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Abstract This study analyzes the effects of a price-cap regulation onmarket outcomes
in Cournot and Stackelberg duopolies. Although two firms are ex-ante identical, there
are asymmetric Cournot equilibria as well as the symmetric equilibrium under the
price-cap regulation, when the price-cap level is binding. By contrast, the Stackelberg
equilibrium is unique and equivalent to the most asymmetric Cournot equilibrium
under a binding price-cap level. We present several comparative statics results with
respect to the equilibriumoutcomes.Themain concernof this study is thewelfare effect
of a change in a price-cap level. We show that when asymmetric Cournot equilibria
or the Stackelberg equilibrium are focused on, a reduction in a price-cap level may be
socially harmful even if the price-cap level is more than the competitive price.

Keywords Price-cap regulations · Cournot competition · Stackelberg competition ·
Asymmetric equilibria · Endogenous role

JEL Classification D43 · L11 · L51

1 Introduction

In several industries such as oil, gas, electricity, railways, hospitals and airlines, firms
have been regulated by price caps. In particular, we can observe price-cap regulations
in the telecommunications industries of many countries and regions. In most of these
industries, it is invalid to assume that the market is approximately perfectly competi-
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134 Y. Okumura

tive, because the number of firms is not very large. Furthermore, few of the industries
are monopolies.1 Therefore, we examine an oligopoly model with a price-cap reg-
ulation. To be more precise, in our model, firms engage in Cournot or Stackelberg
competition and the market price of the good must be less than a certain price-cap
level. Our main finding is that tightening the price cap may decrease social welfare
even if the price-cap level is higher than the competitive price.

A large number of theoretical works discuss the price-cap regulation in the contexts
of monopoly and oligopoly.2 Earle et al. (2007) consider Cournot oligopoly models
in which demand is deterministic or stochastic and the price-cap level is more than
or equal to the competitive price.3 They focus only on a symmetric equilibrium and
show that social welfare is nonincreasing in the price-cap level as long as the level is
more than the competitive price in the deterministic case. However, as shown later in
this paper, there are asymmetric Cournot equilibria under a price cap. Furthermore,
when we consider asymmetric equilibria, a decrease in the price-cap level may be
socially harmful even if the price-cap level is more than the competitive price. When
we focus on a Stackelberg game with a price cap, the result of the welfare analysis is
clearer.4 We show that the Stackelberg equilibrium is unique for any price-cap levels
and a decrease in the price-cap level may also be socially harmful.

Earle et al. (2007) show that if demand is uncertain, a reduction of the price-cap
level may decrease social welfare. See also Roques and Savva (2009), Grimm and
Zöttl (2010) and Corchón andMarcos (2012) for related models and results. Reynolds
and Rietzke (2016) discuss an oligopoly model with endogenous entry and show that a
decrease of the price-cap level may decrease social welfare. By contrast, we consider
a model without any uncertainty and entry.

We discuss simple Cournot and Stackelberg duopoly models with symmetric firms
and a strictly convex cost function. First, we characterize the Cournot equilibria with
a price cap. If the price-cap level is between the competitive price and the Cournot
equilibrium price without any restriction, then the price cap is binding and there is a
unique symmetric equilibrium as well as asymmetric equilibria, in which the output of
a firm is larger than that of the other firm.We characterize each equilibrium as a convex
combination of the symmetric equilibriumand themost asymmetric equilibriumwhere
a coefficient of the convex combination represents the degree of symmetry of the
equilibrium. By using the characterization, we provide comparative statics analyses
by fixing the degree of symmetry. Unlike the comparative statics results of a monopoly

1 See, for instance, Sappington (2002) and OECD (2013) on the status of markets and regulations of
telecommunication industries in various countries and regions.
2 See, for example, Laffont and Tirole (1994) and Armstrong and Sappington (2007) for examination of
the effect of the price cap in a monopoly market.
3 There also exist several previous works that consider a Bertrand model with a price cap regulation. See,
for example Bhaskar (1997) and Matsumura and Matsushima (2003). Furthermore, there are several works
that examine a Cournot model with a quantity cap (quota) regulation. See, for example, Matsumura and
Okumura (2014) and Okumura (2015, 2016).
4 Bergantino et al. (2011) also consider the Stackelberg model with a price cap. They consider a partially
regulated duopoly model where a leader is regulated but a follower is not. On the other hand, in our model,
both firms are regulated.

123



Asymmetric equilibria under price cap regulation 135

model, we show that tightening a price cap may decrease the equilibrium output of a
firm and may increase the profit of a firm.

Second, we show that the Stackelberg equilibrium is always unique. Intriguingly,
if the price-cap level is binding, then the unique Stackelberg equilibrium is equivalent
to the most asymmetric Cournot equilibrium under the same price-cap level. We give
several comparative statics results of the Stackelberg equilibrium. Some are also in
sharp contrast to those of a monopoly model.

Third, we consider the welfare effect of the price cap. First, if the price-cap level is
binding in Stackelberg competition, then social welfare under Stackelberg competition
is less than or equal to that under any Cournot equilibrium. Second, we show that if the
price-cap level is equal to the competitive price, then the first best outcome is achieved
in both market structures. Third, when we focus on a sufficiently symmetric Cournot
equilibrium, social welfare is increased by a decrease in the price-cap level. Fourth,
if the price-cap level is sufficiently close to the competitive price, then social welfare
is also increased by a decrease in a price-cap level. However, if the price-cap level
is sufficiently far from the competitive price, then social welfare may be decreased
by a reduction in the price-cap level. This result is satisfied when we focus on the
Stackelberg equilibrium or a sufficiently asymmetric Cournot equilibrium.

Finally, we briefly explain why tightening the price-cap regulation may decrease
social welfare. In our model, there may be multiple Cournot equilibria but the equi-
librium total output does not differ among equilibria for any given price-cap level.
We show that if the degree of symmetry is sufficiently small and the price-cap level
is sufficiently close to the competitive price, then tightening the price cap increases
the difference between the equilibrium outputs of the firms. Since the cost function of
each firm is strictly convex, the industry cost is drastically increased by the decrease
of the price-cap level. Therefore, a reduction in the price-cap level may decrease
Cournot equilibrium social welfare. Since the Stackelberg equilibrium is equal to the
most asymmetric Cournot equilibrium when the price cap is binding, tightening the
price cap may also decrease Stackelberg equilibrium social welfare. A similar welfare
effect is discussed by Matsumura (1998) but he restricts his attention to the effect of
privatization policy.

2 Model and competitive equilibrium

We assume that there are exactly two firms 1 and 2 that decide their output denoted by
xi for i = 1, 2. Let X = x1+x2. The cost functions of the firms are identical and given
by C(xi ), which satisfies C ′ > 0 and C ′′ > 0; that is, C(xi ) is strictly convex. The
inverse demand function of this market is given by P(X) satisfying P ′′X + P ′ < 0
for all X > 0. The profit of firm i = 1, 2 is given by πi = P(X)xi −C(xi ). Note that
by the above mentioned assumptions, the profit function of i is strictly concave with
xi .5

5 The model of Earle et al. (2007) is based on that of Roberts and Sonnenschein (1976); neither requires
strict concavity of the profit function of a firm, which is assumed in the Cournot models of most previous
works. Instead of relaxing the assumption, they restrict their attention to symmetric equilibria. On the other

123



136 Y. Okumura

To characterize the Cournot and Stackelberg equilibria, we first derive the compet-
itive equilibrium without any price caps. The supply function of a firm is C ′−1(P),
because P = C ′(X). Let∅C (X) = C ′−1(P(X)).Moreover, let rC

(
x j

)
be the solution

of xi = ∅
C (xi +x j ). The functions∅

C (·) and rC (·) are useful to characterize Cournot
and Stackelberg equilibria with price caps. The competitive equilibrium output of a
firm is xC = ∅

C (XC )where XC = 2∅
C (XC ). Since ∅

C (X) is smooth and ∅
C ′ ≤ 0,

the equilibriumexists uniquely. The price P(XC ) is the competitive price, because both
demand and supply under P(XC ) are equal to XC = 2∅

C (XC ) = 2C ′−1(P(XC )).

3 Cournot equilibria

Without loss of generality, in this section, we assume that x1 ≥ x2 in any equilibrium.
First, we derive the Cournot equilibria without any price caps. The first order con-

dition of i is

P ′(X)xi + P(X) − C ′(xi ) = 0.

This condition yields the best reply function of firm i r(x j ) for i �= j . Let∅(X) be the
unique solution of xi = r(X − xi ). This function is also used to characterize Cournot
equilibria with a price cap.6 The Cournot equilibrium output of a firm is xN = ∅(XN )

where XN = 2∅(XN ). Since ∅ is smooth and ∅
′ ≤ 0, the equilibrium uniquely

exists. See Vives (2001, Ch.4) for the complete proof of this result. By comparing
the competitive case, we obtain ∅(X) < ∅

C (X) for all X satisfying ∅
C (X) > 0.

Therefore, we have XN < XC and ∅(X) < ∅
C (X) for all X ≤ XC .

Next, we derive Cournot equilibria with a price cap. Thus, the profit of the firm is
given by

min
{
P(X), P̄

}
xi − C(xi ).

Let X̄ be such that P(X̄) = P̄ . Throughout this study, we focus on a price-cap level
that is more than or equal to the competitive equilibrium price: P̄ ≥ P(XC ).

We derive the best reply of firm i �= j r
(
x j , P̄

)
under P̄ . First, if X̄ − x j ≤ r

(
x j

)
,

then r
(
x j , P̄

) = r
(
x j

)
because P̄ is not binding under x j and xi = r

(
x j

)
. Second,

if X̄ − x j ∈ (
r
(
x j

)
, rC

(
x j

))
, then the market price under x j and xi = r

(
x j

)
is

binding, that is; P̄ < P(x j + r
(
x j

)
). In this case, firm i chooses its output in which

the market price P
(
xi + x j

)
equals P̄ . This is because (i) if i increases its output, then

the market price is below the price-cap level, and (ii) if i decreases its output, then
the market price is not raised because of the price cap. Hence, r

(
x j , P̄

) = X̄ − x j .
Moreover, if X̄ − x j ≥ rC

(
x j

)
, r

(
x j , P̄

) = rC
(
x j

)
. That is, in this case, firm i acts

Footnote 5 continued
hand, we assume strict concavity of the profit function of a firm. Note that since Earle et al. (2007) assume
a linear cost function, their model is not a generalization of ours.
6 This function is often called the cumulative best reply function and is useful for discussing Cournot
equilibria in general models. See, for example, Vives (2001, Ch. 4) for more on this function.
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Asymmetric equilibria under price cap regulation 137

as a price taker where the market price is equal to P̄ , because the output of the other
firm is very small. In summary, r

(
x j , P̄

)
is given by

r
(
x j , P̄

) =
⎧
⎨

⎩

r
(
x j

)
if X̄ − x j ≤ r

(
x j

)

X̄ − x j if X̄ − x j ∈ (
r
(
x j

)
, rC

(
x j

))

rC
(
x j

)
if X̄ − x j ≥ rC

(
x j

)
.

(1)

Now,we derive theCournot equilibria. First, suppose P̄ ≥ P(XN ). Then,
(
xN , xN

)

is the unique equilibrium. That is, if the price-cap level is more than or equal to the
Cournot equilibrium pricewithout any price cap, then the price-cap level is not binding
and thus imposing the price cap does not affect the equilibrium as long as P̄ ≥ P(XN ).

Second, suppose P̄ ∈ [
P(XC ), P(XN )

]
. First, consider (x1, x2) that satisfies P̄ >

P(x1+x2). Since
(
xN , xN

)
is the uniqueCournot equilibriumwithout any regulations,

either of the firms has the incentive to change its output. Therefore, a pair (x1, x2) that
satisfies P̄ > P(x1+x2) is not an equilibriumand thus P̄ is binding in any equilibrium;
that is, P̄ = P(x1 + x2) and x1 + x2 = X̄ .

Now, consider (x1, x2) that satisfies x1 + x2 = X̄ . We derive the condition that
(x1, x2) is a pair of equilibrium outputs. First, firm i has no incentive to increase its
output if and only if

P ′(X̄)xi + P(X̄) − C ′(xi ) ≤ 0 ⇔ xi ≥ ∅(X̄). (2)

On the other hand, firm i has no incentive to decrease its output if and only if

P(X̄) − C ′(xi ) ≥ 0 ⇔ xi ≤ ∅
C (X̄). (3)

This is because, any decrease of firm i’s output never raises the price. Therefore, the
equilibrium output of firm i must satisfy ∅(X̄) ≤ xi ≤ ∅

C (X̄).
To characterize the equilibrium completely, consider the symmetric equilibrium(

X̄/2, X̄/2
)
and the most asymmetric equilibrium

(
x

(
P̄

)
, x

(
P̄

))
where

x
(
P̄

) = min{X̄ − ∅(X̄), ∅
C (X̄)},

x
(
P̄

) = max{∅(X̄), X̄ − ∅
C (X̄)}.

Then, as shown later, the equilibrium output is represented by the convex combination
of the two equilibria. Thus, let

xN1
(
P̄, α

) = α X̄/2 + (1 − α) x
(
P̄

)
,

xN2
(
P̄, α

) = α X̄/2 + (1 − α) x
(
P̄

)

for P̄ ∈ [
P(XC ), P(XN )

]
and α ∈ [0, 1] , and xN1

(
P̄, α

) = xN2
(
P̄, α

) = xN

for P̄ > P(XN ) and α ∈ [0, 1]. Note that xN1
(
P̄, α

) + xN2
(
P̄, α

) = X̄ for any
P̄ ∈ [

P(XC ), P(XN )
]
and α ∈ [0, 1]. If α = 1, then the equilibrium is symmetric.

Moreover, if α = 0, then the equilibrium is the most asymmetric one. Therefore, α
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represents the degree of symmetry of the equilibrium. Note that ∂xN1
(
P̄, α

)
/∂α < 0

and ∂xN2
(
P̄, α

)
/∂α > 0 for P̄ ∈ (

P(XC ), P(XN )
)
.

In summary, we have the following result.

Theorem 1 Suppose P̄ ∈ [
P(XC ), P(XN )

]
. A pair of the outputs of the firms is

an equilibrium if and only if (x1, x2) = (
xN1

(
P̄, α

)
, xN2

(
P̄, α

))
for α ∈ [0, 1]. In

addition, x
(
P̄

)
is a U-shaped function and x

(
P̄

)
is an inverted U-shaped function of

P̄ ∈ (
P(XC ), P(XN )

)
. Moreover, the minimizer of x

(
P̄

)
, denoted P̄∗, is equivalent

to the maximizer of x
(
P̄

)
and P̄∗ ∈ (

P(XC ), P(XN )
)
.

The proof of this is provided in the Appendix. In order to provide the intuitions
behind Theorem 1, we introduce the following example.

Example 1 Let P(X) = 1− X/2 andC(xi ) = x2i /2. Then, X
N = 4/5 and P(XN ) =

3/5, and XC = 1 and P(XC ) = 1/2, and P̄∗ = 6/11. In addition,

∅

(
X̄

) = 2/3 − X̄/3, ∅
C (X̄) = 1 − X̄/2,

X̄ − ∅(X̄) = 4X̄/3 − 2/3, X̄ − ∅
C (X̄) = 3X̄/2 − 1.

The best reply function of firm i �= j under P̄ of this example is

r
(
x j , P̄

) =

⎧
⎪⎨

⎪⎩

1
2 − x j

4 if 2 − 8P̄
3 ≤ x j

2
(
1 − P̄

) − x j if x j ∈
(
2 − 3P̄, 2 − 8P̄

3

)

2
3 − x j

3 if x j ≤ 2 − 3P̄ .

We illustrate the best reply functions of two firms in Figs. 1, 2 and 3. These figures
depict the functions in the case where the price-cap level is P̄1 ∈ (6/11, 3/5), P̄2 ∈(
6/11, P̄1

)
and P̄3 ∈ (1/2, 6/11), respectively. Each bold line represents the Cournot

equilibria and each point represents the most asymmetric Cournot equilibrium.
First, we explain why there are multiple equilibria under P̄ ∈ (1/2, 3/5). If P̄ ∈

(1/2, 3/5) , then the best reply curves of two firms are overlapped. See the bold lines
of Figs. 1, 2 and 3. In this case, x1 + x2 = X̄ and r(x j ) ≤ xi ≤ rC (x j ) for all
i = 1, 2 are satisfied. Then, first, since r(x j ) ≤ xi , i has no incentive to increase
its output. Second, since xi ≤ rC (x j ), i has no incentive to decrease its output. This
is because in that case, any decrease of output does not increase the price. By the
definitions of ∅(X̄) and ∅

C (X̄), x1 + x2 = X̄ and r(x j ) ≤ xi ≤ rC (x j ) are rewritten
as x1 + x2 = X̄ and ∅(X̄) ≤ xi ≤ ∅

C (X̄). Therefore, we have the multiple Cournot
equilibria characterized in Theorem 1.

Second, we focus on the most asymmetric equilibrium represented by the point of
each figure. The points in Figs. 1 and 2 are the intersections of the lines representing
x1 + x2 = X̄ and r(x1), respectively. This implies that if P̄ ∈ (

P̄∗, P(XN )
)
, then the

most asymmetric equilibrium is (x
(
P̄

)
, x

(
P̄

)
) = (

X̄ − ∅

(
X̄

)
, ∅

(
X̄

))
. Comparing

the points in Figs. 1 and 2, the output of firm1 is increased but that of firm2 is decreased
by the reduction in the price-cap level, because r(x1) is a decreasing function. On the
other hand, the point in Fig. 3 is the intersection of the lines representing x1 + x2 =
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Fig. 1 Best response functions
when P1 ∈ (6/11, 3/5) ( )2xr ( )2xrC

( )1xr

( )1xrC

2x

1x

Fig. 2 Best response functions
when P1 ∈ (6/11, P1) 2x

1x

X̄ and rC (x2). This implies that if P̄1 ∈ (
P̄∗, P(XN )

)
, then the most asymmetric

equilibrium is (x
(
P̄

)
, x

(
P̄

)
) = (

∅
C

(
X̄

)
, X̄ − ∅

C
(
X̄

))
. Comparing the points in

Figs. 2 and 3, the output of firm 2 is increased but that of firm 1 is decreased by the
reduction in the price-cap level, because rC (x2) is also decreasing. These facts imply
that the most asymmetric Cournot equilibrium output of 2 is a U-shaped function and
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Fig. 3 Best response functions
when P1 ∈ (1/2, 6/11) 2x

1x

Fig. 4 Most aymmetri equilibrium

that of 1 is an inverted U-shaped function of P̄ ∈ (
P(XC ), P(XN )

)
presented in

Theorem 1.
Figure 4 depicts the most asymmetric equilibrium x

(
P̄

)
and x

(
P̄

)
of this example.

This illustrates the second and third sentences of Theorem 1. Note that the range of
the equilibrium outputs; x

(
P̄

) − x
(
P̄

)
, is increasing between P(XC ) and P̄∗ and is

decreasing between P̄∗ and P(XN ). This fact is important for the welfare analysis
introduced in Sect. 5 later.
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By using the characterization of the Cournot equilibria in Theorem 1, we provide
comparative statics results. Since there aremultiple equilibria, we fixα in this analysis.
Note that, if we focus on the symmetric equilibrium, α is fixed at 1. Many previous
studies, such as Earle et al. (2007), focus only on the symmetric equilibrium; that is,
they assume α = 1 in our terminology. Hence, our approach is more general. We
mainly analyze comparative statics by fixing α.

In a usual monopoly model, a decrease in a binding price-cap level must increase
the output of a monopolist, because the market price is not raised by a reduction of the
output. However, in our duopoly model, this result is not satisfied; that is, the output
of either firm is decreased by a reduction of the binding price-cap level if the degree
of symmetry is sufficiently small.

In order to explain clearly, let α = 0; that is, we focus on the most asymmetric
equilibrium. First, if the price-cap level is sufficiently close to the competitive price
(i.e., if P̄ ∈ (

P(XC ), P̄∗])), then a reduction in a binding price-cap levelmust decrease
the output of firm 1 xN1

(
P̄, 0

) = x
(
P̄

) = ∅
C (X̄). See Fig. 3 for an example of this

case. Then, firm 1 acts as a price-taker; that is, 1 decides its output under fixed P̄ .
Thus, a reduction of the price-cap level decreases the equilibrium output of firm 1.
Second, if the price-cap level is sufficiently close to the Cournot equilibrium price
without any regulation; that is, if P̄ ∈ (

P̄∗, P(XN )
]
, then a reduction in a binding

price-cap level must decrease the output of firm 2 xN2
(
P̄, 0

) = x
(
P̄

) = ∅(X̄). See
Figs. 1 and 2 for examples of this case. In this case, the equilibrium output of firm 1 is
increased by a decrease in P̄ and firm 2 chooses the best reply to the output of firm 1
without any restriction r (x1). These facts indicate that the equilibrium output of firm
2 is decreased by a decrease in P̄ . These comparative statics results sharply contrast
to those of a usual monopoly model. Note that the results are the same as those of a
usual monopoly model if we focus on a sufficiently symmetric equilibrium; that is, if
α is sufficiently small.

We confirm the comparative statics results by examining Example 1.

xN1
(
P̄, α

) = α X̄/2 + (1 − α) x
(
P̄

)
,

xN2
(
P̄, α

) = α X̄/2 + (1 − α) x
(
P̄

)
.

First, if P̄ ∈ (1/2, 6/11], then

xN1
(
P̄, α

) = α
X̄

2
+ (1 − α)

(
1 − X̄

2

)
= P̄ + (

1 − 2 P̄
)
α.

Thus, in that case, the equilibrium output of 1 is increasing in P̄ if and only if α < 1/2.
Second, if P̄ ∈ (6/11, 3/5], then

xN2
(
P̄, α

) = α
X̄

2
+ (1 − α)

(
2

3
− X̄

3

)
= 2

3
P̄ +

(
1 − 5

3
P̄

)
α.

Hence, in that case, the equilibrium output of 2 is increasing in P̄ if and only if
α < 2/5.
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142 Y. Okumura

Next, we discuss the equilibrium profits of the firms. Here, we focus on a suffi-
ciently asymmetric equilibrium again. Then, tightening the price cap may increase the
equilibrium profit. First, suppose that the price-cap level is sufficiently close to the
competitive price; that is, suppose P̄ ∈ (

P(XC ), P̄∗]. Then, since a decrease in the
price-cap level raises the equilibrium output of firm 1 and reduces that of firm 2, it
may increase the equilibrium profit of firm 1. Second, suppose that the price-cap level
is sufficiently close to the Cournot equilibrium price without any regulation; that is, if
P̄ ∈ (

P̄∗, P(XN )
]
. Then, since a reduction in the price-cap level decreases the equi-

librium output of firm 1 and increases that of firm 2, it may increase the equilibrium
profit of firm 2.

In fact, we can confirm these results by considering Example 1. Suppose α = 0.
Then, the profits of firm 1 under P̄ = 0.88 and P̄ = 0.89 are about 0.297 and 0.289,
respectively. Thus, the profit under P̄ = 0.88 is higher. In addition, the profits of firm
2 under P̄ = 0.64 and P̄ = 0.65 are about 0.134 and 0.131, respectively. Therefore,
the profit under P̄ = 0.64 is higher.

4 Stackelberg equilibrium

We consider the case in which two firms engage in Stackelberg competition, where
one firm is the leader and the other is the follower. Without loss of generality, we
assume that firm 1 is the leader and firm 2 is the follower. Note that, in this section,
we do not assume x1 ≥ x2, but it is realized in equilibrium.

First, we derive the Stackelberg equilibrium without any price caps. Firm 1 ’s
maximization problem is

max
x1

P(x1 + r (x1))x1 − C(x1).

Hence, the first-order condition of firm 1 is

P(X) + P ′(X)(1 + r ′ (x1))x1 − C ′(x1) = 0. (4)

Moreover, we assume that the second order condition is satisfied for all x1. Let x S1 and
x S2 be the Stackelberg equilibrium outputs of the leader and the follower, respectively,
without any price caps. Then,

(
x S1 , x S2

)
is unique, and x S1 satisfies (4) and x S2 = r

(
x S1

)
.

Moreover, let XS = x S1 + x S2 . We provide two well-known facts on the Stackelberg
equilibrium. First, x S1 > x S2 . Second, P

(
XN

)
> P

(
XS

)
> P

(
XC

)
or equivalently

XC > XS > XN .7

Next, we consider the Stackelberg equilibrium with a price cap P̄ . Let x Si
(
P̄

)
be

the Stackelberg equilibrium with a price cap P̄ for i = 1, 2.

7 For the proof of P
(
XN

)
> P

(
XS

)
and XS > XN , see Etro (2008) and Ino and Matsumura (2012).

In addition, by ( 4) and x S1 > x S2 , P
(
XS

)
> P

(
XC

)
and XC > XS .
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Theorem 2 If P̄ > P
(
XS

)
, then

(
x S1

(
P̄

)
, x S2

(
P̄

)) = (
x S1 , x S2

)
. If P̄ ∈[

P
(
XC

)
, P

(
XS

)]
, then

(
x S1

(
P̄

)
, x S2

(
P̄

)) = (
xN1

(
P̄, 0

)
, xN2

(
P̄, 0

))
. Furthermore,

P̄∗ < P(XS).

The proof of this is provided in the Appendix.
Although there may be multiple Cournot equilibria, the Stackelberg equilibrium is

always unique. Moreover, if P̄ ≤ P
(
XS

)
(< P

(
XN

)
), then the Stackelberg equilib-

rium is equal to the most asymmetric Cournot equilibrium.
If x2 = X̄ − x1 is the best reply of the follower, the leader chooses x1 = ∅

C (X̄)

because of the price cap. Moreover, if the production of the leader is between X̄ −
∅

C (X̄) and X̄ − ∅(X̄), then the follower chooses x2 = X̄ − x1 and thus the price
cap is binding. However, if x1 > X̄ − ∅(X̄), then the follower chooses ∅(X̄) and
the market price will be less than P̄ . Since the leader wants to keep the price cap as
binding, it chooses x S1

(
P̄

) = xN1
(
P̄, 0

) = min{∅C (X̄), X̄ − ∅(X̄)} and thus, the
follower chooses x S2

(
P̄

) = xN2
(
P̄, 0

) = min{X̄ − ∅
C (X̄), ∅(X̄)}.

Next, we provide comparative statics results on the Stackelberg equilibrium. In
the previous section, we provide some counterintuitive results when considering the
sufficiently asymmetric Cournot equilibrium. By Theorem 2, we also have similar
results as a comparative statics analysis of the unique Stackelberg equilibrium if P̄ ∈[
P

(
XC

)
, P

(
XS

)]
. First, if P̄ is binding, then a decrease in P̄ increases the output of

a firm but decreases that of the other firm. Next, tightening the price cap may increase
the equilibrium profit. These results hold because the Stackelberg equilibrium is equal
to the most asymmetric Cournot equilibrium.

Figure 5 depicts
(
x S1

(
P̄

)
, x S2

(
P̄

))
of Example 1 for P̄ ∈ [1/2, 3/5]. The two bold

lines of Figure 5 represent x S1
(
P̄

)
and x S2

(
P̄

)
, respectively, and are similar to those

of Figure 4, but they are different between P̄ ∈ (
P(XS), P(XN )

] = (33/56, 3/5]

Fig. 5 Stackelberg equilibrium
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because P̄ ∈ (
P(XS), P(XN )

]
is not binding when the firms engage in Stackelberg

competition but is binding when they engage in Cournot competition.

5 Welfare effects

We consider the welfare effect of a change in P̄ . Social welfare is defined as the simple
sum of consumers’ and producers’ surplus; that is,

W (x1, x2) =
∫ X

0
P(Z)dZ − P(X)X + π1 + π2

=
∫ X

0
P(Z)dZ − C(x1) − C(x2).

Let WN (P̄, α) = W
(
xN1

(
P̄, α

)
, xN2

(
P̄, α

))
be Cournot equilibrium social wel-

fare and WS(P̄) = W
(
x S1

(
P̄

)
, x S2

(
P̄

))
be Stackelberg equilibrium social welfare.8

First, we examine the effect of a change in α on social welfare for given P̄ ∈(
P(XC ), P(XN )

)
. Then, we obtain the following result.

Proposition 1 For any given P̄ ∈ (
P(XC ), P(XN )

)
, a rise in α decreases the indus-

try cost and thus increases Cournot equilibrium social welfare. In addition, for any
given P̄ ∈ (

P(XC ), P(XS)
)
, Stackelberg equilibrium social welfare is lower than

the Cournot equilibrium social welfare if α �= 0 and they are equivalent if α = 0.

Since we assume a strictly convex cost function; that is, C ′′(·) > 0, the symmetric
equilibrium is the most efficient for any P̄ ∈ (

P(XC ), P(XN )
)
. Moreover, a decrease

of the degree of symmetry increases xN1
(
P̄, α

) − xN2
(
P̄, α

)
and the total cost of

this market. Therefore, it reduces social welfare. Furthermore, since the Stackelberg
equilibrium is equal to the most asymmetric Cournot equilibrium, social welfare of
the Stackelberg equilibrium is less than or equal to that of any Cournot equilibrium as
long as P̄ is binding.

The policy implication of Proposition 1 sharply contrast to that of Daughety (1990),
because he shows that the Stackelberg outcome is more socially efficient than the
Cournot outcome. This is because he considers a model with a constant marginal
cost and the total output of a Stackelberg equilibrium is more than that of a Cournot
equilibrium if there is no regulation. Ino and Matsumura (2012) state that under a
strictly convex cost, the Stackelberg equilibriummayyield a smaller social surplus than
the Cournot equilibrium even if there is no regulation. We have a clearer implication
under a binding price cap. That is, the Stackelberg equilibrium always yields a smaller
social surplus than the Cournot equilibrium as long as the price-cap regulation is
binding; that is, P̄ ∈ (

P(XC ), P(XS)
)
.

Second, we have the following result for the first best outcome.

8 Note that neither WN (P̄, α) nor WS(P̄) is differentiable at P∗. However, since they are differentiable
at any other point, we use ∂WN (P̄, α)/∂ P̄ and WS′(P̄), when we discuss the welfare effect of a small
change in P̄ .
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Proposition 2 If P̄ = P(XC ), then the first best outcome is achieved in both Cournot
and Stackelberg equilibria; that is,

W N (P̄, α) = WS(P̄) = W (xC , xC ) ≥ W (x1, x2)

for all x1, x2 and α ∈ [0, 1].

Note that the output floor also yields the first-best outcome if the output floor level
is equal to xC . See Matsumura and Okumura (2013, 2016) on this issue.

This result implies that the optimal price-cap level should be equal to the competitive
price. However, in the real world, it may be difficult to know the exact competitive
price. In that case, a policy-maker usually decides the price-cap level by using the
average cost of firms as a reference. Obviously, when the cost function is convex, the
average cost is more than the marginal cost. Thus, if the price-cap level is equal to the
average cost, then the level is more than the competitive level. Hence, we also examine
the price-cap level between the competitive price and the Cournot equilibrium price
without any price caps.

We consider the Cournot equilibrium social welfare for given α ∈ [0, 1]. Moreover,
since any changes in P̄ do not affect the market outcomes as long as P̄ > P(XN ), we
assume P̄ ∈ [

P(XC ), P(XN )
]
. Note that, this analysis includes the case of Stackel-

berg competition with a binding P̄ as a special case.
First, we restrict our attention to the case where the degree of symmetry is suffi-

ciently large.

Proposition 3 Suppose that α is sufficiently large. If P̄ ∈ [
P(XC ), P(XN )

)
, then

tightening the price cap increases Cournot equilibrium social welfare.

Since Cournot equilibrium social welfare is continuous in α, it is sufficient
to consider the case in which α = 1. We fix P̄ ∈ [

P(XC ), P(XN )
)
. Then,(

xN1
(
P̄, 1

)
, xN2

(
P̄, 1

)) = (X̄/2, X̄/2) and social welfare is

WN (P̄, 1) = W

(
X̄

2
,
X̄

2

)
=

∫ X̄

0
P(Z)dZ − 2C(X̄/2).

Therefore,

∂WN (P̄, 1)

∂ P̄
= dW (X̄/2, X̄/2)

d X̄

d X̄

d P̄
= (

P(X̄) − C ′(X̄)
) d X̄
d P̄

< 0

as long as X̄ < XC .
Note that Earle et al. (2007) assume that each firm has a constant marginal

cost and focus only on the symmetric equilibria. That is, in our terminology, they
show ∂WN (P̄, α)/∂ P̄ ≤ 0 for all P̄ ≥ P(XC ). On the other hand, we show that
if an equilibrium is sufficiently symmetric, that is, if α is sufficiently large, then
∂WN (P̄, α)/∂ P̄ ≤ 0 for all P̄ ≥ P(XC ). Therefore, the result of Earle et al. (2007)
is robust as long as we focus on a symmetric equilibrium.
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This result implies that if the degree of symmetry is sufficiently large, any decrease
in P̄ is socially desirable as long as P̄ > P(XC ), because a decrease in P̄ increases the
total production. However, if we focus on asymmetric equilibria, then some decrease
in P̄ may not be socially desirable.

Next, we examine the case in which the degree of symmetry is small. First, we
show that a decrease in P̄ may reduce social welfare only if P̄ ∈ [

P̄∗, P(XN )
)
.

Proposition 4 If P̄ ∈ (
P(XC ), P̄∗] , then tightening the price cap increases the

Cournot equilibrium social welfare for any α ∈ [0, 1] and Stackelberg equilibrium
social welfare.

Proposition 4 implies that if the price-cap level has already been sufficiently close
to the competitive price, then making the price-cap level closer to the competitive
level is socially desirable. In this case, a decrease in P̄ reduces the difference between
xN1

(
P̄, α

)
and xN2

(
P̄, α

)
for all α ∈ [0, 1]. Since we consider a strictly convex cost

function, a reduction in the difference decreases the industry cost. Thus, in this case,
decreasing the price-cap level is socially desirable.

By Propositions 3 and 4, if P̄ ∈ [
P(XC ), P̄∗) or α is sufficiently large, then

any decrease of P̄ increases social welfare. However, in the other case, we have the
following result.

Proposition 5 If P̄ ∈ (
P̄∗, P(XN )

]
, then tightening the price cap may decrease

Cournot equilibriumsocialwelfare for sufficiently smallα andStackelberg equilibrium
social welfare.

If P̄ ∈ (
P̄∗, P(XN )

]
and α is sufficiently small, then a reduction of P̄ increases

the equilibrium output of a large firm and decreases that of a small firm. That is, in this
case, a decrease in P̄ expands the difference between xN1

(
P̄, α

)
and xN2

(
P̄, α

)
. This

implies that although a reduction of P̄ increases the total output, it drastically increases
the industry cost. In other words, the production substitution effect is significant in
this case, because of a strictly convex cost function. On the production substitution
effect, see, for example, Lahiri and Ono (1988), Dung (1993), Matsumura (1998) and
Matsumura and Shimizu (2005).

The production substitution effect of this study is similar to that of Matsumura
(1998) who considers the model of mixed duopoly where one firm is a partially priva-
tized firm, the other is a private firm and both firms have a strictly convex cost function.
Matsumura (1998) shows that if the degree of privatization decreases, then the total
output increases but the output of the private firm decreases and therefore the social
welfare may also decrease. In our model, if the degree of asymmetry is sufficiently
large, then an increase of the price cap increases the total output but decreases the
output of the firm with a smaller output. Hence, in that case, social welfare may be
decreased by a reduction in the price-cap level.

We formally consider this fact by reexamining Example 1. In this example, the
Stackelberg equilibrium without any price cap is

(
x S1 , x S2

) = (3/7, 11/28) and
P

(
XS

) = 33/56. Next, if P̄ ∈ (
P̄∗, P(XN )

] = (6/11, 3/5] ,

∂WN
(
P̄, α

)

∂ P̄
= 100

9
P̄α − 20

3
α − 86

9
P̄ + 10

3
α2 − 50

9
P̄α2 + 16

3
.
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If α = 0 and P̄ ∈ (6/11, 24/43), then

∂WN
(
P̄, 0

)

∂ P̄
= WS′ (P̄

)
> 0.

This result implies that if the firms engage in Stackelberg competition, then a reduction
of P̄ may reduce social welfare. Moreover, if the firms engage in Cournot competition
and the degree of symmetry is sufficiently small, then a reduction of P̄ may also reduce
social welfare.9

Finally, we provide the policy implications of Propositions 1 to 5. First, by Propo-
sitions 2 and 4, if a policy-maker can accurately predict the competitive price, then
the price-cap regulation is effective for increasing social welfare. However, as noted
above, in the real world, it is sometimes difficult to predict the competitive price. In
that case, the difference between the outputs of the firms should be focused on. That
is, Proposition 3 implies that if the difference is small, then the price-cap regulation
is effective for increasing social welfare. On the other hand, by Proposition 5, if the
difference is large, then the price-cap regulation may not be effective. Another impli-
cation of Propositions 3 and 5 is that one firm should not have a large share. That is,
the combination of tightening a price cap and prohibiting a firm from having a large
share must be effective. Furthermore, by Proposition 1, just prohibiting a firm from
having a large share also increases welfare.

6 Concluding remarks

This study discusses the effect of a price-cap regulation on market outcomes. First, we
consider the Cournot model. If the price-cap level is between the competitive price and
the Cournot equilibrium price without any price caps, then there is a unique symmetric
equilibrium as well as multiple asymmetric equilibria, and the price cap is binding in
any equilibria. Since we assume a convex cost function, the symmetric equilibrium is
the most efficient one for any given price-cap levels. Thus, when we examine only the
symmetric equilibrium, anydecrease of the price-cap level iswelfare improving as long
as the level is less than the competitive price. However, when we focus on asymmetric
equilibria, a decrease of the price-cap level may be socially harmful even if the level is
more than the competitive price. Although Earle et al. (2007) also consider a Cournot
model, they focus only on the symmetric equilibria and show that social welfare is
nonincreasing in the price-cap level in the case where the demand is deterministic.
On the other hand, we focus on the asymmetric equilibria and show that if the degree
of symmetry is sufficiently low, then an increase in the price-cap level may decrease
social welfare.

Moreover, we derive the Stackelberg equilibriumunder a price-cap regulation. If the
price-cap level is binding, then the Stackelberg equilibrium is equivalent to the most

9 In this example, any reduction of P̄ increases social welfare if α is not very small; that is, if α >

1− √
15/5 ≈ 0.225. In a previous version of this paper, we provide an example such that a reduction of P̄

may reduce social welfare even if α = 1/2. The previous version is available upon request to the author.
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asymmetric Cournot equilibrium. Therefore, social welfare may also be decreased by
a reduction of the price-cap level when the firms engage in Stackelberg competition.

Finally, in the previous version of this paper, we examine an endogenous tim-
ing duopoly model à la Hamilton and Slutsky (1990) where Cournot competition or
Stackelberg competition is achieved depending on the choices of the firms in a pre-
play stage.10 We show that Cournot competition is achieved in the combination of the
weakly dominant strategies of the firms in the preplay stage. Amir and Grilo (1999)
consider a similar model but without any regulation and show that Cournot competi-
tion is realized in the combination of the weakly dominant strategies. Thus, the result
shows the robustness of the result of Amir and Grilo (1999).
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Appendix

Proof of Theorem 1 We show the first sentence. First, suppose P̄ ≥ P(XN ). If P̄ is
not binding, then any pairs of outputs are not equilibrium unless xi = xN for i = 1, 2.
This is because

(
xN , xN

)
is the pair of the unique Cournot equilibrium output without

any regulation. Suppose that (x1, x2) �= (
xN , xN

)
and P̄ is binding; that is, (x1, x2)

satisfies P̄ ≤ P(x1 + x2). Then, x1 + x2 ≤ X̄ and x2 ≤ X̄/2 < xN . However, since
∅(x1 + x2) ≥ ∅(X̄) ≥ xN , firm 2 has the incentive to increase its output. Therefore,
if P̄ ≤ P(XN ), then

(
xN , xN

)
is the unique equilibrium.

Second, suppose P̄ ∈ [
P(XC ), P(XN )

]
. We have ∅(X̄) ≤ X̄/2 ≤ ∅

C (X̄),
because XC = 2∅

C (XC ), XN = 2∅(XN ), ∅
C ′ ≤ 0 and ∅

′ ≤ 0. As is explained
before, for given P̄ ∈ (

P(XC ), P(XN )
]
, (x1, x2) is an equilibrium if and only

if x1 + x2 = X̄ and ∅(X̄) ≤ xi ≤ ∅
C (X̄) for all i = 1, 2. First, suppose

X̄ − ∅(X̄) < ∅
C (X̄). Then, X̄ − ∅

C (X̄) < ∅(X̄). If x1 > X̄ − ∅(X̄), then
X̄ − x1 < ∅(X̄). Therefore, if x1 > X̄ − ∅(X̄), then (x1, x2) satisfying x1 + x2 = X̄
is not equilibrium, because firm 2 has an incentive to increase its output. On the
other hand, if x1 ≤ X̄ − ∅(X̄), then X̄ − x1 ≥ ∅(X̄). Thus, (x1, x2) satisfy-
ing x1 + x2 = X̄ is an equilibrium if and only if X̄/2 ≤ x1 ≤ X̄ − ∅(X̄) or
equivalently ∅(X̄) ≤ x2 ≤ X̄/2. Second, suppose X̄ − ∅(X̄) > ∅

C (X̄). Then,
X̄ − ∅

C (X̄) > ∅(X̄). If x1 > ∅
C (X̄), then (x1, x2) is not equilibrium. On the

other hand, if x1 ≤ ∅
C (X̄), then X̄ − x1 ≥ X̄ − ∅

C (X̄) > ∅(X̄). Thus, (x1, x2)
satisfying x1 + x2 = X̄ is an equilibrium if and only if X̄/2 ≤ x1 ≤ ∅

C (X̄) or
equivalently X̄ − ∅

C (X̄) ≤ x2 ≤ X̄/2. These fact imply that (x1, x2) is an equilib-
rium if and only if x1 = xN1

(
P̄, α

) = α X̄/2 + (1 − α) x
(
P̄

)
and x2 = xN2

(
P̄, α

) =
α X̄/2 + (1 − α) x

(
P̄

)
for all α ∈ [0, 1].

We show the second sentence. First, we show that x
(
P̄

)
is a U-shaped function

between P(XC ) and P(XN ). If P̄ = P(XC ) + ε where ε is a sufficiently small

10 The previous version of this paper is available upon request to the author.
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positive integer, then∅(X̄) < X̄−∅
C (X̄) and thus x

(
P̄

) = ∅(X̄). This is because, if
P̄ = P(XC ), then 2∅

C (X̄) = X̄ and ∅(X̄) < ∅
C (X̄). Next, if P̄ = P(XN )−ε, then

X̄ −∅
C (X̄) < ∅(X̄) and thus x

(
P̄

) = X̄ −∅
C (X̄). This is because, if P̄ = P(XN ),

then 2∅(X̄) = X̄ and∅(X̄) < ∅
C (X̄). Moreover,∅(X̄) is increasing and X̄−∅

C (X̄)

is decreasing in X̄ . Therefore, x
(
P̄

)
is a U-shaped function between P(XC ) and

P(XN ). Finally, we show x
(
P̄

)
> 0. To show ∅(X̄) > 0 for all X̄ ∈ [

XN , XC
]

is sufficient for the proof. If ∅(X̄) = 0, then P(X̄) − C ′(0) ≤ 0. This contradicts
P(XC ) − C ′(xC ) = 0 and xC > 0.

We show the third sentence. The minimizer of x
(
P̄

)
between P(XC ) and P(XN )

is P̄ that satisfies

∅(X̄) = X̄ − ∅
C (X̄) ⇔ ∅(X̄) + ∅

C (X̄) = X̄ . (5)

We similarly show that x
(
P̄

)
is an inverted U-shaped function between P(XC ) and

P(XN ). The maximizer of x
(
P̄

)
between P(XC ) and P(XN ) is P̄ satisfying (5).

Therefore, P̄∗ is also the maximizer of x
(
P̄

)
. ��

Proof of Theorem 2 The first sentence is obvious. We show the second sentence. Sup-
pose P̄ ∈ [

P
(
XC

)
, P

(
XS

)] ⇔ X̄ ∈ [
XS, XC

]
. Since X̄ ≥ XS, X̄ ≥ x S1 + r

(
x S1

)
.

Moreover, rC
(
x S1

)
> r

(
x S1

)
. Therefore, if x1 = x S1 , then x S1 + r2

(
x S1 , P̄

) ≤ X̄ and
thus the price cap is binding.

First, we focus on x1 satisfying

X̄ − x1 ≤ r (x1) ⇔ x1 + r (x1) ≥ X̄ . (6)

Then, for any x1 that satisfies (6), r
(
x1, P̄

) = r (x1). Since r ′ ∈ (−1, 0] , x1 + r (x1)
is increasing in x1. Since x S1 + r

(
x S1

) ≤ X̄ , x1 ≥ x S1 for all x1 that satisfies (6). By the
second order condition of 1, the profit of 1 at x̂1 satisfying x̂1 + r

(
x̂1

) = X̄ is higher
than that at any x1 satisfying (6).

Second, we focus on x1 that satisfies

X̄ − x1 ≥ rC (x1) . (7)

Then, for any x1 that satisfies (7), r
(
x1, P̄

) = rC (x1). In this case, the price cap
must be binding. If X̄ − x1 = rC (x1) , then x1 = X̄ − ∅

C (X̄). Since rC ′ ∈ (−1, 0] ,
x1 + rC (x1) is increasing in x1. Thus, (7) implies x1 ≥ X̄ − ∅

C (X̄). Since ∅
C (X̄) ≥

X̄ − ∅
C (X̄) and the second order condition is satisfied, the profit of 1 at x1 = X̄ −

∅
C (X̄) is higher than that at any x1 > X̄ − ∅

C (X̄).
Third, we focus on x1 that satisfies

X̄ − x1 ∈
[
r (x1) , rC (x1)

]
. (8)

Then, for any x1 that satisfies (8), r
(
x1, P̄

) = X̄ − x1. Since (8) includes the
case where X̄ − x1 = r (x1) and X̄ − x1 = rC (x1) , the profit maximizer of
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the leader satisfies (8). Since x1 + rC (x1) is increasing in x1, (8) is equivalent to
x1 ∈ [

X̄ − ∅
C (X̄), X̄ − ∅(X̄)

]
and the price cap must be binding. Therefore, the

profit of firm 1 is maximized at min
{
X̄ − ∅(X̄), ∅

C (X̄)
} = xN1

(
P̄, 0

)
because

∅
C (X̄) > X̄ − ∅

C (X̄). Moreover,

x S2
(
P̄

) = X̄ − xN1
(
P̄, 0

) = max
{
X̄ − ∅

C (X̄), ∅(X̄)
}

= xN2
(
P̄, 0

)
.

In sum, if P̄ ∈ [
P

(
XC

)
, P

(
XS

)]
, then

(
x S1

(
P̄

)
, x S2

(
P̄

)) = (
xN1

(
P̄, 0

)
, xN2

(
P̄, 0

))
.

Finally, we show P̄∗ < P(XS). Since x S2 = r
(
x S1

)
, x S2 = ∅(XS) and x S1 =

XS − ∅(XS). Therefore, P̄∗ < P(XS). ��

Proof of Proposition 4 Fix α ∈ [0, 1] and P̄ ∈ [
P(XC ), P̄∗). Then,

(
xN1

(
P̄, α

)
, xN2

(
P̄, α

)) =
(
α X̄/2 + (1 − α) ∅

C (X̄), α X̄/2 + (1 − α)
(
X̄ − ∅

C (X̄)
))

and social welfare is

WN (P̄, α) =
∫ X̄

0
P(Z)dZ − C

(
α X̄

2
+ (1 − α) ∅

C (X̄)

)

−C

(
α X̄

2
+ (1 − α)

(
X̄ − ∅

C (X̄)
))

.

Since

∂WN (P̄, α)

∂ P̄
= dW N (P̄, α)

d X̄

d X̄

d P̄
,

we will show that dW N (P̄, α)/d X̄ > 0 for all α ∈ [0, 1]. Moreover,

dW N (P̄, α)

d X̄
= P(X̄) −

(α

2
+ (1 − α) ∅

C ′(X̄)
)
C ′

(
α X̄

2
+ (1 − α) ∅

C (X̄)

)

−
(
1 − α

2
− (1 − α) ∅

C ′(X̄)
)
C ′ ((

1 − α

2

)
X̄ − (1 − α) ∅

C (X̄)
)

.

We have

P(X̄) > C ′
(

α X̄

2
+ (1 − α) ∅

C (X̄)

)
> C ′

(
α X̄

2
+ (1 − α)

(
X̄ − ∅

C (X̄)
))

.

Moreover, since ∅
C ′(X̄) < 0, α/2 + (1 − α) ∅

C ′(X̄) < 1 − α/2 − (1 − α) ∅
C ′(X̄),

dW N (P̄, α)/d X̄ > 0 for all α ∈ [0, 1]. ��
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