on capital is perfectly

flexible and this flexibility ensures full utilization of capital stock. All markets are

perfectly competitive. The representative firm maximizes profit; and so all profit

maximizing input–output coefficients in the production technology depend on the

wage-rental ratio. The representative consumer maximizes utility subject to the

budget constraint. Production sector generates emission; and the flow of emission

varies positively and proportionately with the level of output. This flow of emission

does not affect the efficiency of labour instantaneously. However this emission

affects the rate of degradation of environmental quality over time; and this change

in environmental quality generates an intertemporal effect on the change in

efficiency of labour.

We use following notations.

P ¼ 1 = Price of the product.

e = Efficiency of labour.
w
e = Wage rate per efficiency unit of labour.

r = Rate of return on capital.

X = Level of output.

L = Number of workers.

eL = Labour endowment in efficiency unit.

K = Capital endowment.

u = Unemployment rate.

eL 1� uð Þ = Labour employment in efficiency unit.

aK ¼ K
X = Profit maximizing capital output ratio.

aL ¼ eL 1�uð Þ
X = Profit maximizing employment output ratio, labour being

expressed in efficiency unit.

E = Quality of environment.

hj = Distributive share of j th factor for j = L, K.

13 See works of Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Gupta

(2000), Gupta and Gupta (2001) and Chaudhuri and Banerjee (2008) etc.
14 Our efficiency function is a special case of the more general efficiency function considered in the fair

wage hypothesis developed by Agell and Lundborg (1992, 1995) where rental rate on capital also appears

as an argument. In Sect. 2 of this paper, we have shown that an increase in non wage income has a

negative (zero) effect on labour efficiency when the worker is risk averter (neutral). If the worker is risk

averter, then labour efficiency should also vary inversely with the rental rate on capital as well as with the

stock of capital owned by the worker. We ignore this problem simply assuming that the worker is risk

neutral.
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r =
o

aK
aL

� �

o

w
=e
r

� �

2

664

3

775

w
=e
r
aK
aL

" #

¼ Technical elasticity of substitution between labour

(measured in efficiency unit) and capital.

ẑ = dz
z = Relative change in z where z is any variable.

Following equations describe the short-run equilibrium of this model.

1 ¼ aL
w

e

� �
þ aKr: ð1Þ

e ¼ e w;E; uð Þ with em [ 0 and emm\0 for m ¼ 1; 2; 3: ð2Þ

Here em is the marginal efficiency with respect to the mth argument; and emm is

the rate of change in that marginal efficiency.

oe

ow

w

e
¼ e1

w

e
¼ 1: ð3Þ

aKX ¼ K: ð4Þ

aLX ¼ L 1� uð Þe: ð5Þ

Here Eq. (1) stands for the profit maximizing condition of a competitive firm.

Price of the product is normalized to unity in an one commodity model. Price is

equal to marginal cost in competitive equilibrium; and marginal cost is equal to

average cost when there is constant to returns to scale in production technology.

Derivation of this Eq. (1) is described in ‘‘Appendix A’’. Equation (2) stands for the

efficiency function of labour. Efficiency of labour is a positive and concave

function15 in terms of its every argument. It is the optimum effort function of an

utility maximizing worker derived in the presence of her threat of firing when she

shirks; and its derivation has already been analysed in Sect. 2. Effective unit cost of

employing labour is w
e

� �
; and this unit cost is to be minimized with respect to wage

rate, w. The first-order condition of unit cost minimization is given by Eq. (3). It is

similar to Solow (1979) condition which implies that wage elasticity of labour

efficiency is equal to unity. Equation (4) stands for capital market equilibrium

condition and this equilibrium is automatically attained by the flexibility of rental

rate on capital. Equation (5) represents unemployment adjusted labour market

equilibrium condition. Profit maximizing factor output coefficients, aK and aL, are

functions of factor-price ratio,
w
eð Þ
r .

There are five unknowns in this short run equilibrium model: w, e, r, u and X.

Three parameters are given by E, L, and K. These five unknowns are solved

simultaneously by these five equations. Equations (1), (2), (3) and (5) solve for

15 Concavity can not be proved in the derivation of the efficiency function in Sect. 2. It is a simplifying

assumption.
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equilibrium values of w, e, r and u. Then values of aK and aL are also endogenously

determined because each of these two coefficients is a function of
w
eð Þ
r . Finally,

Eq. (4) solves for the equilibrium value of output, X. Multiplying both sides of

Eq. (4) by r and of Eq. (5) by w
e

� �
and then using Eq. (1), we have

X ¼ rKþ wL 1� uð Þ:

This proves the equality between national income at product price and national

income at factor cost.

3.1 Change in parameters

Only K and E change over time but L is time independent by assumption. Here we

analyse the effect of an exogenous change in environmental quality, E, and in

capital endowment, K,one by one, keeping other parameters fixed.

We define following two notations.

eE ¼ Elasticity of labour efficiency with respect to environmental quality.

eu = Elasticity of labour efficiency with respect to unemployment rate.

In our model, eE [ 0 because an improvement in environmental quality raises

labour efficiency. In the existing efficiency wage models, eE ¼ 0. However, eu is

always positive in any efficiency wage model.

Using Eqs. (1) to (5), we obtain16 following equations.

bw ¼ 1

D
�hKeE

u

1� uð Þ
bE þ hKeu bK

o�
: ð6Þ

be ¼
1þ e11

w2

e

� �

D
�hKeE

u

1� uð Þ
bE þ hKeu bK

o�
: ð7Þ

r̂ ¼ � 1

D
hLe11

w2

e
eE

u

1� uð Þ
bE�eu bK

��
: ð8Þ

bu ¼ 1

D
�eE �re11

w2

e
þhK 1þ e11

w2

e

� �	
bE þ hKe11

w2

e
bK

�
 �
: ð9Þ

bX ¼ 1

D
�e11

w2

e
eEhLr

u

1� uð Þ
bE



þ �e11

w2

e
hK eurþ u

1� uð Þ

� ��

þ hKeu 1þ e11
w2

e

� �	
bK
�
: ð10Þ

Here,

16 Detailed derivation is given in ‘‘Appendix B’’.
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D ¼ �eure11
w2

e
þ euhK 1þ e11

w2

e

� �
� e11

w2

e

u

eu 1� uð Þ

� 	
:

D represents the elasticity of substitution between capital and labour when labour

is measured in efficiency unit and when efficiency wage is paid to workers. In a

flexible wage full employment model with exogenous labour efficiency, D ¼ r.

Here, e11
w2

e is the elasticity of marginal efficiency with respect to wage rate when

efficiency wage is paid to the worker.

We assume that 1þ e11
w2

e

� �
[ 0. This assumption implies that the elasticity of

marginal efficiency with respect to wage rate is less-than unity when efficiency

wage is paid to the worker. D[ 0 in this case17 because �hL\0, hK [ 0, r[ 0

and e11\0.

Now, from Eqs. (6) to (10), we have

bw
bE
¼ �

hKeE u
1�uð Þ

D � 0 for eE � 0;

bw
bK
¼ hKeu

D
[ 0;

ê

bE
¼ �

1þ e11
w2

e

� �

D
hKeE

u

1� uð Þ � 0 for eE � 0;

ê

bK
¼

1þ e11
w2

e

� �

D
hKeu [ 0;

r̂

bE
¼ � 1

D
hLe11

w2

e
eE

u

1� uð Þ � 0 for eE � 0;

r̂

bK
¼ 1

D
hLe11

w2

e
eu\0;

û

bE
¼ � 1

D
eE �re11

w2

e
þhK 1þ e11

w2

e

� �	
� 0

�
for eE � 0;

û

bK
¼ 1

D
hKe11

w2

e
\0;

17 This is a sufficient condition but not a necessary one D may be positive even if 1þ e11
w2

e

� �
� 0:
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bX
bE
¼ � 1

D
e11

w2

e
eEhLr

u

1� uð Þ � 0 for eE � 0;
X̂

K̂

¼ 1

D
�e11

w2

e
hk eurþ u

1� uð Þ

� ��
þ hKeu 1þ e11

w2

e

� �	
[ 0; and

de 1� uð Þ
Ê

¼ 1

D
eE �re11

w2

e
þ hK 1þ e11

w2

e

� �
e� uð Þ

� 	
[ 0 for e� u:

Here magnitudes of û^E
,

^X
^K
and

^X
^E
vary positively with the value of r; and other

expressions are independent of the value of r. However their signs do not depend on
the value of r. So, from these expressions, it is clear that an exogenous increase in

capital stock, K, raises w, e and X but lowers r and u. Mathematical signs of

derivatives with respect to K are independent of whether eE [ 0 or eE ¼ 0.

However, an increase in environmental quality, E, lowers w, e and u but raises r and

X only when eE [ 0, i.e., when environment has a positive efficiency enhancing

effect. In the existing efficiency wage literature, eE ¼ 0; and hence expressions of

these derivatives with respect to E clearly show that

ŵ

Ê
¼ ê

Ê
¼ r̂

Ê
¼ û

Ê
¼ X̂

Ê
¼ 0

when eE ¼ 0. So, in the existing efficiency wage models with eE ¼ 0, an exogenous

change in the environmental quality, E, does not affect short-run equilibrium values

of w, e, r, u and X.

Also from Eqs. (6) and (7), we have

ŵ� ê ¼
e11

w2

e
D

hK eE
u

1� uð Þ Ê�eu bK
�� �


ð11Þ

and this Eq. (11) implies that
ŵ�ê

^E
� 0 for eE � 0 with K̂ ¼ 0

and
ŵ�ê

^K
[ 0 for eu [ 0 with Ê ¼ 0.

So the efficiency wage rate, we , varies inversely with (is independent of) the

environmental quality, E, if the efficiency enhancing effect of environment is

present (absent). However, eu is always positive. So this efficiency wage rate always

varies directly with the capital stock, K, regardless of the presence or absence of

efficiency enhancing effect of environment.

Using Eqs. (6)–(11), we can now establish the following proposition.

Proposition 2 In the short-run equilibrium, (i) an exogenous improvement in the
environmental quality given the capital stock lowers (does not affect) the efficiency
wage rate and the unemployment rate but raises (does not affect) the rental rate on
capital and the level of output in the presence (absence) of efficiency enhancing
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effect of environment; and (ii) an exogenous increase in capital stock given the
environmental quality always raises efficiency wage rate and level of output but
lowers rental rate on capital and unemployment rate.

We now attempt to provide an intuitive explanation behind this proposition. An

improvement in the environmental quality generates a positive externality to the

health capital and the utility function of the worker and thus motivates her to work

hard. This leads to an increase in the efficiency of labour given the unemployment

rate and the wage rate. This is called the efficiency enhancing effect of environment.

So the efficiency wage rate falls and labour becomes relatively cheaper. So

employers demand for labour is increased lowering the unemployment rate because

keeping unemployment in the labour market is the labour disciplining device of the

employer. On the other hand, a fall in the unemployment rate lowers the efficiency

of labour. However, this second negative effect is stronger than the first positive

effect. So the net effect on labour efficiency is negative. Since labour and capital are

complementary to each others, demand for capital is also increased. So the rental

rate on capital goes up. However, total labour endowment in efficiency unit to be

used in production is increased because unemployment rate is reduced. The negative

net effect on labour efficiency is outweighed by the positive effect resulting from a

fall in the unemployment rate. This raises the level of output. However, this

mechanism does not work in the absence of an efficiency enhancing effect of

environment because neither unemployment rate nor efficiency is changed in that

case. The existing literature on efficiency wage theory unfortunately fails to

incorporate this efficiency enhancing effect of environment.

An increase in capital stock lowers the rental rate on capital in the new capital

market equilibrium. So the efficiency wage rate is increased to satisfy the profit

maximizing condition of the firm because product price is given. Labour and capital

are complementary to each others; and so demand for labour is also increased

which, in turn, lowers the unemployment rate and raises the wage rate. The fall in

the unemployment rate lowers labour efficiency but the rise in the wage rate raises

it; and the second effect is stronger than the first effect. So total labour employment

in efficiency unit is increased. Full utilization of additional capital and that increase

in labour employment in efficiency unit cause expansion of output. However, this

mechanism is also valid even in the absence of efficiency enhancing effect of

environment.

So an improvement in environmental quality has an income redistribution effect

in favour of capitalists because it raises the rental rate on capital but lowers the

efficiency wage rate in the presence of an efficiency enhancing effect of

environment. Abatement activities of the government lead to an upgradation of

environmental quality over time. So, in the context of financing these abatement

activities through tax-revenue, one may justify the choice of capital income taxation

on the ground of equity.
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4 The dynamic analysis

The dynamic model consists of all equations of the short-run equilibrium model and

of a few additional equations of motion generated from the intertemporal movement

of stock variables. Here we justify the economics behind those additional equations

of motion. Capital stock and environmental quality change over time. So the short-

run equilibrium values of all variables change over time; and this is how a dynamic

system moves over time.

We assume that the government imposes a proportional tax on rental income of

capital18 at the rate, s; and this tax revenue is spent to finance abatement

expenditure. The choice of this tax is justified by the fact that capital income tax is

an important source of tax revenue in many developed and developing countries.

Also abatement activities redistribute income in favour of capital in this model.

There are two sources of intertemporal improvement of environmental quality. One

is the natural rate of improvement and another is the abatement activity to be

financed by tax revenue. In the public economics literature, there exists substantial

works dealing with general equilibrium effects of corporate income taxes on

resource allocation and on capital accumulation. However, use of this tax revenue to

finance abatement expenditure is generally not considered in those models with a

few works being exceptions19; and those few works neither focus on the effects of

capital income taxation nor study the implication of unemployment problems. Like

Solow (1956) model, we assume that entire savings is invested; and, like Kaldor

(1957) model, we assume that workers and capitalists have different propensities to

save. Existing capital stock depreciates over time at a constant rate. However, we

ignore the intertemporal growth of the number of workers in this model20; and

hence number of workers is normalized to unity. A constant and positive rate of

depreciation of capital is enough to ensure the existence of a long run equilibrium.

We also consider an exogenous savings model in this section. Environmental quality

is degraded due to expansion of output because we assume that production sector is

the source of emission.21

Equations (12) and (13) presented below describe the intertemporal rate of

change in capital stock and the rate of change in environmental quality respectively.

_K ¼ sp 1� sð ÞrKþ sw 1� uð ÞwL� dK; ð12Þ

and

_E ¼ srK� aXþ pE: ð13Þ

18 Alternatively, one may think of a proportional tax on total output or on labour income. The implication

of using alternatives is discussed in the Conclusion section of this paper.
19 For example, see Ansuategi and Marsiglio (2017), Huang and Cai (1994).
20 This is a simplifying assumption. If labour force grows at a constant rate, this is not a problem.
21 This assumption is borrowed from Gupta and Ray Barman (2010), Liddle (2001), Oueslati (2002),

Hartwick (1991), Smulders and Gradus (1996), Byrne (1997), Gruver (1976), Dinda (2005), etc.
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Here d represents the constant rate of depreciation of capital stock. s represents

the tax rate on rental income capital. Hence 1� sð ÞrK represents post tax rental

income on capital; and srK stands for tax revenue spent as abatement expenditure. p
represents constant relative rate of natural improvement of environment. a
represents the rate of emission generated per unit of output. By assumption, one

unit of abatement expenditure can remove one unit of emission; and Eq. (13)

implies that change in environmental quality is defined as the difference between

old emission removed by abatement and new emission generated from production

plus the natural absolute rate of improvement of environment. Upgradation of

environmental quality must take place over time when the accumulated past

emission removed by abatement expenditure plus the natural rate of improvement of

environmental quality exceeds the rate of new emission generated by production.

First term in the right hand side of Eq. (12) represents aggregate savings

(investment). Here sp and sw represent constant marginal propensities to save of

capitalists and workers respectively. Equation (12) is a definitional identity which

implies that net investment is equal to gross investment minus depreciation.

In Solow (1956) model, all individuals-workers and capitalists- are identical.

They do not differ in terms of savings propensities. Hence sp ¼ sw ¼ s; and so

Eq. (12) is reduced to.
_K ¼ s X� srKð Þ � dK:

4.1 Long-run equilibrium

In the long-run equilibrium, capital stock and environmental quality do not change

over time. Consequently short run equilibrium values of all flow variables become

time-independent in the long run equilibrium. We have _K ¼ _E ¼ 0 in the long-run

equilibrium; and hence, from Eqs. (12) and (13), we find

sp 1� sð ÞrKþ sw 1� uð ÞwL ¼ dK; ð14Þ

and

srK ¼ aX� pE: ð15Þ

These Eqs. (14) and (15) solve for long run equilibrium values of K and E. From

comparative static results presented in the short run equilibrium model, we find that

w, u, r and X are determined in terms of K and E. Hence Eqs. (14) and (15) solve for

long run equilibrium values of K and E given by K�; E�ð Þ. These values are

determined in terms of parameters- sp, sw, s, a, d and p; and the tax rate, s, is the
only policy parameter in this model.

From Eqs. (14) and (15), it can be shown that,

dE

dK

����
_K¼0

¼ E

K

eu
eE

1� uð Þ
u

[ 0 for eE [ 0; ð16Þ

and
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dE

dK

����
_E¼0

¼
aX�pE
K

� �
1
De11

w2

e euhL r�1ð ÞþpE
K

^X
^K

n o

aX
E �p

� �
1
DhLe11

w2

e eE u
1�uð Þ r�1ð Þþp

^X
^K
þ p

Dre11
w2

e hL eE u
1�uð Þ�eu

� �n o:

If r ¼ 1, i.e., if the production function is Cobb–Douglas, then

dE

dK

����
_E¼0

¼
E
K

^X
^K

^X
^K
þ 1

Dre11
w2

e hL eE u
1�uð Þ � eu

� � : ð17Þ

Here the numerator is always positive and the denominator may be negative only

if eEu[ eu 1� uð Þ and only if
^X
^K
is very low. Hence _E ¼ 0 locus slopes negatively

in this case; and we assume eEu[ eu 1� uð Þ to get the negative slope of _E ¼ 0

locus.

However, with eE [ 0, _K ¼ 0 stationary locus is always positively sloped. Both

the loci are drawn in the phase diagram given by Fig. 1. So the existence of a unique

long run equilibrium point, T, is ensured. In the conventional efficiency wage

model, eE ¼ 0. If eE ¼ 0, then _K ¼ 0 locus is a vertical straight line. However,

existence and uniqueness properties of long-run equilibrium are not disturbed even

if eE ¼ 0.

The stability analysis of this long run equilibrium point is done in ‘‘Appendix C’’;

and it is found that this unique long run equilibrium is stable if, eEu[ eu 1� uð Þ and
if

^X
^K
is very low; i.e., if _E ¼ 0 stationary locus slopes negatively. Determinant of the

Jacobian matrix of this 2 9 2 dynamic system described by Eqs. (12) and (13) takes

a positive sign if eEu[ eu 1� uð Þ and its trace is likely to be negative when
^X
^K
is

positive but is very low. If eEu\eu 1� uð Þ, then the Jacobian determinant takes a

negative sign and then the long run equilibrium is a saddle point. This saddle point

stability property is independent of the value of
^X
^K
. However, if eEu[ eu 1� uð Þ and

if
^X
^K
is high, then the equilibrium may be unstable. Here,

^X
^K
represents the capital

elasticity of output.

We have the following proposition here.

Proposition 3 The long run equilibrium is stable (unstable) if eE [
1�uð Þ
u eu and if

capital elasticity of output is positive but low (high). This equilibrium is a saddle

point when eE\
1�uð Þ
u eu.

It may be noted that properties of long run equilibrium are independent of the

values of sw and sp. Same results will be obtained even if we have the Solow (1956)

savings function where sp ¼ sw. However, the efficiency enhancing effect of

environment plays a very important role to obtain the stability property of the long

run equilibrium.
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4.2 Comparative steady state effects

Our objective is to analyse long run effects of capital income taxation on capital

accumulation unemployment and environment. So, we now turn to analyse

comparative steady state effects with respect to an increase in tax rate, s, when
the unique long-run equilibrium is stable.

From Eqs. (14) and (15), it can be shown that22

dK

ds
¼ rK

hL
D e11

w2

e
eE u

1�uð ÞE pE� dKð Þ � peu
n o

þ p X̂
K̂
þ 1

D e11
w2

e
eE u

1�uð Þ
1
E
r� 1ð Þ �swwL 1� uð Þ þ aX� pEð ÞhLf g

p eu � eE u
1�uð Þ

� �
1
D e11

w2

e
sp 1� sð ÞrhL � sw

wL
K

1� uð Þ �rþ hKð Þ


X̂
K̂
� 1

D eue11
w2

e
hLeu

n on ;

ð18Þ

and

dE

ds
¼ �rK

1
D dhLe11

w2

e eu � pE
K

^X
^K
þ 1

D e11
w2

e eu 1

K r� 1ð Þ swwL 1� uð Þ � aX� pEð ÞhLf g

p eu � eE u
1�uð Þ

� �
1
D e11

w2

e sp 1� sð ÞrhL � sw
wL
K 1� uð Þ �rþ hKð Þ

o
^X
^K
� 1

D eue11
w2

e hLeu
n on : ð19Þ

We now assume that r ¼ 1; i.e., the production function is Cobb–Douglas. If

r ¼ 1, then from Eqs. (18) and (19), we obtain

dK

ds
¼ rK

hL
D e11

w2

e
eE u

1�uð ÞE pE� dKð Þ � peu
n o

þ p X̂
K̂

eu � eE u
1�uð Þ

� �
p
D dhLe11

w2

e
X̂
K̂
� 1

D eue11
w2

e
hLeu

� � ; ð20Þ

and

22 Detailed derivation is given in the ‘‘Appendix D’’.

Fig. 1 Long run equilibrium
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dE

ds
¼ �rK

1
D dhLe11

w2

e eu � pE
K

^X
^K

eu � eE u
1�uð Þ

� �
p
D dhLe11

w2

e
^X
^K
� 1

D eue11
w2

e hLeu
� � : ð21Þ

Denominators in the right hand side of both Eqs. (20) and (21) are positive

because the equilibrium is stable. In Eq. (21), the numerator is always positive; and

so dE
ds

is always positive. However, the numerator in the right hand side of Eq. (20)

is positive if pE\dK. Hence dK
ds

[ 0 if pE\dK. So an increase in the tax rate, s,

on capital income raises the long run equilibrium value of K when the long run

equilibrium value of KE exceeds p
d. Using Eqs. (14) and (15) we have

dK[ pE) sp 1� sð ÞrKþ sw 1� uð ÞwL[ aX� srK.
Since 0\sp\1, this inequality is always true when
sp 1�sð ÞrKþsw 1�uð ÞwL

X [ a,

i.e., when the aggregate savings income ratio exceeds the emission output

coefficient. Savings generates capital accumulation through investment. It is a

positive effect. However, emission generated from production produces a negative

effect. It causes a misuse of this investible fund channelling the productive savings

into abatement expenditure to maintain the ecological balance. Hence dK[ pE
implies that the positive effect of savings dominates the negative effect of emission

in the long run equilibrium.

Also we have

dX

ds
¼ rK

a
þ rK

a
1þ 1

D
hLe11

w2

e
eu

� �
dK

ds
þ p
a
dE

ds
: ð22Þ

Hence
dX
ds

[ 0 if dK
ds

[ 0.

This is so because

D[ � hLe11 w
2

e eu.
So an increase in the tax rate on capital income raises national income in the new

long run equilibrium. There is a direct increase due to rise in the tax rate. Also there

is an indirect increase due to capital accumulation as well as due to improvement in

the environmental quality. The first term in the right hand side of Eq. (22) represents

its direct increase due to rise in the tax rate. The second term represents its increase

through capital accumulation and the third term stands for the increase through

improvement in the environmental quality.

Finally, using Eqs. (9), (20) and (21), we have

du

ds
¼ u

D
hKe11

w2

e

1

K

dK

ds
� eE �re11

w2

e

�
þ hK 1þ e11

w2

e

� �	
dE

ds


 �
: ð23Þ
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Here, the expression du
ds

is negative because both dE
ds

and dK
ds

are positive, and

hKe11 w
2

e
1

K\0, �eE �re11 w
2

e

n
þ hK 1þ e11

w2

e

� �o
\0. The first term stands for the

effect on unemployment via capital accumulation. The increase in the tax rate raises

capital stock in the new long run equilibrium. Tax revenue is spent to finance

abatement expenditure. This leads to an upgradation of environment. So efficiency

of labour is improved; and this raises rental rate on capital and thus gross

investment. So capital stock is increased in the long run equilibrium. The second

term in the right hand side of Eq. (23) represents the efficiency enhancing effect of

environment on unemployment. Additional taxation upgrades environmental quality

in the new long run equilibrium. Unemployment rate and environmental quality are

two substitute arguments in the labour efficiency function. So unemployment rate is

reduced. So an increase in the tax rate on capital income lowers unemployment rate

through capital accumulation as well as through upgradation of environmental

quality. In traditional efficiency wage models, there is no efficiency enhancing

effect of environment. So unemployment effect of additional taxation through

environment upgradation is also nil in those models. Only the unemployment effect

through capital accumulation exists there.

This analysis leads to the following proposition.

Proposition 4 If pE\dK, eEu[ eu 1� uð Þ and if
^X
^K
is very low, then an exogenous

increase in the tax rate on rental income of capital raises the capital stock, national
income and the environmental quality but lowers unemployment rate in the new
long run equilibrium when the tax revenue is used to finance abatement expenditure.

The intuition behind the result summarized in proposition 4 is given below. As

the tax rate is increased, additional fund is made available to finance abatement

expenditure, given the initial long run equilibrium. So environmental quality starts

improving over time; and this raises efficiency of labour. However, the increase in

the tax rate on rental income produces two conflicting effects on capital

accumulation. On the one hand, it lowers the post-tax rental income with given

rental rate in the initial long equilibrium. On the other hand, it raises the rental rate

on capital through improvement in environmental quality but lowers the wage rate.

Both wage earners and capitalists save; and entire savings is invested. Gross

investment is increased because income redistribution in favour of capitalists

generates more savings and because the second effect on rental income dominates

the first effect. The second effect dominates the first effect if the gross investment

income ratio exceeds the emission output coefficient. This produces a net positive

effect on the time path of capital accumulation. Capital accumulation and

improvement in labour efficiency through environmental upgradation must raise

national income. Capital accumulation raises wage rate through increases in the

demand for labour. Both wage rate and environmental quality are substitutes to

unemployment rate in the labour efficiency function. So the employment rate is

increased by profit maximizing employers in the new long run equilibrium leading

to a decline in the unemployment rate in the labour market. In a standard dynamic

model without efficiency enhancing effect of environmental quality and without tax
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financed abatement expenditure, the second effect does not exist. So we do not get

any favourable effect of additional taxation on capital income in such a model.

It may be noted that signs and magnitudes of all these comparative steady state

effects are independent of the values of sp and sw. So same results are obtained with

a Solow (1956) savings function where sp ¼ sw ¼ s.

4.3 Ramsey problem

We solve the Ramsey problem using the representative household framework; and

so we assume that all identical households save at the same rate, i.e., sp ¼ sw ¼ s.

Entire capital stock is equally distributed among them. The representative

household derives utility from consumption and environmental quality but derives

disutility from effort. All restrictions imposed on the utility function in Sect. 2 are

also valid here. The household maximizes the life time utility defined as the

discounted present value of utility over the infinite time horizon. It is given by
R1

0

X C; E
� �

� V eð Þ
� �

e�qtdt with q[ 0.

For the sake of simplicity, we choose a specific functional from of the utility

function, X C; E
� �

. It is given by

X C; E
� �

¼
C
l
E1�l

� �1�#�1

1� #

with 0\l\1 with 0\#\1:
Here

X11 ¼ l l 1� #ð Þ � 1ð ÞCl 1�#ð Þ�2
E 1�lð Þ 1�#ð Þ\0;

X22 ¼ 1� lð Þ 1� lð Þ 1� #ð Þ � 1ð ÞCl 1�#ð Þ
E 1�lð Þ 1�#ð Þ�2\0;

and

X12 ¼ l 1� lð Þ 1� #ð ÞCl 1�#ð Þ�1
E 1�lð Þ 1�#ð Þ�1 [ 0:

Here # stands for the elasticity of marginal utility with respect to consumption. q
is the constant rate of discount. X12 [ 0 ensures that consumption and environ-

mental quality are complementary.

C ¼ 1� sð ÞY

is the expected level of consumption of the household and Y is her expected level of

income. Here

Y ¼ p eð Þwþ 1� p eð Þð Þ 1� uð Þw� þ wn½ �

where

wn ¼ 1� sð ÞrK:
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Notations- s, e, p eð Þ, X, V, w� and wn are already defined in Sect. 2. Expressions

of C and Y are also taken from Sect. 2.

This objective functional is to be maximized with respect to the savings rate, s, as

well as with respect to the level of effort, e; and the alternative wage income, w�, is
treated as a parameter in the optimization process even though its value is to be

determined in the general equilibrium.

The equation of motion faced by the household is given by
_K ¼ sY� dK:

Here, K is the state variable; and s and e are two control variables of this optimal

control problem. Environmental quality, E, is treated as an externality to the

optimization problem. So the household can not maximize the objective functional

with respect to E.

The value of w� is determined endogenously in the general equilibrium equating

expected wage income of the representative household to the actual average wage

income of the economy. So

p eð Þwþ 1� p eð Þð Þ 1� uð Þw� ¼ w 1� uð Þ

.

All individuals are identical and only wage income is uncertain. So expected

wage income is equal to actual average wage income in the long run.

So w� �w for u� 0. Also, in the general equilibrium, expected consumption, C,

is equal to actual consumption, C; and hence, Y ¼ Y.

We assume the existence of an interior solution to the optimization problem.

Along the life time utility maximization path of the representative household, and,

with endogenous value of w� in the general equilibrium, optimal time path of K and

C satisfy following equations of motions.23

_C

C
¼ r 1� sð Þ � d� q

1� l 1� #ð Þ � 1� lð Þ 1� #ð Þ
l 1� #ð Þ � 1

_E

E
; ð24Þ

and

_K ¼ wL 1� uð Þ þ rK� srK� C� dK: ð25Þ

Equation (24) implies that the rate of growth of consumption varies positively

with the rate of upgradation of environmental quality. We assume that,

l 1� #ð Þ\1; and this assumption ensures that X11\0, i.e., utility function is

concave in terms of C. Here, X11 ¼ 0 only if l 1� #ð Þ ¼ 1; but Eq. (24) does not

make sense in that case. So we can not work out this Ramsey model assuming that

X11 ¼ 0 even though we can derive the labour efficiency function in Sect. 2 in that

case.

Optimal time path of effort level, e, satisfies the following condition.

23 Derivations of Eqs. (24) and (26) are shown in ‘‘Appendix E.1’’.
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lCl 1�#ð Þ�1E 1�lð Þ 1�#ð Þp0 eð Þ wu

1� p eð Þ


 �
¼ V0 eð Þ: ð26Þ

Equation (26) implies that marginal utility of effort obtained through consump-

tion is equal to the marginal disutility of effort. The labour efficiency function is

derived from this Eq. (26). So the time path of labour efficiency, e, is conditional on

the time path of E, C and u. The time path of u is conditional on the time path of K

and E.

From Eq. (26), we have24

_e

e
¼

l 1� #ð Þ � 1f g
_C
C
þ eE

D �re11 w
2

e

n
þhK 1þ e11

w2

e

� �o
þ hK u

1�uð Þ þ 1� lð Þ 1� #ð Þ
h i

_E
Eþ 1

D hK e11
w2

e þ eu
� �

_K
K

e
V0 eð Þ

V00 eð Þ � p0 eð Þe
1�p eð Þð Þ þ

p00 eð Þe
p0 eð Þ

� � :

ð27Þ

So, in Eq. (27),
_e
e depends on

_K
K,

_E
E and

_C
C
. When,

_C

C
¼

_E

E
¼

_K

K
¼ 0;

we have,
_e
e ¼ 0. So Eq. (27) is not an independent equation of motion of the

dynamic system. Equations (24), (25) and (13) are three independent equations of

motion.

The equation of motion describing the intertemporal change in the environmental

quality is given by Eq. (13), i.e.,
_E ¼ srK� aXþ pE:

Number of workers, L, does change over time. Hence Eq. (5) is also valid in this

case.

In the long run equilibrium, _K ¼ _E ¼ _C ¼ 0. Here Eq. (24) with _C ¼ 0 and
_E ¼ 0 solves for the optimum value of r in terms of the tax rate, s; and r is a function
of K and E. Thus _C ¼ 0 and _E ¼ 0 equations obtained from Eqs. (24) and (13) solve

for equilibrium values of K and E. _K ¼ 0 equation solves for the equilibrium value

of C. Equation (26) solves for the equilibrium value of e. Equation (5) solves for the

equilibrium value of u. These values are also obtained in terms of the exogenous

value of the tax rate, s.
Stability analysis of the long run equilibrium is done using only three

independent equations of motion given by Eqs. (13), (24) and (25). The long-run

equilibrium is either saddle point stable or unstable.25 When eEu[ eu 1� uð Þ, a
necessary condition for saddle point stability is given by

hK þ e11
w2

e

� �
[ 0:

24 Derivation of Eq. (27) is shown in ‘‘Appendix E.1’’.
25 The relevant stability analysis is shown in ‘‘Appendix E.2’’.
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We can work out comparative steady-state effects with respect to change in the

tax rate,s, on the equilibrium values of K and E when the production function is

Cobb–Douglas. The comparative steady state effects are analysed26 when the

equilibrium is saddle point stable; and the results are summarized in the following

proposition.

Proposition 5 An exogenous increase in the tax rate on rental income on capital
stock raises the volume of capital stock and the level of environmental quality but

lowers the unemployment rate in the new long run equilibrium if hK þ e11
w2

e

� �
[ 0

and if eEu[ eu 1� uð Þ.

So, looking at propositions 4 and 5, we find that comparative steady state results

on K, E and u in the endogenous savings model are qualitatively similar to

corresponding results obtained in the exogenous savings model. Our focus in this

paper is on the comparative steady-state effects with respect to change in the tax

rate.

5 Conclusion

We develop an aggregate model of economic growth and environmental pollution

with only one production sector and with capital and labour as two factors.

Unemployment exists in the labour market due to wage rigidity explained by the

efficiency wage hypothesis. The special feature of this efficiency wage hypothesis is

the efficiency enhancing effect of environment which is not considered by earlier

efficiency wage models. Abatement expenditure designed to remove pollution is

financed by the tax revenue obtained from a tax imposed on capital income.

We derive a few interesting results from this model. First, an exogenous

improvement in environmental quality lowers efficiency wage rate and unemploy-

ment rate but raises the rental rate on capital and the level of output in the short run

equilibrium. Such a result can not be obtained in earlier models as they do not

consider the efficiency enhancing effect of environment. Second, an exogenous

increase in capital stock raises efficiency wage rate, and the level of output but

lowers the rental rate on capital and unemployment rate in the short run equilibrium.

This result is easily obtained from earlier efficiency wage models because it is

independent of the efficiency-enhancing effect of environment. Third, an increase in

the tax rate on rental income raises the capital stock, national income and the

environmental quality but lowers unemployment rate in the new long run

equilibrium when tax revenue is utilized to finance abatement expenditure. This

third result is not only obtained in the exogenous savings growth model but also

obtained in the endogenous savings growth model where the representative

household solves a Ramsey problem. However, this result can not be obtained when

labour efficiency is independent of environmental quality.

Our results are not necessarily conditional only on the use of the capital income

taxation even though we have justified the use of this tax on the ground of equity. If

26 Derivation is shown in ‘‘Appendix E.3’’.
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the production function is Cobb–Douglas, then both rental income on capital and

labour income are proportional to total income in the competitive world. So, with

Cobb–Douglas production function, we get similar comparative steady state results

with respect to change in the tax rate even if taxation on rental income on capital is

replaced by that on total income or on labour income. In the Cobb–Douglas world,

relative competitive output shares of both the factors remains unchanged; and so the

defence of capital income taxation on the ground of equity loses its strength in this

case. An efficiency based analysis of alternative taxes appears to be of importance

even though the present paper does not deal with that problem.

However, our model fails to consider many important aspects of reality. We

ignore the financing of abatement expenditure from private sources. Utilization of

tax revenue as investment to public capital accumulation is also ignored. We do not

distinguish between skilled worker and unskilled worker; and this distinction is

important because expansion of knowledge makes the workers aware of the benefits

of environmental upgradation. We do not incorporate anti-social sector rooted from

unemployment problem even though anti-social activities produce negative effects

on capital accumulation as well as on environment. Due to technical complications,

we analyse an exogenous growth model and do not focus on the sources of

endogenous growth. Even though we solve the Ramsey problem of the household in

one of the different sections, we do not analyse the properties of Ramsey-optimal

tax policy of the government. However, we plan to remove all these limitations of

the present exercise in our future works.

Appendix (A)

The production function is given by

X ¼ F eL; Kð Þ;

where

e ¼ e w; u;Eð Þ

is the labour efficiency function.

Profit maximizing conditions of a competitive firm are given by

F1 ¼
w

e

and F2 ¼ r.

Since the production function satisfies constant returns to scale, from Eulers

theorem, we have

X ¼ F1 eLþ F2K:

So, using profit maximizing conditions, we have

X ¼ w

e
eLþ rK
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) w

e
aL þ raK ¼ 1

where aL ¼ eL
X and aK ¼ K

X are the two input of output coefficients. Since the

production function satisfies CRS, aL and aK are functions of capital-labour ratio,
K
eL. Again profit maximizing conditions ensure that K

eL is a function of factor price

ratio,
w=e
r . Hence aL and aK are also functions of

w=e
r .

Appendix (B)

From Eqs. (1) and (2), we have

hLŵ� hLêþ hKr̂ ¼ 0; ð28Þ

and

ŵ� êþ euû ¼ �eEÊ: ð29Þ

From Eq. (3), we obtain

o2e

ow2

dw

w

wð Þ2

e
þ oe

ow

dw

w

w

e
� oe

ow

w

e2
oe

ow

dw

w
wþ oe

ou

du

u
uþ oe

oE

dE

E
E


 �
¼ 0: ð30Þ

Using Eqs. (3) and (30), we have

e11
wð Þ2

e
ŵ� euû ¼ eEÊ: ð31Þ

where eu ¼ oe
ou

u
e [ 0, eE ¼ oe

oE
E
e [ 0 and e11 ¼ o2e

ow2 \0.

From Eq. (4), we have

hLrŴ� hLrê� hLrr̂þ X̂ ¼ K̂: ð32Þ

From Eq. (5), we obtain

�hKrŴ� �hKrþ 1ð Þêþ hKrr̂þ
u

1� uð Þ ûþ X̂ ¼ 0: ð33Þ

Using Eqs. (28), (29) and equations (31) to (33), we have

ŵ ¼ 1

D
�hKeE

u

1� uð Þ Êþ hKeuK̂

� 	
: ð34Þ

ê ¼
1þ e11

w2

e

� �

D
�hKeE

u

1� uð Þ Êþ hKeuK̂

� 	
: ð35Þ
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r̂ ¼ 1

D
�hLe11

w2

e
eE

u

1� uð Þ Ê� euK̂

� �
 �
: ð36Þ

û ¼ 1

D
�eE �re11

w2

e
þhK 1þ e11

w2

e

� �	
Êþ hKe11

w2

e
K̂

�
 �
; ð37Þ

and

X̂ ¼ 1

D
�e11

w2

e
eEhLr

u

1� uð Þ Êþ �e11
w2

e
hK eurþ u

1� uð Þ

� �
þ hKeu 1þ e11

w2

e
K̂

� �� 	
 �
; ð38Þ

where,

D ¼ �eure11
w2

e
þ euhK 1þ e11

w2

e

� �
� e11

w2

e

u

eu 1� uð Þ

� 	
:

Equations (34) to (38) are same as Eqs. (6) to (10) in the body of the paper.

Appendix (C)

C.1 Slopes of stationary loci

We derive the slopes of two stationary loci _K ¼ 0 and _E ¼ 0 in this section.

Equations (12) and (13) presented below describe the rate of change in capital

stock and the rate of change in environmental quality respectively.

_K ¼ sp 1� sð ÞrKþ sw 1� uð ÞwL� dK; ð12Þ

and

_E ¼ srK� aXþ pE: ð13Þ

We have _K ¼ _E ¼ 0; and hence, from Eqs. (12) and (13), we find that

sp 1� sð ÞrKþ sw 1� uð ÞwL ¼ dK; ð14Þ

and

srK ¼ aX� pE: ð15Þ

From Eq. (14), we have

sp 1� sð Þrþ sp 1� sð ÞK or

oK
� swwL

ou

oK
þ sw 1� uð ÞL ow

oK
� d

� 	
dK

¼ � sp 1� sð ÞK or

oE
� swwL

ou

oE
þ sw 1� uð ÞL ow

oE

� 	
dE

ð39Þ

Using Eqs. (14) and (39), we have
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sp 1� sð ÞK or

oK
� sw

wL

K
1� uð Þ � swwL

ou

oK
þ sw 1� uð ÞL ow

oK

� 	
dK

using steady state conditionð Þ

¼ � sp 1� sð ÞK or

oE
� swwL

ou

oE
þ sw 1� uð ÞL ow

oE

� 	
dE

) sp 1� sð Þ rK
K

r̂

K̂
� sw

wL

K
1� uð Þ þ wL

K
u
û

K̂
� 1� uð ÞwL

K

ŵ

K̂

� 	
 �
dK

¼ � sp 1� sð Þ rK
E

r̂

Ê
þ sw

wL

E
1� uð Þ ŵ

Ê
� wL

E
u
û

Ê

� 	
 �
:

Using Eqs. (6), (8), (9) and (40), we obtain

) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ þ u

1

D
hKe11

w2

e
� 1� uð Þ hKeu

D

� 	
 �
dK

¼ � �sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ




þ sw �wL

E
1� uð Þ

hKeE u
1�uð Þ

D

"

þwL

E
u
1

D
eE �re11

w2

e
þhK 1þ e11

w2

e

� �	� �#

dE

) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu



� sw

wL

K
1� uð Þ 1� 1

D
euhK 1� e11

w2

e

u

eu 1� uð Þ

� ���

�eure11
w2

e
þ euhKe11

w2

e
þ eure11

w2

e
� euhKe11

w2

e

		�
dK

¼ � �sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ




þ sw
wL

E

1

D
�hKeEu½ þueE �re11

w2

e
þhK 1þ e11

w2

e

� �	� �
dE

) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu



� sw

wL

K
1� uð Þ 1� 1

D
�eure11

w2

e
þ euhK 1þ e11

w2

e

� ����

�e11
w2

e

u

eu 1� uð Þ

	
þ eure11

w2

e
� euhKe11

w2

e

		�
dK

¼ � �sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ




þ sw
wL

E

1

D
�hKeEu½ þueE �re11

w2

e
þhK 1þ e11

w2

e

� �	� �
dE

) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu



� sw

wL

K
1� uð Þ 1� 1

D
D�e11

w2

e
�rþ hKð Þ

		�
dK

��

ðfrom definition of D from static modelÞ

¼ � �sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ



þsw

wL

E

1

D
eEue11

w2

e
�rþ hKð Þ

�
dE

) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu



� sw

wL

K
1� uð Þ 1� 1þ 1

D
eue11

w2

e
�rþ hKð Þg�dK

�

¼ � �sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ



þsw

wL

E

1

D
eEue11

w2

e
�rþ hKð Þ

�
dE
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) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu



� sw

wL

K
1� uð Þ 1

D
eue11

w2

e
�rþ hKð Þ�dK

¼ � �sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ



þsw

wL

E

1

D
eEue11

w2

e
�rþ hKð Þ

�
dE

) sp 1� sð Þ rK
K

1

D
hLe11

w2

e
eu



� sw

wL

K
1� uð Þ 1

D
eue11

w2

e
�rþ hKð Þ�dK

¼ sp 1� sð Þ rK
E

1

D
hLe11

w2

e
eE

u

1� uð Þ



�sw

wL

E

1

D
eEue11

w2

e
�rþ hKð Þ

�
dE

) dE

dK

����
_K¼0

¼ E

K

eu
eE

1� uð Þ
u

sp 1� sð Þr 1D hL 1
E
e11

w2

e
1

1�uð Þ

h
� sw

wL
KE

1
D eue11

w2

e
�rþ hKð Þ�

sp 1� sð Þr 1D hL 1
E
e11

w2

e
1

1�uð Þ

h
� sw

wL
KE

1
D eue11

w2

e
�rþ hKð Þ�

) dE

dK

����
_K¼0

¼ E

K

eu
eE

1� uð Þ
u

:

ð40Þ

So the slope of _K ¼ 0 stationary locus is positive and is independent of the value

of r.
From Eq. (15), we have

sK
or

oE
� a

oX

oE
þ p

� �
dE ¼ � srþ sK

or

oK
� a

oX

oK

� �
dK

) sX
r

r

E

r̂

Ê
� a

X

E

X̂

Ê
þ p

� �
dE ¼ � srþ sK

r

r

K

r̂

K̂
� aX

K

X̂

K̂

� �
dK

) aX
E

� p

� �
r̂

Ê
� X̂

Ê

� �
þ p 1� X̂

Ê

� �� 	
dE

¼ � aX� pE
K

� �
1þ r̂

K̂
� X̂

K̂

� �
� pE

K

X̂

K̂

� 	
dK:

ð41Þ

Using Eqs. (15) and (41), we have

) aX
E

� p

� �
r̂

Ê
� X̂

Ê

� �
þ p 1� X̂

Ê

� �� 	
dE

¼ � aX� pE
K

� �
1þ r̂

K̂
� X̂

K̂

� �
þ pE

K

X̂

K̂

� 	
dK: ð42Þ

Using Eqs. (8), (10) and (42), we obtain
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) aX
E

� p

� �
� 1

D
hLe11

w2

e
eE

u

1� uð Þ þ
1

D
e11

w2

e
eEhLr

u

1� uð Þ

� �
þ p 1� X̂

Ê

� �� 	
dE

¼ � aX� pE
K

� �
1þ 1

D
hLe11

w2

e
eu �

1

D
�e11

w2

e
hk eurþ u

1� uð Þ

� ��
þ hKeu 1þ e11

w2

e

� �	� 	


þ pE
K

X̂

K̂

�
dK

) aX
E

� p

� �
1

D
hLe11

w2

e
eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê

� �� 	
dE

¼ � aX� pE
K

� �

1� 1

D
euhK 1þ e11

w2

e

� ��


�e11

w2

e

u

eu 1� uð Þ

	

� e11
w2

e
euhkr�hLe11

w2

e
eu

��
þ pE

K

X̂

K̂

�
dK

) aX
E

� p

� �
1

D
hLe11

w2

e
eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê

� �� 	
dE

¼ � aX� pE
K

� �

1� 1

D
euhK 1þ e11

w2

e

� ��


�e11

w2

e

u

eu 1� uð Þ

	
� e11

w2

e
eurþ e11

w2

e
eur

� e11
w2

e
euhkr�hLe11

w2

e
eu

��
þ pE

K

X̂

K̂

�
dK

) aX
E

� p

� �
1

D
hLe11

w2

e
eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê

� �� 	
dE

¼ � aX� pE
K

� �

1� 1

D
D½



þ e11

w2

e
eur 1� hKð Þ�hLe11

w2

e
eu

��
þ pE

K

X̂

K̂

�
dK

ðfrom definition of D from static modelÞ

) aX
E

� p

� �
1

D
hLe11

w2
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eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê

� �� 	
dE
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� �
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D
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þ e11

w2

e
eurhL�hLe11
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) aX
E
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� �
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hLe11

w2
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eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê
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¼ � aX� pE
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� �
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D
D½



þ e11

w2
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eurhL r� 1ð Þ�� þ pE

K
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K̂
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) aX
E

� p

� �
1

D
hLe11

w2
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eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê

� �� 	
dE

¼ aX� pE
K

� �
1

D
e11

w2

e
euhL r� 1ð Þ þ pE

K

X̂

K̂

� 	
dK

dE

dK

����
_E¼0

¼
aX�pE

K

� �
1
D e11

w2

e
euhL r� 1ð Þ þ pE

K
X̂
K̂

n o

aX
E
� p

� �
1
D hLe11

w2

e
eE u

1�uð Þ r� 1ð Þ þ p 1� X̂
Ê

� �n o

:

ð43Þ

Now,
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Ê

¼1þ 1

D
e11

w2

e
eEhLr

u

1�uð Þ

¼
Dþe11

w2

e eEhLr u
1�uð Þ

D

¼
�eure11w

2

e þeuhK 1þe11
w2

e

� �
�e11

w2

e
u

eu 1�uð Þ

n o
þe11

w2

e eEhLr u
1�uð Þ

D
ðfrom definition of from static modelÞ

¼ 1

D
�eure11

w2

e
hK�eure11

w2

e
hLþeuhK 1þe11

w2

e

� �
�e11

w2

e

u

eu 1�uð Þ

� 	


þe11
w2

e
eEhLr

u

1�uð Þ

�

¼ 1

D
�eure11

w2

e
hK�e11

w2

e
hK

u

1�uð ÞþeuhK 1þe11
w2

e

� �
�eure11

w2

e
hL




þe11
w2

e
eEhLr

u

1�uð Þ

�

¼ 1

D
�e11

w2

e
euhKrþ hKu

1�uð Þ

� �
þhKeu 1þe11

w2

e

� �
þre11

w2

e
hL �euþeE

u

1�uð Þ

� �
 �

¼ X̂

K̂
þ 1

D
re11

w2

e
hL eE

u

1�uð Þ�eu

� �

Now from Eq. (19), we have

dE
dK

���
_E¼0

¼
aX�pE
K

� �
1
De11

w2

e euhL r�1ð ÞþpE
K

^X
^K

n o

aX

E
�p

� �
1
DhLe11

w2

e eE u
1�uð Þ r�1ð Þþp

^X
^K
þp

Dre11
w2

e hL eE u
1�uð Þ�eu

� �n o.

If r ¼ 1, then

dE
dK

��
_E¼0

¼
E
K
X̂
K̂

X̂
K̂
þ1

Dre11
w2

e hL eE u
1�uð Þ�eu

� �.

Here the numerator is always positive and the denominator may be negative only

if

eEu[ eu 1� uð Þ.
Only in this case, second term of the denominator is negative. If

^X
^K
is very low,

this denominator may be negative and hence _E ¼ 0 locus may slope negatively.

C.2 Stability analysis of the long-run equilibrium

Jacobian matrix corresponding to the differential Eqs. (14) and (15) is given by.

J ¼
o _K

oK

o _K

oE
o _E

oK

o _E

oE

2

664

3

775.

Using Eq. (12), we have
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o _K

oK
¼ sp 1� sð Þrþ sp 1� sð ÞK or

oK
� swwL

ou

oK
þ sw 1� uð ÞL ow

oK
� d: ð44Þ

Using Eqs. (14) and (39), we have

o _K

oK
¼ sp 1� sð ÞK or

oK
� sw

wL

K
1� uð Þ � swwL

ou

oK
þ sw 1� uð ÞL ow

oK

) o _K

oK
¼ sp 1� sð Þ rK

K

r̂

K̂
� sw

wL

K
1� uð Þ þ wL

K
u
û

K̂
� 1� uð ÞwL

K

ŵ

K̂


 �
:

ð45Þ

Using Eqs. (6), (8), (9) and (45), we obtain

o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ þ u

1

D
hKe11

w2

e
� 1� uð Þ hKeu

D


 �

) o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ þ u

1

D
hKe11

w2

e
� 1� uð Þ hKeu

D


 �

) o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ 1� 1

D
euhK 1� e11

w2

e

u

eu 1� uð Þ

� ���

�eure11
w2

e
þ euhKe11

w2

e
þ eure11

w2

e
� euhKe11

w2

e

		

) o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ 1� 1

D
�eure11

w2

e
þ euhK 1þ e11

w2

e

� ����

�e11
w2

e

u

eu 1� uð Þ

	
þ eure11

w2

e
� euhKe11

w2

e

		

) o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ 1� 1

D
D�e11

w2

e
�rþ hKð Þ

		��

ðfrom definition of D from static modelÞ

) o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ 1� 1þ 1

D
eue11

w2

e
�rþ hKð Þ

� 	

) o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu � sw

wL

K
1� uð Þ 1

D
eue11

w2

e
�rþ hKð Þ:

ð46Þ

If r ¼ 1, then

o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu þ sw

wL

K
1� uð Þ 1

D
eue11

w2

e
hL

) o _K

oK
¼ 1

D
hL

1

K
de11

w2

e
eu sp 1� sð ÞrKþ sw 1� uð ÞwL
� 

) o _K

oK
¼ 1

D
hLde11

w2

e
eu\0:ðUsingEq:ð14ÞÞ

Using Eq. (12), we have
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o _K

oE
¼ sp 1� sð ÞK or

oE
� swwL

ou

oE
þ sw 1� uð ÞL ow

oE

) o _K

oE
¼ sp 1� sð Þ rK

E

r̂

Ê
þ sw

wL

E
1� uð Þ ŵ

Ê
� wL

E
u
û

Ê


 �
:

ð47Þ

Using Eqs. (6), (8), (9) and (43), we obtain

o _K

oE
¼ �sp 1� sð Þ rK

E

1

D
hLe11

w2

e
eE

u

1� uð Þ

þ sw �wL

E
1� uð Þ

hKeE u
1�uð Þ

D

"

þwL

E
u
1

D
eE �re11

w2

e
þhK 1þ e11

w2

e

� �	� �

) o _K

oE
¼ �sp 1� sð Þ rK

E

1

D
hLe11

w2

e
eE

u

1� uð Þ

þ sw
wL

E

1

D
�hKeEu½ þueE �re11

w2

e
þhK 1þ e11

w2

e

� �	� �

) o _K

oE
¼ �sp 1� sð Þ rK

E

1

D
hLe11

w2

e
eE

u

1� uð Þ þ sw
wL

E

1

D
eEue11

w2

e
�rþ hKð Þ:

ð48Þ

If r ¼ 1, then

o _K

oK
¼ sp 1� sð Þ rK

K

1

D
hLe11

w2

e
eu þ sw

wL

K
1� uð Þ 1

D
eue11

w2

e
hL

) o _K

oK
¼ 1

D
hL

1

K
de11

w2

e
eu sp 1� sð ÞrKþ sw 1� uð ÞwL
� 

) o _K

oK
¼ 1

D
hLde11

w2

e
eu [ 0: ðUsingEq:ð14ÞÞ

Using Eq. (13), we have

o _E

oK
¼ srþ sK

or

oK
� a

oX

oK

) o _E

oK
¼ srþ sK

r

r

K

r̂

K̂
� aX

K

X̂

K̂
:

ð49Þ

From Eq. (15) and (49), we obtain

o _E

oK
¼ aX� pE

K

� �
1þ r̂

K̂
� X̂

K̂

� �
� pE

K

X̂

K̂
: ð50Þ

From Eq. (8), (10) and (50), we have
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o _E

oK
¼ aX� pE

K

� �
1þ 1

D
hLe11

w2

e
eu �

1

D
�e11

w2

e
hk eurþ u

1� uð Þ

� ��
þ hKeu 1þ e11

w2

e

� �	� 	

� pE
K

X̂

K̂
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oK
¼ aX� pE

K

� �
1� 1

D
euhK 1þ e11

w2

e

� ��


�e11

w2

e

u
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� e11
w2

e
euhkr�hLe11
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e
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��
� pE

K
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K̂
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¼ aX� pE
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� �
1� 1

D
euhK 1þ e11
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�e11
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e
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eu 1� uð Þ

	
� e11
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e
eurþ e11
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e
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� e11
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e
euhkr�hLe11

w2

e
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� pE

K

X̂

K̂

) o _E

oK
¼ aX� pE

K

� �
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D
Dþ e11

w2

e
eur 1� hKð Þ�hLe11

w2

e
eu

�
 �

� pE

K

X̂

K̂

) o _E

oK
¼ aX� pE

K

� �
1� 1

D
Dþ e11

w2

e
eurhL�hLe11

w2

e
eu

�
 �

� pE

K

X̂

K̂

) o _E

oK
¼ aX� pE

K

� �
1� 1

D
De11

w2

e
eurhL r� 1ð Þ


 �
 �
� pE

K

X̂

K̂

) o _E

oK
¼ � aX� pE

K

� �
1

D
e11

w2

e
euhL r� 1ð Þ � pE

K

X̂

K̂
:

If r ¼ 1; then.

o _E

oK
¼ � pE

K

X̂

K̂
\0:

Using Eq. (13), we have

o _E

oE
¼ sK

or

oE
� a

oX

oE
þ p

) o _E

oE
¼ sX

r

r

E

r̂

Ê
� a

X

E

X̂

Ê
þ p

) o _E

oE
¼ aX

E
� p

� �
r̂

Ê
� X̂

Ê

� �
þ p 1� X̂

Ê

� �
:

ð51Þ

From Eq. (15) and (51), we obtain

o _E

oE
¼ aX

E
� p

� �
r̂

Ê
� X̂

Ê

� �
þ p 1� X̂

Ê

� �

) o _E

oE
¼ aX

E
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� �
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D
hLe11

w2

e
eE

u
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D
e11
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þ p 1� X̂

Ê

� �
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¼ aX

E
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� �
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D
hLe11
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e
eE

u

1� uð Þ r� 1ð Þ þ p 1� X̂

Ê

� �

) o _E

oE
¼ aX

E
� p

� �
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D
hLe11
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eE

u

1� uð Þ r� 1ð Þ þ p
X̂

K̂
þ p
D
re11

w2

e
hL eE

u

1� uð Þ � eu

� �
:

If r ¼ 1, then

o _E
oE ¼ p X̂

K̂
þ p

D e11
w2

e hL eE u
1�uð Þ � eu

� �
:
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Here,
^X
^K
[ 0. However, if eEu[ eu 1� uð Þ and if

^X
^K
is very low, then o

_E
oE may be

negative.

Jacobian Determinant, J, is given by

J¼ sp 1� sð ÞrK
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¼ p eu� eE
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� �
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If r ¼ 1, then

) J ¼ p eu � eE
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D eue11
w2

e hLeu
� �

[ 0 (Using Eq. (14))

if eEu[ eu 1� uð Þ.
Trace of Jacobian Matrix is ¼ o

_K
oKþ o

_E
oE.

Here,

o _K

oK
þ o _E

oE

¼ sp 1� sð Þ rK
K
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D
hLe11
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If r ¼ 1, then

Trace of Jacobian Matrix
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e
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D
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e
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:

Here the first term is always negative and the third term is also negative if

eEu[ eu 1� uð Þ.
However, the second term, p

^X
^K
[ 0. If

^X
^K
is very low, then trace may be negative

and the steady state equilibrium may be stable.
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Appendix (D)

From Eq. (14), we have

sp 1� sð Þrþ sp 1� sð ÞK or
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ð52Þ

Using Eqs. (6), (8), (9) and (40), we obtain

sp 1� sð Þ rK
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From Eq. (15), we have
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Using Eqs. (8), (10) and (41), we obtain
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Using Eqs. (53) and (56), we have
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eE u

1�uð ÞE pE� dKð Þ � peu
n o

þ p X̂
K̂
þ 1

D e11
w2

e
eE u

1�uð Þ
1
E
r� 1ð Þ �swwL 1� uð Þ þ aX� pEð ÞhLf g

p eu � eE u
1�uð Þ

� �
1
D e11

w2

e
sp 1� sð ÞrhL � sw

wL
K

1� uð Þ �rþ hKð Þ
� 

X̂
K̂
� 1

D eue11
w2

e
hLeu

n o ;

ð56Þ

and
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dE

ds
¼ �rK

1
D dhLe11

w2

e eu � pE
K

^X
^K
þ 1

D e11
w2

e eu 1

K r� 1ð Þ swwL 1� uð Þ � aX� pEð ÞhLf g

p eu � eE u
1�uð Þ

� �
1
D e11

w2

e sp 1� sð ÞrhL � sw
wL
K 1� uð Þ �rþ hKð Þ

o
^X
^K
� 1

D eue11
w2

e hLeu
n on : ð57Þ

Equations (56) and (57) are same as Eqs. (18) and (19) in the body of the paper.

If r ¼ 1.

then from equations (56) and (57), we obtain

dK

ds
¼ rK

hL
D e11

w2

e
eE u

1�uð ÞE pE � dKð Þ � peu
n o

þ p X̂
K̂

eu � eE u
1�uð Þ

� �
p
D dhLe11

w2

e
X̂
K̂
� 1

D eue11
w2

e
hLeu

� � ; ð58Þ

and

dE

ds
¼ �rK

1
D dhLe11

w2

e eu � pE
K

^X
^K

eu � eE u
1�uð Þ

� �
p
D dhLe11

w2

e
^X
^K
� 1

D eue11
w2

e hLeu
� � : ð59Þ

Equations (58) and (59) are same as Eqs. (20) and (21) in the body of the paper.

From Eq. (9), we have

û ¼ 1

D
�eE �re11

w2

e

�

þhK 1þ e11

w2

e

� �	
Êþ hKe11

w2

e
K̂
�

) du

ds
¼ u

D
�eE �re11

w2

e

�

þhK 1þ e11

w2

e

� �	
1

E

dE

ds
þ hKe11

w2

e

1

K

dK

ds

�
:

ð60Þ

Using equations (58)–(60), we obtain

du

ds
¼ u

D
hKe11

w2

e
r

hL
D e11

w2

e
eE u

1�uð ÞE pE� dKð Þ � peu
n o

þ p X̂
K̂

eu � eE u
1�uð Þ

� �
p
D dhLe11

w2

e
X̂
K̂
� 1

D eue11
w2

e
hLeu

� �

2

4

3

5

Equation (60) is same as Eq. (23) in the body of the paper.

Appendix (E)

E.1 Ramsey Problem

Rate of Growth of Consumption

The representative consumer maximizes
R/

0

C
l
E1�l

� �1�#

�1

1�# � V eð Þ
" #

e�qtdt subject to

the equation of motion given by
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_K ¼ sY� dK: ð61Þ

K 0ð Þ is given. K is the state variable; and s and e are two control variables.

The Current value Hamiltonian to be maximized at each point of time is given by

H ¼
�C
l
E1�l

� �1�# � 1

1� #
� V eð Þ

" #

e�qt þ qe�qt _K; ð62Þ

where, q is the co-state variable.

Using equations (61) and (62) and the expression of Y, we have

H ¼
C
l
E1�l

� �1�#�1

1� #
e�qt þ qe�qt Y� C

� �
� dK

� 
� V eð Þe�qt;

) H ¼
C
l
E1�l

� �1�#�1

1� #
e�qt þ qe�qt p eð Þwþ 1� p eð Þð Þ 1� uð Þw� þ 1� sð ÞrK½ �

� qe�qtsrK � qe�qtC� dKqe�qt:

ð63Þ

The representative consumer is a taker of, r and w and w�. H is to be maximized

with respect to s and e. Since C is a function of s and e, we obtain the same solution

maximizing H with respect to C and e. The first order interior optimality condition

with respect to C is given by

lC
l 1�#ð Þ�1

E 1�lð Þ 1�#ð Þ � q
h i

e�qt ¼ 0;

) lC
l 1�#ð Þ�1

E 1�lð Þ 1�#ð Þ ¼ q:
ð64Þ

Similarly the first order interior optimality condition with respect to e is given by

1� sð ÞlCl 1�#ð Þ�1
E 1�lð Þ 1�#ð Þ þ qs

h i oY
oe

¼ V0 eð Þ; ð65Þ

where

oY

oe
¼ p0 eð Þ w� w� þ w�u½ �:

From equation (65) and using C ¼ C in the general equilibrium, we have

_C

C
¼ 1

l 1� #ð Þ � 1ð Þ
_q

q
� 1� lð Þ 1� #ð Þ

l 1� #ð Þ � 1ð Þ
_E

E
: ð66Þ

Optimum time path of the co-state variable satisfies the following differential

equation.
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_q ¼ qq� oHeqt

oK
;

) _q

q
¼ qþ d� r 1� sð Þ

ð67Þ

Using equations (66) and (67), we obtain

_C

C
¼ r 1� sð Þ � d� q

1� l 1� #ð Þ � 1� lð Þ 1� #ð Þ
l 1� #ð Þ � 1ð Þ

_E

E
: ð68Þ

Equation (68) is same as Eq. (24) in the body of the paper.

Using equations (64) and (65) and the expression of oY
oc and C ¼ C, we have

lCl 1�#ð Þ�1E 1�lð Þ 1�#ð Þp0 eð Þ w� w� þ uw�½ � ¼ V0 eð Þ: ð69Þ

In the general equilibrium

w� 1� uð Þ ¼ w 1� u� p eð Þ½ �
1� p eð Þ :

So from equation (69), we have

lCl 1�#ð Þ�1E 1�lð Þ 1�#ð Þp0 eð Þ wu

1� p eð Þ


 �
¼ V0 eð Þ: ð70Þ

Equation (70) is same as Eq. (26) in the body of the paper.

From equation (70), we have

l 1� #ð Þ � 1ð Þ½ � _c
c
þ 1� lð Þ 1� #ð Þ

_E

E
þ _u

u
þ _w

w

¼ e

V0 eð ÞV
00 eð Þ _e

e
� p0 eð Þe

1� p eð Þð Þ
_e

e
� p00 eð Þe

p0 eð Þ
_e

e
: ð71Þ

Using equations (68) and (71), we have,

dþ q� r 1� sð Þ þ _u

u
þ _w

w
¼ e

V0 eð ÞV
00 eð Þ _e

e
� p0 eð Þe

1� p eð Þð Þ
_e

e
� p00 eð Þe

p0 eð Þ
_e

e
;

) _e

e
¼

dþ q� r 1� sð Þ þ _u
uþ

_w
w

e
V0 eð Þ

V00 eð Þ � p0 eð Þe
1�p eð Þð Þ þ

p00 eð Þe
p0 eð Þ

� �
ð72Þ

Using Eqs. (6) and (72), we have
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_e

e
¼

dþ q� r 1� sð Þ þ _u
uþ 1

D �hKeE u
1�uð Þ

_E
Eþ hKeu

_K
K

on

e
V0 eð Þ

V00 eð Þ � p0 eð Þe
1�p eð Þð Þ þ

p00 eð Þe
p0 eð Þ

� � : ð73Þ

Using Eq. (9), we get

_u

u
¼ 1

D
�eE �re11

w2

e

�

þhK 1þ e11

w2

e

� �	
_E

E
þ hKe11

w2

e

_K

K

�
: ð74Þ

Using equations (68), (73) and (74), we have

_e

e
¼

l 1�#ð Þ�1f g 1�lð Þ 1�#ð Þ
l 1�#ð Þ�1ð Þ

_E
E
þ _C

C

� �
þ 1

D �eE �re11 w
2

e

nh
þhK 1þe11

w2

e

� �o
_E
E
þhKe11 w

2

e

_K
K

i
þ 1

D �hKeE u
1�uð Þ

_E
E
þhKeu

_K
K

on

e
V0 eð ÞV

00 eð Þ� p0 eð Þe
1�p eð Þð Þþ

p00 eð Þe
p0 eð Þ

� � ;

) _e

e
¼

l 1�#ð Þ�1f g 1�lð Þ 1�#ð Þ
l 1�#ð Þ�1ð Þ

_E
E
þ _C

C

� �
þ eE

D �e11
w2

e

n
þhK 1þe11

w2

e

� �o
þhK u

1�uð Þ

h i
_E
E
þ 1

DhK e11
w2

e
þeu

� �
_K
K

e
V0 eð ÞV

00 eð Þ� p0 eð Þe
1�p eð Þð Þþ

p00 eð Þe
p0 eð Þ

� � withr¼1½ �;

) _e

e
¼

l 1�#ð Þ�1f g _C
C
þ eE

D �e11
w2

e

n
þhK 1þe11

w2

e

� �o
þhK u

1�uð Þþ 1�lð Þ 1�#ð Þ
h i

_E
E
þ 1

DhK e11
w2

e
þeu

� �
_K
K

e
V0 eð ÞV

00 eð Þ� p0 eð Þe
1�p eð Þð Þþ

p00 eð Þe
p0 eð Þ

� � :

ð75Þ

Equation (76) is same as Eq. (27) in the body of the paper.

E.2 Stability of long-run equilibrium

While analysing stability of long run equilibrium, we use three independent

equations of motion given by (24), (25) and (13). These equations of motion are

given by

_C ¼ r 1� sð Þ � d� q
1� l 1� #ð Þ C� 1� lð Þ 1� #ð Þ

l 1� #ð Þ � 1
C

_E

E
;

) _C ¼ r 1� sð Þ � d� q
1� l 1� #ð Þ C� 1� lð Þ 1� #ð Þ

l 1� #ð Þ � 1

C

E
srK� aXþ pEð Þ

and
_K ¼ s X� srKð Þ � dK;

) _K ¼ 1� C

X� srK

� �
X� srKð Þ � dK:

) _K ¼ X� srK� C� dK;

and
_E ¼ srK� aXþ pE.
The stability properties of the long-run equilibrium depends on the sign of latent

roots of the Jacobian matrix corresponding to those three equations of motion. The

Jacobian matrix is given by.
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J ¼

o _C

oC

o _C

oK

o _C

oE
o _K

oC

o _K

oK

o _K

oE
o _E

oC

o _E

oK

o _E

oE

2

6666664

3

7777775

.

We assume r ¼ 1, i.e., the production function is Cobb–Douglas. Using

Eqs. (7A), (10A), (16)–(18) and long-run equilibrium conditions, we have
o _C

oc
¼ 0;

o _C

oK
¼ C

1� sð Þ
1� l 1� #ð Þ

r

K

1

D
hLe11

w2

e
eu þ

1� lð Þ 1� #ð Þ
l 1� #ð Þ � 1

C

E

pE
K

X̂

K̂
;

o _C

oE
¼ �C

1� sð Þ
1� l 1� #ð Þ

r

E

1

D
hLe11

w2

e
eE

u

1� uð Þ �
1� lð Þ 1� #ð Þ
l 1� #ð Þ � 1

C

E
p
X̂

K̂
þ p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �� 	
;

o _K

oC
¼ �1\0;

o _K

oK
¼ X

K

1

D
�e11

w2

e
hk eu þ

u

1� uð Þ

� ��
þ hKeu 1þ e11

w2

e

� �	
� sr 1þ 1

D
hLe11

w2

e
eu

� �
� d;

o _K

oE
¼ � rK

E
1� sð Þ 1

D
hLe11

w2

e
eE

u

1� uð Þ [ 0;

o _E

oC
¼ 0;

o _E

oK
¼ �pE

K

X̂

K̂
\0

and

o _E

oE
¼ p

cpX
K̂

þ p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �
\0:

The determinant corresponding to this Jacobian matrix is given by

Det Jð Þ ¼ C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eu þ

1� lð Þ 1� #ð Þ
l 1� #ð Þ � 1

C

E

pE
K

X̂

K̂


 �
p
X̂

K̂
þ p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �
 �

� C
1� sð Þ

1� l 1� #ð Þ
r

E

1

D
hLe11

w2

e
eE

u

1� uð Þ þ
1� lð Þ 1� #ð Þ
l 1� #ð Þ � 1

C

E
p
X̂

K̂
þ p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �� 	
 �
pE
K

X̂

K̂

¼ C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eu p

X̂

K̂
þ p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �
 �

� C
1� sð Þ

1� l 1� #ð Þ
r

E

1

D
hLe11

w2

e
eE

u

1� uð Þ
pE
K

X̂

K̂

¼ C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eup

X̂

K̂
þ C

1� sð Þ
1� l 1� #ð Þ

r

K

1

D
hLe11

w2

e
eu

p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �

� C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eE

u

1� uð Þ p
X̂

K̂

¼ C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eu

p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �

� C
1� sð Þ
#

r

K

1

D
hLe11

w2

e
p
X̂

K̂
eE

u

1� uð Þ � eu

� �

¼ �C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eE

u

1� uð Þ � eu

� �
p

X̂

K̂
þ 1

D
eue11

w2

e
hL

� �

¼ �C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eE

u

1� uð Þ � eu

� �
p

1

D
�e11

w2

e
hk eu þ

u

1� uð Þ

� ��
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þ hKeu 1þ e11
w2

e

� �	
þ 1

D
eue11

w2

e
hL

�

¼ �C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eE

u

1� uð Þ � eu

� �
p
D

�e11
w2

e
hk eu þ

u

1� uð Þ

� ��


þ hKeu 1þ e11
w2

e

� �	
þeue11

w2

e
hL

�

¼ �C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eE

u

1� uð Þ � eu

� �
p
D

�e11
w2

e
hk eu þ

u

1� uð Þ

� ��
þ hKeu þ eue11

w2

e

	

¼ �C
1� sð Þ

1� l 1� #ð Þ
r

K

1

D
hLe11

w2

e
eE

u

1� uð Þ � eu

� �
p
D

�e11
w2

e
hK eu þ

u

1� uð Þ

� ��
þ eu hK þ e11

w2

e

� �	
:

When eE u
1�uð Þ [ eu, Det Jð Þ is positive if hK þ e11

w2

e

� �
[ 0; and we assume this

to be true.

If the determinant of J is positive, then either all three latent roots are positive or

two roots are negative and one root is positive.

Trace of the Jacobian matrix is given by

Tr Jð Þ ¼ X

K

X̂

K̂
� sr 1þ 1

D
hLe11

w2

e
eu

� �
� dþ p

X̂

K̂
þ p
D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �

¼ X̂

K̂

X

K
þ p

� �
� sr 1þ 1

D
hLe11

w2

e
eu

� �
� dþ p

D
e11

w2

e
hL eE

u

1� uð Þ � eu

� �

¼ X̂

K̂

X

K
þ p

� �
� sr

1

D
hLe11

w2

e
eu �

p
D
e11

w2

e
hLeu � sr � dþ p

D
e11

w2

e
hLeE

u

1� uð Þ

¼ X̂

K̂

X

K
þ p

� �
� 1

D
hLe11

w2

e
eu sr þ pð Þ � sr � dþ p

D
e11

w2

e
hLeE

u

1� uð Þ

Here
^X
^K

X
Kþ p

� �
� 1

D hLe11
w2

e eu srþ pð Þ
n o

[ 0 and �sr� dþ p
D e11

w2

e hLeE u
1�uð Þ

n o
\0.

So, Trace of the Jacobian matrix is indeterminate in sign.

In order to determine the sign of the latent roots of the J matrix we apply the

Routh-Hurwitz Theorem. The characteristic equation obtained from J matrix is

given by

�v3 þ Tr Jð Þv2 �M Jð Þvþ Det vð Þ ¼ 0; ð76Þ

where v is the latent root.

Here,

M Jð Þ ¼
o _C

oc

o _C

oK
o _K

oC

o _K

oK

2

66666

3

77777

þ
o _K

oK

o _K

oE
o _E

oK

o _E

oE

2

66666

3

77777

þ
o _C

oc

o _C

oE
o _E

oC

o _E

oE

2

66666

3

77777

The sign of M Jð Þ is ambiguous.

The number of positive roots in the characteristic equation (72) is equal to the

number of variations of signs in the scheme
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�1; Tr Jð Þ;�M Jð Þ þ Det Jð Þ
Tr Jð Þ ;Det Jð Þ

� 	
: ð77Þ

If the sign of M Jð Þ is ambiguous, then sign of �M Jð Þ þ Det Jð Þ
Tr Jð Þ is also ambiguous.

Hence the number of positive latent roots can not be obtained in this way.

The number of negative roots will determine the nature of transitional paths

around the long-run equilibrium point. In this model, we have two state variables, K

and E, and only one control variable, C. The properties of transitional dynamics

depends on the relationship between the number of state variables and the number of

negative latent roots. The long run equilibrium is saddle point stable (unstable) if the

number of negative latent roots is equal to (less than) the number of state variables.

However, it faces indeterminacy with infinite number of transitional path when

number of negative latent roots is greater than the number of state variables.27 We

consider four alternative cases.

Case (i): Trace is positive and �M Jð Þ þ Det Jð Þ
Tr Jð Þ is positive.

We have only one variation in sign in the scheme (76) in this case. So the

characteristic equation (77) has only one positive root and two negative roots; and

thus the number of negative latent roots is equal to the number of state variables.

Hence the long-run equilibrium point satisfies saddle point stability in this case.

Case (ii): Trace is positive and �M Jð Þ þ Det Jð Þ
Tr Jð Þ is negative.

We have three variations in sign in the scheme (76). So the characteristic

equation (77) has all three positive latent roots. So the number of negative latent

roots being zero falls short of the number of state variables. So the long-run

equilibrium is unstable in this case.

Case (iii): Trace negative and �M Jð Þ þ Det Jð Þ
Tr Jð Þ is positive.

We have only one variation in sign in the scheme (76) in this case. So the

characteristic equation (77) has only one positive root and two negative roots; and

thus the number of negative latent roots is equal to the number of state variables.

Hence the long-run equilibrium point satisfies saddle point stability in this case.

Case (iv): Trace negative; �M Jð Þ þ Det Jð Þ
Tr Jð Þ is negative.

We have only one variation in sign in the scheme (76) in this case. So the

characteristic equation (77) has only one positive root and two negative roots; and

thus the number of negative latent roots is equal to the number of state variables.

Hence the long-run equilibrium point satisfies saddle point stability in this case.

E.3 Comparative steady state effects

We analyse comparative steady state effects on K, E and u with respect to change in

s when the equilibrium is saddle point stable. C is a jump variable; and its value can

be thrown on the saddle path.

From Eq. (24), i.e., with _C ¼ 0 and _E ¼ 0, we have
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From Eq. (13), with _E ¼ 0, we have

� pE
K
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K̂

dK
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þ p
D
e11

w2

e
hL eE

u
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� �� 	
dE
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Using equations (79) and (80), we have
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and

dE

ds
¼ �

rC 1
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For both equation (80) and (81) denominators in the RHS are negative if

hK þ e11
w2

e

� �
[ 0 and eEu[ eu 1� uð Þ. Numerator of (81) is always positive.

Numerator of (81) is positive if pE\ dþ qð ÞK. Hence, under these conditions,
dK
ds

[ 0 and dE
ds

[ 0.

Using equation (60), we obtain

du

ds
¼ u

D
�eE �re11

w2

e

�

þhK 1þ e11

w2

e

� �	
1

E

dE
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þ hKe11
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e
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Here also du
ds

\0, as dE
ds

[ 0 and dK
ds

[ 0.
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Appendix F

If we assume full employment in the model of the body of the paper; then term

eu ¼ 0. Then, without using Solow (1979) condition i.e. assuming that ew 6¼ 1,

Eqs. (28), (29), (32) and (33) are modified as follows

hLŵ� hLêþ hKr̂ ¼ 0; ð83Þ

ewŵ� ê ¼ �eEÊ; ð84Þ

hLrŴ� hLrê� hLrr̂þ X̂ ¼ K̂; ð85Þ

and

�hKrŴ� �hKrþ 1ð Þêþ hKrr̂þ X̂ ¼ 0: ð86Þ

From Eqs. (83), (84), (85) and (86), we have

D ¼ rþ ew �rþ hKf g: ð87Þ

Following equations describe the flexible wage full employment model with

exogenous labour efficiency.

1 ¼ aLwþ aKr: ð88Þ

aKX ¼ K: ð89Þ

aLX ¼ L: ð90Þ

Here ew ¼ 0; and hence from Eq. (87) we have

D ¼ r: ð91Þ
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