Vol. 82 (2004), No. 2, pp. 123-136

DOI 10.1007/500712-003-0045-7 Journal of Economics
Zeitschrift fiir Nationalokonomie
Printed in Austria

Network Externality and the Coordination Problem
Luca Lambertini and Raimondello Orsini

Received June 30, 2003; revised version received September 16, 2003
Published online: March 8, 2004
© Springer-Verlag 2004

We show that Rohlfs’s (1974) model is a special case of a spatial monopoly
model a la Hotelling (1929) with uniform consumer distribution and quadratic
transportation costs, where location is exogenous and the good yields no intrinsic
utility. By relaxing these assumptions, we prove that the coordination problem
typically thought to affect markets for network goods may not arise in general.
Endogenizing location makes it easier for the monopolist to extract consumer
surplus but also to cover the entire market. We also show that the main con-
clusions remain qualitatively unmodified if consumer distribution is triangular.
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1 Introduction

The recent literature in the theory of industrial organization has devoted
large attention to the characteristics of markets for goods whose con-
sumption involves network effects, such that the utility that a consumer
derives from the purchase of a good or service is increasing in the number
of other consumers doing the same (see Economides and Encaoua, 1996;
Shy, 2000). The software and telecommunications industries and, more
generally, the markets for information goods, are examples of sectors
where such externalities operate.

The analysis of network effects has often gone along with the interest
for standardization and compatitibility in relation to the evolution of high-
tech industries and the adoption of new technologies (Farrell and Saloner,
1985; 1986; Katz and Shapiro, 1985; 1986; 1994; Shy, 1996). Loosely
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speaking, the issues of standardization vs. variety and compatibility have
to be treated in imperfectly competitive market models, while the role of
network externalities is of interest also in connection with the perfor-
mance of a monopolist. For instance, this type of externalities may exert a
non trivial influence on the quality supplied by the monopolist, as well as
on the social welfare level enjoyed at the monopoly equilibrium and the
associated optimal design of a regulatory policy (Lambertini and Orsini,
2001).

A recurrent theme in the literature on network goods is the start-up
problem, i.e., how to attract a significant number of customers so as to
offer an appealing good or service to additional consumers. Intuitively,
joining the network is more valuable to the generic consumer the larger is
the size of the network. This may give rise to a coordination problem,
since the market performance of a service/product depends upon the
achievement of a critical mass of adopters/consumers. The most widely
used illustration of this issue dates back to Rohlfs (1974), assuming that
the utility associated with consumption is fully determined by the network
effect. This can be the case, e.g., of telecommunication networks, which
is the example used by Rohlfs himself. Thereafter, the coordination
problem related to the issue of the critical mass has been generally
associated to the presence of network effects. Yet, this is not true in
general, since there exist many goods which exhibit network externalities
but carry also an intrinsic utility justifying by itself consumption.! These
considerations suggest that the issue of a critical mass is crucial only for a
subset of all the goods yielding network effects.?

In the remainder of the paper, we proceed as follows. As a first step, we
summarize Rohlfs’s model. In Sect. 3, we show that it can be obtained as a
special case of a Hotelling-like monopoly model with quadratic trans-
portation costs, with the monopolist being located at one endpoint of the
support of consumer preferences. Then, we endogenize location keeping
unchanged the assumption that the only source of satisfaction is the
external effect. In this way, we show that the monopolist will choose
location so as to meet the preference of the average consumer. Conversely,

1 For instance, this is the case of personal computers, CD players, TV sets, etc.

2 An alternative way out of this issue consists in introducing vertical differ-
entiation, in which case the demand function is linear and everywhere downward
sloping, so that the optimum of the firm does not require solving a coordination
problem. See Lambertini and Orsini (2001).
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by introducing an intrinsic utility under the assumption that location is
fixed at one extreme, we prove that the coordination problem may in fact
disappear. Putting both views together, we also prove that the coexistence
of endogenous location and intrinsic utility makes it easier for the
monopolist to serve all consumers in the market, at equilibrium. Finally,
we extend the analysis to account for two simple cases of nonuniform
consumer distributions, showing that much of the same considerations
apply to triangular distributions.

2 Preliminaries

Here, we briefly summarize the basics of Rohlfs’s (1974) model (see also
Shy, 1998, pp. 256-259). A unit mass of consumers is uniformly dis-
tributed over [0, 1], in decreasing order w.r.t. their willingness to enter the
network. The value of joining the network is increasing in the network
size. Therefore, the overall willingness to pay for the good or service of a
consumer at m € [0,1] is w = y(1 — m), where y is the size of the net-
work, i.e., the market demand for that good. The consumer’s net surplus
is U = y(1 — m) — p, where p is the market price. In order to determine
demand y, the firm identifies the marginal consumer in m = y and sets
p =y(1 —y). Now observe that, being the overall willingness to pay of
the marginal consumer, w = y(1 — y), concave in y, for any given price
p < 1/4 there are two economically admissible sizes of the network, as
illustrated in Fig. 1

S

Fig. 1. Equlibirum network sizes
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This model is usually considered as blackboxing an underlying
dynamic process whereby consumers enter sequentially the network,
starting from the left boundary of the unit interval. The adjustment is
driven by the assumption that y increases whenever p < y(1 — y), and
conversely. Hence, as soon as y; consumers buy at price p, the market
immediately jumps into {y»,p}. This amounts to saying that {y;,p} is
unstable. Nevertheless, its economic interest lies in the fact that y; is the
so-called critical mass, ensuring that marketing the product is going to be
successful.

3 Generalization

First, observe that, given m = y, the consumer surplus can be rewritten as
U =y —y* — p. In this form, the term y — ? can be interpreted as the
difference between the network effect and a quadratic cost associated to
the distance y to the left boundary of the unit interval (where the first
consumer entering the network is located). Accordingly, the utility
function employed here can be considered as a special case of the fol-
lowing Hotelling-like utility function (Hotelling, 1929) with quadratic
disutility of transportation and linear network effects:

U=s—p—vd®+oay , (1)

where s is the intrinsic satisfaction from consumption (independent of the
network size), d is the distance between the generic consumer and the
firm, and v and o are positive parameters. In Rohlfs (1974), s = 0 and
a=v=1.

Assume that (i) consumers are uniformly distributed along [0, 1], with
density one; (ii) production takes place at constant returns to scale, and
the marginal cost is normalized to zero; (iii) the monopolist locates in
zero. If so, the marginal consumer is at d = y. Therefore, the optimal
price driving to zero the surplus of the marginal consumer is
p =5+ y(ox—wvy), and the profit function is = = [s + y(o — vy)]y, to be
maximized w.r.t. y. The related first-order condition is:

3 Considering a constant marginal cost ¢ > 0 would only have a scale effect on
output and profits, and one could simply define ¢ = s — ¢ in order to check that
the ensuing analysis goes through qualitatively unchanged. Moreover, inserting a
fixed cost k£ would only introduce a nonnegativity constraint on profits, without
modifying the first-order conditions.
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on
a—y—s—l—y(2fx—3vy)—0. (2)

If the good does not produce any intrinsic utility, s = 0 and the optimal
size of the network is y* = 20/(3v), with equilibrium price and profits
equal to p* = 20 /(9v) and 7* = 4o /(270?), respectively. These mag-
nitudes coincide with the results of Rohlfs’s model if o« = v = 1. More-
over, they qualify as the internal solution for all o € [0,3v/2). In this
parameter interval, y* € [0, 1). Otherwise, if o > 3v/2, the monopolist
serves all consumers at the price that drives to zero the surplus of the
individual located at the opposite end of the unit interval, so that
pr=a—v=nr

At this stage, it is worth noting that the assumption concerning the
shape of consumer preferences also determines whether a coordination
problem is to be expected or not. Here, the concavity of the firm’s opti-
mum problem is obtained on the basis of two assumptions: (a) preferences
are convex; (b) production costs are linear. The same would obtain by
considering (c) linear preferences (i.e., linear transportation costs), and (d)
convex production costs. However, while in the former case the convexity
of preferences implies a concave demand function which, in turn, may
give rise to a coordination problem, in the latter case the linearity of
preferences would imply a linear demand function, i.e., no coordination
issue.

Now, leaving aside these considerations, we can depart from the basic
model along two different directions (which may also be taken simulta-
neously): (a) one can endogenously examine the issue of the optimal
monopoly location, given the spatial interpretation of the setup; (b) one
can characterize the equilibrium assuming that the good under consid-
eration jointly produces network effects and intrinsic satisfaction (s > 0).

3.1 Optimal Location

This issue can be quickly dealt with, as the monopolist cannot do any
better than locating at 1/2. This can be easily shown by the following
procedure.

Let the net utility of a generic consumer be defined as in (1). Define the
location of the monopolist as x € [0, 1/2]. The second half of the segment

4 Note that « — v < 4o /(27v%) for all « € (1,3v/2).
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can obviously be disregarded in view of the symmetry of the model. From
Bonanno (1987), we know that, when consumer utility includes an
intrinsic satisfaction but not a network effect, (i) the monopolist finds it
optimal to locate at 1/2 in order to maximize the extraction of surplus; and
(i1) the monopolist cannot do any worse than locating at either endpoint of
the space of consumer preferences.

Now, suppose s = 0, so that the net utility of a generic consumer
is U = ay — p — vd*>. The monopoly problem can be characterized in
the following terms. In general, under partial market coverage, there exist
two marginal consumers located respectively at m € [0,x) and
2x — m € (x, 1], who are indifferent between joining the network or not.
Accordingly, the size of the network is y = 2(x — m), and imposing
20(x —m) — p— v(x —m)* = 0, we obtain the monopoly price for a
generic  pair  {m,x}  under  partial  market  coverage
p = (x —m)[2a — v(x — m)]. The monopoly profit function is = = py, to
be maximized w.r.t. m and x:

on
%:2(x—m)[3v(x—m)—4oc] =0, (3)
on
o —2(x —m)[3v(x —m) —4a] =0 | (4)

which of course implies that the system (3—4) cannot determine the
optimal values of both choice variables. However, solving (3), we have’
mM = x — 4a/3v, which entails:

640

=77 (5)

2
P = =
v 9v
Any location x* € (0, 1/2] is admissible, as long as m" € [0, x), i.e., the
monopolist cannot do any better than choosing x¥ = 1/2.

Now, observe that y¥ = 4y*, pM = 4p*; therefore, by moving away
from zero, the monopolist obtains a profit which is sixteen times as large
that one he would obtain by locating at one endpoint of the unit interval.
This is due to the combined effects of (i) enlarging demand (at a given

5 There also exists the solution m = x, which can be disregarded as it implies
y=0.
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price) by moving away from zero; and (ii) enlarging the consumers’
marginal willingness to pay measured by the network effect oy, which
enhances the demand expansion and also allows for a price increase.

The above solution defines the monopoly optimum with partial market
coverage for all o € (0,3v/8). If instead o > 3v/8, under full market
coverage the monopoly price extracts all the surplus from the consumer
located at one:

U=oa—p—v(l—x)=0=>p=a—v(l—x’=n. (6)

The derivative 0n/0x = 2v(1 —x) > 0 for all x € [0,1/2]. Hence, the
monopolist locates at x¥ = 1/2 and sets p = « — v/4 driving to zero
the surplus of marginal consumers located at zero and one. The foregoing
discussion proves that the following holds:

Lemma 1: 1f consumers are rich enough to yield full market coverage,
then the unique optimal monopoly location is x* = 1/2. Otherwise, the
monopolist may choose any location x* € (0, 1/2] such that equilibrium
demand is evenly distributed around x".

Once we have clarified that the consumer utility function considered in
Rohlfs’s model contains both a linear externality and a convex transpor-
tation cost, it is straightforward to conclude that, indeed, the monopolist
could not do any worse than locating at either endpoint of the support of
consumer preferences. Note also that this result holds irrespective of
whether a network effect is operating or not. Since all consumers are a
priori identical except for their individual transportation costs, a firm that
faces no competitors clearly maximizes demand for any given price by
choosing the middle point of the preference space.® Having said that, as
long as partial market coverage is obtained in equilibrium, even with
endogenous location, we still observe a concave demand function and the
associated issue of the critical mass, as in Fig. 1 above.

3.2 Intrinsic Satisfaction
Now suppose x =0 but s > 0. The monopolist must select a single

marginal consumer at m = y € (0, 1]. The inverse demand is given by

6 This amounts to saying that location is driven by the equivalent of the median
voter theorem.
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p=s+y(la—uvy), and the corresponding profit function is
7 = [s + y(o — vy)]y. To begin with, observe that the presence of s > 0
preserves the concavity of the demand function, but implies p = s when
»y = 0. This entails that, if the monopolist sets a price p* € [0,s), there
exists no issue of a critical mass. This situation is represented in Fig. 2.

Note that p = s in y = 0 while p = 0 in y = (o + Vo + 4vs) /2v, with
the smaller root being negative for all s > 0, and the larger root y € [0, 1)
for all v > « + s. In the opposite case, where v < o + s, also the farthest
consumer located at one is able to afford a positive mill price.

Profit maximization requires:

o+ Vo 4+ 3sv

3v ’ ™)

0
8—z:s+y(2oz—3vy):0:>y*:

which yields:

. Gsv+ a(o+ Vo2 +3sv) B (262 + 9sv) 4 24/ (02 + 3sv)°

=

p

9v 27v?
(8)
Partial market coverage prevails for all
s€(0,3v—20) and « € (0,30/2) ; 9)

otherwise y* = 1. Using the expression of p* in (8 ), we can easily verify
that p* € [0,5) for all s > § = o?/v. In this price range, y; < 0 always
(see Fig. 2), and there exists only one admissible solution, which is also a
stable equilibrium, i.e., y,. Therefore, we can claim:

P A

yw 0 2 y oy

Fig. 2. The demand function with intrinsic utility
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Lemma 2: 1f the intrinsic utility is large enough, the coordination prob-
lem associated to the issue of a critical mass disappears.

This is due to the fact that there are consumers (typically, those located
next to zero) who buy irrespective of the network size. In doing, so they
in fact create the network that, through a bandwagon effect, draws other
customers into the network. The critical threshold of s is increasing in o
and decreasing in v. The reason for this is to be found in the comparative
statics properties of the equilibrium price:

op* op*

TS Y
oo ’

>0,2 <0 . (10)

<0=>
ov

Ov Oa.

If the good at stake is not an attractive gadget per se, but only conveys a
network utility, then we are back to the setting envisaged by Rohlfs, and
there emerges a start-up problem.

3.3 Two Eggs in One Basket

Here, s > 0 and location is endogenously chosen. Under partial market
coverage, the location of the marginal consumer at m € [0,x) can be
written as m = (2x — y)/2, and the corresponding demand function is
p = s+ y(4o — vy)/4. The first-order condition is:

3 220+ VA2 13
?T:S—F2oty—12/2:0:>yM: (ot — 3
v

with y¥ € (0,1) for all s € (0, (3v — 8)/4) and « € (0,3v/8); Y =1
otherwise. Note that the above interval is smaller than the corresponding
interval defined in (9), since choosing endogenously a location along the
segment reduces transportation costs and facilitates the attainment of full
coverage. Once again, location is indeterminate as long as the market is
not fully covered. Equilibrium price and profits are:

2[3sv+ (200 + V4o2 + 3s0) |
9v ’
4 [80{3 + 9asv + 1/ (40 + 3sv)3}

M — . 12
T 27v? (12)

P =
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which, of course, are higher than those obtained in the previous case.
Concerning the coordination problem, we can check that p* € [0, s) for all
s > 4% /v, i.e., when location is endogenous, the existence of a critical
mass is more easily observed, due to the increase in the equilibrium price
as compared to the case where x = 0, all else equal. If the market is fully
covered, the monopoly price extracts all the surplus from the consumer
located at one:

U=s+a—p—v(l-x)>=0=>p=s+a—ov(l—x)*=n. (13)

Accordingly, the maximum profit is attained at x™ = 1/2, with
M =s+o—v/4=rM. Summing up, the general model produces the
following results, which are the combination of those individually high-

lighted in Lemmata 1-2:

Proposition 1: 1f the monopolist is free to choose location optimally and
consumption yields both an intrinsic satisfaction and a network exter-
nality, then: (i) the monopolist locates corresponding to the average
consumer; (ii) the average consumer may want to buy irrespective of the
network effect; (iii) the coordination problem vanishes if intrinsic satis-
faction is sufficiently high; (iv) the condition for full market coverage is
milder than otherwise.

Note that, once the market is fully covered and the monopolist is at 1/2,
the social welfare is maximized, although of course the surplus distri-
bution may be different from the one that would obtain under social
planning.

4 Nonuniform Consumer Distributions

Here we extend the previous analysis, relaxing the assumption of a uni-
form distribution. We consider a nonuniform distribution with a single
peak, with two subcases. The first is a symmetric triangular distribution
over the same support [0, 1] as before, with the peak in correspondence of
17277

f@)=201—PRz—1)), F1) =1 . (14)

7 This is a the distribution used by Tabuchi and Thisse (1995) to study a
Hotelling duopoly with quadratic transportation costs and no external effects.
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The second one consists in the linear distribution:
flz)=2(1-2), F(1) =1, (15)

everywhere decreasing over the support [0, 1].3

First, consider (14), and suppose an internal optimum exists, such that
one can find an indifferent consumer at m € [0, x). If so, then, the demand
function is defined in general as p = s + y(4o — vy) /4. Once again, note
that this parabolic demand function crosses the origin, giving rise to a
critical mass problem only if s = 0.

To obtain the appropriate expression of y, just recall m =x —d.
Therefore:

x+d
y= / 2(1 —|2z—1]))dz
kliz x+d
:‘/(%Mrk/j%1—@&:4ﬂ1—@—%1—hf. (16)
x—d 1/2

The above expression immediately shows that the monopolist can max-
imize y by choosing x = 1/2. Profit maximization requires:

on
g = (24— DI¥(8x+30¥) —45] =0 , (17)
%g:(hwﬁﬂw@a+&ﬂﬂ—4ﬂ:0, (18)

where ¥ = (2x — 1)* —4d(1 —d) ,

The system (17-18) has five critical points. Only one of them however,
satisfies the second-order conditions:

1 \/31)—406—2\/40(2+3SU v 1
;X

M
=-— = . 1
=3 120 2 (19)

8 Qualitatively analogous considerations would obviously hold if the distri-
bution were everywhere increasing, i.e., f(z) = 2z.
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This solution is admissible provided that @ € [0, 1/2], which requires

s € [O,w};a € (0,30/8) ; (20)

otherwise d¥ = 1/2 and full market coverage is obtained. This discus-
sion produces:

Proposition 2: With a symmetric triangular consumer distribution, the
monopolist locates corresponding to the distribution peak.
Consider now the linear distribution (15). The demand function is:

x+d
y= / 2(1 - z)dz = 4d(1 — x) . (21)

x—d

The corresponding price is p = s — vy? /4 + 2ap(1 — x) =5 — vd*+
40d(1 — x).° The first-order condition w.r.t. x, for any given d, is:

on _ 4d[vd* —s — 8ad(1 —x)] =0 , (22)
Ox

while the second derivative is always 9°n/0x* = 32ad? > 0. Accord-
ingly, the firm should locate as leftward as possible. However, the optimal
location cannot be x = 0 since, by doing so, the firm would end up having
no demand at all on her left hand side. Therefore, the optimal solution
requires d = x, which can be plugged into ( 22) to yield:

4o+ /1602 + 5(80 + v)

xM:
8o+ v

(23)

Such a location belongs to (0,1/2) and allows for partial coverage for
all

v— 8a v
0,———J; - . 24
se(, - >,a<8 (24)

9 As in the previous case, s = 0 is necessary and sufficient for the demand
function to cross the origin.
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Outside this region of parameters, x* = 1/2 and y = 1. To summarize,
we can formulate:

Proposition 3: If the distribution is linear and monotonically decreasing
(or increasing), the monopolist locates as close as possible to the peak,
provided that the locations of marginal consumers be symmetric w.r.t. the
firm’s.

In general, in a model of horizontal differentiation, the monopolist
chooses location so as to attract the largest possible mass of customers
who differ only in terms of their individual transportation costs. However,
from the foregoing analysis, we know that this does not necessarily entail
that the firm locates where density is highest. The two examples we have
treated are by no means exhaustive. Yet, they allow us to draw a general
conclusion. Suppose the distribution is triangular and its peak occurs at
any point in (0,1/2) along the space of consumer preferences. Then,
surely, one can tell that (i) equilibrium demand will include the point of
the support characterized by the peak; (ii) the support of demand will be
symmetric around the location chosen by the firm. That is, the monopolist
will never choose a location jeopardizing some share of demand on the
left-hand side.'® This tendency to capture the largest possible demand
does exist in a horizontally differentiated monopoly irrespective of net-
work effects, which just amplifies the firm’s incentive to cover the market.

5 Concluding Remarks

We have shown that Rohlfs (1974) is a special case of a spatial monopoly
model a la Hotelling (1929) with quadratic transportation costs. By
endogenizing the location of the firm, and introducing an intrinsic utility
from consumption, we have proved that the coordination problem typi-
cally thought to affect markets for network goods may not arise in gen-
eral. Endogenizing location makes it easier for the monopolist to extract
consumer surplus but also to cover the entire market. We have also
extended this analysis to allow for triangular consumer distributions,
showing that the main results qualitatively hold also in such cases.

The present model, as well as the existing literature in the field, carries
out a static analysis, although the coordination problem linked to the issue

10 Or, conversely, on the right-hand side if the peak occurs in the interval

(1/2,1).
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of reaching a critical mass of adopters/consumers is intrinsically dynamic.
Accordingly, a properly dynamic approach to these issues is highly
desirable. This is left for future research.
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