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Abstract

This study revisits the seminal findings by Helpman in 1998 in a more compre-
hensive setup with Melitz-type firm heterogeneity. Our model features how a
change in firm heterogeneity affects agglomeration in an urban-space economy. We
contribute to the literature by analytically giving explicit solutions for the threshold
values of the housing preference and transport costs that are crucial in determining
the equilibrium. We also obtain new findings in the case of asymmetric housing
stocks. Our results provide alternative explanations to stylized facts such as “ghost
cities” in countries undertaking high-speed urbanization and real estate
development.
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1 Introduction

In the past several decades, the new economic geography (NEG) literature has
contributed to our understanding of the mechanism of economic agglomeration
across space. However, as a pioneering work of this literature, the core-periphery
model (Krugman 1991a) has also been criticized because it does not fit well
contemporary space-economies (Murata and Thisse 2005). Nowadays, in a growing
number of countries, a few large metropolitan areas produce a growing share of
their gross domestic product (GDP) and, consequently, urban costs take an
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increasing amount of household expenditures (Proost and Thisse 2019). As a result,
the main spatial dispersion force seems to stem from urban costs, instead of the
immobile expenditure in the agricultural sector assumed in the core-periphery
model.

In this regard, a notable and highly cited paper is Helpman (1998) who
introduced a housing market into an economic geography model in which all
workers are mobile. In his model, the major centrifugal force stems from housing
congestion. Contrary to the results of the core-periphery model, Helpman (1998)
finds that lower transport costs lead to less agglomeration while higher transport
costs may lead to larger agglomeration. He shows how interplay between the
centripetal force originating from the differentiated goods sector and the centrifugal
force stemming from the housing market reshapes the spatial configuration of an
urban-space economy. This seminal work has inspired and stimulated many related
studies (see, e.g., Murata and Thisse 2005 and Pfliiger and Tabuchi 2010, to name a
few) that further explore the role of urban elements in the functioning of spatial
economies. More recently, Helpman’s setup has also been widely employed in
recent literature on quantitative spatial economics (see, e.g., Redding 2016 and
Redding and Rossi-Hansberg 2017).

However, two shortcomings of Helpman (1998) have been neglected and
received little attention in the literature. First, the main results of Helpman (1998)
are derived through numerical simulations. Although his results indicate that the
housing preference, the elasticity of substitution, and the transport costs interact and
have significant impacts on spatial equilibrium, closed-form solutions for the
threshold values of the above variables were not derived. Second, the firms are
assumed to be homogeneous in productivity in Helpman’s model. However, a large
body of recent literature reveals that firm heterogeneity in productivity has
significant impacts on trade, firm selection, and economic geography (see, e.g.,
Melitz 2003; Baldwin and Okubo 2006 and Okubo et al. 2010).

This study aims to overcome these two shortcomings by introducing firm
heterogeneity in productivity a la Melitz (2003) into the model of Helpman (1998).
By doing so, the contributions of this study are threefold. First, we analytically give
explicit solutions for the threshold values of the housing preference and the
transport costs that are crucial in determining the spatial configuration. Second, we
analytically show that, besides the elasticity of substitution across varieties, the
degree of firm heterogeneity enters the threshold values as well. Our model features
how a change in firm heterogeneity affects the spatial equilibrium. By comparing
our result with that of related studies, we reveal that the firm heterogeneity affects
spatial equilibrium in a manner very similar to trade liberalization. Third, we have
new findings that are in contrast with Helpman (1998) if the housing stocks are
unevenly distributed across regions. We explain intuitively how and why our results
differ. In particular, our results provide alternative theoretical explanations for some
stylized facts such as “ghost cities” in countries undertaking high-speed urbaniza-
tion and real estate development.

Our findings are as follows: First, the symmetric equilibrium is always
stable (unstable) if housing preference is higher (lower) than a threshold value.
For the middle level of housing preference, the symmetric equilibrium is stable if
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transport costs are lower than a threshold value (i.e., the break point). On the other
hand, the full agglomeration is always stable (unstable) if the housing preference is
lower (higher) than a threshold value. For the middle level of housing preference,
the full agglomeration is stable if the transport costs are higher than a threshold
value (i.e., the sustain point).

Second, a comparative static analysis shows that an increase in firm heterogene-
ity works in favor of dispersion. Intuitively, an increase in firm heterogeneity,
among others, implies a larger proportion of high-productivity firms and a higher
propensity to export. As a larger proportion of globally produced varieties becomes
available and can be imported at lower prices, living in the larger market becomes
less important, which attenuates the centripetal force stemming from the home-
market effect.

Third, we find that the main findings in symmetric settings remain largely robust
in the case of asymmetric housing stocks across regions. Our results show that the
share of the population is more than proportional to its housing stock in the larger
region. This is in contrast with Helpman’s prediction that the share of the population
is proportional to each region’s housing stock when transport costs are negligible.
The difference comes from the firm heterogeneity in productivity. In Helpman’s
model, firms are homogeneous and a representative resident has access to all brands
of varieties if the transport costs are negligible. She migrates to the region with less
housing congestion until each region’s population becomes proportional to its
housing stock.

In contrast, in our setup with firm heterogeneity, due to the existence of fixed
export costs, only a proportion of high productivity firms export, even when the
transport costs are negligible. This gives the consumers in the larger region better
access to the differentiated goods, and this merit is just enough to compensate for
the housing congestion resulting from a more than proportional share of population
in that region. Moreover, we find that if the housing preference is low, it is very
possible that the region with much more housing stock turns out to be the periphery
region. This finding provides alternative theoretical explanations to the phenomenon
of “ghost cities” in countries undertaking high-speed urbanization and real estate
development.

Our study is related to the following literature. Tabuchi (1998) proposed a model
which unifies economics a la Alonso (1964) and NEG in a single framework. His
results depict a structural transition from dispersion to agglomeration, and then
redispersion as transport costs fall. However, his analysis is limited to two extreme
cases of zero and infinite transport costs. Murata and Thisse (2005) developed a
more tractable framework with iceberg urban commuting costs that affect a
worker’s effective labor supply and her income. Contrary to the results of the core-
periphery model, they show that mobile workers are unwilling to agglomerate in
order to alleviate the urban costs, unless the transport costs are so high that the
benefit of having all varieties locally produced outweighs the urban costs. The
current study differs from these studies in that the consumption of housing and, thus,
the dispersion force from fixed housing stock are not considered in their models.
Moreover, firm heterogeneity in productivity is assumed away in their models.
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Although the consumption of land and its use in production are considered in
Pfliiger and Tabuchi (2010), they assume homogeneous firms in their setup.

This paper is closely related with Ehrlich and Seidel (2013) who introduce
Melitz-type firm heterogeneity into the standard core-periphery model. They
disclose that an increase in firm heterogeneity works in favor of agglomeration. We
differ from them in that urban cost and its impact on agglomeration are not taken
into account in their model.

In this regard, our results are consistent with those of Zhou (2018), who
incorporates Melitz-type firm heterogeneity into the model of Murata and Thisse
(2005). He shows that higher urban costs or lower transport costs foster dispersion,
and an increase in firm heterogeneity works in favor of dispersion. Our setup differs
from his in that the urban costs in Zhou (2018) take the form of commuting cost and
land rent which reduce labor’s effective income, while the preference for housing
consumption and the disutility from housing congestion are not taken into account.
While these urban elements coexist in reality, the current study enriches our
understanding of the roles of urban costs and firm heterogeneity in urban
agglomeration. Second, while the analysis of Zhou (2018) is limited to symmetric
settings, this paper examines the scenario with asymmetric settings. Third, by
classifying our results with those of related studies, we reveal that firm
heterogeneity affects spatial equilibrium in a manner similar to trade liberalization.

Our results also add to the so-called ‘new’ NEG literature.' In this vein of
research, Baldwin and Okubo (2006) introduce firm heterogeneity a la Melitz
(2003) into the footloose capital model proposed by Martin and Rogers (1995).
They show that firm heterogeneity leads to a sorting of the most productive firms
into the larger regions. However, based on the footloose capital model, where the
mobile factor repatriates all its earnings to its region of origin, their approach does
not exhibit circular causality as in the standard core-periphery model. Okubo (2009)
further derives gradual agglomeration (rather than catastrophic agglomeration) by
introducing intermediate input linkages into the model of Baldwin and Okubo
(2006). Among others, Nocke (2006) finds that each entrepreneur in a large market
is more efficient than any entrepreneur in a smaller market, because competition is
endogenously more intense in larger markets. Our setup differs in that the workers
here are homogeneous and as in Melitz (2003), each firm is associated with a
particular labor input coefficient (i.e., marginal cost). In a linear model, Okubo et al.
(2010) show that the more productive firms are selected into larger markets when
trade costs fall, but the less productive firms also find it profitable to locate in the
larger market. It thus leads to a bell-shaped relationship between trade liberalization
and international productivity gap. Assuming two types of firm productivity, Saito
(2015) examines the organization and location decisions of heterogeneous firms
with multi-plant operations and their consequences for regional productivity. This
paper differs from that strand of literature in that these studies do not take into
account the centrifugal force stemming from housing congestion.

! See Ottaviano (2011) for a review of this stream of literature.
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The remainder of this paper is organized as follows. Section 2 introduces the
model setting. Section 3 examines the short-run equilibrium. Section 4 examines
the spatial equilibrium. The last section summarizes our main results.

2 The model
2.1 The spatial economy

Consider an economy involving two regions (r = 1,2), one manufacturing sector
producing differentiated products with increasing returns to scale, as well as a fixed
stock of housing (S,). The economy is endowed with L homogeneous and mobile
workers, each supplying one unit of labor inelastically. Let A denote the fraction of
workers residing in region 1 so that the mass of workers in regions 1 and 2 is given by
Ly =LA and L, = L(1 — 1), respectively. Obviously, labor supply in a region is
determined by its population. Workers in the more populated region are supplied with a
better variety choice of locally produced goods while imported brands are costly to
transport. On the other hand, a worker lives in the region where she works, and purchases
local housing services and all brands of differentiated products. As a result, housing
costs are higher in the more populated region. Workers tend to agglomerate in the larger
region in order to get better access of differentiated products and, on the other hand, to
disperse in order to alleviate housing congestion. In the following, for simplicity, we
mainly describe the economy in region 1, as region 2 is almost symmetric.

2.2 Consumption

Preferences are the same across consumers and each consumer in region 1
maximizes a Cobb—Douglas utility function given by

u = hic;”’ (1)

] = l:/ d](l)Tldljl 5
icQ

where h; represents housing consumption and dy (i) denotes the consumption level
of variety i. Since there are two regions and manufactured variety is generally

with

tradable, d (i) may be the consumption level of a local or an imported product. The
parameter, €2, denotes the total mass of varieties that are endogenously determined
in our model. A representative consumer maximizes utility subject to her budget
constraint, and the individual demand for variety i is derived as

- :Pl(i)foEl(l -B)

dl(l) P:_U L) ’ (2)
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where p) (i) is the consumer price of variety i, P| = ([,_o P (i)l_”di)ﬁ denotes the
price index in region 1 and E; is the aggregate expenditure of region 1.

Each consumer spends a fraction f§ of her income on housing and, therefore, the
aggregate expenditure on housing is (E; + E,)f. Also, aggregate expenditure equals
aggregate income, which is composed of labor income LAw; + L(1 — 2)w, (where
w, is the wage rate) and income from housing ownership (E; + E;)f. Thus, the
aggregate income from housing equals [Liw; + L(1 — A)wy]f/(1 — ). As in
Helpman (1998), the housing stocks are equally owned by all residents. As a result,
income from housing by residents of region 1 equals the fraction A of the total
income from housing. Therefore, the aggregate expenditure of region 1 is derived as

BAILAwy + L(1 — A)ws]
I=p

E] = L/lWl +

- 3)

2.3 Technology and production

Each variety of the differentiated goods is produced by a single firm under
increasing returns and monopolistic competition. We follow Melitz (2003) in
assuming that firms differ in their labor productivity ¢ which is drawn from a
commonly-known distribution function. Firms do not know their productivity ex
ante, but have to incur an investment (like R&D) to obtain this information. We
denote this entry cost in terms of labor, that is f,w,. Based on this knowledge, firms
decide about producing or exiting the industry in case their productivity is too low
to make profits. After that, for x; units of output of variety 7, each firm has a specific
input requirement according to x;(¢) = I;(¢)¢p, where /;(¢) denotes marginal labor
input by firm of type ¢. Please note that, as in Melitz (2003), firms are
heterogeneous w.r.t. their productivity although workers do not differ in their skills.
This can be rationalized by arguing that each firm possesses a specific technology
determining labor productivity of each employee.

Moreover, firms choose which markets to serve. In order to serve the local
market, each firm is required to invest f units of labor as a fixed input. This
investment could take the form of, say, equipment purchase or or any marketing
activities that are independent from variable costs. A similar argument applies for
the export market such that firms have to hire additional f; units of labor to sell to
consumers abroad. When a differentiated good is shipped across regions, transport
costs a la Samuelson (1954) occur: t > 1 units of the variety must be sent from the
origin for one unit to arrive at destination. Since the varieties are symmetric, in the
following, we drop the “i” to simplify the expressions.

Under Dixit-Stiglitz preferences, firms maximize their profits by choosing the
optimal prices. For local sales and exports, the consumer prices are respectively
derived as
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oW1 oW1
Ty Pu=7T_——F -
(c—1De (c—1e

Together with the demand function (2), the revenues and profits of a representative
firm in region 1 from local and foreign markets are derived as

p1 =

Ri0) =2 R —p). Rulo) =2 pa ),

mi(p) =Ri(@)/o —fwi, mi(@) =Ri(p)/o —fiwi,

where R; and m; are revenue and profit from local market whereas R;, and 7, are
those from foreign market. Note that firms with higher productivity (higher ¢)
charge lower prices, sell more and earn higher profits.

We follow the literature on heterogeneous firms in assuming Pareto distributed
productivity levels. Hence, the cumulative distribution function reads
G(p) = 1 — ¢ *, where k > 0 denotes the shape parameter. To simplify notation,
as in Ehrlich and Seidel (2013), we have normalized the scale parameter to unity
without loss of generality. This means that ¢ = 1 is the lowest productivity a firm
can draw. As noted by Ehrlich and Seidel (2013), the Pareto distribution offers the
advantage that the shape parameter k is a straightforward measure for the

heterogeneity of firms. The variance of the Pareto distribution Var(¢) = k/[(k —

1)?(k — 2)] is strictly decreasing in k for k > 2.2 A high value of k implies that it
becomes less likely to draw a high productivity level ¢. In other words, there are
only a few very productive firms and many low-productive ones. In the extreme
case of k = oo, all firms are clustered at the lower bound ¢ = 1. We thus refer to
lower levels of the shape parameter k as a more heterogeneous distribution of
productivity levels.

3 Short-run equilibrium

We summarize the timeline of the behavior of firms in our model as follows: For a
given allocation of population, firms decide whether to enter the industry until their
expected profits equalize the entry costs. Based on their productivity draw, firms
start producing as long as their profits are not negative and pay the market wage rate
w,. This is true for all firms with a productivity level ¢ that exceeds the cutoff level
@*. Moreover, a subset of these domestically active firms with higher productivity
may find it profitable to export to the foreign region. We refer to this situation as the
short-run equilibrium without labor mobility. In the long-run, workers migrate
across regions in search of the highest utility. If migrating to the other region
promises higher real remuneration, the allocation of workers is modified such that
firm entry and exit adjusts to meet the equilibrium condition of zero expected

2 Assuming k > 2 is necessary for ensuring the Pareto distribution has finite variance. See also Helpman
et al. (2004). Meanwhile, as in Ehrlich and Seidel (2013), we impose k > o — 1 to ensure that the
integrals of the average productivity of the Pareto distribution converge.
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profits. The migration process terminates if either utilities are equalized across
regions or all workers agglomerate in one jurisdiction.

In the short-run, for a given distribution of population, we first derive the local
cutoff productivity level ¢*. To obtain ¢*, we combine the free-entry condition with
the zero-cutoff-profit condition. Firms enter the industry as long as expected profits
(from both local sales and exports) are sufficient to cover the fixed market entry
costs. Formally, this free-entry condition is given by

((PT)_kﬁl = fowr, (4)

where 7; denotes average profits of surviving firms. Multiplied by the probability of
surviving in competition, that is 1 — G(¢}) = ((pf)_k , we obtain expected profits
before firm-specific productivity levels have been realized.

On the other hand, denoting by ¢; and ¢, as the productivity levels of the
average domestic and exporting firm, respectively, surviving firms can expect to
earn 7;(¢,) domestically and (¢7/ (p]‘x)knlx((f)lx) from exports. The term,

(¢7/ qo’l‘x)k, reflects the probability of becoming an exporter conditional on being
active in the domestic market, with ¢}, denoting the export productivity cutoff.
Firms will only start producing for domestic and export market as long as their
revenues from the respective market cover the market-specific fixed costs. As a
result, the marginal domestic and exporting firm will be formally given by

Ri(p)) = afwi, and Ry.(@],) = afiwr.

These two conditions can be used together with Ry.(¢5,) =

Ri(¢")pac(93,)' "7 /p1(¢*)' ™7 = afows to establish a link between the domestic
cutoff in region 1 and the exporter cutoff in region 2:

@ = 16/ (o fwr) T Vet (5)

As in the literature, we assume f, > f, which implies the reality that the domestic
sales are generally more profitable than exporting. Please note that it is a common
assumption in the literature to avoid the case where firms export without serving
local consumers.” Based on these insights, it is evident that the conditional export
probability is limited to the range between zero and unity. Intuitively, a lower level
of the shape parameter k (more heterogeneous in productivity) implies a higher
export probability. By using Eq. (5), we can formulate the conditional export

probability as
#\ k ™ 2 o\ k
() =) () () ©
Pl f W) ®3

where ¢ = 7% € (0,1).

3 Note that for symmetric regions, we have w; = w, and @} = @5 such that ¢35, > ¢} implies ¢35, > ¢}
whereas ¢}, > ¢@; implies ¢}, > ¢}. For asymmetric regions, ensuring that only domestically active
firms export imposes a limit on relative wages. The limit condition is discussed in the online appendix.
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Note that we can formulate average revenues in terms of the cutoff productivities,

~\o—1
Ri(¢y) = (%:) R(¢}). By combing the profits from domestic and export sales

with the conditional export probability in Eq. (6), the zero-cutoff-profit condition
can be derived as

~ a—1 %\ k ~ o—1
T = (¢_i> Jwi —fwi + (90_*1) [<@_g> fawr fxwl]’ (7)
?q Pix P1x

where the first two terms in the RHS are domestic profit whereas the third one is the
profit from export market. Then, by combining Eqgs. (4) and (7), we solve the
domestic cutoff level of productivity in region 1 as

1/k
o = flo—1) 1 — H*¢? | (8)
ek =0+ 1) 1 — Hep(wa /w1 )

where H = (f./f )k7+;I € (0,1).* Tt shows that the region with higher wages features
lower cutoff productivity because higher wages reduce expected profits and result in
less entry.

Finally, we close the model by using the labor market clearing condition jointly
with expenditure balance condition. Specifically, the labor market clearing
condition of region 1 can be formulated as

Li=n <d1g?1) +f) +n (ﬂ) k (M +fx> + (@) 'mf, (9

Ix P1x

in which n; is the number of varieties and the demands are functions of the price

index given by
o W l1-0 <0* k ™w 1-0 ITIU
st ) () @) ]
o—1 ?y ?2/ \Pox

The LHS of Eq. (9) is the total labor supply in region 1, whereas the RHS represents
the labor employed in domestic production, export and fixed entry inputs, respec-
tively. On the other hand, the total expenditures in domestic and foreign market
equate the total revenues. We thus have

~ o—1 «\ k /s~ o—1
E1<1—ﬂ>=n1(%) aﬁvl+n2("’—3) (‘f’) ofovs,  (10)

*
1 2x Pox

where the LHS is total expenditure on manufacturing goods while the RHS are
revenues of domestic and foreign manufacturing firms, respectively. Note that, for

4 Assuming a Pareto distribution implies that average productivity results as a constant markup over the

respective cutoff levels, that is @,/¢} = @/}, = [k/(k— 0o+ 1)]1/(“71), which helps to simplify the
mathematical expressions.
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Egs. (9), (10), mirror expressions exist for region 2, and we thus have four equations
that endogenously determine the variables, wy, wy, n; and n;.

4 The spatial equilibrium

In the long-run, workers migrate across regions driven by utility differential. As in
the literature, migration is governed by the migration equation:

ju = (Vl — Vz)(l — /L)j.,

where v, is the utility level of a representative worker in region r. It demonstrates
that the long-run equilibrium holds when all workers agglomerate in one region
(A=1or0)orv; —v, =0with 2 € (0,1). As in Krugman’s core-periphery model,
endogenous variables enter in a non-linear fashion such that closed-form solutions
for the full range of spatial distribution of workers are generally infeasible. Nev-
ertheless, we can solve the model analytically for the symmetric equilibrium
(A=1/2) and full agglomeration (4 =1 or 0). To rule out the first nature differ-
ence, as in Helpman (1998), the housing stocks are assumed to be the same across
regions.” In region 1, per capita consumption of housing equals S} /L/ in which S| is
the fixed housing stock. By using Eq. (1), the utility level of a representative worker

in region 1 is derived as

_ Sl y El(1 7ﬁ) - (11)

vi=|—=) |———— .
LA LAP,

4.1 Symmetry

At symmetric equilibrium, the population is equally distributed across regions
(A =1/2). By using Egs. (9)-(10) and the corresponding mirror equations, the
wages and equilibrium firm numbers are uniquely solved as:

_ Lk—0o+1)

"~ 2fko(1 +Hep)

As in the literature, the symmetric equilibrium is stable® if and only if
% ‘ ,_1<0. Using the total differentials of Egs. (9)—(10) and the corresponding
L=

s

Wi =Wy =Ww, ny = np

mirror equations, jointly with the equilibrium values of wages and firm numbers at
A =1/2, we derive:

O/fva) | _ 47 (9)
A | CR U C= DR

(12)

where F(¢) is defined as F(¢) = AH>¢* + BH¢ + C, with

> We examine the case of asymmetric housing stocks in Sect. 4.4.

6§ Readers who are interested in stability analysis of spatial models with dynamics could reference, for
example, Neto and Claeyssen (2015).
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2= p)(e = D[2-p)o—1]>0,

2[—a(6 — 1)B* + 2ka* + ¢ — 1 — 2ka],

pla = 1)(po —1).

Equation (12) shows that the symmetric equilibrium is stable if and only if

F(¢) > 0. To simplify the expression, F (1) is rearranged as a quadratic function in
term of f3:

A
B
C

F(1) = Qif + Qf + Qs

where

Q=1 -H)*(a—1)a>0,
Q, = 4Hka* — (6 — 1)(4H?6 — H> + 1),
Q3 =2H|[(6 — 1)(26H + 1 — H) — 2ka] <O.

Lemma 1 Define f* = SRRV VZQQEI_%, and we have [*<1/c. If 0<f<f*, we

have F(1)<0; if > [, we have F(1) > 0.

Proof F(1) is a quadratic function in terms of f. At =0, we have
F(1)=Q3<0; on the other hand, at f=1/0, we have
F(1) =2H(o — 1)*(26H + 1 —H) /o > 0. Moreover, Q; > 0 implies that F(1)
is a convex function in terms of f3. Therefore, there exists a unique f* € (0,1/0) at
which F(1) = 0. If f<f*, we have F(1) <0; if § > f, we have F(1) >0. [

Based on the results above, we solve the threshold value of transport costs and
obtain a proposition as follow.

Proposition 1 If § > 1/a, the symmetric equilibrium is always stable; if < [fﬂ, the
symmetric equilibrium is always unstable; if f*<p<1 /0, there exists a unique T-
break point given by

—1/k
B <—BH +VBH? - 4AH2c> !
Tp = > 1,

2AN?
below which the symmetric equilibrium is stable.

Proof See “Appendix 1”. O

Contrary to the results of the standard core-periphery model, the symmetric
equilibrium is stable when the transport costs are sufficiently low (i.e., T <t). The
difference comes from the centrifugal forces. In the core-periphery model, the
centrifugal force originates from the agricultural sector whose share in employment
and expenditure has sharply decreased in most industrialized countries, as argued by
Murata and Thisse (2005, p. 138). In contrast, the main centrifugal force here stems
from the housing congestion, which fits well with modern urban-space economies.
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For a given housing stock, agglomeration brings to lower per capita housing
consumption. Thus, mobile workers disperse in order to alleviate the congestion
when transport costs are sufficient low. In particular, the results show that, if the
housing preference is extremely high (i.e., § > 1/0),” the centrifugal force is so
strong that the symmetric equilibrium is always stable. On the other hand, if the
housing preference is extremely low (i.e., f < %), residents care little about housing
congestion and, as a result, the symmetric equilibrium is always unstable.

The results are consistent with those of Helpman (1998), Tabuchi (1998), and
Murata and Thisse (2005). However, by introducing firm heterogeneity a la Melitz
(2003) into the model of Helpman (1998), our contributions are manifold. First,
while the main findings in Helpman (1998) are derived through numerical
simulations, we analytically give explicit solutions for the threshold values of
housing preference f and transport costs 7,. Second, by incorporating firm
heterogeneity in productivity, our setup is, no doubt, more comprehensive and
general. We analytically show that the main findings of Helpman (1998) are robust
even if firm heterogeneity in productivity is considered. Third, Helpman (1998) is a
highly cited paper and, in particular, its setup has also been widely employed in the
recent literature on quantitative spatial economics (see, e.g., Redding 2016 and
Redding and Rossi-Hansberg 2017). Our further exploration of this framework
extends our knowledge about its theoretical foundation. Moreover, our setup
enables us to explore how a change in firm heterogeneity (i.e., a fall of k) affects
economic agglomeration in an urban-space economy, which is explored in more
detail in the following subsections.

4.2 Full agglomeration

This section examines the equilibrium of full agglomeration (A = 1).® As in the

literature, the full agglomeration is sustainable if and only if % 5 > 1. Plugging
A =1 into Eq. (10) gives n;, and at 4 close to 1, by Eq. (9), we solve
ko
Lk—0o+1 T k(1 —24 —-1)-1
py =Mkt ) (m) _ (1= Alple—1) =1 He.
fko wa Hp{oc—1+k(1 = 2)[pi(c—1)—1]}

(13)
By the definition of v, (Eq. (11)), Egs. (5), (8), (13), we derive

7 Note that, if ¢ is high, consumers view different varieties as closer substitutes and care little about the
available variety choice, which enlarges the range of stable symmetric equilibrium. As shown in
“Appendix 2”7, a higher ¢ decreases the range of stable full agglomeration.

8 The scenario of 4 = 0 can be derived analogously.
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1-p

o -0 o k - 1-67 17=¢ B A X 1-p
n) (ﬁ) +ny (ﬁ) (ﬁ) wi + (Tﬁ) (/LW] + (1 — /L)W2)

Vi
V2 1,1 N wi -0 [ k ™w) =0 wy + B (/LW +(1—/L)W)
ni A +ny E o 2 -8 1 2
price index effect
)
X
A 1
—_——
congestion effect
Blko—a+1)—(k—a+1)
R O U e P
(14)
where
( 2026 ( ) e
1 —H1~ og—1 e 20-1 1718-1
P(7) = [H—’w«l— Hr

Equation (14) shows that, as workers fully agglomerate into one region, all varieties
are free of transport costs and, as a result, the local price index becomes extremely
low (relative to the periphery region), as captured by the price index effect. On the
other hand, as 1 approaches one, the per capita housing consumption goes extremely
low, which discourages further agglomeration, as captured by the congestion effect.
Evidently, there is a trade-off between these two effects and, in particular, this trade-
off is reflected by the power exponents of f3, g, and k. Further analytical investi-
gation gives us the following proposition.

Proposition 2 If ff > k’;:"oill, full agglomeration is always unstable; if < kka’j:jrll,
full agglomeration is always stable; if f = k’;’_";rl], a sustain point is defined by the
equation ¥ (t,) = 1, beyond which the full agglomeration is sustainable. Moreover,
an increase in firm heterogeneity decreases the range in which full agglomeration is

stable.

Proof See “Appendix 2”. O

As shown by the above results, the stabilities of the full agglomeration depend on
the trade-off between the price index effect and the congestion effect. These two
effects in turn crucially depend on the power exponents of f§, o, and k. We
analytically show that, if the housing preference is high (i.e., f > kkc;“gfl), full
agglomeration is always unstable. In other words, if the housing preference is
particularly high, the congestion effect dominates, and the full agglomeration
collapses if one worker leaves the core. On the other hand, if the housing preference
is low (i.e., f< k’j:’;ll), the price index effect dominates and, as a result, workers
fully agglomerate to take advantage of the larger market.
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Helpman (1998) finds that the full agglomeration is sustainable if the elasticity of
substitution and the intensity of preferences for housing are small (i.e., fo <1) by
numerical simulations. In contrast, this paper contributes to the literature by
analytically giving the explicit solution for the threshold value of f# below which the
full agglomeration is sustainable. Moreover, in a more comprehensive setup with
firm heterogeneity in productivity, we analytically disclose that, besides f§ and g, the
measure of firm heterogeneity (i.e., k) enters the expression of the threshold value of
f as well. Our comparative static analysis shows that a fall in k decreases the range
of f in which the full agglomeration is sustainable. In other words, an increase of
firm heterogeneity works in favor of dispersion.

Intuitively, as in the literature (e.g., Ehrlich and Seidel 2013), a change in firm
heterogeneity affects the centrifugal and centripetal forces through several channels.
First, an increase in firm heterogeneity implies a larger proportion of high-
productivity firms and a higher propensity to export. As a larger proportion of
globally produced varieties becomes available and can be imported at lower prices,
living in the larger market becomes less important. It attenuates the centripetal force
originating from the price index effect. Second, a fall of k means that it becomes
more likely to draw high productivity levels, which in turn implies lower prices and
a higher propensity to export. With a larger proportion of high-productivity
competitors, firms in the larger market are shielded less from their competitors. As a
result, the profits earned from the local market fall, rendering the larger market less
attractive than before, which also attenuates the centripetal force. Third, an increase
in firm heterogeneity also implies fewer but more efficient firms. Each incumbent in
the market owns a larger market share such that the immigration of one worker to
the larger market reduces the market share of each incumbent relatively less. In this
way, the centrifugal force originating from competition also decreases in magnitude.
The former two outweigh the third one, and an increase in firm heterogeneity works
in favor of dispersion.

In this regard, our results agree with the findings by Behrens et al. (2011),
revealing that firm heterogeneity acts as a dispersion force, as the more productive
firms crowd their less productive rivals out of the larger market. Our results are also
consistent with those of Zhou (2018), showing that an increase of firm heterogeneity
fosters dispersion in a linear city model with commuting costs and land rent.

To better understand the impact of trade liberalization or a change in firm
heterogeneity on spatial equilibrium, we classify the results of related literature and
summarize them into Table 1.

It is interesting to find that, in each different context, trade liberalization or an
increase in firm heterogeneity affects spatial equilibrium in the same directions.
Intuitively, we have explained how an increase in firm heterogeneity affects the
centrifugal and centripetal forces through the aforementioned channels. It is
noteworthy that a fall of transport costs works in a similar way. Specifically, as the
transport costs fall, (i) varieties produced in the larger market can be imported at
lower prices, which makes living in the larger market less important and attenuates
the price index effect; (ii) firms in the larger market are shielded less from foreign
competitors, rendering the home-market effect less attractive; (iii) firms sell more to
the foreign market and the immigration of one worker to the larger market reduces
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Table 1 The spatial impact of trade liberalization or a change in firm heterogeneity: a comparison
of related literature

Model || Helpman (1998) | Murata and Thisse (2005) Krugman (1991a)
Effect & This article & Zhou (2018) & Ehrlich and Seidel (2013)
A fall of transport Dispersion Dispersion Agglomeration

costs

An increase in

. Dispersion Dispersion Agglomeration
firm heterogeneity

the market share of each incumbent relatively less (competition effect).’ Although
the magnitudes of the impacts on each effect may be quite different, in each context,
as shown by Table 1, an increase in firm heterogeneity affects the spatial
equilibrium in the same directions as trade liberalization.

Does firm heterogeneity work in favor of agglomeration or dispersion? Existing
literature provides ambiguous answers.'” We interpret that an increase in firm
heterogeneity works in a very similar way as trade liberalization. In turn, the
impacts of trade liberalization depend on the specific dispersion forces in each
context. For instance, trade liberalization tends to elicit the equilibrium of full
agglomeration in the model of Krugman (1991a) in which the dispersion forces
originate from the expenditures of the immobile farmers. In contrast, in Helpman
(1998) and Murata and Thisse (2005), trade liberalization works in favor of
dispersion, because workers and firms tend to disperse in order to alleviate the urban
costs when transport costs across regions are low.'"

To close the discussions in this subsection, we summarize the stabilities of the

equilibria by arranging the threshold values of 8. Plugging f = k"aj"oﬂl into F (1) gives

(1-H)(o 1)

F)=- (ko — o+ 1)2

[(k—o+1)(c— 1)+ H(2%ko — 6+ 1)(2ke — k — o + 1)] <0,

where the inequality comes from k& > ¢ — 1. By the properties of F(1), we have

k’:_% < ﬁﬂ. The stabilities of the equilibria w.r.t. the values of f are summarized in

the Table 2.

° In our model with firm heterogeneity, trade liberalization also works through an exporter selection effect.
Lower transport costs allow less productive firms to earn positive profits from foreign markets, which implies a
higher propensity to export and raises the share of available varieties in each market. At the same time,
intensified competition from high-productive firms drives the least productive firms out of the market and raises
the output and market share of each incumbent. As also mentioned by Ehrlich and Seidel (2013, p. 543), “Firm
heterogeneity works in a very similar way as the selection effects that come along with trade liberalization.”

10 Ehrlich and Seidel (2013) find that an increase in firm heterogeneity fosters agglomeration while
Behrens et al. (2011) and Zhou (2018) provide the opposite results. Baldwin and Okubo (2006) also argue
that firm heterogeneity can be thought of as a dispersion force in the sense that a smaller share of firms
will have relocated from the small to the large region. Among others, Okubo et al. (2010, p. 231) argue
that heterogeneity may act as an agglomeration force or as a dispersion force.

' Readers who are familiar with the literature on trade and urbanization may remember the fact that
trade liberalization leads to dispersion across regions in Krugman and Elizondo (1996) in which
centrifugal force mainly originates from urban costs, while Paluzie (2001) gives the opposite result with
centrifugal force stemming from the immobile expenditure.
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Table 2 The stabilities of equilibria w.r.t. the values of f§

b ©, &5 e P (.1/0) 1/, 1)
Symmetry Unstable Unstable Stable if T <71, Stable
Full agglomeration Stable Unstable Unstable Unstable

4.3 The set of equilibria: numerical examples

The forgoing analyses, however, do not provide a full characterization of spatial
equilibria. Since the closed-form solutions for the full range of spatial distribution of
workers are difficult, we appeal to numerical experiments in this section.

Figure 1 is depicted for parameters chosen as ¢ =3, f =5, fy =35 and f, = 1
that are in line with the recent literature (Egger et al. 2013; Ehrlich and Seidel
2015).12 The vertical axis represents the utility differential, v;/v,, while the
horizontal axis represents the population share. The rows show the results of the
given f§ and decreasing transport costs T while the columns show those of the given
7 and increasing f3. The main numerical results may be summarized as follows.

First of all, it illustrates that, for any given levels of transport costs, a higher f§
fosters dispersion. To be specific, in the first row, if f = 0.1 < %{;‘1 (>0.14), the
full agglomeration is always stable, thus confirming the prediction of Proposition 2.
Also, f =0.1< ﬁu( >0.25), as predicted by Proposition 1, the dispersion is always
unstable. On the other hand, if § = 0.6 > 1/g(=~ 0.33), the third row shows that the
symmetric equilibrium is always stable, confirming the prediction of Proposition 1.
Also, if = 0.6 > k"gj“aﬂl (<0.23), as shown in the third row, full agglomeration is
always unstable, thus confirming Proposition 2.

Second, the second row shows that, for a given f3, lower transport costs favor the
equilibrium of dispersion. Intuitively, lower transport costs make it unnecessary to
concentrate together in order to alleviate the housing congestion. It is particularly
obvious for cases with higher values of f. It is noteworthy that the second row
shows the existences of stable partial equilibria. Even though housing stocks are the
same across regions, it is interesting to find that the two regions have different sizes
of population. In this equilibrium, the residents in the larger region consume a better
variety choice which is just sufficient to compensate them for the lower per capita
housing consumption. As a result, residents in the larger and smaller region have the
same levels of utility.

Last but not least, in all the cases shown by Fig. 1, a fall of k, thus a higher level
of firm heterogeneity works in favor of dispersion, confirming the former analytical
results. The numerical results confirm our forgoing theoretical predictions.

12 The main results are insensitive to to the choice of these parameters, and the results for alternative
parameters are provided from the author upon request.
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Fig. 1 Utility differentials and population distribution. Solid: k = 5, Dotted: k = 4, Dotdashed: k = 3
4.4 The case of asymmetric housing stocks

This subsection complements the results above by analyzing the case of asymmetric
housing stocks. In the original work of Helpman (1998), the analysis of asymmetric
settings is limited to extreme case of free trade. In contrast, we first extend his
analysis to a more general context, and then compare the results in Helpman’s setup
with those in our model with firm heterogeneity. Since the closed-form solutions are
not available, we appeal to numerical experiments. The parameters are given as the
same in Fig. 1 and k is chosen as k = 3. The solid, dotted and dotdashed curves in
Fig. 2 depict the cases of S1/S, =1, §1/S, = 2, and S, /S, = 3, respectively.

Several comments are in order. First, as illustrated by Fig. 2, a higher housing
preference (i.e., §) or a lower level of transport costs (i.e., t) fosters dispersion. It
indicates that the main predictions in symmetric settings remain largely robust when
housing stocks are unevenly distributed across regions.

Second, Helpman (1998) predicts that when transport costs are very close to the
level of free trade, the share of the population is proportional to each region’s
housing stock. This prediction is confirmed by the third column in Fig. 2b, showing
that if the housing stock in region 1 is twice that of region 2 (the dotted curve), the
share of the population in region 1 is almost proportional (= 0.66/0.33). In contrast,
in our model with firm heterogeneity, Fig. 2a illustrates that, even when the
transport costs are negligible (i.e., the third column), the share of the population is
more than proportional to the larger region’s housing stock. Intuitively, this
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(b) Utility differentials with asymmetric housing stocks in the setup of Helpman (1998)

Fig. 2 A comparison between Helpman (1998) and this article in asymmetric settings

@ Springer



Urban agglomeration and heterogeneous firms: a... 293

difference arises from the firm heterogeneity of productivity. In the model of
Helpman (1998), the firms are homogeneous in productivity. If the transport costs
are negligible, each resident has access to all brands of varieties and, thus, her utility
from the consumption of differentiated goods does not depend on the region in
which she chooses to live. Her income is also the same in either of the regions in
free trade. Therefore, the resident migrates to the region with lower housing costs
until each region’s population becomes proportional to its housing stock.

In contrast, in our setup, the firms are heterogeneous in productivity. Due to the
existence of fixed export barriers, only a proportion of high productivity firms
export, even when the transport costs are negligible. This gives the consumers in the
larger better access to the differentiated goods, and this benefit from the home-
market effect is just enough to compensate for the congestion resulting from a more
than proportional share of the population in that region.

Third, in Fig. 2a, if the housing preference is low (i.e., f = 0.1), each resident
cares little about the consumption of housing service, and the home-market effect
always dominates. As a result, even if the housing stocks are unevenly distributed,
the equilibrium of full agglomeration in either region is sustainable. In other words,
it is very possible that the region with more housing stock turns out to be the
periphery region.'> We note that there is an extensive body of literature'*
documenting the phenomenon of “ghost cities” in urban development, especially in
countries like China, where high-speed urbanization and real estate development are
occurring. While the existing literature attributes the phenomenon to land-centred
urbanization, excessive housing and infrastructure construction, and speculation on
property demand, this paper provides alternative explanations based on a solid
theoretical foundation.

5 Concluding remarks

By introducing Melitz-type firm heterogeneity into the model of Helpman (1998),
we revisit his main findings by showing how the spatial equilibrium of an urban-
space economy is determined by the trade-off between the centripetal force arising
from the home-market effect and the centrifugal force originating from housing
congestion. More importantly, since Helpman (1998) is a highly cited paper and its
setup has been widely employed in recent literature on quantitative spatial
economics, this study contributes to the literature by analytically providing explicit
solutions for the threshold values of the housing preference (ff) and the transport
costs (i.e., Tp, T), which play crucial roles in determining the spatial equilibrium. In
a more comprehensive setup with firm heterogeneity in productivity, this paper
discloses analytically and intuitively how a change in firm heterogeneity affects the
urban agglomeration. We compare our results with those of related studies and
reveal that firm heterogeneity affects spatial equilibrium in a manner similar to trade

13 The region that has more people to begin with grows in size until it absorbs the entire population. That
is, “history matters” (Krugman 1991b; Matsuyama 1991). In the setup of Helpman (1998), with
asymmetric housing stocks, full agglomeration is also possible if f is extremely low and 7 is very high.

14 See, e.g., Shepard (2015) and Chen et al. (2016), for reference.
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liberalization. Moreover, in the case of uneven housing stocks, we obtain new
results and explain intuitively how and why our results differ from those in the
model of Helpman (1998). In particular, our results provide alternative theoretical
explanations for phenomena such as “ghost cities” in countries undertaking high
speed urbanization and real estate development.
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Appendices
Appendix 1: Proof of Proposition 1

If f > 1/0, we have C > 0. Multiplying the two roots which satisfy F(¢) = 0, the
product is C/.A > 0, which implies that the two roots have the same sign. Also, it is
easy to check B > 0 when § > 1/0, which implies that the slop of F(¢) at ¢ = 0 is
positive. Since F(¢) is a convex function, we know that the two roots are both
negative and F(¢) > 0 for ¢ € (0,1). By Eq. (12), it implies that the symmetric
equilibrium is always stable.

If f<f< 1/0, we have F(0) = C <0. Also, as shown by Lemma 1, if < fF, we
have F(1)<0. Note that A >0 and F(¢) is a convex function. Due to the
continuities, F(0) <0 and F(1) <0 imply F(¢) <0 for ¢ € (0,1). By Eq. (12), it
implies that the symmetric equilibrium is always unstable.

If f*<p<1/a, we have F(0) =C<0 and F(1) >0 by Lemma 1. Because
F(¢) is a convex function, there exists a unique ¢, at which F(¢,) =0 and we
have F(¢) > 0 when ¢ > ¢,. By the definition of ¢,, we solve the 1. O

Appendix 2: Proof of Proposition 2

If A is very close to 1, (1 — A) is very close to zero. As shown in Eq. (14), if
B> k’;”gﬁl, the power of (1 — A) is positive and, therefore, v; /v, is very close to
zero. As a result, the full agglomeration is unstable. On the other hand, if ff < kkaj”ﬂill,

the power of (1 — 1) is negative and v; /v, is close to infinity, as as result, the full
Blko—o+1)—(k—o+1)
agglomeration is stable. If f# = Z=2tL, the term of (1 —4) equates 1.
The full agglomeration is sustainable if and only if ¥(7) > 1. Also, it is easy to
check that the ¥(7) is an increasing function in terms of t and, therefore, the sustain
point 7, is uniquely defined by ¥(7) = 1, beyond which the full agglomeration is

sustainable. Moreover, we have

a<k—a+1)/ak:((a—l)2 >O7a<k—a+l>/a(y:7( k2 <0,

ko —o+ 1 ko — o +1)° ko —o+1 ko — o+ 1)°

implying that a smaller k enlarges the range of parameters in which the full
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agglomeration is unstable while a smaller o fosters the equilibrium of full
agglomeration. O
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