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Abstract

We develop an aggregate growth model with environmental pollution and unem-
ployment equilibrium to be explained by efficiency wage hypothesis. Environmental
quality is degraded due to emissions generated from production and is improved by
abatement expenditure. The efficiency of a worker varies positively with its wage,
unemployment rate and environmental quality. In the short-run equilibrium, an
exogenous improvement in environmental quality given the capital stock lowers
efficiency wage rate and unemployment rate but raises the rental rate on capital and
the level of output; and an exogenous increase in capital stock given the environ-
mental quality raises efficiency wage rate and level of output but lowers rental rate
on capital and unemployment rate. Capital stock and environmental quality accu-
mulate over time. A proportional tax is imposed on the rental income on capital to
finance the abatement expenditure; and households’ savings is invested. An increase
in the tax rate raises the capital stock, national income and the environmental
quality but lowers the unemployment rate in the long run equilibrium.

Keywords Environmental pollution - Efficiency wage hypothesis - Unemployment -

Tax on rental income - Abatement expenditure - Economic growth

JEL Classification F64 - 044 - H20 - Q56

1 Introduction

There are various alternative theories to explain unemployment in a macro economic
model; and ‘Efficiency Wage hypothesis’ is one of them. According to the traditional
version of this efficiency wage hypothesis, the efficiency of a worker varies positively
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with her wage rate and the unemployment rate in the labour market. A higher wage rate
motivates the labourer to work hard. A higher unemployment rate lowers the marginal
disutility of work effort in the presence of a threat of firing; and this, in turn, makes the
labourer more disciplined and hardworking. Many models in the existing literature
introduce unemployment problem using efficiency wage framework.! A few of them
are intertemporal in nature; and attempts to explain the interaction between economic
growth and unemployment.” However, majority of these existing efficiency wage
models do not consider the problem of environmental pollution. Introducing efficiency
wage hypothesis into a dynamic model with environmental pollution and capital
accumulation, one can easily study the interaction among capital accumulation,
unemployment and environment; and can also analyse simultaneous effects of different
policies on all these macro economic variables. Unfortunately no existing model takes
care of this interaction. On the other hand, many dynamic models deal with the
interaction between economic growth and environmental pollution.® However, none of
these models consider the problem of unemployment.

It is always important to analyse this interaction between unemployment and
environment because many developed countries and developing countries in the world
suffer from both the unemployment problem and the environmental pollution problem. In
less developed countries, many underemployed workers are employed in labour intensive
informal sectors; and productions in these sectors generate substantial emissions leading to
pollution of air and water.* Unemployed workers and dishonest businessmen often earn
income destroying natural resources. Thus growing unemployment degrades the quality of
environment through the growth of anti social as well as informal economic activities. The
agricultural sector in a less developed economy contributes substantially to national
employment. However, application of scientific farming with chemical fertilizers,
pesticides and insecticides etc. not only raises the agricultural productivity and level of
employment but also leads to water pollution in lakes and canals.

A few works introduce environmental pollution in efficiency wage models.
Albert and Meckl (2001) and Schneider (1997) develop models with efficiency
wage and green tax to improve environment. However, their models are static and
short-run equilibrium models; and hence do not focus on capital accumulation and
economic growth. Lai et al. (2002) is the only dynamic model in this context.
However, in Lai et al. (2002), we find an intertemporal analysis without capital
accumulation. Moreover, environmental quality does not directly enter into the
efficiency function of labour in these models.

! See, for example, Alexopoulos (2003), Brecher et al. (2002) Solow (1979), Summers (1988), Calvo
(1979), Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Salop (1979),
Akerlof (1984), Akerlof and Yellen (1990) etc.

2 See, for example, Alexopoulos (2003), Brecher et al. (2002) etc.

3 See, for example, Smulders (1999), Smulders and Gradus (1996), Gradus and Smulders (1993), Greiner
(2005), Economides and Philippopoulos (2008), Managi (2006), Dinda (2005), Di Vita (2008), Hartman
and Kwon (2005), Heutel (2012), Le Kama (2001), Elbasha and Roe (1996), Oueslati (2002), Bertinelli
et al. (2008), Byrne (1997), Itaya (2008), Bovenberg and Smulders (1995), Huang and Cai (1994),
Benarroch and Weder (2006), Selden and Song (1995), Brock and Taylor (2005) and many others.

4 For employment contribution of informal sector, one can find evidences in Papola (1981), Mitra (1998)
etc. For emission generation from informal sector, evidences are available in Sethuraman (1981), Squire
(1981) etc.
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We develop an one sector dynamic model with an unemployment equilibrium to
be explained by the efficiency wage hypothesis.” Only one commodity is produced
with capital and labour as inputs; and labour is measured in efficiency unit. The
special property of the present model is that efficiency of labour varies positively
not only with the wage rate and the unemployment rate but also with the quality of
environment; and this property follows from the rational behaviour of the worker
who derives utility from environmental quality as well as from consumption and
when these two arguments in the utility function are complementary to each other.
So the motivation of the worker to work hard is also improved because the
improvement in the environmental quality raises her marginal utility of consump-
tion which, in turn, raises her marginal benefit of working harder. This efficiency
enhancing effect of environment is missing in the existing efficiency wage models.°

Environmental quality is defined as a combined stock of natural gifts consisting
of fresh air, pure water, fertility of land, plants, animals etc.; and we ignore the
problem of aggregation of these different natural gifts in this theoretical exercise. It
may be treated as an aggregate public durable consumption good of the worker
available free of cost. Emission generated from the production sector is a flow
variable and is different from this stock of environmental quality. This environ-
mental quality changes over time; and emission from production causes intertem-
poral degradation of environmental quality while an abatement activity leads to its
upgradation. Many existing models treat environmental quality as a stock variable
making it different from emission which is a flow variable.” However, many other
models assume environmental quality to be identical to emission; and hence it is
treated as a flow variable there.® The distinction between environment stock and
emission flow makes sense in a dynamic intertemporal model.

In this paper, our goal is to make a dynamic long run equilibrium analysis with
intertemporal accumulation of capital as well as of environmental quality. The
model takes care of the negative effect of production activity on environmental
degradation assuming that the level of emission is proportional to the level of
output. Proportional tax is imposed on the rental income on capital; and the tax
revenue is spent to finance abatement activities. The change in environmental
quality is defined as the old emission removed by abatement activity plus the natural
improvement of environmental quality minus the present emission generated by
production. So the environmental quality changes over time’ due to negative
environmental effects of production activity and positive effects of abatement

5 See works of Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Gupta
(2000), Gupta and Gupta (2001), Chaudhuri and Banerjee (2008) etc.

6 Lai et. al. (2002) is the only exception in this context. However, in Lai et. al. (2002), we find an
intertemporal analysis without capital accumulation. One can not analyse the effect of capital income
taxation using this framework.

7 See, for example, Bouche et al. (2019), Gupta and Ray Barman (2010), Economides and Philippopoulos
(2008), Bovenverg and Smulders (1995) etc.

8 See, for example, Greiner (2005), Smulders and Gradus (1996), Gradus and Smulders (1993), Gruver
(1976), Forster (1973) etc.

° See, for example, Gupta and Barman (2009, 2010), Economides and Philippopoulos (2008), Greiner
(2005) etc.
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activity. Capital accumulation which is the source of economic growth also takes
place over time through investment of savings. These two features justify the
dynamic long run equilibrium analysis to be done at the end.

We derive a few interesting results from this model. First, an exogenous
improvement in the environmental quality given the capital stock lowers the
efficiency wage rate and unemployment rate but raises the rental rate on capital and
the level of output in the new short run equilibrium. Second, an exogenous increase
in the capital stock given the environmental quality raises efficiency wage rate and
level of output but lowers rental rate on capital and unemployment rate in the new
short run equilibrium. Third, an exogenous increase in the tax rate on rental income
on capital raises capital stock, national income and environmental quality but lowers
unemployment rate in the new long run equilibrium when tax revenue is utilized to
finance abatement expenditure. This third result is valid not only in the exogenous
saving model but also in the endogenous savings model. The first and the third result
can not be obtained from traditional efficiency wage models where labour efficiency
is independent of environmental quality.

Capital income taxation as a policy instrument is chosen from the view point of
equity.'® Abatement expenditure is productive in this model because labour
efficiency varies positively with environmental quality; and so an improvement in
environmental quality leads to a redistribution of income in favour of the capitalists
raising the rental rate on capital and lowering the efficiency wage rate of labour.
Abatement activities cause improvement in environmental quality. Thus our
analysis attempts to justify a policy combination of taxing capitalists income and
utilizing the tax revenue to finance abatement expenditure. However, this
justification can not be made in the absence of any efficiency enhancing effect of
environment. Existing efficiency wage models do not incorporate the efficiency
enhancing effect of environment.

Micro foundation of the efficiency function is provided in Sect. 2. We develop
the basic short run equilibrium model in Sect. 3. In Sect. 4, we introduce
intertemporal accumulation of capital and degradation of environmental quality to
make the model dynamic. Savings rate is assumed to be exogenous with capitalists
and workers having different savings propensities. We analyse properties of long-
run equilibrium in sub-Sect. 4.1; and study comparative steady-state effects in
subsection 4.2. The Ramsey savings problem is solved in subsection 4.3 using a
representative household framework. Section 5 is used to make concluding remarks.

2 Efficiency function

In this section, we provide the micro foundation of the efficiency function of labour.
This efficiency function is derived from utility maximizing behaviour of the worker
who derives utility from consumption and environmental quality and derives
disutility from effort. Here the stock of environmental quality enters into the utility
function as an argument and provides a flow of consumption services to the worker.

19 We do not consider the efficiency aspect and thus fail to find out the properties of optimum tax policy.
In a future work we may find out what determines the optimum tax rate.
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However, the worker does not derive any disutility from the flow of emission
generated by the production sector.

Let C be the expected consumption level of the worker and Q(C, E) be his utility
function and V (e) be the disutility function where e is his effort level and E stands for
the stock of environmental quality. Here, 0 <e < 1. Maximum effort permissible
physically is normalized to unity. We assume following restrictions to be satisfied: (i)
Ql > 0, Qz > 0, Qll <0, 922 <0, le > (0 and (11) V’(e) > 0, V”(e) > (. Here,
Qi, > 0 implies that consumption and environmental quality are complementary.
Q1 <0 implies that the worker is not a risk-lover. Also V(e) is independent of E.
Hence the marginal disutility of effort, V' (e), is independent of environmental quality.

The objective of the worker is to maximize the net utility given by

Z=Q(C,E) — V(e)

with respect to the choice of effort, e, as well as with respect to the rate of savings. Here

C=(1-9)Y
where Y represents the expected level of income and s represents the savings rate.
Here expected income consists of expected wage income as well as of non wage
income. Hence,

Y=pw+ (I —p)w* +w"

where w is the wage income and w" is the non wage income. (1 — p) is the prob-
ability that the worker will be monitored and fired if caught shirking; and w* is the
alternative expected wage income if the worker is fired. We assume that this
probability, (1 — p), is lower (higher) when his effort level is higher (lower).
Mathematically, p = p(e) with p’(e) > 0.

Also p(0) =0 and p(1) = 1. Here, p”(e) <0 is a simplifying assumption. The
alternative expected wage income after being fired is given by.

w? = (1 —u)w* + ub.

Here u is the unemployment rate defined as the level of unemployment divided
by the total number of workers. This unemployment rate denotes the probability of
remaining unemployed after losing the job. The actual wage rate in the alternative
job is denoted by w*; and b stands for the rate of unemployment allowance.

Using all these four equations, we have

C=(1-s){ple)[w—w" +u(w" —b)] + (1 —u)w" +ub+w"}
and
Z=0((1-s){ple)w—w"+uw —b)]+ (1 —u)w" +ub+w"},E) — V(e).

We assume the savings rate, s, to be exogenously given.'' Savings finances future
consumption. So, in an one period model, endogenous allocation of income between

' We develop an exogenous saving growth model in Sect. 4 of this paper. So the derivation of efficiency
function with an exogenous value of s is consistent with the assumption made in that section.
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consumption and savings does not make sense. It makes sense in a multiperiod life
time utility maximization model. So, in the present section, Z is to be maximized
with respect to e only; and the first-order condition of maximization is given by

(1 =5)Qp'(e){(w = w") +u(w" = b)} = V'(e).

Here the right hand side represents marginal disutility of effort and the left hand
side represents marginal utility of effort. Q; represents marginal utility of expected
consumption and (1 —s)p’(e){(w — w*) + u(w* —b)} stands for the marginal
contribution of effort on expected consumption. Additional effort leads to additional
income; and this, in turn, leads to additional consumption and additional utility.

The second order condition of maximization is always satisfied because

D = (1 =s)[(Qup'(e) + Qip"(e)) {(w — ") +u(w" —b)} — V'(e)] <0.

Here w>w* > b, by assumption. Also 0<s<1. For Q;; <0, D is always
negative because p”(e) <0 and V”(e) > 0. Here consumption is uncertain. Q;; =
0(<0) implies that worker is risk neutral (averter). Utility defined over expected
consumption makes sense when the worker is risk neutral.

From the first order condition of maximization, we have

Dde + QdE = —(1 —s) (p'(e)Ql +p(e)V'(e) ?2_111) {dw — udb + (w* — b)du}.

Here (— %—‘1‘) represents the absolute rate of risk aversion.

We assume that no allowance is paid to unemployed workers. So b = 0. Hence,
with Q;; = 0, i.e., with risk-neutrality assumption, we have
de (1 —s)Qip'(e)

= *->90
dw D ’

and

de 1 —s)Qp *
e (1-9@pew _
du D
So an increase in the wage rate and/or unemployment rate generates a positive
effect on the optimum level of effort of the risk-neutral worker.
ge

Mathematical signs of g—é’v and a remain unchanged when Q;; <0 but is very

low, i.e., when the worker is risk averter but the degree of risk aversion is very low.
However, when the degree of risk aversion is very high, these signs may be
reversed.
It can be easily shown that
de le(.) .
—=——>>0if Qpp, > 0;
dE D 12 )

and this sign is independent of whether Q;; is negative or zero. So, regardless of risk
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neutrality or risk aversion, an improvement in the environmental quality always
raises the optimum level of effort of the worker.

If Q; is independent of C, i.e., if Q;; = 0, then a change in the non-wage income,
w", does not affect the equilibrium condition. So optimum effort level, e, is
independent of non-wage income, w", when the worker is risk neutral.

However, when Q;; <0, then

!/
E _ _Q]l(l — S)V (e) <0.
dw" DQ[

Hence an increase in the non-wage income must have a negative effect on the
optimum level of effort when the worker is risk averter.

If e* is the equilibrium effort level of the worker, then

e’ =e"(w,E,u,w")

is the optimum effort function and this is called the labour efficiency function in this
model. From this labour efficiency function, we can easily establish the following
proposition.

Proposition 1 Efficiency of labour varies positively with the wage rate as well as
with the unemployment rate when the worker is risk neutral and also when the
degree of risk aversion of the worker is positive but is very low. It also varies
positively with the environmental quality if environmental quality and consumption
are complementary in workers preference. It varies inversely with (is independent
of) the non wage income when the worker is risk averter (neutral).

We provide intuitive explanations behind the proposition. An exogenous increase
in the wage rate means an increase in the higher return on her effort and indirectly
means an increase in the cost of her shirking. So she must work hard following an
increase in the wage rate. Similarly an increase in the unemployment rate means a
decrease in her expected income from the alternative source which, in turn, implies
an increase in the cost of shirking. So she puts a higher effort in her workplace when
she faces a higher unemployment rate in the labour market. An improvement in the
environmental quality raises the marginal utility of consumption of the worker when
consumption and environmental quality are complementary in workers’s preference.
So the worker works hard to earn more following an improvement in environmental
quality.

An increase in non wage income acts like a risk free gift income to the worker;
and so it discourages the risk averter worker to work hard when wage income is
uncertain. However, it does not affect the effort choice of the risk-neutral worker
because the risk neutral worker is indifferent between risky income and risk free
income. This negative effect'> of non wage income on labour efficiency is very
small when Q; is very low; and so, for the sake of simplicity, we ignore this effect
in this paper assuming risk-neutrality. The worker is assumed to save and to earn
rental income in the dynamic model to be developed in Sect. 4; and so an analysis of

'2 In fact, Agell and Lundborg (1992,1995) point out a similar negative effect of non-wage income on
labour efficiency without providing any formal micro foundation.
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the role of non wage income on labour efficiency is important in this mico-
foundation section.

It may be noted that efficiency of labour varies inversely with the quality of
environment when Q; <0, i.e., when consumption and environmental quality are
substitutes. However, we do not consider this case. There may be a substitution
between effort and environmental quality in the disutility function. The labour
efficiency varies positively with environmental quality when it is substitute to
leisure. However, if leisure and environmental quality are complementary, then also
an improvement in environmental quality demotivates the worker from working
hard. So our special result that labour efficiency varies positively with environ-
mental quality is conditional on the assumption that environmental quality is
complementary to consumption and not to leisure.

Disutility function is also independent of the level of emission in this case.
However, if the marginal disutility of effort varies positively with the level of
emission, then the level of production may have a negative effect on the efficiency
of labour because production sector generates emission.

Entry of environmental quality as an argument in the labour efficiency function
creates an indirect positive effect of environment on productivity. Many authors like
Nordhaus (1992), Bovenberg and Smulders (1995), Greiner (2005), Gupta and
Barman (2009, 2010) etc. introduce environment as a productive input in the
aggregate production function without providing any micro foundation of this
positive effect. Our exercise provides the required micro foundation through
derivation of the efficiency function of labour; and this has not been done earlier.

3 The short run equilibrium model

The transitional dynamic phase of every dynamic model consists of a series of short
run equilibria defined at different points of time. In the short-run equilibrium of the
present model, we solve for equilibrium values of variables like factor prices,
intersectoral factor allocations and level of output of different sectors. These values
are obtained at a given point of time in terms of given values of stock variables like
capital stock and environmental quality. These equilibrium values change over time
when capital stock and environmental quality change over time.

We consider a decentralized economy with only one production sector and with
two factors of production called labour and capital and also with all exchanges
taking place in competitive markets. The production function obeys all standard
neo-classical properties including constant returns to scale. Capital stock is
exogenously given in the short run, i.e., at a particular point of time, but changes
over time. So it plays the role of a parameter in the short run. Labour is measured in
efficiency unit; and number of workers is given and time independent. Wage rate is
perfectly flexible in both the directions. However, there exists unemployment in the
labour market; and this unemployment equilibrium is explained by efficiency wage
hypothesis,"® according to which, the efficiency of a worker in general varies

13 See works of Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Gupta
(2000), Gupta and Gupta (2001) and Chaudhuri and Banerjee (2008) etc.
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positively with the wage rate and unemployment rate.'* The special property of this
model is that the efficiency of labour varies positively also with the quality of
environment; and this efficiency function is already derived in Sect. 2 of this paper.
This quality of environment is also exogenously given in the short run, i.e., at a
given point of time. However, it accumulates over time. An exogenous improve-
ment in the quality of environment raises the efficiency of labour by raising the
marginal utility of consumption of the worker. Rental rate on capital is perfectly
flexible and this flexibility ensures full utilization of capital stock. All markets are
perfectly competitive. The representative firm maximizes profit; and so all profit
maximizing input—output coefficients in the production technology depend on the
wage-rental ratio. The representative consumer maximizes utility subject to the
budget constraint. Production sector generates emission; and the flow of emission
varies positively and proportionately with the level of output. This flow of emission
does not affect the efficiency of labour instantaneously. However this emission
affects the rate of degradation of environmental quality over time; and this change
in environmental quality generates an intertemporal effect on the change in
efficiency of labour.
We use following notations.

P =1 = Price of the product.

e = Efficiency of labour.

% = Wage rate per efficiency unit of labour.

r = Rate of return on capital.

X = Level of output.

L = Number of workers.

elL = Labour endowment in efficiency unit.

K = Capital endowment.

u = Unemployment rate.

eL(1 — u) = Labour employment in efficiency unit.

ag = % = Profit maximizing capital output ratio.

ap :w = Profit maximizing employment output ratio, labour being

expressed in efficiency unit.
E = Quality of environment.
Gj = Distributive share of j th factor for j = L, K.

13 See works of Shapiro and Stiglitz (1984), Pisauro (1991), Agell and Lundborg (1992, 1995), Gupta
(2000), Gupta and Gupta (2001) and Chaudhuri and Banerjee (2008) etc.

4 Our efficiency function is a special case of the more general efficiency function considered in the fair
wage hypothesis developed by Agell and Lundborg (1992, 1995) where rental rate on capital also appears
as an argument. In Sect. 2 of this paper, we have shown that an increase in non wage income has a
negative (zero) effect on labour efficiency when the worker is risk averter (neutral). If the worker is risk
averter, then labour efficiency should also vary inversely with the rental rate on capital as well as with the
stock of capital owned by the worker. We ignore this problem simply assuming that the worker is risk
neutral.
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8

(measured in efficiency unit) and capital.
z=4dz
7

A\
P
[i] = Technical elasticity of substitution between labour
aL

= Relative change in z where z is any variable.
Following equations describe the short-run equilibrium of this model.

1 :aL(g> + agr. (1)
e =e(w,E,u) with e, > 0and ey, <0 form=1,2,3. (2)

Here e, is the marginal efficiency with respect to the mth argument; and e, is
the rate of change in that marginal efficiency.

Oe w w
aKX =K. (4)
a X =L(1 —u)e. (5)

Here Eq. (1) stands for the profit maximizing condition of a competitive firm.
Price of the product is normalized to unity in an one commodity model. Price is
equal to marginal cost in competitive equilibrium; and marginal cost is equal to
average cost when there is constant to returns to scale in production technology.
Derivation of this Eq. (1) is described in “Appendix A”. Equation (2) stands for the
efficiency function of labour. Efficiency of labour is a positive and concave
function' in terms of its every argument. It is the optimum effort function of an
utility maximizing worker derived in the presence of her threat of firing when she
shirks; and its derivation has already been analysed in Sect. 2. Effective unit cost of
employing labour is (%); and this unit cost is to be minimized with respect to wage
rate, w. The first-order condition of unit cost minimization is given by Eq. (3). It is
similar to Solow (1979) condition which implies that wage elasticity of labour
efficiency is equal to unity. Equation (4) stands for capital market equilibrium
condition and this equilibrium is automatically attained by the flexibility of rental
rate on capital. Equation (5) represents unemployment adjusted labour market

equilibrium condition. Profit maximizing factor output coefficients, ax and ar, are
w
(&)

functions of factor-price ratio, 8

There are five unknowns in this short run equilibrium model: w, e, r, u and X.
Three parameters are given by E, L, and K. These five unknowns are solved
simultaneously by these five equations. Equations (1), (2), (3) and (5) solve for

'3 Concavity can not be proved in the derivation of the efficiency function in Sect. 2. It is a simplifying
assumption.

@ Springer



Taxation, capital accumulation, environment and unemployment in... 161

equilibrium values of w, e, r and u. Then values of ax and ap, are also endogenously

determined because each of these two coefficients is a function of ( ) Finally,
Eq. (4) solves for the equilibrium value of output, X. Multiplying both sides of
Eq. (4) by r and of Eq. (5) by (¥) and then using Eq. (1), we have

X =1K+ wL(1 —u).

This proves the equality between national income at product price and national
income at factor cost.

3.1 Change in parameters

Only K and E change over time but L is time independent by assumption. Here we
analyse the effect of an exogenous change in environmental quality, E, and in
capital endowment, K,one by one, keeping other parameters fixed.

We define following two notations.

eg = Elasticity of labour efficiency with respect to environmental quality.

¢, = Elasticity of labour efficiency with respect to unemployment rate.

In our model, eg > 0 because an improvement in environmental quality raises
labour efficiency. In the existing efficiency wage models, g = 0. However, g, is
always positive in any efficiency wage model.

Using Egs. (1) to (5), we obtain'® following equations.

w :i{_GKSE a Eu) E+ GKSUﬁ}. (6)
G +eAﬁ) {_ngE(l LB+ k] )
r= —%eLe“W; (SE a Eu) E—suf(). (8)
ﬁ:% |:—8E{—O’€11“:—|—9K<1+611‘f)}ﬁ+9K611\fﬁ]. 9)
X = % {—enw—steLG(l — )E + {—ell%zeK(guG—i— (i Eu))

+6Ksu(1 +e11%) ] (10)

Here,

16 Detailed derivation is given in “Appendix B”.
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2 2 2
A= —8u0'611W—+ €40k 1 +311W_ - GIIW_L .
e e e gl —u)

A represents the elasticity of substitution between capital and labour when labour
is measured in efficiency unit and when efficiency wage is paid to workers. In a
flexible wage full employment model with exogenous labour efficiency, A = .
Here, e1; ‘%2 is the elasticity of marginal efficiency with respect to wage rate when
efficiency wage is paid to the worker.

e

marginal efficiency with respect to wage rate is less-than unity when efficiency
wage is paid to the worker. A > 0 in this case'” because —0;. <0, Ok >0, 6 >0

and e;; <O.
Now, from Egs. (6) to (10), we have

We assume that (1 + e Wz) > (. This assumption implies that the elasticity of

W=——1—<0foreg>0;
E
w eKSU
K A
2 I+e lz)
€ ( I7e u
f__ <0 for e >0;
5 A KSE(I_u)_ or &g =V,
é (1-4-611%2)9 0
==————"F—""0U& >0
K A
r 1 w? u
—=__0 - >0 f >0;
B ALellesE(l_u)_ or &g~
ro1 w?
E:KeLe11?8u<0;
- 1 2 2
i_SE{U€IIW_+eK<1+ellW_>}§O for &g >0;
E A e e
~ 1 2
= = —Oken — <0;
K A e

17 This is a sufficient condition but not a necessary one A may be positive even if (1 + e ‘%) <0.
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X 1 w? u X
= e —¢er0 >0 f >0;—
B Ae“ o €E Lc(l—u) or €g -~ K
1 2 2 1=
:K{—enw ek(suc—k(li )>+6Ksu(l+ellw?)}>0;and¥
1 w? w?
=—¢ggq —ogejn—+ 6k 1 +e;—|(e—u)p >0 for e>u.
A e e
Here magnitudes of 2 and X £ vary positively with the value of o; and other

expressions are independent of the value of . However their signs do not depend on
the value of . So, from these expressions, it is clear that an exogenous increase in
capital stock, K, raises w, e and X but lowers r and u. Mathematical signs of
derivatives with respect to K are independent of whether eg > 0 or g = 0.
However, an increase in environmental quality, E, lowers w, e and u but raises r and
X only when &g > 0, i.e., when environment has a positive efficiency enhancing
effect. In the existing efficiency wage literature, eg = 0; and hence expressions of
these derivatives with respect to E clearly show that

when eg = 0. So, in the existing efficiency wage models with eg = 0, an exogenous
change in the environmental quality, E, does not affect short-run equilibrium values
of w, e, 1, u and X.

Also from Egs. (6) and (7), we have

W—éze“Asz [eK(sE(luu)E—guK)] (11)

and this Eq. (11) implies that
wEe <0 for gg >0 with K =0

and

%>Of0rau>OWithE:0.

So the efficiency wage rate, ¥ - varies inversely with (is independent of) the
environmental quality, E, if the efficiency enhancing effect of environment is
present (absent). However, g, is always positive. So this efficiency wage rate always
varies directly with the capital stock, K, regardless of the presence or absence of
efficiency enhancing effect of environment.

Using Eqgs. (6)—(11), we can now establish the following proposition.

Proposition 2 In the short-run equilibrium, (i) an exogenous improvement in the
environmental quality given the capital stock lowers (does not affect) the efficiency
wage rate and the unemployment rate but raises (does not affect) the rental rate on
capital and the level of output in the presence (absence) of efficiency enhancing

@ Springer



164 M. R. Gupta, P. B. Dutta

effect of environment; and (ii) an exogenous increase in capital stock given the
environmental quality always raises efficiency wage rate and level of output but
lowers rental rate on capital and unemployment rate.

We now attempt to provide an intuitive explanation behind this proposition. An
improvement in the environmental quality generates a positive externality to the
health capital and the utility function of the worker and thus motivates her to work
hard. This leads to an increase in the efficiency of labour given the unemployment
rate and the wage rate. This is called the efficiency enhancing effect of environment.
So the efficiency wage rate falls and labour becomes relatively cheaper. So
employers demand for labour is increased lowering the unemployment rate because
keeping unemployment in the labour market is the labour disciplining device of the
employer. On the other hand, a fall in the unemployment rate lowers the efficiency
of labour. However, this second negative effect is stronger than the first positive
effect. So the net effect on labour efficiency is negative. Since labour and capital are
complementary to each others, demand for capital is also increased. So the rental
rate on capital goes up. However, total labour endowment in efficiency unit to be
used in production is increased because unemployment rate is reduced. The negative
net effect on labour efficiency is outweighed by the positive effect resulting from a
fall in the unemployment rate. This raises the level of output. However, this
mechanism does not work in the absence of an efficiency enhancing effect of
environment because neither unemployment rate nor efficiency is changed in that
case. The existing literature on efficiency wage theory unfortunately fails to
incorporate this efficiency enhancing effect of environment.

An increase in capital stock lowers the rental rate on capital in the new capital
market equilibrium. So the efficiency wage rate is increased to satisfy the profit
maximizing condition of the firm because product price is given. Labour and capital
are complementary to each others; and so demand for labour is also increased
which, in turn, lowers the unemployment rate and raises the wage rate. The fall in
the unemployment rate lowers labour efficiency but the rise in the wage rate raises
it; and the second effect is stronger than the first effect. So total labour employment
in efficiency unit is increased. Full utilization of additional capital and that increase
in labour employment in efficiency unit cause expansion of output. However, this
mechanism is also valid even in the absence of efficiency enhancing effect of
environment.

So an improvement in environmental quality has an income redistribution effect
in favour of capitalists because it raises the rental rate on capital but lowers the
efficiency wage rate in the presence of an efficiency enhancing effect of
environment. Abatement activities of the government lead to an upgradation of
environmental quality over time. So, in the context of financing these abatement
activities through tax-revenue, one may justify the choice of capital income taxation
on the ground of equity.
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4 The dynamic analysis

The dynamic model consists of all equations of the short-run equilibrium model and
of a few additional equations of motion generated from the intertemporal movement
of stock variables. Here we justify the economics behind those additional equations
of motion. Capital stock and environmental quality change over time. So the short-
run equilibrium values of all variables change over time; and this is how a dynamic
system moves over time.

We assume that the government imposes a proportional tax on rental income of
capital18 at the rate, t; and this tax revenue is spent to finance abatement
expenditure. The choice of this tax is justified by the fact that capital income tax is
an important source of tax revenue in many developed and developing countries.
Also abatement activities redistribute income in favour of capital in this model.
There are two sources of intertemporal improvement of environmental quality. One
is the natural rate of improvement and another is the abatement activity to be
financed by tax revenue. In the public economics literature, there exists substantial
works dealing with general equilibrium effects of corporate income taxes on
resource allocation and on capital accumulation. However, use of this tax revenue to
finance abatement expenditure is generally not considered in those models with a
few works being exceptions'?; and those few works neither focus on the effects of
capital income taxation nor study the implication of unemployment problems. Like
Solow (1956) model, we assume that entire savings is invested; and, like Kaldor
(1957) model, we assume that workers and capitalists have different propensities to
save. Existing capital stock depreciates over time at a constant rate. However, we
ignore the intertemporal growth of the number of workers in this model*’; and
hence number of workers is normalized to unity. A constant and positive rate of
depreciation of capital is enough to ensure the existence of a long run equilibrium.
We also consider an exogenous savings model in this section. Environmental quality
is degraded due to expansion of output because we assume that production sector is
the source of emission.”!

Equations (12) and (13) presented below describe the intertemporal rate of
change in capital stock and the rate of change in environmental quality respectively.

K =s,(1 — 1)rK 4 s,(1 —u)wL — 3K; (12)

and

E = uwK — oX + nE. (13)

18 Alternatively, one may think of a proportional tax on total output or on labour income. The implication
of using alternatives is discussed in the Conclusion section of this paper.

19 For example, see Ansuategi and Marsiglio (2017), Huang and Cai (1994).

20 This is a simplifying assumption. If labour force grows at a constant rate, this is not a problem.

2! This assumption is borrowed from Gupta and Ray Barman (2010), Liddle (2001), Oueslati (2002),
Hartwick (1991), Smulders and Gradus (1996), Byrne (1997), Gruver (1976), Dinda (2005), etc.
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Here & represents the constant rate of depreciation of capital stock. T represents
the tax rate on rental income capital. Hence (1 — t)rK represents post tax rental
income on capital; and trK stands for tax revenue spent as abatement expenditure. 7
represents constant relative rate of natural improvement of environment. o
represents the rate of emission generated per unit of output. By assumption, one
unit of abatement expenditure can remove one unit of emission; and Eq. (13)
implies that change in environmental quality is defined as the difference between
old emission removed by abatement and new emission generated from production
plus the natural absolute rate of improvement of environment. Upgradation of
environmental quality must take place over time when the accumulated past
emission removed by abatement expenditure plus the natural rate of improvement of
environmental quality exceeds the rate of new emission generated by production.
First term in the right hand side of Eq. (12) represents aggregate savings
(investment). Here s, and s,, represent constant marginal propensities to save of
capitalists and workers respectively. Equation (12) is a definitional identity which
implies that net investment is equal to gross investment minus depreciation.

In Solow (1956) model, all individuals-workers and capitalists- are identical.
They do not differ in terms of savings propensities. Hence s, =s,, = s; and so
Eq. (12) is reduced to.

K = s(X — wK) — 5K.

4.1 Long-run equilibrium

In the long-run equilibrium, capital stock and environmental quality do not change
over time. Consequently short run equilibrium values of all flow variables become
time-independent in the long run equilibrium. We have K = E = 0 in the long-run
equilibrium; and hence, from Egs. (12) and (13), we find

sp(1 — T)rK + sy (1 — u)wL = 8K; (14)

and

K = oX — nE. (15)

These Egs. (14) and (15) solve for long run equilibrium values of K and E. From
comparative static results presented in the short run equilibrium model, we find that
w, u, r and X are determined in terms of K and E. Hence Eqgs. (14) and (15) solve for
long run equilibrium values of K and E given by (K*, E*). These values are
determined in terms of parameters- s, Sy, T, o, 0 and 7; and the tax rate, t, is the
only policy parameter in this model.

From Egs. (14) and (15), it can be shown that,

dE _Esu(l —u)
dK K:o_ Keg u

>0 for gg > 0; (16)

and
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{ (—“XIZ“E) ten e, (c—1) +%§}

E=0 { (%—n) %eLe”W{gEﬁ(c— 1) +n%+%ce”“§6L (sE(llj—u)—su> }

dE
dK

If 6 =1, i.e,, if the production function is Cobb—Douglas, then

EX
KK . (17)

dE B
B-0 X flge, ™o (gr U —¢
K A 11 ¢ YL E(]_ ) u

dK

Here the numerator is always positive and the denominator may be negative only
if egu > €,(1 — u) and only if % is very low. Hence E = 0 locus slopes negatively

in this case; and we assume egu > g,(1 —u) to get the negative slope of E=0
locus.

However, with eg > 0, K = 0 stationary locus is always positively sloped. Both
the loci are drawn in the phase diagram given by Fig. 1. So the existence of a unique
long run equilibrium point, T, is ensured. In the conventional efficiency wage
model, eg = 0. If gg = 0, then K = 0 locus is a vertical straight line. However,
existence and uniqueness properties of long-run equilibrium are not disturbed even
if Eg = 0.

The stability analysis of this long run equilibrium point is done in “Appendix C”;
and it is found that this unique long run equilibrium is stable if, egu > €,(1 — u) and

if % is very low; i.e., if E = 0 stationary locus slopes negatively. Determinant of the

Jacobian matrix of this 2 x 2 dynamic system described by Eqs. (12) and (13) takes
a positive sign if egu > g,(1 — u) and its trace is likely to be negative when % is
positive but is very low. If egu<g,(1 — u), then the Jacobian determinant takes a
negative sign and then the long run equilibrium is a saddle point. This saddle point

stability property is independent of the value of )—é However, if ggu > g,(1 — u) and

if % is high, then the equilibrium may be unstable. Here, % represents the capital

elasticity of output.
We have the following proposition here.

" el e . (1-u) .
Proposition 3 The long run equilibrium is stable (unstable) if €g > &, and if

capital elasticity of output is positive but low (high). This equilibrium is a saddle
(1-w
u

point when g < €4-

It may be noted that properties of long run equilibrium are independent of the
values of s, and s,. Same results will be obtained even if we have the Solow (1956)
savings function where s, =sy. However, the efficiency enhancing effect of
environment plays a very important role to obtain the stability property of the long
run equilibrium.
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E*

v

K* K
Fig. 1 Long run equilibrium
4.2 Comparative steady state effects

Our objective is to analyse long run effects of capital income taxation on capital
accumulation unemployment and environment. So, we now turn to analyse
comparative steady state effects with respect to an increase in tax rate, T, when
the unique long-run equilibrium is stable.

From Eqgs. (14) and (15), it can be shown that*>

dK K%en W?Z{SE(]EL‘)E(TCE —8K) — rtsu} + TE%+%611 W?ZSE(lﬂu)é(G — 1){—syWL(1 —u) + (X — nE)0.}
@ _ .
de Tt<8u - Eﬁﬁ) xen W?Z{Sp(l — 0 — sy (1 —u)(—o+ 91()}{%*%8@11%2%%}

(18)

and
®_ %BGLe“W{su—%%-‘r%e“w{&,ﬁ(c— 1) {syWL(1 — u) — (aX — 7E)6y} (19)
dt n(su - sEﬁ) xen WTZ{SI,(l — oL — sWWTL(l —u)(—o+ 6]()}{%— Leen WFZGLSU}

We now assume that ¢ = 1; i.e., the production function is Cobb—Douglas. If
c = 1, then from Egs. (18) and (19), we obtain

&’ %ell%{SEﬁE(nE—SK)—nsu}+né
@ i :
dv <8u — &g ﬁ) 2501 L (% — Ll %9L8u>

; (20)

and

22 Detailed derivation is given in the “Appendix D”.
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1 w2 EX
dE_ K aofuene s — Ky .21
dr (Su — &g (1 ll ) 69L611 ‘g (% — isue” %ZGLgu)

Denominators in the right hand side of both Egs. (20) and (21) are positive
because the equilibrium is stable. In Eq. (21), the numerator is always positive; and

%E is always positive. However, the numerator in the right hand side of Eq. (20)

is positive if TE <dK. Hence %K

> 0 if TE <8K. So an increase in the tax rate, T,
on capital income raises the long run equilibrium value of K when the long run
equilibrium value of % exceeds §. Using Egs. (14) and (15) we have

0K > nE = sp(1 — 1)rK + sy (1 — u)wL > aX — K.

Since 0 <s, <1, this inequality is always true when

S,(1-1rK+s,, (1-uywL
L < > q,

i.e., when the aggregate savings income ratio exceeds the emission output
coefficient. Savings generates capital accumulation through investment. It is a
positive effect. However, emission generated from production produces a negative
effect. It causes a misuse of this investible fund channelling the productive savings
into abatement expenditure to maintain the ecological balance. Hence 6K > nE
implies that the positive effect of savings dominates the negative effect of emission
in the long run equilibrium.

Also we have

I+ eLell

dXirK+rK
A

w2 dK ndE
dt o o

oae Tade

Hence

dX > 0ir 9K > 0.

This is so because

A> — GLe“ WFZSU.

So an increase in the tax rate on capital income raises national income in the new
long run equilibrium. There is a direct increase due to rise in the tax rate. Also there
is an indirect increase due to capital accumulation as well as due to improvement in
the environmental quality. The first term in the right hand side of Eq. (22) represents
its direct increase due to rise in the tax rate. The second term represents its increase
through capital accumulation and the third term stands for the increase through
improvement in the environmental quality.

Finally, using Eqgs. (9), (20) and (21), we have

du u w2 1dK w2 w2\ ) dE
It A Okers T Kdt SE{ geq . +6K( + e e)} d‘t] ( 3)
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Here, the expression % is negative because both %—];: and (%( are positive, and

Okerr W?z% <0, 785{70‘611 ‘%2 + GK(I + e WTZ> } <0. The first term stands for the

effect on unemployment via capital accumulation. The increase in the tax rate raises
capital stock in the new long run equilibrium. Tax revenue is spent to finance
abatement expenditure. This leads to an upgradation of environment. So efficiency
of labour is improved; and this raises rental rate on capital and thus gross
investment. So capital stock is increased in the long run equilibrium. The second
term in the right hand side of Eq. (23) represents the efficiency enhancing effect of
environment on unemployment. Additional taxation upgrades environmental quality
in the new long run equilibrium. Unemployment rate and environmental quality are
two substitute arguments in the labour efficiency function. So unemployment rate is
reduced. So an increase in the tax rate on capital income lowers unemployment rate
through capital accumulation as well as through upgradation of environmental
quality. In traditional efficiency wage models, there is no efficiency enhancing
effect of environment. So unemployment effect of additional taxation through
environment upgradation is also nil in those models. Only the unemployment effect
through capital accumulation exists there.
This analysis leads to the following proposition.

Proposition 4 [f tE<JK, ggu > g,(1 — u) and lf% is very low, then an exogenous

increase in the tax rate on rental income of capital raises the capital stock, national
income and the environmental quality but lowers unemployment rate in the new
long run equilibrium when the tax revenue is used to finance abatement expenditure.

The intuition behind the result summarized in proposition 4 is given below. As
the tax rate is increased, additional fund is made available to finance abatement
expenditure, given the initial long run equilibrium. So environmental quality starts
improving over time; and this raises efficiency of labour. However, the increase in
the tax rate on rental income produces two conflicting effects on capital
accumulation. On the one hand, it lowers the post-tax rental income with given
rental rate in the initial long equilibrium. On the other hand, it raises the rental rate
on capital through improvement in environmental quality but lowers the wage rate.
Both wage earners and capitalists save; and entire savings is invested. Gross
investment is increased because income redistribution in favour of capitalists
generates more savings and because the second effect on rental income dominates
the first effect. The second effect dominates the first effect if the gross investment
income ratio exceeds the emission output coefficient. This produces a net positive
effect on the time path of capital accumulation. Capital accumulation and
improvement in labour efficiency through environmental upgradation must raise
national income. Capital accumulation raises wage rate through increases in the
demand for labour. Both wage rate and environmental quality are substitutes to
unemployment rate in the labour efficiency function. So the employment rate is
increased by profit maximizing employers in the new long run equilibrium leading
to a decline in the unemployment rate in the labour market. In a standard dynamic
model without efficiency enhancing effect of environmental quality and without tax
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financed abatement expenditure, the second effect does not exist. So we do not get
any favourable effect of additional taxation on capital income in such a model.

It may be noted that signs and magnitudes of all these comparative steady state
effects are independent of the values of s, and sy,. So same results are obtained with
a Solow (1956) savings function where s, = sy, = s.

4.3 Ramsey problem

We solve the Ramsey problem using the representative household framework; and
so we assume that all identical households save at the same rate, i.e., sp = sy, = s.
Entire capital stock is equally distributed among them. The representative
household derives utility from consumption and environmental quality but derives
disutility from effort. All restrictions imposed on the utility function in Sect. 2 are
also valid here. The household maximizes the life time utility defined as the
discounted present value of utility over the infinite time horizon. It is given by

S p—

[1Q(C, E) — V(e)]e ""dt with p > 0.
0

For the sake of simplicity, we choose a specific functional from of the utility
function, Q(C, E). It is given by

- (C'E™)' 1
QC, E)=—F——
( ’ ) 1—9
with O<p<1 with 0<d<1.
Here
Qi = p(p(1 — ) — n PRI <,
Q= (1 — p)((1 — p)(1 =) — HTVEI-WI-)-2 <,

and

Qi = p(1 — p)(1 — o) EI-Wa-0-1 5 g

Here ¥ stands for the elasticity of marginal utility with respect to consumption. p
is the constant rate of discount. Q;; > 0 ensures that consumption and environ-
mental quality are complementary.

C=(1-9)Y

is the expected level of consumption of the household and Y is her expected level of
income. Here

Y = [p(e)w + (1 —p(e))(1 —u)w" + w"]

where
w' = (1 —1)rK.
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Notations- s, e, p(e), Q, V, w* and w" are already defined in Sect. 2. Expressions
of C and Y are also taken from Sect. 2.

This objective functional is to be maximized with respect to the savings rate, s, as
well as with respect to the level of effort, e; and the alternative wage income, w*, is
treated as a parameter in the optimization process even though its value is to be
determined in the general equilibrium.

The equation of motion faced by the household is given by

K =sY — K.

Here, K is the state variable; and s and e are two control variables of this optimal
control problem. Environmental quality, E, is treated as an externality to the
optimization problem. So the household can not maximize the objective functional
with respect to E.

The value of w* is determined endogenously in the general equilibrium equating
expected wage income of the representative household to the actual average wage
income of the economy. So

pe)w + (1 —p(e))(1 —u)w" = w(l —u)

All individuals are identical and only wage income is uncertain. So expected
wage income is equal to actual average wage income in the long run.

So w* <w for u>0. Also, in the general equilibrium, expected consumption, C,
is equal to actual consumption, C; and hence, Y=Y.

We assume the existence of an interior solution to the optimization problem.
Along the life time utility maximization path of the representative household, and,
with endogenous value of w* in the general equilibrium, optimal time path of K and
C satisfy following equations of motions.*

C rl-79-8-p (1-w(-E

C 1-p1-9)  pl-9) -1E

(24)

and
K =wL(l —u) + 1K — K — C — 0K. (25)

Equation (24) implies that the rate of growth of consumption varies positively
with the rate of upgradation of environmental quality. We assume that,
pu(l —9)<1; and this assumption ensures that Q; <0, i.e., utility function is
concave in terms of C. Here, Q;; = 0 only if p(1 — ) = 1; but Eq. (24) does not
make sense in that case. So we can not work out this Ramsey model assuming that
Q1 = 0 even though we can derive the labour efficiency function in Sect. 2 in that
case.

Optimal time path of effort level, e, satisfies the following condition.

23 Derivations of Egs. (24) and (26) are shown in “Appendix E.1”.
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N B _ wu
MCp(l O)-1g(1-w( ﬂ)p/(e) L_—p(e)} =V'(e). (26)

Equation (26) implies that marginal utility of effort obtained through consump-
tion is equal to the marginal disutility of effort. The labour efficiency function is
derived from this Eq. (26). So the time path of labour efficiency, e, is conditional on
the time path of E, C and u. The time path of u is conditional on the time path of K
and E.

From Eq. (26), we have**

é {n(1 -9) - 1}%+% [{*0€||W?2+9K(1 el % )} + O L = u + (1 —p)(1 71})} E A9 (e”?stu)E
) v Ve - (o i)
(27)
So, in Eq. (27), € depends on %, % and % When,
¢ E K
—=—=—=0,
C E K
we have = 0. So Eq. (27) is not an independent equation of motion of the

dynamic system Equations (24), (25) and (13) are three independent equations of
motion.
The equation of motion describing the intertemporal change in the environmental
quality is given by Eq. (13), i.e.,
E = uK — aX + nE.

Number of workers, L, does change over time. Hence Eq. (5) is also valid in this
case.

In the long run equilibrium, K=E=C=0. Here Eq. (24) with C=0 and
E = 0 solves for the optimum value of r in terms of the tax rate, t; and r is a function
of Kand E. Thus C =0and E =0 equations obtained from Egs. (24) and (13) solve
for equilibrium values of K and E. K = 0 equation solves for the equilibrium value
of C. Equation (26) solves for the equilibrium value of e. Equation (5) solves for the
equilibrium value of u. These values are also obtained in terms of the exogenous
value of the tax rate, T.

Stability analysis of the long run equilibrium is done using only three
independent equations of motion given by Egs. (13), (24) and (25). The long-run
equilibrium is either saddle point stable or unstable.”> When egu > &,(1 —u), a
necessary condition for saddle point stability is given by

(GK + e WFZ> > 0.

24 Derivation of Eq. (27) is shown in “Appendix E.1”.

25 The relevant stability analysis is shown in “Appendix E.2”.
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We can work out comparative steady-state effects with respect to change in the
tax rate,T, on the equilibrium values of K and E when the production function is
Cobb-Douglas. The comparative steady state effects are analysed”® when the
equilibrium is saddle point stable; and the results are summarized in the following
proposition.

Proposition 5 An exogenous increase in the tax rate on rental income on capital
stock raises the volume of capital stock and the level of environmental quality but

lowers the unemployment rate in the new long run equilibrium if (GK + e ‘%2) >0
and if egu > g,(1 — u).

So, looking at propositions 4 and 5, we find that comparative steady state results
on K, E and u in the endogenous savings model are qualitatively similar to
corresponding results obtained in the exogenous savings model. Our focus in this
paper is on the comparative steady-state effects with respect to change in the tax
rate.

5 Conclusion

We develop an aggregate model of economic growth and environmental pollution
with only one production sector and with capital and labour as two factors.
Unemployment exists in the labour market due to wage rigidity explained by the
efficiency wage hypothesis. The special feature of this efficiency wage hypothesis is
the efficiency enhancing effect of environment which is not considered by earlier
efficiency wage models. Abatement expenditure designed to remove pollution is
financed by the tax revenue obtained from a tax imposed on capital income.

We derive a few interesting results from this model. First, an exogenous
improvement in environmental quality lowers efficiency wage rate and unemploy-
ment rate but raises the rental rate on capital and the level of output in the short run
equilibrium. Such a result can not be obtained in earlier models as they do not
consider the efficiency enhancing effect of environment. Second, an exogenous
increase in capital stock raises efficiency wage rate, and the level of output but
lowers the rental rate on capital and unemployment rate in the short run equilibrium.
This result is easily obtained from earlier efficiency wage models because it is
independent of the efficiency-enhancing effect of environment. Third, an increase in
the tax rate on rental income raises the capital stock, national income and the
environmental quality but lowers unemployment rate in the new long run
equilibrium when tax revenue is utilized to finance abatement expenditure. This
third result is not only obtained in the exogenous savings growth model but also
obtained in the endogenous savings growth model where the representative
household solves a Ramsey problem. However, this result can not be obtained when
labour efficiency is independent of environmental quality.

Our results are not necessarily conditional only on the use of the capital income
taxation even though we have justified the use of this tax on the ground of equity. If

26 Derivation is shown in “Appendix E.3”.
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the production function is Cobb—-Douglas, then both rental income on capital and
labour income are proportional to total income in the competitive world. So, with
Cobb-Douglas production function, we get similar comparative steady state results
with respect to change in the tax rate even if taxation on rental income on capital is
replaced by that on total income or on labour income. In the Cobb—Douglas world,
relative competitive output shares of both the factors remains unchanged; and so the
defence of capital income taxation on the ground of equity loses its strength in this
case. An efficiency based analysis of alternative taxes appears to be of importance
even though the present paper does not deal with that problem.

However, our model fails to consider many important aspects of reality. We
ignore the financing of abatement expenditure from private sources. Utilization of
tax revenue as investment to public capital accumulation is also ignored. We do not
distinguish between skilled worker and unskilled worker; and this distinction is
important because expansion of knowledge makes the workers aware of the benefits
of environmental upgradation. We do not incorporate anti-social sector rooted from
unemployment problem even though anti-social activities produce negative effects
on capital accumulation as well as on environment. Due to technical complications,
we analyse an exogenous growth model and do not focus on the sources of
endogenous growth. Even though we solve the Ramsey problem of the household in
one of the different sections, we do not analyse the properties of Ramsey-optimal
tax policy of the government. However, we plan to remove all these limitations of
the present exercise in our future works.

Appendix (A)
The production function is given by
X =F(eL, K);
where
e =e(w,u,E)

is the labour efficiency function.
Profit maximizing conditions of a competitive firm are given by

and F, =r.
Since the production function satisfies constant returns to scale, from Eulers
theorem, we have
X = F] el + F2K

So, using profit maximizing conditions, we have

X:Y eL + 1K
e
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w
= — ap +rag =1
e

K

eL and ag = 5 are the two input of output coefficients. Since the

where aj, =
production functlon satisfies CRS, ap and ax are functions of capital-labour ratio,

£~ Again profit maximizing conditions ensure that KL is a function of factor price

w
ratio, / . Hence a;, and ak are also functions of —<£

Appendix (B)

From Egs. (1) and (2), we have
and

—é+ g = —&gE. (29)

<

From Egq. (3), we obtain

%edw(w)? Odedww de w [dedw Oe du Oe dE
SooWW) [ EOWW gl 0. (30
owrw e JrEiww e Owe? |[ow w +6u JraEE (30)

Using Eqgs. (3) and (30), we have

S
e“—w—suu:sEE. (31)
e
where g, = g—g% >0, eg = ?—E% > 0 and ey :% <0.
From Eq. (4), we have
0LoW — OLaé — O ot + X = K. (32)

From Egq. (5), we obtain

=1
>

—0koW — (—0kG + 1)é + Ogaf +

"

Using Egs. (28), (29) and equations (31) to (33), we have

—_—

.1 u o .

W = K{—OKSE (1 — u)E+ GKauK}. (34)
3 <1+e“%2) 0 E+6 35
=ty e g B ek | 33)
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.1 w? u .
I‘—K |:—9L611?<8E(1 _u)E—SuK):|. (36)
1 2 2 . 2
ﬁ:—|:—€E{—O'€11W——|—OK<1—|—C]1W—) }E—FGKCHW—K], (37)
A e e e

and

2 2 2
X :% {—911 %SEGLG(I Eu)E-‘r {—611 W?eK <8u0+ﬁ> +9K€u(1 -‘renW?K) H, (38)

where,

w? w? w2 u
A=—goe—+ebk | 1+en—)—en——F—=-
e e e gl —u)

Equations (34) to (38) are same as Eqs. (6) to (10) in the body of the paper.

Appendix (C)
C.1 Slopes of stationary loci

We derive the slopes of two stationary loci K = 0 and E = 0 in this section.
Equations (12) and (13) presented below describe the rate of change in capital
stock and the rate of change in environmental quality respectively.

K =s,(1 — 1)rK + sy (1 — u)wL — 3K; (12)

and

E = uwK — oX + nE. (13)
We have K = E = 0; and hence, from Egs. (12) and (13), we find that
sp(1 — T)rK + sy (1 — u)wL = 8K (14)
and
K = oX — nE. (15)

From Eq. (14), we have

or ou ow
{sp(l —T)r+s,(1 — ‘E)Ka—K - szLa—K—i— sw(l — u)LéT( - S}dK

or ou ow
= —{sp(l - T)K@ - szLﬁ—k sw(l — u)Lﬁ}dE

Using Egs. (14) and (39), we have
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oK K

(using steady state condition)

—{Sp(l—‘t) gE SWWLSE—i—sW(l—u)LaW}dE

Or wL ou ow
{sp(l —)K—=—sy—(1 —u) — SWWL6K+ sw(l — )LaK}dK

OE
K ¢ wL wL U wL w
:>[sp( T)KK SW{K( u) + KuK (1 —u) KKHd
Kt wL w wL u
—|:Sp(1 —T)EE+SW{E(1—U)E—EUE}:|

Using Egs. (6), (8), (9) and (40), we obtain

w2

K1 wL 1 w? Okey
= |:Sp(1 )KAeLe“ &y 7swf{(1*U)#’UKGKC“?*U*U) KA }:|dK

K1 w?
= — |:—Sp(1 ) GLe” SE

u
EA 1—u
(I-u)
wL OxeE wL 1 w? w?
7f(17u) A( u)+EuA8E{Gelle+9K<l+elle>}:|:|dE

rK 1 w? wL 1 w? u
= |:Sp(1 )fxej_e“ &u —sw?(l—u){l—K{su6K<l—e”?m>

2 2 2 2
w w w w
—Eusen - + 8u9K611 — + g,0€q; - e,0ker ?} H dK

+ Sw

w? u

K 1
:7|:7Sp(17 )EAeLe” EE (lfu)

wL 1 w? w?
+ Sw [ 6K85u+u£E —0€; —+6K 1+ €11 — dE
EA e e

K1 w? wL 1 w? w?
= {sp(l T) KAeLe” €u —sw?(l —u){l —K{—suce”?-&-suGK{(l +e11?>

2 2 2

w u w w

—eil —7} + &u0er — — eulken —}HdK
e g(l—u) e e

2

W
:7|:7Sp(1 )EAeLe” EE (l—u)
L1
+SWW [ 9K85U+HSE GC]]*#‘@K 1+611 dE
E A
1

= {sp(l—z)%xemwzg —sw“;u—u){ —K{A 611—2( 6+0K)}HdK

(from definition of A from static model)
2

K 1 w u wL 1 w2
:7|:75p(17‘f) EAeLe” (17 )er E ASEue“—( G+9K):|dE

w? wL 2

w
GLen &y 75“’?(17 ){1*1+A8u611 B (—o + 6x)}]dK

2 u 2

K 1 w wL 1 w
= — |:—Sp(l ) E AGLe” o SEW-FSWfKSEUCH ?(—G + eK):|dE

= [Sp(l )II((A
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K 1 w2 wL 1 e
= [Sp(l )iZeLen &y — Sw?(l — U)KSUCH?(—G—FGK)]CIK

K1 W2 u wL 1 w?
:—|:—Sp(1— )EAGLG” (1_ )+ E ASEHC“ e( G+9K):|dE

rK 1 w2 wL 1 w?
= [sp(l )ixeLe“ €u —swf(l —u)Ksue“?(—c—i—GK)]dK

K 1 w? u le w2
= 1-— —0 0k)|dE
{Sp( )E A LeI TS E(l—u) wog A CEUC (—o +0k)

[ S

2 2
_E&(1-u) {Sp(l - ‘E)r%GLée“‘%(l—lu)— SwEEL Eue11 % (—0 + k)]

édE

Wleo Kee u o1 = orkoy oty — s ke ¥ (<0 + 00
dE E —

L& _Eal-w

dK|x_, Ke u

(40)

So the slope of K = 0 stationary locus is positive and is independent of the value
of c.
From Eq. (15), we have

( Kﬁ— oca—X+n)dE = —(TI‘-I—‘EKg— oca—X>dK

OE OE oK oK

Xrr XX tKrr aoXX
———=—o==+4+n|dE=—|tUr4+—-=———=
r EE EE r KK KK

(DB
{9 D

Using Egs. (8), (10) and (42), we obtain
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aX 1 w? u 1 w2 u X
= {(f—ﬂ:> <_Z9Lell?SEH+ZGII?SEOLG(I 7[])) +TC(1 —E> }dE
aX — nE 1 w2 1 w u w2
= {—<T>{1+K9L611?8u—g{—611 o 9k<8u0+(1 — )> +6K8u<1+ell?)}}

nEX
——|dK
2 }

= {(%770 %GLe”W?zaE(lufu)(cf 1) +1'c(1 7%) }dE
R aef (ren)eei)

w? w? nEX
— €11 ?SuekG—GLe“ ?Su:|:| + YE:| dK

oX 1 w? u X
:>{(F—R>K9L611?SEW(G—1)+7'C(1—E>}dE
oX — E | 1 0 14 w? w2 u w? n w?
= (=) 1 -~ e el — | —e11————— ¢ — €11 — &0 + 1] — &0
K A K S He g(l —u) e e

w2 w? nEX
— e — &,0ko—6, — ——|dK
€11 . € Uc0—0Ler; o Su” + K K}

= {(%ar)iem.wz (13 5= 1)+n(1 79}@

aX — nE w? w? nEX
= |:— (T) |:1 —K[A+ell ?SUG(I — OK)—GLeH ?Su:|:| +f§:| dK

(from definition of A from static model)
aX 1 w? u X
~{( ) aen Cngriyio ( i)
X — nE w? EX
—(u> |: —[A+e“ SuGeL 9L611 :|:| +n :|
K e
aX 1 w2 u X
(——H) OLe“ egE(lfu)(G_l ( E)
nE
K

|
{
{ (aX—nE)[ [A+611W28u09L(o— D)+ ﬂdK
{
o

=

(%7 ) GLe”W?st(liu)(cfl)Jrn(lf%)}dE

aX — nE w2 nEX
< K > lfﬁueL(Gf 1)+fﬁ}dK

{<mX nE) acu —SL.GL(o —1)+ nEx}

g _
E=0 {(%— TE)ZGLGHW;SEﬁ(G— 1) +n(1 —%)}

dK

Now,
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1—=

—1+le Wzs S 4
AT e TP 1)
A+811%2859L6ﬁ
A

_Euaell%z+gueK{(l +CHW?Z> _e]]w?zﬁ}+ellw?ngeLc(]+u

A )(from definition of from static model)

1T w? w? w? w? u
=—|—&u0e11—0k —&uoe; —OL+&,0kS | 1 +e— ) —en1————

Al e e e e g(l—u)
2

—+ —ego——
€
11 EVL (l )

17 w? w? u w? w?
=—|—&uoe;—0k —e;—Ok ——+&.0k | 1 +e;— | —e,0e;1—0L
Al e e (l—u) e e
+e Wzs (S 4

R ()

1I[ w Bxu w? v -
= _—en?<8u91<5+(1 Eu)) +9Kgu<1+e”?> +JE|I?6L <—8u+8E(l _u)>]

X+l er c u c
=—+4—0ge;;— P
A o E(17u> u

Now from Eq. (19), we have

’ { (—“XK"E) 1€ IWTZS‘,GL(Gfl)vL“II(E%}
E=0 { (ﬁfn) keLell%zagﬁ(cfl)+n%+%oe”%zm <8E(‘*—Uil)78u> }
If 6 =1, then

dE|
dKI/E=0

dE

EX
KK

%‘9‘%{7811‘%0]“ EEﬁ—Eu)

Here the numerator is always positive and the denominator may be negative only
if

egu > gy(1 —u).

Only in this case, second term of the denominator is negative. If % is very low,

this denominator may be negative and hence E = 0 locus may slope negatively.

C.2 Stability analysis of the long-run equilibrium

Jacobian matrix corresponding to the differential Eqs. (14) and (15) is given by.

ok oK
j= | 9K OE
o o
0K OE

Using Eq. (12), we have
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0K or ou ow
K sp(1 —T)r +sp(1 — T)KaK szLaK+ sw(l — )L& — 9. (44)
Using Eqgs. (14) and (39), we have

0K or wL Ou ow
(1= DK e — sy (1 — WL W(l —u)L o
oKk~ ® K msweqg (L= w) —sw 6K+S( Wlag 45)
6K_S(1 T)rKrA q WL(1 )+WL u (1 )WL\X/
oK~ P Kk Y[k YTK"k YK

oK K1 w? wL Oxey

&*Sp(l—‘E)EKGLC]]?SU—SW?{(I )+uA9KeH (1— ) :|
oK K 1 w2 wL 1 w2 Ok ey

= K= sp(1 — T)KZGLCH?SU — swf {(1 —u) +uK9Ke”?— (1—nu) A }
K K 1

K w? wL 1 w2 u
= =5 (1—1)—0e;—&—sy—(1—u)d1——Jgbg(1—ey———
K sp( T)KA el . g — S K( u) A{a K< e e ol )

w2 w2 w2 2
—&,0€11 ? + sueKe“ — +g0€q; ? - sueKe“

0K K 1 w? wL 1 w? w?
=>6—K— sp(1 — )fKeLe” . € —swf(l—u) 1—Z{—suce”?-i-su(%;({(l+en?>

w?  u w? w?
—el1————— ( + &u0e1 — — &ufker —
e su(lfu)} e e }}

K K 1 2 L w?
é&*Sp(l )KAeLe“W €y 7SWW?(1711){1 Z{A 611?( G+9K)}}
(from definition of A from static model)

K 1 2 L 1 2

&—sp(lfr)ngLenw?sufsw%(l7u){171+Zauellw?(fc+91<)}

oK K1 2 L 1 2
:>&:sp(1—r)%KGLeUW?su—sWWf(I—u)KsuenW?(—c—l-eK).

(46)
If o =1, then
0K K 1 w2 wL 1 w2
ﬁzsp(l—T)igeLen €+ Sy —— K (I_U)Kguell?eL
oK 1
;\aT(:KG K5e11 su{sp (1 — t)rK + sy (1 —u)wL}
:>6K 0 oe &, <0.(UsingEq.(14))
u 1
oK L 11 o gEq.

Using Eq. (12), we have
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—=5(1 —1)K—= or —sywL— Qu

Using Egs. (6), (8), (9) and (43), we obtain

0K K1 w2 u
— = —Sp(l — )fZeLe“—SE (1 — u)

wL Okee i wL 1 w2 w2
_F(l — u) %_FEHKSE{_(H?” ?‘i‘eK (1 + €1 ?) }:|

:>6K_ (1 )rKle w2 u
oE ~ U T U AT Ty

wL 1 w2 w2
+ Sy —— [—Okeputuegs —oe;; —+6k | 1 +e11 —
E A e e

:>6K_ (1- )KIG w2 u n wL
= EA N SET 0 T EA

w
E gguey - (—o + ).

If o =1, then

0K rK 1 w2 wL 1 w

&:SP(I—T)KKGLCH SU+SW?(1—U)KSUCH?9L
oK 1.1

= 3K AG Kéen su{sp(l — rK + sy (1 —u)wL}

6K 1 w2 .
= 3K A0L6e11 e fu> 0. (UsingEq.(14))

Using Eq. (13), we have

= — — 0 —
oK . oK oK (49)

From Eq. (15) and (49), we obtain

OE aX — B f X\ =nEX
= () (e w) 0

From Eq. (8), (10) and (50), we have
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2

il

OE aX — nE 1+ Lg wzs 1 w29 L coce (14 w?
K K A LC11 e u A €11 e k| €O (lfu) K&u €11 e
nEX
K K
j6]3_ aX — B | 1_86 Ite w? . w? u
oK K AK e e &(l —u)
w? w? nEX
*ell?auekG*QLell?ﬁuH *YE
:>6E7 oX — nE —l 1—ge - w? w? u W2£G+ LA
K- K Al K e e el —u) e et
w? w? nEX
—ell?suekﬁ—eLell?SuH _ff
OE aX — nE\ [ 17 w? w? nEX
#a—K: < K ) _l*K_A“rCl]?SuG(l79K)76L611?8u:|:| 7??
OE aX—mE\[. 1T w? w? nEX
K- < K ) _1 A _A+61]?8u(79L—eL€]1?8u:|:| _fi
OB [aX—-mE\[ 1], w? nEX
ia—f < X > _lfg_Ae”?suceL(Gfl)” XX
OB (oX—mE) 1 ere(c D mEX
K~ K JAS e ™t KK
If o =1, then.
OE 7E X
— =22 o
oK K K

Using Eq. (13), we have

OE K@r aaXJr
K — a2
OE OE OE
:>6E ‘CXI’I‘ XX+
%E_ r EE EE
:>aE_ aX  \(f X .
OE E E
From Eq. (15) and (51), we obtain
E  [oX f X | X
E \E " E*E UTE
aEi aX 9 w? u 1 w? 0
é@— 7,,1 Lell 81-:(1 )+Keu?8}~: LCY(l
1 X
(——H)ZGLCH%SE - )(5_1)+“<1_E)
1 X 2
,<771'|:>A9Le“w?85 Eu)( 1)+“E+£66“W
If c =1, then
g—g:n%+§e“w{9L(sEﬁ—su).
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X

g 0. However, if egu > g,(1 — u) and if >I§ is very low, then 3 oE

Here, E may be

negative.
Jacobian Determinant, J, is given by

K w? wL 1 w?
J:{sp(l—r)EKGLe” € —sw?(l—u)xsuenz(—cﬁ-&()}
1 2

IR ) Oren L(crfl)+7t§+ﬁcse W—ze SR |
E AT e =) R A e M\ Fa—w ™

K1 w? u wL 1 w?
{—sp(l—r) EAeLe“ gE(l )+ W ACEYen (- G+9K)}

aX—mE\ 1 w2 nEX
< )Ke“?aueL(c—l)+—7}

KK

2 wL 2

K1 w 1 w
:{ p(lfr)fgeLe“ &y 7swf(17u)gauell?(*0+e]()}

I A
L

»

K1 w? u wL 1 w? nEX
(17‘5) EAGLe“ aEm+SWFKSEuCIIF(7G+6K)}7
X r w? wL 1 w?
:nﬁ{sp(l 7T)K9Le”?au 7swf(l 7u)Ksue” ?(*04*9]()

K 1 w? u wL 1 w2
7Sp(1 7T)EZ6LC“?SEQ+ SWfZSEuCH?(*GJreK)}*F

nce er 3 4 3
Acen— E(l_u) u

r w2 wL 1 w?
{sp(l —I)KGLe“?su —swf(l —u)Ksue“?(—G—i-eK)}

X r w? u wL 1w u
:”E{Sp(l 71:)K9Le“?(aufsp;m> 7sw?(1 7u)Ke11?(70+9K) (SU*SE(] —u))}

+nce er € 4 3
A 11 e L E(l—u) u

2 wL 2

r w 1 w
{sp(l —r)KeLe“?gu _Swf(l —u)Zaue“?(—G—i-eK)}

X u r w? wL 1 w2
:T[E <£u —85@) {Sp(l —I)KGLe“?—sW?(I _U)Kell?(_c+6K)}

e Vo (e — e
AO'CH o L\ €u SE(I_U)

r w? wL 1 w?
{sp(l7T)K9Le“?aufswf(l7u)Z£ue11?(70+9K)}

X u r w? wL 1 w2
:T[E (Su —ng) {Sp(l —I)KGLe“?—sW?(I —U)KCU?(—G‘FQK)}

e Yo _u
AO'CH L& SE(I 7u)

r w2 wL 1 w?
{sp(l *T)ZGLGH?*SW?U 7u)Ze“?(70+9K)}
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u r w? wL 1w
:TE(SU 78}3@) {Sp(l 7T)Z6L611?7swf(l 7H)K€11?(7G+6K)}
g_ 1 w2e
g ASuen LEu

:n<su _ggﬁ> %enwg{sp(] -y _sw‘%u —u)(—G+9K)}

X 1 . w2e
K A u€11 LEu

If o =1, then
1 |
=] = n(su - sﬁﬁ) ZCIIW?GLK{Sp(l — 1)tk + sy (1 — u)wL}
X 18 e er £
K A utl1 c Lcu

=T = (o — ey F000en % (¥~ fewer ¥ 0La) > 0 (Using Eq. (14)
if egu > g,(1 —u).

: P K |, oE
Trace of Jacobian Matrix is = K + F
Here,
6K+6E
0K OE
rK 1 w? wL 1 w?
(1—’[.') KAeLe” o &y sw?(l—u)Asue” ( G+9K)
aX 1 w2 u
—_—— —0 — —1
+(E n)ALellegﬁ(l—u)(G )
+RX+n w2e o U .
-+ —0ge;1— ——— g
£ A n—_% E(l_u)
If o =1, then

Trace of Jacobian Matrix

= —0y0e 28+ A+ne 20 € u €
= T —e — —_—— .
AL e ™ K A"e "\ *il-u ™

Here the first term is always negative and the third term is also negative if
egu > g, (1 —u).
However, the second term, Tl',)—K( >0.If % is very low, then trace may be negative

and the steady state equilibrium may be stable.
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Appendix (D)

From Eq. (14), we have

or ou ow dK
{sp(l —1T)r + sp(1 —r)KaK swwLaK+sW(1 - )L&_S}E 5
T P L G- )La—w dE
U TR eE T WY Y oE
Using Egs. (6), (8), (9) and (40), we obtain
rK 1 w2 wL 1 w2 dK
[sp(l )fKeLe“ €y —swf(l - u)Zsue” . (- G—&—OK)} =
[ K 1 w2 u wL 1 w? dE
- _Sp(l —-1)— EA 9Le11 (1 — ) w g A GEUCH (— G+9K)] Eer
1 w? wL 1 w2 dK
= _KSGLCH ?Su + Swf(l — U)Kgue[] ?(G — 1):| E
(1 W2 u oK wL 1 w2 dE
~ = 7 1 K.
Ao TET Ty T AT (© )} dt "
(53)
From Eq. (15), we have
or oX\ dK or oX dE
Ko — oo ) ot (1K — oo K. 4
(”“ oK 6K> dr+<f E "ET )dr ' (54)

Using Egs. (8), (10) and (41), we obtain

oX — nE 1e 286(6 1)+nEX dK
K A L K K/ dt

+ gfn l96: W—ze L(Gfl)+nx+ ge W29 L S
E ALE BT g Tacen T

dE
— = —1K.
dt r

(55)

Using Egs. (53) and (56), we have

dK KeAC[] . {SE< m (RE—SK)—TEEH}J:-TE%-"-%CHW?SEﬁ

dK (o0 — 1){-swwL(1 —u) + (aX — nE)0.}
dt =T :

1
E
n(au - sEﬁ) xen W?Z{sp(l — )b, — sy % (1 —u)(—o + OK)}{f — L&l 79Lsu}

(56)

and
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dE iSGLe“lzeu 7%%+ e“?eu]((ﬁf 1) {swWL(1 —u) — (aX — nE)6.} (57)
S . .
dr TI:(SU—SE(IBU) e % {sp(] — T)r —sz—(l —u)(— G+6K)}{%——suen?9Lsu}

Equations (56) and (57) are same as Eqgs. (18) and (19) in the body of the paper.
Ifo=1.
then from equations (56) and (57), we obtain

dK %611%{SEﬁE(ﬂE—8K)—TCSU}—&-TC% (58)
—=1K ; 58
de <8u—€ (1 u)) 69L611 (ﬁ aue” ZOLau)
and
Lo0pe W, — X

dE Le11 u

L XKK - : (59)
! <8u_8E(luu) 30 e % e (K_%Suell%eLgu)

Equations (58) and (59) are same as Egs. (20) and (21) in the body of the paper.
From Eq. (9), we have

1 w2 w2 A w2
u=— |:SE{G€11 ?+0K<1 —+ €11 ?> }E + 9[{611 ?K]

A
(60)
:>du_u . ce W2+e l+e 1dE+6e w2 1dK
dt A E Hrg K ” E dt e Kadr|

Using equations (58)—(60), we obtain

du u WZ (}e“ {SE(I —0 (ﬂTE—SK)—TESu}—FTE%
= Oxer—r

dt A € <gu €E B (T- u) 00Le; & o (é_%suell%zeLgu)

Equation (60) is same as Eq. (23) in the body of the paper.

Appendix (E)
E.1 Ramsey Problem

Rate of Growth of Consumption

e ”'dt subject to
0

x Bl zl_
The representative consumer maximizes | [% —V(e)

the equation of motion given by
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K =sY — 6K. (61)

K(0) is given. K is the state variable; and s and e are two control variables.
The Current value Hamiltonian to be maximized at each point of time is given by
= 1-9
(C*E'"™*) " -1

He |ty VO e (©2)

where, q is the co-state variable.
Using equations (61) and (62) and the expression of Y, we have

CHElfu 1*19_1 .
= CE ey e m{(V ) - oK) — Viee .
c'E) o
= CE e e Mplew o+ (1 - ple) (1~ ww -+ (1 - 9K

—qge ""trK — qe "'C — 8Kge ™.
(63)

The representative consumer is a taker of, r and w and w*. H is to be maximized
with respect to s and e. Since C is a function of s and e, we obtain the same solution
maximizing H with respect to C and e. The first order interior optimality condition
with respect to C is given by

[Héu(l—'ﬂ)_]E(I*H)U*T’) — q} e Pl = 0,

64
- Eu(l—”)—lE(lfu)(lfﬂ)_ (64
H =q.

Similarly the first order interior optimality condition with respect to e is given by

S (1=9) 1 (1 ) (1 oY
[(1 _g)uct g -w-) +qs] ==V (65)
where
oY
P p'(e)w — w* + whu].

From equation (65) and using C = C in the general equilibrium, we have

¢ I 4 (1—wI-9)E

C WI-9)-hg (W1I-9)-DE

(66)

Optimum time path of the co-state variable satisfies the following differential
equation.

@ Springer



190 M. R. Gupta, P. B. Dutta

q=pq - O
. oK (67)
I A
q
Using equations (66) and (67), we obtain
C™ 1-p(il-9) ((I-v)-E

Equation (68) is same as Eq. (24) in the body of the paper.

Using equations (64) and (65) and the expression of %—C and C = C, we have
pCHI=D=TEI=W=0)p! (&) [w — w* + uw*] = V'(e). (69)
In the general equilibrium

oy ¥ —u—pe)])

Wil I~ pe)

So from equation (69), we have

RO wu
'uCp.(l O)-1g(1-w( ﬁ)p/(e) [l—p(e)} =V'(e). (70)

Equation (70) is same as Eq. (26) in the body of the paper.
From equation (70), we have

¢ E u w
[(n(1 =) - 1)]5.‘*‘ (1 —I(H))(l fﬁ)ﬁll:‘)af;
e ., .€ p'lele é p'(e)eé
= V(€)= — - -, 71
Ve e T pene ple e 7y
Using equations (68) and (71), we have,
i woe _, @ p'(ee ¢ p’(e)eé
R M (e N
é S+p—r(l—1)+84+ ¥ (72)

= — =
€ e yre) _ (_PEe , pee
V’(e)V () ((lp(e)) + p'©) >

Using Eqgs. (6) and (72), we have
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S-_6+p*r(1*T)+%+§{—9K8Eﬁ%+ex<su%} 73)
- :

e yiie _ [_P®©€ | pee
V,(e) V (e) <<1—p<e)) + p/(e) )
Using Eq. (9), we get

u 1 w2 w2 E w2K
—=—|- - —+0k | 1 — | ,=+0 ——]. 74
u A[ SE{ oej e+ K< + e e>}E+ Ke11 . K} (74)

Using equations (68), (73) and (74), we have

{u(l719)*1}(8.(1"331;?;%%)+A[ {*Gellw?z+el<(1+elllz>}E+eK81] }Jr%{ eksﬁﬁ%JreKSu%}

é
e ( (
¢ via V")~ (e )
¢ An0=0) = (AR S) + [{—enron (1+en ) b+ Oty | B+ 40k (en e & .
o V)~ (B [witho=1],
V(L (1-pe)) " p'le)
é {M(I*ﬁ)*1}%+%H*CIIWT.2+9K(1+611T)}+9Kﬁ (I-p(1- 7’)]% ieK(SHWT.z+€u)%
=>-= :
e _ (e p’(e)e
vV () (<l—p<n + <c>)
(75)

Equation (76) is same as Eq. (27) in the body of the paper.

E.2 Stability of long-run equilibrium
While analysing stability of long run equilibrium, we use three independent
equations of motion given by (24), (25) and (13). These equations of motion are

given by

C-:r(l—t)—S—p _(l—u)(l—ﬂ)CE

[—p(i=9) © -0 -1
. r(l—-1)—=38-p (I-p(l-v)C
=C= = C— W= 91 E(rrK—ocX+1tE)
and
K = s(X — uK) — 8K,

; C
K=(1-0——](X—-uK) - 5K.
~ < X - rrK) ( oK)
=K=X—-1uK-C-3K;
and
E = uK — aX + nE.
The stability properties of the long-run equilibrium depends on the sign of latent

roots of the Jacobian matrix corresponding to those three equations of motion. The
Jacobian matrix is given by.
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o o
3C K OB
j= | %K OK K
3C K OE
9 OE Ok
oC K 3E

We assume o =1, i.e., the production function is Cobb-Douglas. Using
Egs. (7A), (10A), (16)—(18) and long-run equilibrium conditions, we have

o _
o
¢ (1-17 r1 w2 (1-p(1-9)CrEX

& V70D g,V =2
K T p(l—0)KA " e T Ty -1 EKK

. 3 > _ _ & 2
67C:7C7(1 i) Llel_enW*SF_ ° (1 Wl ﬂ)C EAJFEenW*eL SEiu —&u |}
e K e (1 —u)

OE 1—p(l—9)EA (I-u) pwl1-9)—1E A
oK
%771<0,

K X1 W26 L 40 L+ w? l+]9 w? 5
K _KA elle k| €u 1w K€u elle w ALelleﬁu ;

0K rK 1 w? u
—=—-——(1-1)-6 —eg—— >0
& B VRt Ty >0
OE

— =0

oC ’

L

K KK

and

E  pX n  w? u
—=n—+—e;;—6 —— —¢g, | <0.
B nKJrAeue L(gE(liu) 8><

The determinant corresponding to this Jacobian matrix is given by

w? u
T+ GL<SE—(1 u)—s.,)]
nE
K

7ol o

Det(J)Z[C%;{ieLenwz +Wg%§][ X Z
7[lelpL(??’ﬂ)I;ieLe“W?ng(lEu)+(:L(7li>f91):lly)g{ d Z ZGL<8E(lEu)7S">H
—C%éi"le“w—z TR
:c%é%emlgeun§+c%%%em“nguge],‘%zeL(sﬁﬁ—au)
7C1—(1p(711>19)1r(%em“ SE(liu)n%
_C%;ieLell“:%%ellw?zeL<sEﬁ_gu>

ENIELTEI lle"é(@(lfu)*")

:7C%££9Le”“§ sE<1Eu>78u>n(§:+%eue”v§ﬁ)

(
-eratgrate s (ot sl T aty)
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2 1 2
+GKau<1 +611W*> }Jrfsuen W*SL]
e A e

o (=9 rly W u
Croni—wraren g By o

2 2
+ 9K8u<l +en W?) }+sue“ W?BL]

(1-1) r1 w2 u w? u W
19 0 _— —e;—6 — Oke =
Cl—u(l—19)KA Le11 — o SE(I_U) €y €11 o Kk Su+<] _— + Okey + &uern .

-~ (I—-1 rl w2 u w2 u w2
= lep(l—ﬂ)KAeLe” - SE(liu) & e eGK 8"+(17u) +eo( Ok +en i

When Sﬁﬁ > &, Det(J) is positive if (OK + e ‘%2) > (; and we assume this
to be true.

If the determinant of J is positive, then either all three latent roots are positive or
two roots are negative and one root is positive.
Trace of the Jacobian matrix is given by

> a

(e so(eas)

>la >la

T( :é):( ( +A6L€11 :8)—5+n§:+%e11‘%29L(85(1—Eu)—8u>
SE) o fan ) a ety o)
é(g )—rr—GLell“;zs —%ellw?ZGLsu—rr—8+£611W?29LSE(1—[111)
é( )—%eLenw—zau(T”ﬁ-n)—T”—5+%611W—29L8E(1uu)

Here

{% (%—f— n) —10Len %zsu(rr—&— n)} > Oand{—tr— 3+ %en WTZGLSEﬁ} <0.
So, Trace of the Jacobian matrix is indeterminate in sign.
In order to determine the sign of the latent roots of the J matrix we apply the

Routh-Hurwitz Theorem. The characteristic equation obtained from J matrix is
given by

—v3 + Tr(J)v> — M(J)v + Det(v) = 0, (76)
where v is the latent root.
Here,
o oc] ok K] [ o
M) = | 9%¢ K oK ©OE Oc OE
Dol | e | e
oC 0K 0K OE oC ©OE

The sign of M(J) is ambiguous.
The number of positive roots in the characteristic equation (72) is equal to the
number of variations of signs in the scheme
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Det(J)

{—1, Tr(1), =M(J) +T(J),Det(J)}‘ (77)

If the sign of M(J) is ambiguous, then sign of —M(J) + l?rit((JJ)) is also ambiguous.

Hence the number of positive latent roots can not be obtained in this way.

The number of negative roots will determine the nature of transitional paths
around the long-run equilibrium point. In this model, we have two state variables, K
and E, and only one control variable, C. The properties of transitional dynamics
depends on the relationship between the number of state variables and the number of
negative latent roots. The long run equilibrium is saddle point stable (unstable) if the
number of negative latent roots is equal to (less than) the number of state variables.
However, it faces indeterminacy with infinite number of transitional path when
number of negative latent roots is greater than the number of state variables.”” We
consider four alternative cases.

C . . .. Det(J) . ..

ase (i): Trace is positive and —M(J) + ) is positive.

We have only one variation in sign in the scheme (76) in this case. So the
characteristic equation (77) has only one positive root and two negative roots; and
thus the number of negative latent roots is equal to the number of state variables.

Hence the long-run equilibrium point satisfies saddle point stability in this case.

Case (ii): Trace is positive and —M(J) + I?If;t((JJ)) is negative.

We have three variations in sign in the scheme (76). So the characteristic
equation (77) has all three positive latent roots. So the number of negative latent
roots being zero falls short of the number of state variables. So the long-run
equilibrium is unstable in this case.

C o . Det(J) . .

ase (iii): Trace negative and —M(J) + ) is positive.

We have only one variation in sign in the scheme (76) in this case. So the
characteristic equation (77) has only one positive root and two negative roots; and
thus the number of negative latent roots is equal to the number of state variables.

Hence the long-run equilibrium point satisfies saddle point stability in this case.

Case (iv): Trace negative; —M(J) + ]')I'it(gl)) is negative.

We have only one variation in sign in the scheme (76) in this case. So the
characteristic equation (77) has only one positive root and two negative roots; and
thus the number of negative latent roots is equal to the number of state variables.
Hence the long-run equilibrium point satisfies saddle point stability in this case.

E.3 Comparative steady state effects
We analyse comparative steady state effects on K, E and u with respect to change in

T when the equilibrium is saddle point stable. C is a jump variable; and its value can
be thrown on the saddle path.

From Eq. (24), i.e., with C=0andE = 0, we have
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(I-1) r1 e dK (-1 r1 w? u dE
Crm 10 . S G/ N O AP S
T u(l— ) KA o & ST = ) EA Y ¢ (1= de
B rC
Cl-p(1-9)
(78)

From Eq. (13), with E = 0, we have

nE X dK X n w? u dE
R — =+ —e;;—0 —— g, | p—=—1K. 7
KKdTJr{TCK+Aell e L<8E(1—u) 8>}dr : (79)

Using equations (79) and (80), we have

dK rCm HTEK-i- ey 9L<8E(1uu) gu)} - K(1 - ‘c)%iGLe” WFSE(lyu)}
FER (1( 9 )%ieLell%(aEﬁ*SU)%{*BIIW?ZGK(SU +(ll,1u)) +8u(9K+€11W?2)}
K 1€ty [ X en W B ik {7 — (1 - 9k}
dr 7C 1,(;(_[1)79)%£9L611 W?z (Sﬁﬁ - Su) i {*611 %ZGK(SL‘ + (ll,lu)) + Su(eK +en %z)}
dK rCl—u(l—ﬂ) [”%‘*‘e” c eLSE(lyu)%ﬁ{“E —(8+ )K}] )
dt le:(]?,,,) 10ren ¥ (%ﬁ*ﬁu)ﬁ{*eu%e]{ &+ o u)) +8u<91<+611 e)}7
(80)
and
E 1C s, [%% —K(1 - 1) gx0een W{su} (81)
dv Cl,(:l(]?ﬂ)%ieLell = <5E(1 ) 8u>A{ g ek(€u+< )> +€u(ek+€1| e)}

For both equation (80) and (81) denominators in the RHS are negative if
(E)K + e e) >0 and egu > g,(1 —u). Numerator of (81) is always positive.
Numerator of (81) is positive if TE< (8 + p)K. Hence, under these conditions,
dK > 0and &€ > 0.

ds
Using equation (60), we obtain
du u w2 w2 1dE w? 1dK
—=—|- — —+0k | 1 — | =—+ Ok ——— 82
dr A[ SE{ oot K( ten e)}Edt K K dr (82)

Here also ((ilu <0, as %E >0 and %K > 0.
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Appendix F

If we assume full employment in the model of the body of the paper; then term
&y = 0. Then, without using Solow (1979) condition i.e. assuming that g, # 1,
Egs. (28), (29), (32) and (33) are modified as follows

OLW — 0.6 + Oxf = 0; (83)
egW — é = —ggE; (84)
0LoW — 0.0é — O of + X = K; (85)
and
—0goW — (—0go + 1)é + Ogof + X = 0. (86)

From Eqgs. (83), (84), (85) and (86), we have
A=oc+eu{—0c+ 6k} (87)

Following equations describe the flexible wage full employment model with
exogenous labour efficiency.

1 =aLw + agr. (88)

Here ¢y, = 0; and hence from Eq. (87) we have

A=o. (91)
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