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Abstract A new analytical model for thermoelastic responses of a multi-layered composite plate with imper-
fect interfaces is developed. The composite plate contains an arbitrary number of layers of dissimilar materials
and is subjected to general mechanical loads (both distributed internally and applied on edges for each layer)
and temperature changes, which can vary from layer to layer and along two in-plane directions. Each layer is
regarded as a Kirchhoff plate, and each imperfect interface is described using a spring-layer interface model,
which can capture discontinuities in the displacement and stress fields across the interface. Unlike existing
models, the governing equations and boundary conditions are simultaneously derived for each layer by using a
variational procedure based on the first and second laws of thermodynamics, which are then combined to obtain
the global equilibrium equations and boundary conditions for the multi-layered composite plate. A general
analytical solution is developed for a symmetrically loaded composite square plate with an arbitrary number
of layers and imperfect interfaces by using a new approach that first determines the interfacial normal and
shear stress components on one interface. Closed-form solutions for two- and three-layer composite square
plates are obtained as examples by directly applying the general analytical solution. Numerical results for
two-, three- and five-layer composite plates under different loading and boundary conditions predicted by the
current model are provided, which compare well with those obtained from finite element simulations using
COMSOL, thereby validating the newly developed analytical model.

1 Introduction

Multi-layered plates have been widely used in various industries, including aerospace, automotive, electronics
and defense. They can be engineered to provide tailored electrical and thermal properties, offering efficient
heat dissipation and electrical signal transmission within electronic components (e.g., [36, 57, 72, 77, 78]).
In addition, multi-layered plates can be customized to achieve high flexibility and biocompatibility, enabling
advanced wearable electronics and ergonomic portable devices (e.g., [15, 16, 37, 39, 54, 76]). Furthermore,
multi-layered plates with exceptional thermomechanical stabilities and electrochemical capabilities can be
designed to foster innovations in energy storage systems, including Li-metal batteries (e.g., [34, 38, 43, 44]).

A significant challenge in using multi-layered plates is the thermomechanical stability of interfaces, which
is crucial for maintaining structural integrity and mitigating incompatibility arising from the mismatch in
thermoelastic properties of adjacent layers (e.g., [36, 64, 75]). In a multi-layered plate, each layer can undergo
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stretching and bending due to thermal and mechanical loading. Because of the differences in material properties
of dissimilar layers, the deformation in one layer can differ significantly from those in the adjacent layers,
ultimately leading to excessive bending of the multi-layered plate and crack initiation and propagation on
interfaces between layers. Therefore, models capable of describing plate responses to various thermal and
mechanical loads and predicting deformation and stress states in layers and at interfaces are needed in optimally
designing multi-layered plates.

Various thermomechanical models have been developed for multi-layered plates using three-dimensional
(3D) elasticity (e.g., [3, 13,42, 55, 56, 59, 66, 67]) and various plate theories, including equivalent single-layer
plate theories (e.g., [1, 11, 26, 48, 60, 65, 79]) and layer-wise plate theories (e.g., [2, 5, 6, 14, 35, 40, 51]).
In these models, perfect bonding at interfaces between layers is assumed, which ensures that the traction and
displacement are continuous across each interface. Although the existing models for multi-layered plates with
perfectly bonded interfaces offer the advantage of enabling simple analytical solutions, they lack the capability
to accurately represent imperfections at interfaces of multi-layered plates.

The existence of imperfect interfaces in a multi-layered plate can lead to complex deformation patterns
and stress states in the plate. A number of thermomechanical models have been proposed to address imperfect
interfaces in multi-layered beams and plates (e.g., [7-10, 17, 32, 33, 4547, 52, 57, 63, 69, 72, 80-82]). In
these models, continuity conditions are imposed for the traction at each interface, while the displacement field
is allowed to be discontinuous across the same interface. The boundary value problem for a multi-layered plate
with such imperfect interfaces has to satisfy local equilibrium equations for each layer, global equilibrium
equations of the entire plate, and compatibility conditions at each interface (e.g., [64]). As a result, the number
of coupled differential equations that need to be solved for a multi-layered plate increases with the number
of layers, which makes it very challenging to obtain closed-form solutions for plates with a large number of
layers. Solutions of boundary value problems for multi-layered plates with imperfect interfaces have been
limited to plates with a small number of layers (e.g., [7, 18, 19, 41, 50, 73]) even if asymptotic methods are
used. Hence, it is very desirable to provide models that can deal with composite plates with a large number of
layers that are imperfectly bonded. This motivated the current work.

In the present study, a new analytical model is developed for thermomechanical responses of a multi-
layered plate with an arbitrary number of imperfectly bonded layers by using the Kirchhoff plate theory and a
spring-layer imperfect interface model. The rest of the paper is organized as follows. In Sect. 2, the new model
is formulated using a variational procedure based on the first and second laws of thermodynamics, which is
done for the first time. In Sect. 3, a general solution is analytically derived for a symmetrically loaded multi-
layered composite square plate. In Sect. 4, closed-form solutions for two- and three-layer composite square
plates are obtained as examples by directly applying the general solution. In Sect. 5, numerical results for two-,
three- and five-layer composite square plates predicted by the current new model and closed-form solutions are
presented, which compare well with those from finite element simulations using COMSOL, thereby validating
the newly developed analytical model. The paper concludes in Sect. 6 with a summary.

2 New model for a multi-layered composite plate with imperfect interfaces
2.1 Plate configuration
Consider a composite plate consisting of ; isotropic linear elastic thin layers of dissimilar materials, as shown

in Fig. 1. Each layer is thin and has a thickness #,, such that the total thickness of the composite plate ¢ is much
smaller than its in-plane dimensions, i.e.,

N
t=Y tw<aorb, (1)
m=1
where the subscript m denotes the mth layer of the plate (withm € {1,2, ..., N;}), and a and b are the length

and width of the plate, respectively.

In the current study, all layers are taken to have the same length and width. Additionally, each interface
between two adjacent layers in the plate is assumed to be imperfect, which allows the displacement to be
discontinuous across the interface. A global coordinate system {x, y, z} with its origin located at the center
of the mid-plane of the first layer is introduced. In addition, a local coordinate system {x, y, z,} with its
origin placed at the center of the mid-plane of the layer is chosen for each layer, withm € {1,2, ..., N;}. The



New analytical model for multi-layered composite plates

(a) (N

; (b) ul()';})(x +dx,y + dy)
Ty (6,Y) T“'\/‘ '(x,y)

(m) A
tabeta e betets ?, 2 (e, ) Ugy (X +dx,y + d):) i
T A 1 ’ / il )

(m)
Y

/ - tm /'/ e
t ul™ (x,y) [ -
) ZT A NI 2 ‘xm 0y ‘y - \ W;m)
b 3 uS? (x, )« ‘
X m x »w (x +dx,y + dy)
x : ; wm) (x, y)<
“ > | ey v
0 / / A
“ W ena R ERR KRR t
Yo 0)
(x,y) Tzz (X,Y)

7'y

Fig. 1 Composite plate consisting of N; thin layers and containing N; — 1 imperfect interfaces

vertical distance between the mid-plane of the mth layer and the mid-plane of the first layer is denoted by d,,,,
as illustrated in Fig. 1.

2.2 Kinematic relations

Each layer in the composite plate is regarded as a Kirchhoff plate satisfying the following kinematic relations
(see Fig. 1b) (e.g. [25, 61],):

ul (v, zm) = uge (6, 9) = zZmw P (x,y), w™ @ y) = w™ (x,y), (2a,b)

where uém) (witha € {x, y})and ugm) are, respectively, the x-, y- and z-components of the displacement vector
u™ of a point (x, y, z,;) in the mth layer, ugZ) and w™ are, respectively, the in-plane displacements and
deflection in the transverse direction of a point (x, y, 0) on the midplane of the mth layer, the superscript or
subscript m denotes the mth layer (withm € {1,2, ..., N;}),and O , = 900/0 (with « € {x, y}). Note that

the stretching in each of the two in-plane directions is included in the kinematic relations for the Kirchhoff
plate adopted in the current study, which is represented by the first term u(()'Z) (x, ¥) in Eq. (2a).

From Egs. (2a, b), the non-zero components of the strain tensor €™ for the mth layer (with m €
{1,2, ..., N;}) can be determined as

e,i’,;’)(x,y,zm) = e(g;"é(x,y) - ZmKélrg)(x,y), (3a)
where
1
eouy(x.y) = E[ugg}ﬂ (x,y) + ug"g3a(x,y)], G y) = w (x, ), e

with o, B € {x, y}.

2.3 Interface model

As the layers of the composite plate are made from dissimilar materials, each layer can deform differently,
resulting in stresses at the interfaces due to the thermomechanical mismatch. To describe these interfacial
stresses, each interface is modeled as a fictitious thin film (adhesive) with an infinitesimal thickness #, in

- - ~ (k) ~ (k) : ~ (k) -
which two shear strain components €y, and €y, and one normal strain component €;;" are non-vanishing,
where the subscript or superscript k (with k € {1, 2, ..., N; — 1}) denotes the kth interface between the kth
and (k + 1)th layers of the composite plate.

The traction continuity requires that at the kth interface,

10, y) = =18V (x,y), 10 (x, y) = —i&D (x, y), (4)



M. Shaat et al.

where t(k) (with ¢ € {x, y}) and fz(k) are the components of the traction vector at the top surface of the kth
layer, and 75D (with « € {x, y}) and 7,5V

of the (k + 1)th layer. Note that 7, 7% and fz(k) are related to the stress components through
P J S (5a)

are the components of the traction vector at the bottom surface

where raz) (with ¢ € {x, y}) are the interfacial shear stress components, ‘L’( ) is the interfacial normal (or
peel) stress component, and 7, is the z-component of the unit outward normal on the kth interface (with
ny = ny = 0). Substituting Eq. (5a) into Eq. (4) yields

l?o(lk+1) (k)

In;, t(k+1) = —tz(f)nz. (5b)

On the other hand, the displacement vector can be discontinuous at the same interface, i.e.,

k+1 k
ulh |Zk+1:—lk+l/2 # u® |Zk:lk/2’ (6)

where u is the displacement vector.
(k)

The interfacial stress components t,, and r(k) can be related to the non-vanishing interfacial strain com-
ponents through Hooke’s law as follows:

) =2,El), (7a)
o® = (T + 200 )&, (7b)

where eaz) (with @ € {x, y}) and € e ) are the non-vanishing interfacial strain components at the kth interface,
and Az and fiy are the Lamé constants for the kth interface (modeled as a thin film).
From Eqgs. (4), (5a), (5b), (7a) and (7b), it is seen that the traction continuity at the kth interface is satisfied
if each of the interfacial strain components in the thin film is constant along the z-direction such that
~(k) =0,e® =0, (8a,b)

2,2

= (k

where o € {x, y}. Based on Egs. (6) and (8a,b), the interfacial strain components €, ) and € ezz , which are taken

to be uniform along the thickness of the thin film, can be identified as

1
~(k k+1 k
6(5{2) = _<ut(x = |Zk+1:*tk+1/2 - u((x) |Zk:fk/2)’ (93)

1
ek _ (k+1) k)
€2z fk (”z |t ==t /2 = Uz |Zk=lk/2)’ (9b)

where z; and zz41 denote, respectively, the local z-coordinates of the kth and (k + 1)th layers, #; and ;4 are,
respectively, the thicknesses of the kth and (k + 1)th layers, and 7 is the thickness of the kth interface.

From Egs. (2a,b), (9a) and (9b), the non-vanishing interfacial strain components at the kth interface can be
obtained as

1
k+1 k
(k) J(x,y) = 3 |:u(()a+ ) u(()a) E(tk+1wf(];+l) + Iy w’((f))i|, (10a)

(k)(x y) = tk( wk+D _ (k)). (10b)

Note that the expressions of éé(,];) (with @ € {x, y}) and éélg) in Eqgs. (10a) and (10b) are the same as those in
the adhesive layer of a three-layer electronic assembly [36] or of an adhesively bonded composite joint [69].
These adhesive joint models evolved from the pioneering studies of Volkersen [71] and Goland and Reissner
[28].

Substituting Egs. (10a) and (10b) into Egs. (7a) and (7b) gives the interfacial stress components as

k+1 K 1
(k)(x y) = Ks(k) |:u(()a+) u(()a) §<tk+1wf§+l)+tkwf§)):|, (11a)

(k)(x y) = K,gk><w(k+‘> _ w(k)>, (11b)
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where « € {x, y} and

2k M+ 20k
k k
kO =2 g0 =" %

(11c)
17 17

are the stiffness constants of the kth interface (with a unit of Pa/m), which are directly related to the interface
thickness 7 and interface modulus (through the Lamé constants Ax and fLr). It should be noted that K S(k) — 00
and K ,5“ — oo when the kth and (k + 1)th layers are perfectly bonded and K S(k> =K ,§k> = 0 when the two
layers are completely separated. For the case with a slip interface (e.g., [64]), w**D = w®, u(()/;+1) + ug;),

K,gk) — ooand 0 < Ks(k) < 00.

The interfacial constitutive model described by Eqs. (11a) and (11b) is of the spring-layer type, in which
the interfacial traction vector is related to the jump in the displacement vector through the elastic stiffness of
the interface (treated as a spring layer) (e.g., [7, 10, 74]). Such spring-layer interface models differ from the
general imperfect interface model (e.g., [4, 30]).

The interfacial constitutive relations given in Egs. (11a) and (11b) are similar to those used in the shear-lag
model for bonded layers (joints) proposed in Chen and Nelson [9], which was expounded by Murray and
Noyan [52]. Shear-lag models have also been developed to study load transfer mechanisms in fiber-reinforced
composites by using cylindrical configurations (e.g., [24, 53, 74]).

2.4 Equilibrium analysis
2.4.1 Equilibrium for each layer

The energy balance for a continuum during a thermoelastic deformation, which is reversible, is governed by
the first and second laws of thermodynamics and can be expressed as (e.g., [31])

TdS =dU — §W, (12)

where T is the absolute temperature, S is the entropy, U is the internal energy, W is the mechanical work,
and “d” and “§” denote, respectively, the differentials of a state variable and a non-state variable. By using
the relation d(7'S) = TdS + SdT in Eq. (12), the energy balance for the mth layer of the composite plate (see
Fig. 1) can be written as

—dw™ 4 swm — gtmgrm — g, (13)

where W = ym — 70m) gm) g the Helmholtz free energy of the mth layer (with m € {1,2, ..., N;}).
Note that the temperature change is taken to be different in each layer of the composite plate such that
ATOD £ AT (withm € (1,2, ..., Ni}).

In a thermoelastic deformation, the Helmholtz free energy W™ is a function of the strain tensor € and the
absolute temperature T (e.g., [29, 49]). It then follows that the change in the free energy dW ™ of the mth
layer in the plate during a thermoelastic deformation can be expressed as

duwm — /(oé';)c?egz) _ s(’”)dT(’”))dV, (14)

Vin
where 00521) (with «r, B € {x, y}) are the stress components, s is the entropy per unit volume, V,, is the volume
occupied by the layer, and the superscript or subscript m denotes the mth layer (withm € {1,2, ..., N;}).
For isotropic linear elastic layers in the plate, the Helmholtz free energy density function ¥ in the mth
layer (withm € {1,2, ..., N;}) is given by (e.g., [29, 49])

1
Kﬁ(m) = E)Lmeéz’g)egg) + ﬂmegg)egg) - 20‘m ()Lm + Mm)egg)gaﬁ (T(m) - TO)

(m)

) ( (m) )2 (m) o (m)
——|\T — T — TV, 15
270 0 So (15)
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where A,, and pu,, are the Lamé constants, o, is the coefficient of thermal expansion, c(()m) is the specific heat

at constant strain, s(()m) is the specific entropy, T is the reference temperature, and 844 is the Kronecker delta
(with &, B € {x, y}). In reaching Eq. (15), the plane stress state has been assumed for each plate layer, with
Epmvm Em

A = —F, = —
T2 T 2o

(16)

where E,, and v, are, respectively, Young’s modulus and Poisson’s ratio of the material for the mth layer (with
me{l,2,..., Ni}).

From Eq. (15), the stress components O’OEZI) and entropy per unit volume s in the mth layer can be
determined as

ay m

oup) (X, y.2m) = S = D€l 8 + 24imelly) — 2etm G + ) AT ™ 54, (172)
€4B
dy ™ cg"” (m)
s (x,y,2m) = 37 200 (Am + Mm)GJ(/n;) + TOAT(m) +55 s (17b)
where AT (x, y) = T (x, y) — Ty is the temperature change in the mth layer (with m € {1,2, ..., N;}),

which is taken to be varying along the x- and y-directions (but not changing with z,,).
Substituting Eq. (3a) into Egs. (17a) and (17b) gives

aa(l’;)(x, VsZm) = )»me(()';’])/(Saﬂ + 2/,Lm6(()zl% — Zm ()\'m’()(,’]n/)aaﬂ + 2umx(§$>>
— 20, (o + 1) AT ™85, (18a)
cm
s (x, v, zm) = 200m (A + /Lm)(e(()':))/ - zmlc)(,”;)> + ;—OAT(’") +s(()m). (18b)

The first variation of the mechanical work W in the mth layer of the plate can be written in terms of the
traction components tl.(m) (withi € {x, y, z}) acting on the layer boundaries (edges), the interfacial shear stress
components 7. and i7" (with & € {x, y}) and interfacial normal stress components 7.2” and """

acting on the top and bottom surfaces of the layer, and the body forces fi(m) acting in the layer as
tm/2

SWm — '/<f05m)8ul(¥m)+fz(m)5u§m)>d‘/+‘¢ / (to(tm)gu((xm) +tz(m)5u§m)>dzmdl
Vin 0A —tin /2

. / [(f;gwaugy) v (x5

A
- [(fcgg—naug,m))
A

where dV, dA and d! are, respectively, the volume, area and line elements, A is the in-plane area of the layer
(or plate), which is the same for all layers, and d A is the bounding contour of the mid-plane of the mth layer
(with the area A). Note that the summation on (€ {x, y}) is implied in Eq. (19).

Substituting Egs. (2a,b) and (3a)—(3c) into Egs. (14) and (19) yields, with the help of Eqs. (11a) and (11b),

Zm=tm/2

i|dA
Zm=tm/2

+ (rz(g"_l)Sugm))

}dA, (19)
Zm==Im/2

Zm:_tm/2

dwm = / (— NS’ + MU 6w ™ )dA + f (N sul n + M 8w n
A dA

—M™ 3w("’>nﬂ)dz + /(—s<m)dT(’”))dV, (20a)

af,o
Vin
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sWwm — /<q§">3ug’§> + mg,"ongw(m) +qz(m)8w(m))dA — fmg[m)Sw(m)nadl
A dA
+ f (ﬁg">aug;> + M 5w — V;m)éw(’")>dl

dA
+/[(T§Z") _Tgfl)»; (m) | 2( 7 4 (- 1))5w<m)+( (m) _ <;"1>)5w<m>}dA

1,
I ( (m) g m— D)(Sw(’")nadl, (20b)
0A

where the resultants are defined as

m m
NG (x,y) = / oy dzm, Mg = — / im0 Az, (21a,b)
_Im _Im
2 2
m
(qém) qz(m) ém)> — / (fém),fz(m),meém)>dZm, (22a-c)
_Im
2
m.
(Ném)’vim)’ﬁém)> _ / (,Ogm)’ — g, _thém)>dzm. (23a-c)

_Im
2

Note that the stretching energy is explicitly incorporated in the current model through the u, a) (x, y) terms,
as clearly shown in Egs. (20a) and (20b).
As Eq. (13) holds for thermoelastic deformations with arbitrary displacement and temperature fields in the

mth layer (with m € {1,2, ..., N;}), the following equilibrium equations are obtained after substituting Eqs.

(20a) and (20b) into Eq. (13) and applying the fundamental lemma of the calculus of variations (e.g., [68]):
NGy + 7 —im=D 4 glm =0, (24a)

(m) -1 —1
M= 5 (2 4220) 227D = g iz =0 &
along with the boundary conditions:
N ng =Ng" orufy =al™ on TS, (25a)
1 - —

M‘irg)a ng = - ( é";) + ré'? )>n,3 — ml(gm) V< ™ or w™ =T on F,ﬁ, (25b)
Mg =M," or w =™ on T, (25¢)

where the overhead bar indicates a prescribed value on an edge (boundary) of the mth layer, and F denotes
an edge with the normal ng. Note that the standard index notation with the summation convention is used in
Eqgs. (20a), (20b), (24a), (24b) and (25a)—(25¢).

By substituting Eq. (18a) into Egs. (21a,b), the stress resultants N (r/g') and M, (m) in the mth layer (with m =

{1, 2, ..., N;}) can be determined in terms of e((]zll; and K(m) (with e, B € {x, y}) as

N;’g)(x,y)=( meg) 8 ﬂ+2um60aﬂ)rm 20t (o + 1)t AT ™ 85 (26a)

M (x,y) = ( i) S +2,um/cgg)). (26b)
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2.4.2 Global equilibrium of the multi-layered composite plate

The summation of the local equilibrium equations in Egs. (24a) and (24b) over all N; layers of the plate gives

N N N;
Z Negip * Z AR VA Z q" =0, (27a)
m=1

N
(m) Im -1
z M~ z[g(roszzzx . >)} z o
=1
N
+ Z gD Z g™ = > m{n =0, (27b)
m=1
which can be rewritten as
N
SN 0 Oy Z g = (28)
m=1 m=1
N; N;—1
(m) N, 0
Z Malgaﬂ Z (dm+1 — dp )To(trzngz 2 o(tzg 2 o(zz)a
m=1 m=1

(M) 4 70 Z g™ — Z mm = (29

m=1

Multiplying Eq. (24a) by d,, and then summing the resulting equation from 1 to N; will lead to

N N-1 N
D ANy + Dl — d) T +dyy 7 + Y dg ™ =0, (30)
m=1 m=1
where use has been made of the relations Zn]\;[: | dm 1:05';[) — ZZ’: ) dmré’f*l) = ZN’ 1(d m+1)7:o§';) +
dn, ra(,lzvl ) dlt(o) and d; = 0. Differentiating Eq. (30) with respect to x, gives
Ni—1 N;
D et = )T = D o Ny + 70 + Z dng ). (1)

Substituting Eq. (31) into Eq. (29) yields

N; N;
(m) (m) N, 0 N, 0
SOMI S AN <7+d )ngg D), — ) 4 20
m=1

m=1

N; N
~ 2 il - Z g =Y my =o0. (32)
m=1 m=1
The global equilibrium equations in Eqs. (28) and (32) for the multi-layered composite plate can be written

in the form:

Napp + T\ — 139 + 44 = 0, (33a)

- IN A
Mopop — (7’ +dN,)ra({]Z\{’a) o) L O, — 0 4 0 Z dnql"t) — Gz — taq =0, (33b)

where
N;

N
9 (m) (m)
Nog = Z S G = Y a0 Map = Y (M) — duNR ).

m=1 m=1
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N, N;
G:=Y g™, =y md". (34a-¢)
m=1 m=1

Similarly, the global boundary conditions for the multi-layered composite plate can be obtained as

Naﬁnﬂ = Ea or u(():x) =u® on I'?, (35a)
N
Map = XI: dng™) = (D vy, )0 = DO 77 orw® = rf,  (35b)
af.a mqlg 7 ﬁZ > Tﬂz mg (ng =V, orw w on
m=1
Maﬂnﬁ = M or w(l) = w ) on I'P, (35¢)
where
N, N,
o — o ) z —
m=1 m=1 m=1

3 Analytical solution

The boundary-value problem (BVP) of a multi-layered composite plate with N; layers is defined by the 3N,
equilibrium equations listed in Egs. (24a) and (24b), the 5N; boundary conditions given in Egs. (25a)—(25¢),
the 6N, constitutive relations provided in Eqs. (26a) and (26b), and the 3(N; — 1) compatibility conditions at
interfaces presented in Eqs. (11a) and (11b). The solution of this BVP for a multi-layered plate subjected to
arbitrary thermomechanical loading would require solving a system of coupled partial differential equations
(PDEs), which can hardly be done analytically. However, symmetrically loaded square plates exhibit equal
normal strains along the x- and y-directions and zero shear strain (e.g. [27, 58],), namely,

e)(c')'f) = e;’;l) = e(()m) — Zpic™, ei’;) =0, (37a,b)
where e(()m) and k™ are the in-plane strain and curvature for the mth layer in the plate (withm € {1, 2, ..., N;}).
Note that use has been made of e(()m) = e(();"; eé@, e(()f:y) 0,1 = 0and i = 1’ = k™ inreaching Egs.

(37a,b) from Eq. (3a). For this simplified case, the BVP for the multi-layered composite plate is governed by
a system of coupled ordinary differential equations (ODESs) (rather than PDEs), for which a general analytical
solution can be obtained, as shown below.

3.1 BVP for a symmetrically loaded composite square plate

For a symmetrically loaded square plate (i.e., a = b = L), the stress resultants Ngg) and Mgg) can be

determined in terms of e(()m) and k™ as, after substituting Egs. (37a,b) into Egs. (26a) and (26b),

NI = NI = N = 2 + )€™t — 200 G + )t AT ™, NI = 0, (38a,b)
M =M =M™ = —(A + )™, MO = 0. (38c,d)

Similarly, the interfacial shear stress components in Eq. (11a) can be expressed in terms of e(()m) and k™,
Differentiating Eq. (11a) once with respect to 8 (with 8 € {x, y}) gives

1
w2 = KOs =y 5 (a4 ) | )
where o € {x, y}. Using Egs. (3b,c) and (37a,b) in Eq. (39) then leads to

1
m — g m) g m) KM [eé"”l) - Eém) + §<fm+1l<(m+1) + th(m)):|, (40)

yz,y XZ,X Xz,8
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where X is either x or y.
For the current case, the equations of equilibrium in Egs. (24a) and (24b) can be explicitly written as

NI AN+ — D 4 g =0, (41a)
—1
Niy + NP+ — o Vgl =0, (41b)

XX,XX Xy xy yy,yy Trz.x yz,y XZ,X

M Lopgm 4 ppm) _tz( e e 1)) 7
+1 D =g — ) — M) = 0. (41c)

Note that Eq. (41a) and Eq. (41b) are, respectively, obtained by differentiating Eq. (24a) with respect to x and
y. Itis clear from Egs. (41a)—(41c¢) that the three equilibrium equations of the mth layer of the composite plate,
which include the interfacial stresses on both the top and bottom surfaces of the layer, are coupled.

For the square plate under symmetric loading, ¢\") = qﬁmy) = q(m) m)((m; = §my) = m;m;, N — N;’y") =
N — My m _ pgm) t)g")x = ‘17)(,2”)} = rfm)A and Ng") = M, (m) = 0, where the last five relations are
directly obtained from Egs. (382)—(38d) and (40) Then the equ111br1um equations in Egs. (41a)—(41c) reduce
to

N(f'f) LM m l)+q§m) -0, (42a)
XZ,X XZ,X
M) () 2 =0, =
. XZ,X XZ)C <

and the boundary conditions in Egs. (25a)—(25c) become

L
N — N o u('fl) = u(f") at X = :i:E, (43a)
t L
M - ;( AR “) m™ = V" or w™ = at £ = £, (43b)
L
M™ =" or w™ = %™ at £ = £, (43¢)
,x X 2

where x is either x or y.

Equation (42a) represents two ODEs (with * = x and X = y, respectively). These ODEs are uncoupled
with each other, but each of them is coupled with Eq. (42b) through ‘L'(m) and ‘L'A ! e . Therefore, only one of
the two ODE:s in Eq. (42a) needs to be solved along with Eq. (42b) as two 1ndependent equations to obtain the

( ) (m)'

interfacial stress components 7~ and t;

3.2 Analytical solution for the BVP
3.2.1 General solution

From Egs. (38a) and (38c¢), it follows that

N d(’") 12M™
e = — AT ) = : (44a.b)
(m)t “m)y (m)
Ciitm Oy oyt
where
" = 200 + ), A\ =20k + ). (45,b)

Substituting Eqgs. (44a,b) into Eq. (40) gives

N(m+1) N(m) d(m+1) d(m) M(m+1) M(m)
" = Ky")[ + AT — AT 16 (46)

Rz,% (m+1) T ) (m+1) om0 (m) 2
€1y lm+l Ci1'tm Cq 11 11 tm+1 it m
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Differentiating Eq. (46) twice with respect to X leads to

(m+1) (m) (m+1) (m) (m+1) (m)
m  _ pom| Nz Nii  dj me) Al ) M5 M5
T hee = K + AT AT +6 +
XZ,XXX S (m+1) (m) (m+1) XX ( ) (m+1) 2 (m)
Crp Im+ 011 Im €y i1 T IR S
47)
From the equilibrium equations in Egs. (42a) and (42b),
N = —gm gD g (48a)
XX XZ,X XZ,X X,X
m _ (o) =D\ L oy L ey Lo ()
MM =5 (t&x + T )+ 2rz;” zrz;" + 2q " +mg (48b)
Using Eqgs. (48a) and (48b) in Eq. (47) yields
(m+1) (m) (m) (m—1) 1
ROTT ) Pk X S S =X 2t 5 3¢h 3¢
e Pt Pt P cﬁ"f”)r,%m cﬁ’f+”ré+1
_ 1
3 300 g T A
m a2 T, e D AT s
Clyty Oty Ot €] tmel €]
dl(T) (m) 3q (m+l) +6m(mA+l) 3q(m) +6m(m)
AT + . (49)
m) ) 2 (m) 2
‘1 11 I 't i
Equation (49) can be rewritten in the form:
1 1 _
;1:))‘” _ pm ;Zl:)+'3(m) (m) +,3(m) (mx )+a§m)rz(;"+l) +O[(()m)tz(;n) +a(_”{)rz(£” 1) +77)(?m)+77§m>’ (50)
where
o _ 2K 4K 4Ky 2K
BZy = (m) ’3 (m+1) my, °’ ﬂl (m+1) ’
11 tm 11 Im+l €1 Im 11 tm+l
L0 _ 3k = 3™ 3Ky 3K
e B ) (m) (me) 2 > 71 7T (m+D 2
n tr%z Ut Ol S R
(m) (m+1)
m _ K" (43 _gmapm | KM (455 _ g A |
X (m) 1 11 (m+1) t 1 XX
11 m c m+1
3k ™ 3K
(m) _ (m+1) (m+1) (m) (m)
= (qZ +om" ) “m (q +2mm). (51)
(S I by

The unknowns in Eq. (50) are the interfacial shear stresses ‘L'(m+1) rfm ) and 1:2':71 and interfacial normal

stresses rz(?l“) 12(2") and r(m Y To find these quantities, an addltlonal differential equation is required for
each layer, which can be obtained by considering the constitutive relation for the interfacial normal stress in
Eq. (11b). In particular, differentiating Eq. (11b) four times with respect to x yields
(M g (K(f"f” — K<1")), (52)
XX XX

where use has been made of Eq. (3¢c). Using Eq. (44b) in Eq. (52) gives

(m+1) (m)
(m) (m) XX M”
- = 12K (m . - . (53)
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Substituting Eq. (48b) into Eq. (53) leads to

. /e(m;-l) ;m))c (m+1) T(m) q(m+l) +2m£n;+l)
(m) _6K(m) 2, n Z, Tzz _ 44 n s
ZZ,XXXX T n (m+l) 2 (m+1) 2 (m+1) 3 (m+1) 3 (m+l) 3
i1 Tl 11wt 11 Iper o €11 lpn €11 lan
T B R T
ik Rz + _ (54)
c(m)t2 c(m) C(m) c(m) c(m) ’
11 *m 11 I 11 Iin 11 Iin 11 Ln

Equation (54) can be rewritten in the following form:

1 1 1
z(;n)zw?)?fc — 1(m) )E'Z":)_’_yérn).[gn;_,_yim) )Erznx )_H;:(m) (m+1) +%-(m) (m) +.§(m) (m— )+X(m) (55)

where

(m) (m) (m> (m)

-1 e 0 = e <m) V= T

1t S I C11 - 1 I
EE(,,,)_mr(,i’”) s _ 6K"  6K™ £ _ 6K," 56)
ST w0 T T ) 3 m3c ST s

11 ‘m ll m+1 11 ‘m 11 m+l

6K(m) 6K(m)
(m) _ n (m+1) (m+1)\ n (m) (m)
Xz - (m+1)t3 (612 +2m)2,,\’; ) —C(m)IS (C]z +2m£’£).

1 Lot 11 i

Equations (50) and (55) form a system of 2(N; — 1) equations, which can be explicitly expressed as

O N LIy o L N C M I G B M U )
2 2)_(3 2 2 2) (1 2 2 @ 2 2
(@ = OO 4 gD () + 91 () ) 40?70 10?12+ a®e® 4y @),

(Ni1— (N1=2) (Nl 1) (N1=2) (Nl 2) (N1=2) (NI 3) (N1=2) _(N;—1)
T)?Z ii}? - 'B xzx ﬂ xzx ﬂ T Tz !
+oz(()N’ 2) (N1 2)+oz(N’ 2) (N, 3)+n(Nz 2) n(N[ 2)7
(Nl 1) (Ni—=1) (Nl) (N;— 1) (N — 1) (Ni—=1) (Nl 2) (Ni=1) _(N))
xzi;%i _'B xzx+'8 xzx '8 XZ,X +Ot Tzzl
a(Nz 1)T(N1 ”+a(_N’ I)T(N,—2)+ng -1 77(N, 1) (57a)
1 H_@ H_d 1_© _@ D_a 1_( 1
z(z))e)e)e)e—?’()()+V(§)T)E)"'V£)() §()()+§()()+€()()+X(),
2 2)_(3 2 @ 2) (1 2 2 @ 2) (1 2
(O =y DD @D B D0 D0 @0
(Ni=2) __ (N;=2)_(N;—1) (N1=2) _(N, (N1=2) _(N;=3) (N1=2) _(N;—1
Toieit = V1 Tiex TV Tios Py eI
+§—(Nl_2) (N;—-2) +§—(Nl_2) (N;—3) + X(N[
(Ni=1) _ _(Ni=1) (N) (Ni—=1) _(N 1) (N1—=1) _(N, 2) (Ni=1) _(N,
Toieit = V1 Tees vV Taop  tYIL txzic +g T
+$(§er)rz(évl—1) +E£j\1]] I)Tz(évl 2) +X(N1 b (57b)
From Egs. (57a) and (57b), rg)x rg’)j, cees r}éi”;l) and 72, ), ..., TV can be sequentially

obtained in terms of r(l)A and r(l) as, by using the first to the (N; — 2)th (the second last) equations in Egs.
(57a) and (57b), respectlvely,

1
@ _ (]){Tm pIOHO

Xz,8 T XZ,XX% xz X

(1) _(0) M _@ M _(1 M _(© () 1
— BT Tz(z)—% Tz(z)—“_lfz(z)—’? ’7§)}’
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1
G _ e @@
(2){ ~ho

Xz,x T XZ,XXX xz X

(2) )] (2) 3 2_©2 _ (2) (1) (2) 2)
— B 1T220 % Tz —% T 1% — Ny — 1 }a

(Ni—1) __ 1 (N1—2) (N1—2) (Nl 2) (N1=2) _(N;=3) (N1=2) _(N;—1)
Teet = ﬁ(NIZ){ beits PO Toor | B Ty T T
1
N;—2 — N;—2 — N;—2
_a(() i )Tz(éw 2) _a(_lz )Tz(zN[ 3) —77,(3 1-2) 77ézv, 2)}’ (584)
1
2 _ 1 (1) (2) M (1) (1) © (1 (1)_ 1) (0) D
Tz = %_(1) {TZZ,)?)?)?X 4| xzx Y xzx Vvt Xz,% S %-_ — Xz }’
1
G _ 1. (2) 3 _ (2) @ _ .0 (1) (2) (2) 2) (1) 2)
Tz = 5(2){TZZ,)?)?)?X VI Tizg ~ Y0 Tiog T Vo1 Tz E %_, — Xz }
1

WNi=1) 1 WNi—2) ., (Ni=2)  (Ni—1) Ni=2) (Ni=2) |, (Ni=2) (N —3)
ZZ s(Nl ZZ,)%)?)%)% 1 )CZ X )/0 XZ x y 1 xz x
N—2 — N—2 — _
g DD gD i), 5%0)

Substituting Eqgs. (58a) and (58b) into the (N; — 1)th (the last) equation in Egs. (57a) and (57b), respectively,

leads to two coupled ODEs in terms of r(l) ; and rz(zl ), which can be written in the following general form:

d2(2N[—4).L.£1)A d2(2N,—5).L.A(1)A d2(2N,—6)Tfl)A d zfl)A
2, XZ, XZ,X XZ,X
A2(2N,—4)W + A20N,-5) W + A2(2N1—6)W +--+ A a2
d2@eN-3) Z(Zl) d2CeN—4) ¢ (1)
+ AOT&J? + Boan;-3) 2N Boan,-4) dR2C@N - 4)
d2@N— 5).[(]) dzr(]) .
2
+B2(2Nl S)W*_”'-‘-Bz dxz +BT():P1, (59)
d2@N=3) 1 (1) d2@N—4 ¢ (1) d2@N— S)T(l)A 27! (1
XZ X
Cron-3) W + CroN,— 4)W + CroN,— 5)W +ooet CZW
W d2eNi— 2)1(1) 22N~ 3)1(1)
+CoTg x + Daovi-2~man )+ D2eN-3) e )
d2eN—4) 1 (1) dzf( ) 0
+ D2(2Nl 4)W -+ D2 d + DQ‘[ = Pz, (60)
where Ayon,—4), A2@N,—5)s ---> A2, Ao, B2n,—3), B2oN—4), --.» B2, Bo, C20n,-3), C22N,—4)s ---» C2, Co,
Dr@2N,-2), D2oNy—3), ..., D2 and Dy are constant coefficients that depend on the material properties and

geometrical parameters of the layers in the composite plate, and P} and P, are inhomogeneous terms that
depend on the applied mechanical and thermal loads as well as the geometrical and material constants of each
layer. The expressions of these coefficients and inhomogeneous terms are case-specific. For the two-layer and
three-layer composite plates, these expressions are explicitly provided in Sect. 4.

The two ODE:s in Egs. (59) and (60) can be analytically solved for 1:(1) cand 7z, 1) by using the superposition
principle. For the case with P} and P, being constants, the general solutlon of these two ODEs can be obtained
in the form:

4(2N;=3)

D = N By P, — Do P
L= C, A, exp(A e ————— 6la
Uiz Z nen p( nx) AoDy — BpCy (612)
4(2N;—
~ APy —CoPy
o) = Z CneXP pf) 4 2 0L 61b)

AoDy — BpCy
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where the summation in each expression represents the general solution of the homogeneous part of the final,
decoupled ODE for 1:(1) or rz(zl), % denotes x or y, C, (withn € {1,2, ..., 4Q2N; — 3)}) are constants to be
determined from the boundary conditions, A, is the nth root of the 4(2N1 — 3)th—degree polynomial equation:

22N,-3) [[eN=3)

Y | 2 (AwDag-m) — BanCaig-my) |2 =0, (62)
q=0 m=0

and A, (withn € {1,2, ..., 4(2N; — 3)}) are constants related to A, through

202N;-3)—1 2

Zq(z(l)v = Q2c1)‘nq
Qu

where Q,, (with g € {0,1,2, ..., 2(2N; — 3) — 1}) and Qg are constants that depend on the coefficients

A20oN,—4), A22N;=5), ---» A2, Ao, Boan;—3), B22Ny—4)» .- B2, Bo, C22n,—3), C22Ny—4)5 -+ -» C2, Co, D2on,—2),
Ds@2N,=3), --., D2 and Dy.

Ap=— : (63)

From Egs. (61b) and (58b), the interfacial normal stress 'CZZ m) (withm € {1,2, , N; — 1}) can be deter-
mined, and from Egs. (61a) and (58a) the interfacial shear stress Ifgz) (with m € {1,2, ..., N —1} and
X = x ory) can be obtained by directly integrating ré':)f, which gives

" = / t"Mdi + F), (64)
Z XZ,X
where F (m € {1,2, ..., N; — 1}) are integration constants.
After 7:;52”) and rz(;") (m € {12, ..., N; — 1}) become known, the axial force N and bending moment
M can be found from the equilibrium equations in Egs. (42a) and (42b) as
N — / tm Dz - / t™Maz — qu’")d)% +G™, (65a)
XZ XZ X
1 1
M = g(/ Mz +f =D gz ) 5 /U( 2 gDy ) Zm;’?)di}di
+ M5+ M, (65b)
where G™, J l(m) and Jz(m) (m € {1, 2, ..., N;}) are integration constants to be determined from the boundary

conditions in Egs. (43a)—(43c).
With the axial force N and bending moment M ™ obtained in Eqs. (65a) and (65b), the axial strain
e(()m) and curvature ™ (with m € {1,2, ..., N;}) can be readily determined from Eqgs. (44a,b).

3.2.2 Determination of C,,

To obtain the constants C,, in Egs. (61a) and (61b), the following 4(N; — 1) boundary conditions for ‘L'(m) and
‘L’ZZ ) (withm € {1,2, ..., N; — 1}) can be employed:

—(m+1) ——(m) (m+1) (m) —(m+1) (m)
L | _xm| N B A VR TS R | N O .M
Rz, 8 1X=xL/2 = Bs m+1) (m) (m+l) (m) (m+1) 2 (m) .2
11 Clm+l CppIm €y 11 LS T 011 fin/ Jg=tL
(m) 4 m) [—mety __my | 1 —(m+1) —(m)
or (/ tfz,}?dx) e K [u)2 —ug 5<tm+1w,)2 +ImW g )] L (66a)
- -2
—(m+1) —(m)
) = 12K ™ M _M or t"|; = K™ _(m+l) —
2Z,XX n (m+1) 3 (m) 3 77,5 1X=%L/2 — X f=t L’
=+L/2 O P FS B VL P T
(66b)

where Eq. (66a) is directly obtained from Eqs. (46), (11a), (43a) and (43c), while Eq. (66b) follows from Eqgs.
(53), (11b) and (43c), with N(m) and M(m) being the force and moment acting at the edges of the mth layer,
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ﬁ)(?m) (with £ = x or y) and W being the in-plane displacement and deflection prescribed at the edges of the

mth layer, and AT |_,, /2 being the amount of the temperature change at the edges of the mth layer (m €
{1,2, ..., N;}). Each of Egs. (66a) and (66b) provides 2(N; — 1) boundary conditions, which form a system
of 4(N; — 1) algebraic equations that can be solved for the constants C,,.

The expressions of T)Ei)x and ‘L'Z(Zl ) depend on A, which are the roots of the polynomial equation in Eq. (62).

This polynomial equation can be rewritten in terms of Z = A2 as

2(2N;-3) | 2N;-3)

Z Z (AZmD2(q—m) - BZmC2(q—m)) AR 09 (67)
q=0 m=0

which can be solved to obtain its 2(2N; — 3) roots Z; (withk € {1,2, ..., 2(2N; — 3)}).
The roots of Eq. (67) can be real or complex. Based on Descartes’s rule of signs, the 2(2N; — 3) roots

of Eq. (67) can be obtained all real, denoted by Z,. In this case, the roots are associated with 4(2N; — 3)

constants C,, involved in the interfacial stress components r)g) and rz(zl ) listed in Egs. (61a) and (61b). This

requires 4(2N; — 3) independent equations to determine C, (withn € {1,2, ..., 42N; — 3)}). However, the
total number of independent boundary conditions for " and tz(zl) given in Egs. (66a) and (66b) is only 4

(N; — 1). This mismatch leads to an ill-posed BVP for tflze case where all the roots are real. For a well-posed
BVP, Eq. (67) must have some conjugated complex roots. Each pair of the conjugated complex roots Z,, 1 and
Z», of Eq. (67) can provide two additional relations among the constants C, (see Egs. (A7a,b) in Appendix A),
thereby resulting in a set of supplemental equations to be used along with the 4(N; — 1) boundary conditions
in determining Ch.

The number of distinct positive real roots of Eq. (67) can be obtained using Sturm’s theorem (e.g., [70]). Each
positive real root Z, = wf, of Eq. (67) is associated with two roots A2, 1 and A2, of Eq. (62) such that A;,_1,
Aop = :I:\/T = £wp, where w, is a real number. Additionally, each pair of the conjugated complex roots

Zon_1, Zop = a)z — a);jz +i2w,w; of Eq. (67) is associated with four complex roots A4, —3, Aap—2, Adn—1, Aan =

+w, £ iw} of Eq. (62), where w, and w} are two real numbers. By introducing R, and R, as, respectively,
the number of real roots and the number of pairs of conjugated complex roots of Eq. (67), the interfacial stress

components r)g) and tz(zl ) in Egs. (61a) and (61b) can be expressed as (see Appendix A)

RCC

R, B
‘(}gi))? = Z SpQpcosh(wp) + Z [fnxncosh(wnﬁ)cos(w;l“)?) — f,,X:sinh(wn)?)sin(wZ)?)] — %,
p=1 n=1
(68a)
& & AgPy — CoP
tz(zl)(fc) = Z Speosh(w %) + Zgncosh(wn)?)cos(w;,“f) + W, (68b)
p=1 n=1

where use has been made of the symmetric loading conditions (see Appendix A), R, + R.c = 2(N; — 1),
Sp (with p € {1,2, ..., R;}) and S, (withn € {1,2, ..., Re.}) are constants to be determined using the 2
(N; — 1) boundary conditions in Egs. (66a) and (66b), and 2, (with p € {1,2, ..., R.}), A, and A, (with
n € {1,2, ..., R.}) can be obtained from Eq. (63) as

2(2N;—-3)—1 2q
Zq:() qu wp

Q = — , (69a)
b Qu
_ S8 02y (0} - 0 £ 120,07)" ]
. = Ref - : (69b)
(0}
- 2350 02 (@} - 0 £ 207)’
An = |[Im| — Q , (69C)
d

where Re(-) and Im(-) denote, respectively, the real and imaginary parts.
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4 Examples: closed-form solutions for two- and three-layer composite plates

The analytical solution for a multi-layered composite plate with a specific number of layers can be readily
determined from the general analytical solution obtained in Sect. 3.2. The closed-form solutions for two-layer
and three-layer plates are derived herein as examples by directly applying the general solution. The solution
for the two-layer case forms the basis for designing coating-substrate material systems such as sensors, flexible
electronics and thermostats, while the solution for the three-layer case provides the foundation for analyzing
sandwich composite structures and all-solid-state batteries containing stacks of anode-electrolyte-cathode
units.

4.1 Two-layer composite plate

Consider a two-layer composite square plate subjected to the temperature changes ATV (x, y) and AT®
(x, y), respectively, in the first (bottom) and second (top) layers, and the mechanical loads tg) (x, y) and ‘L'Z(Zz )
(x, ¥) on the top surface and @ and 'L’Z(?) on the bottom surface (with X = x or y). This two-layer case is the

simplest among all multi—layerxezd composite plates and can be analytically solved by hands, as shown below.
In this case, the number of layers N; = 2, and only one interface is present. Then, it follows from Egs.

(50) and (55) that the interfacial stress components 'C)g) and 'cz(zl ) satisfy
n _ ) _©2 M _(1) (1) _(0) M _@) M _(1) (1) _(0) (@) (1)
Teiis = B Teok + B Tex +'8*1T2z,2 to T by T el T e+, (70a)
(D _ ., MH_2 (H_(M (1)_(0) M _(2) M _@ (1) _(0) (1)
eiiis =V Tegp TV Top vV Tiop 781 Tr 8 T HEL T X (70b)
where the coefficients can be readily obtained from Egs. (51) and (56) as
1 1 1 1 1 1 1
0 _ 2k ) 4k 4k ) 2k L 3k L 3k 3k
1= m, 0 T Q) o P T Tl T T M 0 T e (2,20
ciih iyt ch i 2 14 cti
(1) y»e)
3K K" [ a;; kY (a5
ail) _ 2% n(Al) s B2 A7 s BE D AT@ ’
2.2 X [€)) f 11 XX 2) f 11 ,
1'h 11 11
3k 3K 6K,
. _ s ?) (2) s (1 (1) 1 _ OB
) z("z +2mm> D) z(qz +2m&f)’ V-1 =T m s
STRS) 114 114
1 1 1 1 1 1
L 6K\ 6K, L0 _ 6K," £ _ 6K,\" () _ 6K\ 6K,
0 T @2 M2t T @21 T 130 T 23 (D3]
‘it nh b ST ity g
(1) ) (D
M _ 0Ky )y 0Kn o @\ _0Kn )
S = o X0 T s\ 2mig) = —ps\de +2mg g ) (7D
ST ST cnh

M0
X

where q; 5 4z (2) (2), m)(ez) are, respectively, the resultant forces and moment for the first and

and g~ q;
second layers, which are directly linked to the body force components f. )2(1), fz(l) and f ;52), 1(2) acting on the
two layers (see Eq. (22a-c)).
From Eq. (70a),

1
M _ _[Ta) N N (M C PN O MR M ORI G <1)]‘ (72)

2z | Gzgsr — P11 Ter T Po Tizz 1%%2.2 2z 1% — N T
B0
Using Eq. (72) in Eq. (70b) leads to
) (M _(1) () _(1) MM M DY @) _
[ERETTTTTT — By Tizgsees 50 ‘C)?z,)?)?)?-l_(é() Bo” — oy v )r)?z,)? = (73)
where

DH_@2 1)_(© 1 1 1 1 2 1 1 1 1 0
P =@ 40O (aé)yf ) _ (g ))15 - (aé))/fl) _ é)ﬁ(_l))féz,));

XZ,XXXXX —1 "%z, xxxxx X7,X
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1H_ @ V@ My (1) @O DY _©2) [OFAQY) (1, MY )
T T gees T A1 T k000 (5 —& ' )Tzz +<0‘o E1 =& @ )
Q) O] MM M @@
03 ke F T ieee ~ S0 ( +; )*0‘0 X (74)

Note that sz)’tz(zz), u(o) and ‘L'(O) are prescribed on the top and bottom surfaces of the composite plate, q}%l),

q@, qz(l), qz(z)’ b and m(z) are readily obtainable from the body forces specified in the two layers, and AT)

and AT® are glven for each layer.
Equation (73) is a sixth-order ODE with constant coefficients for r( ))2, which is inhomogeneous. When

P is a constant, a particular solution of Eq. (73) can be readily obtalned thereby leading to a closed-form
solution of Eq. (73).
The characteristic equation of the homogeneous part of Eq. (73) is given by

1 1 1 1 1 1

This is a cubic equation in A2, which can be analytically solved to get its three roots, resulting in the determi-
nationof A; (j € {1, 2, 3, 4, 5, 6}) [20-23].
From Eq. (71), it can be shown that

By > 0.6 <0, (65" - of"ni") <0, (76)

It then follows from the Descartes rule of signs that Eq. (75) cannot have any negative real root A2. In fact,
Eq. (75) has only one positive real root and two conjugated complex roots according to the Sturm theorem
(e.g., [9, 52]). As aresult, the six roots A; (j € {1, 2, 3, 4, 5, 6}) of Eq. (75) have the following forms [52]:

A= <¢0_%+¢2)2’ Ay = —(¢0—%+¢2)2 ==X
= Bh +iBy, Aa = —(Br +iBy) = —A3,

where “i” is the imaginary unit (with i = — 1),
" 360+ (B
o 8 ()
¢ = ¥ { (ﬂ(l)) +9ﬂ(§1)$(1) 27(5‘_(%1)/3(1) (1))/(1))
_ 3 Lq1/2) 173
N R e P o I O
- 172
12
B, — (y2 +2) ,ﬁvzﬁhtan<ltan_l&),
|1+ tanz(j tan—! i—;) 2 Yh
o= o+ —(% - ¢z), Vo= %(21 ¢2) (78)

The solution of Eq. (73) can then be written as, with the help of Eq. (77),
1:)2) Z Cj it 4 ( M )p = Cj cosh(A1%) + Cy sinh(%1X) + C3 cosh(By%) cos(B,%)

+ Cy sinh(By %) cos(By %) + (t}é;’)}?)p, (79)
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where X = xory, C~’j are six constants (j € {1, 2, 3, 4, 5, 6}), C; (j € {1, 2, 3, 4}) are four real-valued
constants to be determined from the BCs, and ( (z)i) is a particular solution of Eq. (73). Note that in obtaining
"

the second equality in Eq. (79) use has been made of C3 C5 and C4 = C6 to ensure that r( )A is real-valued.

This is discussed in Appendix A for the general case.
Using Eq. (79) in Eq. (72) yields the normal (peel) stress at the interface of the two layers as

L) _ T{Cl (}F ﬁé”) cosh(11£) + Cz()ﬁ - ﬁé')) sinh(1,£)

+ Cg[(ﬁ . — ,3(1)) cosh(Byx) cos(Bux) — 285 By sinh(ByX) sin(ﬂv)ﬁ)]
+ C4[<,8,% - B2 ,8(1)> sinh(By %) cos(Bux) — 2Bn By cosh(By) sin(ﬂvf)]
)

1 1 nH_@2 _(©O 1 1 1
g (T()> By R G SN M NG n§1)}. (80)

Xz,% xz X xz X Z —1%%z

When t@A, rz(zz), O, ‘L'z(?), ngl), ngl) and X(l) are constants, Eq. (74) gives

Xz,X°

1 1 1 1 2 1 1 1 1 0 1 1 1 1
(1 1 1 1 1 1
<: )‘S;:(l) ( )é—( )) 0) ";'-( )( ( ) ”(l)) :,( )XZ( )’ (81)

which is a constant. A particular solution of Eq. (73) in this case can then be readily obtained from Egs. (73)
and (81) as
Py

(1) ) 2
(T,'A ~ . (8 )
» 1 1 1 1
XZ,X P 13( )S() (())yé )

The four constants C; (j € {1, 2, 3, 4}) in Egs. (79) and (80) can be determined from the following four
BCs:

2 vty (2) D =52 (1)
N N d d M M
)E?x Kél) |: (2) (1) (2) oy AT - ;11) ATV + 6< (2) 2 (l) 2>:| ’ (83a)
F=£L/2 TR AT Cll N ity of f=2L
-—2) -
Ny _ g0 (MM , (83b)
SR ) T\ D3 (1)t3 ;
Cilz i/ li=+L
which are directly obtained from Egs. (66a) and (66b) with m = 1.
Using Eq. (79) in Eq. (83a) gives
ML ML L L L L
Cjicosh g + Cp sinh Ll + C3 cosh 'Bh— cos Ao + C4 sinh 'Bh— cos Po
2 2 2 2 2 2
@) ~ (2) eY] -7(2) (1)
_ —(rfl)A) + KD |: ]?72) Nl) d, 4L I A7@ _ d“ AT(I) 6( A/é) A({) ) (84a)
xz.% s ( ( ) ( 2 ’
P iz arhcp iy arg et =L
ML ML n L
Cjcosh il I Cy sinh| — ) + C3 cosh '3— cos Al — Cy4 sinh /3
2 2 2 2
~@ ~@ ) 1) (2) )
_ _(rfll) + KD [ NN LA e iz +6< M_ X )} (84b)
Xz,X $ (2) () o) NO) (2) 2 (l) 2
P iyl oh cpy N ciily  onf i=—L

Substituting Eq. (80) into Eq. (83b) yields

v =) (15 ) - ) o)
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+Cs { |81 - osr62+ 81— 83" (87 - 87)] cosh(%) COS( ﬂsz)
L\ . oL

oA o3

el [ - oo+ gt — i1 (7 — o2 Jon (225 ) con (225

281 (287 — 287 — ") co h(ﬁ"TL>sin<’3;L>}

7@ 70

— 12k (ﬂé)tg B 3;11),1) B .
it~ a)eon(7) -eulit - m((57)

+C3{[ﬂh 68282+ B — BV (B} — B )]mh(ﬁ’; )cos('B;L>
()3
—C4{[ﬂ2—6ﬂ5ﬂ5+ﬂ3—ﬂs”oez—,ef)]smh(ﬁhTL)cos(ﬂ;L)
() (2

7@ 70
= 12KV (Aé)t; - cﬁéy?) - (85b)

Solving Egs. (84a,b) and (85a,b) will lead to the determination of C{—Cj.
When the loading and geometry are both symmetric about X = 0, ‘L'(l) (fc) = tf )A( A) according to

Eq. (46). It then follows from Eq. (79) that C» = C4 = 0. With these relatlons Eqgs. (84a) (84b), (85a) and
(85b) reduce to

ML L L
Cq cosh(lT) +C3 cosh(%) cos(ﬂ; >

N0 FO @ ) @) (D)
NT N 4 d M~ M

_ M @ _ UL A7 1))

=K [ o~ -t ATY - AT +6< @2 " z)] i), (868)

iz ‘311’1 ot 1 ity cnti/Jli=t

cud (3 - 88" co (25 ) + ol [t - ot + 61 - 88" 47 cosh( ) (%
(86b)

1) PrL . (BuLl\]| _ ) M
_zﬂhﬂv<2ﬂ}%_2ﬂv By ) ( 3 )sm( 3 )}_IZK,ED o ( 2,3 (D 3)

ity anh

s—L
X=3

By using the Cramer rule, Egs. (86a) and (86b) can be solved to obtain the two constants C1 and C3 as

A U] (M 2 ()
C1=i< Ks(l)|:N N dnare d”AT(” 6<—M M )}

?2) (1) (2) 2.2 1.2
D itz cih Cn 611 ity cih

( il)x) }{[ﬂ2 —6p2p2+ Bt — BV (B2 — B2 )] COSh(ﬁ; )Cos<ﬂv2 )
a5l )

s—L
X=2
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2,3 (1,3

nL L
cosh(—ﬂ2 ) cos(ﬁv2 )>, (87a)
il et
—(2) (1) —@ =D )
1 M M ML ML N N d
_ 1 M, _ 1Ly ( m) ME (1) A AT@
C3 = D<]2K" oy ( 521)[23 ill)t?> L, COSh( B ) /3 cosh 5 Ks ) (1) (2) AT

611’2 cirh 611
(1) -(2) —(1)
d M M
LATO 46 — (<. , (87b)
(1 (2) 2 ROW) *z ),
"11 ity ol L

=@ D
M~ M
—12KDa ( )

—L
-2

where

D_cosh( >{[ﬂh 672 + B — ﬁ(1)<,8;2,—ﬂ5>]cosh<ﬁhTL>cos(l3;L)
~ 2160 (267 — 287 — p§")sin h(ﬁh )m(ﬁlf)}—X%w—ﬁél))‘:"s}l(%)wm(%)m(ﬁéL)'

(87¢)

Substituting C; and C3 listed in Eqs. (87a) and (87b) and C; = C4 = 0 into Eqgs. (79) and (80) will yield

the final expressions of r(l) ; and rz(zl ), which are valid for the general case.

For the special case of a simply supported square plate subjected to the temperature changes AT ) and
AT ® in the bottom and top layers respectively and with N(]) NP =Y = u? = =0, 70 D _

> Tz = Tz =
=1 =04"=¢"=¢"=¢?P =0.m{" =m? =0, and AT = AT@ = 0, Egs. (87a) and
(87b) are sunphﬁed to
cp = Lg® dl(‘)AT@)p L —dl(})AT(l)l [ — 68282 + g 5<”(ﬂ2—ﬁ2)]cosh Bl o oL
1= 7phs @ D v =y b "o 2 2
_ _ D ginn ( PrL pol
Zﬂhﬁv(Zﬁh 282 — B )%mh( . )em( )b
@) M
d! d AL
_ _ @ ) 1 A7 (D ) 1
C3 = DKS [ LAT® | Lo AT %} ( — ) < : ) (88a,b)

where use has been made of Egs. (71), (81) and (82), which gives P; = 0 and ( 0 ) =0.

XZ)C

Inserting C| and C3 listed in Egs. (88a,b) and C; = C4 = 0 into Eqs. (79) and (80) then leads to ‘L'( )A and
(D

(1

7,; on the interface between the two layers for the special case as
d
_ i 1
AT

d(2) L I
7:;2)( DK(1)|: ézl) AT® . :|{|:/32—6/3;%l312,+ﬁv ﬂ“%ﬂ%—ﬂg)]wm(%) cos(ﬁ2 )
=L 11 L
L yL .
288, (267 — 262 — A" ) sin (’3’17) sin(’BZ )}cosh(klx)

i| cosh(%) cosh (B X) cos(Byx), (89a)

{[B1 — 6B2B% + B3
= )55 on(557) i -2
_ﬂ(()l)) sinh(’BhTL) sin(ﬂ;L> } cosh(Ai%) — %A% (AZ ﬂ(1)>K(1) |: 221) AT®




New analytical model for multi-layered composite plates

40 L A A
- C%l} ATD . cosh( > [(,3;, B2 — ,3(1)> cosh(Byx) cos(Bu)
—2Bu By sinh(By %) sin(B,X)]. (89b)

With ‘L’ ¢ and 77 ) determined, the axial force N and bending moment M can be readily obtained

from Eqgs. (65a,b), and the axial strain e(() m)

(44a,b) for the two-layer plate.

and curvature ™ (withm € {1,2}) can be computed using Egs.

4.2 Three-layer composite plate

For a composite plate with three layers, Egs. (59) and (60) become, after setting N; = 3,

dted @2l g0 @O 20
fz.8 Tio 1) Tzz Tzz Tzz a _
Ayg ] + As 2 + Ao 0T, 5+ Bg 6 + By ! + By 2 + Bot,,’ = Py, (90a)
D atelD a2l BeD g @ 2o
Ce 26 +Cy dxicj’x +Cp d,g;x + C()‘L’)éi?)? + Dg dfz8z + Dg d:;g + Dy d;zj + Dy drzzz + Dofz(zl) = P,
(90b)

where the coefficients A4, Ay, Ag, Bg, B4, By, By, Cg, C4, C, Co, Dg, Dg, D4, Dy and Dy and the inhomo-
geneous terms P; and P, are given by (see Appendix B for more details)

1 2 1 2 1 1 1
) 51(1) . (ﬂ<>+ﬂ< ))éf ) —a(())yl( ) _ag )Vé)
4= "7, D)’ = 0. D ’
gD _ 4D, gD _ D, O
1 1 2 2 1 1 2 1 2 1 2 1 1 1 1
) Sf)(—ﬂé)ﬂé)+ﬂ“ﬂ”) ()<ﬂ<> ) ﬂ<1>y1<>> é)< By D 4 g1y, ()) o
0= DL D_a ’ a
pVeD _ D,
a{“ <2>5<1> <1>ﬁ<2> a{)”gf“ _ ag”gé”
B6= B4 2 =
1 1 1 I 1 1 1 1)’ 1 1 1 1)°
gD _ D, gD _ 4D, gD _ D, ®
1 1 2 2 1 1 2 1 2 1 2 1 1 1 1
g )<—aé)ﬁé)+a(_fﬂ{ ))+a§ )<—a(_fyf )+ pP¢l )) _a(()><_a(<)>y1< )+ B >) o
By =
1 1 1 1 ’
) (1?(31)&() (1?(21))/() <2> (M) 4, (Dg®
Co = — " Cs ,3 Bi Cz_ é;_ Y1 5()
1 1 1 1)’ 1 1 1 1)’ 1 1 1 1)’
aDy D gMe® <><> ﬁf)é” oDy _ ﬁf)é”
1 1 2 1 2 1 1 2 1 2 1 1 1 1
y1<><<> @) ﬁ()§<))+ﬂ(>< D@ _ _>§<>>+y0<>< ai)yo()+ﬂ<§)$f))
Co = o, _ g0 ’ Olc)
1 1 1 2 1 1 2
. ﬂ(l) o a(())yl()+a§ )VO() ﬂ( )<§() Eé )) o
. <1> <1) /3](1>$<1>’ 6= M= <1) <1> ﬂlmé(l) 2=
1 1 2 1 2 1 1 2 2 1 2 1 1 1 1
y1< )( ()Sé ) 4o >§£1>> + B ><§(§ >§(> g€ >§( )) ()( ()ff)ﬂﬁ )Sé )) o
Dy =
1 1 1 1 ’
Otf )1’1( Iy >$1<> o
1 d2‘[(0) d“T
MM _ o Me® 2z M1 4 gD xzx
P = MO /3(1)5(1){(“ “ 5—1) dz2 +< vor t Ao )

2 42 2. (1)
(Ud XZ (1) nA (l)d Nz (1) (2) (1) (1) (2) (1)
— oy dxAz %-] dA); + 1 dAz [ :30 E o 130 é—1

2 1 1 De(1 2) (1) (1 D2 (1
—a(())( ””+ﬁ“$”)]r§?’+[ﬂé)ﬂ()s” oD p®y, D
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2) (a1 n_a 0 2) 51 1,2 2)_ 2).( 1
+Ol(())(,3(1)3/1() '3() ())].C;Z))?_'_(_a(())ﬂl() (),3( )) 1)+(ot()y1() '3( )5( ))( ()+n§1))

+< (m <1>+ﬁ51>§(1>)( @0 | g® §3)A+n@ 77(2))}» O1le)
4_(0) a7
_ -1 (M, M _ g0 dte;; M, _ g, (M)~ ik
P2_a(1) <1>_ﬁ(1)$1<1>{<°‘ A ) 4 +(ﬂ i ) az4

4D a4 (D
ndx H9dng nd'n D (D). D,.@2),(1 2 D1 . 0
_/31( ) +y( ) X +J/( ) +[ M, ( )5( ) ﬁ( )5( )5( ]) ( )<_“(—1)$1( )+a§ )5£1)>:|Tz(z)

Gl TN gt g g
1) 2 1 1 2 2 1 1 1 1 1 2 1 2 1
[ By D@) 4 g0, (0) _ 7/(>( (1) _ >>} fz))ﬁ( UM ))XZ()
2 1 1 2 1 1 1 1 1 1 2 2 2
( @ _ Ml >)< D4y )) ( (0, 1) _ g ))( P e DeD 4 ))} ©1f)

The two coupled ODEs in Egs. (90a) and (90b) can be solved simultaneously by using a software package
for symbolic mathematical operations.

When P; and P, are constants, the general solution of Eqs. (90a) and (90b) can be obtained as (see Egs.
(61a) and (61Db))

BoP, — Do P
(1) 012 011
T = C,Aexp(Apx _— 92a
n§l nbnexp(ind) = 20— (92a)
12
_ AoPr — CoP
1) _ A 042 041
) = E Crexp(Ank) + AoDo— BoCo’ (92b)
where X = xory, and X, (withn € {1,2, ..., 12}) are the roots of the following 12th-degree polynomial

equation (see Eq. (62)):
(AsDg — BsCg)M'? + (A2 Dg + AsDg — BsCg — BeCa)2'°
+(AgDg + Ay Dg + AyDy — ByCg — B4Cy — BgCa)A®
+ (AgDg + Ay Dy + AyDy — BoCs — ByCy — B4Cay — BsCo)A®
+(AgD4 + Ay Dy + AyDy — ByCy — BoCay — B4Co)r?
+(AgDy + Ay Dy — ByCa — BoCo)A* + AgDo — ByCo = 0. (93a)
In terms of Z = A2, Eq. (93a) becomes
(AsDg — BsCg)Z® + (AaDg + AsDg — BsCg — BsCa)Z>
+ (AgDg + Ay Dg + AyDy — ByCg — B4Cy — BsCa) Z*
+(AgDg + AxDs + AyDy — BoCe — B2Cs — B4sCor — BsCo) Z>

+ (AgD4g+ Ay Dy + AyDg — BgCyq4 — BrCy — B4C())Z2
+ (AgDy + A2 Dy — BogCr — BrCo)Z + AgDg — BoCo = 0. (93b)

In addition, A, (withn € {1,2, ..., 12}) in Egs. (92a) and (92b) are given by (see Eq. (63))

01020 + QA8 + QA8 + Qurt + 0212 + Qo

A, = — n , (94)
" Q4
where
Q10 = —(AsDg — BsCe)[C2A] + As(—AgCs — A2Cy) + CA3], (95a)

0s = A (Cng - C2D6> + A3 [A()(—cwg + C6D6> — CB6Co + C2B4Ce + Az(—CzDg + C4Dé)

+ CQC436] +Ag [Ao <2A2C6Dg — B4c62) + CG(—A%Dé - A234c4> — C7AyBg + C4D8A§]
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+ CgAnp [—C6B6A0 + Ay (—DgAz + B4Cg + B6C4>], (95b)

Q6 = A}(CoDg — C2Dg) + A7[Ag(—C4Dg + Cs Dy) + Co(—B4Cs — BsCa)

+C3Bo + C2C4By + C2C6By — C2Dg A + C4DyAs |

+ A4{Ao[—C%By + (242D — 2B6C2)Ce + C3 Bg |

—Az[—C6BsCo + Ce(A2 Dy + ByCy) + C4(—A2Dg + B4Cy + BsC2) |}

+ Co[CeBs Af — A2 Ag(BsCé + B6Cs) + A3(— A2 Dg + Ce By + B4Cu + BoC2)], (95¢)
Q4 = AJ(CoDs — C2 Do) + Aﬁ[Ao(—C4D4 + CeD2) + C2C6 By

+Co(—C6By — B4Cy) + C3 B4+ C2C4By — C2D4A; + C4 Dy As |

+ A4{Ao[—C§Bo + C6(2A2 D4 — 2B4C2) + C; By

—A2[C4C6By — CB4Co + Ce Dy Az + C4(— A2 Dy + ByCy + B4Cr) |}

+ Co[CeB4AG — A2 Ag(B2Cé + B4Cs) + A3(— A2 Ds + BoCs + B2Ca + B4C2)], (95d)

Q2 = A3(CoDy — C2Dg) + A3[Ao(—C4 D3 + C6 Do) + Bo(—CoCs + C2Cs)

—Cy4BrCqy+ Ay(—Cyr Dy + C4Dg) + C%Bz] + A4{A0[C6(2A2D2 —2ByC)) + CiBz]

—A3[C3By — B2C6Co + DoArCo + Ca(—Ar Dy + BQCZ)]}
+ Co[ B2C6Af — A2Ag(BoCe + B2Ca) + A3(— A2 Dy + BoCs + B2C2)], (95¢)
Qo = A3DoCo + A3[—C4DoAg + Bo(—CoCys + C3) — C2DoAs |
+ Ag{Ag[Bo(—2C2Cg + C3) +2DgA>C6| — Az[ Bo(—CoCe + C2Cs) — C4 Do Az ]}
+ C[CeBoAf — C4A2ByAg + A3(—A2Dg + BoCa)], (95f)
Q4 = AJC§ + A3[Ao(=2CoCs + C3) — CoCaAs]
+ A4[Af(—2C2C6 + CF) — A2 Ag(—3CoC6 + C2C4) + CoC4A3 ]
+ Co(A§Co — AGALC4 + AgAZCo — A3C). (952)

For a three-layer plate, the following eight boundary conditions for the interfacial stresses can be applied
(see Egs. (66a) and (66b)):

@ (D () 1) 72 57D
N N d d M M
e limiryp = KD [ 5~ + o AT — —LAT® +6( 55+ W)} ., (96a)
izt cp 1 ity it/ =+t
~3 ~@ (3) (2 573 5@
N N d d M M
‘Eg))? |)2::|:L/2 = Ks(z) |: o o + %ATG) — %AT(Z) +6< 3 + m)j| s (96b)
iy ik cp 1 iy enty/ Jli=xt
72 7
O _pgo(M M (96¢)
7z, X% 1X==xL/2 n 2.3 M. 3 ’
culy it/ lp=xt
53 7@
@ . _ oM M
Tt ls=+1,2 = 12K, ( 33 03 . (96d)
‘irls  Cihh/ lz=xt

For a three-layer plate represented by a well-posed BVP, the polynomial equation in Eq. (93b) should
have two real roots (i.e., R, = 2) and two pairs of conjugated complex roots (i.e., Rec = 2) for Z = A%. As
demonstrated in Appendix A, each pair of conjugated complex roots gives two relations for the constants C,,.
Therefore, the two pairs of the conjugated complex roots lead to four additional relations, which can be used
along with the eight boundary conditions in Egs. (96a)—(96d) to determine the 12 constants C, (withn =
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{1,2, ..., 12}) involved in Egs. (92a) and (92b). This is similar to what is done for the two-layer plate case in
Sect. 4.1.

For the case of a symmetrically loaded composite square plate, the interfacial stresses can be obtained from
Egs. (68a) and (68b) as, with R, =2 and R.. = 2,

rf )A = S1Qjcosh (w1 %) + S1Qc0sh (w2f) + [Kl cosh (w1X) cos (wfX) — A sinh (w1£) sin (a)’f)?)]

= [~ R R . n BoP, — Do P
+S5 [Azcosh (w2%) cos (w3 %) — Assinh (w2%) sin (a);x)] ~ AuDo = BoCo’
(97a)
(1)( ) = Sicosh(w1£) + Sxcosh(w2) + Sicosh(w £)cos(w]x) + Sacosh(wof)cos(wh ) + %,
0Dy — BoCy
(97b)

where S;, S, S1 and S, are four constants to be determined from the boundary conditions, z+ and z; are
two absolute values of the real roots of Eq. (93a), and w; and w, and a)’]“ and a)§ are, respectively, the absolute
values of the real and imaginary parts of the complex roots +w; * iw] and +w; * iw; of Eq. (93a). The

parameters Q1, 25, A1, A, KT and K; in Eq. (97a) can be obtained from Eq. (94) as

Qlow + Qs + Q6w + Quwt + 02w + Qo

Q] == s
Qu (98a,b)
Q- Qlow + Qg + Qs + Quuwi + Qw3 + Qo
- o ,
[A1.A2] = [Re(A1),Re(A2)], [K’I,Kz] = [|Im(A )], [Im(A2)]], (98c,d)
with
A= —E[Qlo( — o’ — iZwla)T)S + Og(w? — w}? — iZwle)4 + Q6(wf — w}? — iza)lw’{)3
+04(? — 0} — 20107)" + Q2 (0} — 0} — 2w1007) + Qo} (98e)
1
Ay = —@{Qlo(a)z — a)22 12502&)3‘)5 + Qg(w% — a)’zk2 - i2w2w§)4 + Q6(w% — a)’zk2 — i2a)2w§)3
+04(3 — 03 = 20203)” + 02 — 03? — 20203) + Qo |, (98f)

where Qg, 02, Q4, Qs, O3, Q10 and Q4 can be obtained from Eqs. (95a)—(95g).
To determine the constants Sj, S2, 1 and S», rfz) B and rz(zz ) are first derived from Egs. (57a) and (57b) as

(see Appendix B):

2 _ 1 M _( @1 1 D MY_(D @D 1 1) () (0) (1) (1)
Tﬁz,ﬁ‘</3§1)§1(1)_()41))/{1)){S xzfﬁ;%*’(yo ap =By & )xzx+<7’—10‘1 - B_i& ) R 333

e 1 1 1 D (D) _(0 /. 1 1
+($é )a% - ot( )Sfl))fz(z) + (Sﬁll)ai ) _ a(_fél( ))Tz(z) - 51( )<n(A ) )) +a% )qu)}’ (99a)
1 1 1), (1) 1)
2 ﬁ( : ) Vl( : (1) O _ V1( )ﬁé : (1) (1) BZi ). o
2 = T 77T — .. — T
z = ﬂfl)él(l) _ (1))/(1) 2 RRRR T /3(1) £7,888 Y0 /31(1) f2.4 Yo1 — /31(1) fok
(gD (M), () ) )
O 1 CO T 6 WS O (S N 4 W ¢ ) WD 4 WY 1
(5 M )Tz(z) - (5—1 m )tz.(z + e ot = x0T (99b)
B 1 B, B

where Eq. (99a) is obtained from substituting Eq. (B4) into Eq. (B2) (see Appendix B). Using Egs. (97a) and
(97b) in Eqgs. (99a) and (99b) then yields

2 1 ) 1 1
i = MM {Sl[<Alw1 Aoy _2“’11\1“’1)5( ) —a)lozi )+6a)1

. (1) 22
XZ,X D1
XZ,X /31( )Sl( )
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where Ag, By, Co, Do, P1 and P, are defined in Eqs. (91a)—( 91f).
Substituting Egs. (97a), (97b), (100a) and (100b) into Egs. (96a)—(96d) leads to
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(@) , AT =40°C (b) , AT = 40 cos (n—> ¢ () 20xpa % AT =40C
e T I
Y = A /
uuuhmu s 2
l— 34 mm—*ﬂ—@é’cmm SN §<— 80 mm —>{<— 80 mm—» [«— 80 mm —>}e— 80'mm:, —>|
e N - '7 \ sjr 2 ts = 0.15 mm
BeO t, = 0.3mm Si t3 = 0.15 mm BeO t, = 01mm
BeO t, = 0.1 mm Si t; = 0.15 mm
Cu t; = 0.5mm Cu t; = 0.2 mm BeO t; = 0.1 mm
Cu t; = 0.2mm

Fig. 2 Geometrical parameters and loading conditions for the multi-layered composite plates: a two-layer plate; b three-layer
plate; c five-layer plate
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Solving Egs. (101a)-(101d), which form a system of four linear algebraic equations, will lead to the
determination of the four constants S, Sz, S and S;. Substituting these constants into Eqs. (97a), (97b),

(100a) and (100b) will give the final expressions for r(l) @, rz(zl) and r(z) Other quantities for the three-

X XZ, x°
layer plate, including N (m) - pgm), e(()m) and ™ (with m € {1, 2, 3}), can be determined by following the
procedure outlined in Sect. 3.2.1.

5 Numerical results

In this section, the analytical model and closed-form solutions developed in Sects. 3 and 4 are utilized to
study the effects of imperfect interfaces on thermomechanical responses of multi-layered composite plates.
Three numerical examples of two-, three- and five-layer composite plates under different loading and boundary
conditions are respectively analyzed here (see Fig. 2).

In the first example, a two-layer composite plate consisting of a copper (Cu) layer (bottom) and a beryllium
oxide (BeO) layer (top) and resting on a rigid substrate, as shown in Fig. 2a, is examined. The composite plate

is subjected to a uniform pressure of 20kPa on its top surface (i.e., 1(0) = rz(zz) = —20kPa, r)éo) = rfz) =0,
ffl) = £ = f(z) £ = 0) and a uniform temperature change of AT(D = AT® = AT = 40°C.
These lead to q(l) q(l) = qu) = qz(z) = )(21) mg" = 0 (see Egs. (22a-c)), n(l) ngl) = Xz(l) 0
(see Eq. (71)), and thus P; = 0 and ( )Ei)x)p = 0 (see Egs. (73) and (74)). In view of the general boundary

conditions (BCs) given in Egs. (43a)-(43c), the following BCs can be identified for this case:

L
M”:N@=Om£=i? (102a)
t L
MY - 1(”_0M® 2 W _0att =42, (102b)
, 2 iz 2 Xz 2
L
Mm:JﬂD:0m£:i5, (102¢)

Tiei s 2

FICIPIC) I3
“>:KW{ ATtx_iE (1024d)
1 1
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M _game_aL
T M_Oatx_:I:E. (102e)

2Z,XXx

Note that the BCs in Egs. (102d) and (102e) are directly obtained from Eqs. (83a), (83b), (102a) and (102c).
In the second example, a three-layer composite plate made from a Cu layer (bottom), a BeO layer (middle)
and a silicon (Si) layer (top), as shown in Fig. 2b, is considered, which is clamped on all four edges and

subjected to a uniform pressure of 20kPa on its top surface (i.e., rz(g) =0, rz(? ) = —20kPa, 'L')g(z)) = ‘L’)g) =0,

f(l) f(l) f(z) f(z) f(g) = (3) = 0) and a temperature distribution of AT = AT® = AT® =
1 1 2 2 3 3 1 2 3

AT = 40cos(7£/L)°C. Theseleadtoq() gV _qf s _qf ) = ¢® = m;) =m)(2) =m;) =0

(see Egs. (22a-c)), and n(l) = 7722) = Xz(l) = XZ(Z) = 0 (see Egs. (51) and (56)). In view of the general BCs
given in Egs. (43a)—(43c), the following BCs can be identified for the current three-layer plate:

ul) =ul) =ul) =0ati = i%, (103a)
w =pw® =p® =0atx = :i:%, (103b)
w =w@ = =0at==t7, (103¢)
V=12 =0ai= i%, (103d)
tVW=t@ =0at= i%, (103e)

Note that the BCs in Egs. (103d) and (103e) follow directly from Egs. (11a), (11b) and (103a)—(103c).
In the third example, a five-layer plate composed of a Cu layer (bottom), two BeO layers (second and fourth
from the bottom) and two Si layers (top and middle), as shown Fig. 2c, is analyzed, which is supported by a

rigid substrate at its free edges and subjected to a uniform pressure of 20kPa on its top surface (i.e., ‘L'Z(?) =0,
5 0 5 1 1 2 2 3 3 4 4 5 5

Tz(z)— —20kPa, ()—ngz)—o’fx()z z,()zf);()Z @) f()_ 3 f() Z():f;)z z.()=

0) and a uniform temperature of AT = AT® = AT(3) = AT(4) = AT(S) = AT = 40°C. These lead to

1 1 2 2 3 3 4 4 5 5 1 2 3 4
qﬁ)_qz”_qi)_q§)_qi)_q§>_q5)_q§)_q5)_q§>_0m“ m® = m® = m® =

)C
5 1 2 2 3 4 5
() = 0 (see Egs. (22a-c)), andn b=t —nf;) = —n() 7t _;72> ne? —n(A) e =
Xz(]) = Xz(z) = Xz(3) X(4) = XZ(5) = 0 (see Egs. (51) and (56)). In view of the general BCs given in Egs.
(43a)—(43c), the following BCs can be identified for this case:
L
ND = N® =NO = NBD =NO =pat i = £ (104a)
W _ @ — B — @ _ ) . _ 4L
w =w =w =w =w :0atx:j:5, (104b)
L
MO =MD =pm® = py® =M =0 at £ = j:E, (104c)
(2) (1) 3) (2) 4) 3)
d d d d, d d
Tk = Kél)[ o H)}AT Tk = K(z)[ o7~ m}AT = Ka@{ @ g)]AT’
‘1 ‘1 ‘1 ‘1 €11 ‘1
5) (4)
d d; L
P = K§4>[L :|AT at % =+—, (104)
Z,% 5 (4) 2°
‘11 ‘1
D =@ @ W _pgars= j:£ (104e)
ZZ XX ZZ XX ZZ XX ZZ XX 2

where Eqs. (104d) and (104e) are directly obtained from Egs. (66a), (66b), (104a) and (104c).
The material properties, including Young’s modulus E, Poisson’s ratio v and the coefficient of thermal
expansion (CTE) «, for Cu, BeO and Si are listed in Table 1, which are the same as those employed in [64].

These properties are used to compute the material constants Cf'ln) and d l(m) from Eqgs. (16) and (45a,b) for each
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Table 1 Materials properties of layers of the composite plates

Materials Young’s modulus E m) (GPa) Poisson’s ratio v CTE o™ (1076 /°0)
Copper (Cu) 126 0.34 16.5
Beryllium Oxide (BeO) 345 0.3 6.3
Silicon (Si) 120 0.42 2.6
(a) 40 (b) (c)
40 1
= 20 % = z* /<2>
& 20 & 0 2 N
TS| Jnzurn & - 0
Sa 10 S -2 £
90 / ol Y& s . Z 4
-10
-40
-34 -17 0 17 34 -17 0
Z (mm) % (mm)
(e) 0.8 ®
o e | ) _os
= g 0 £03 (1)\N ® 0.6 5
N 0.4 = 0 = kY R K Na)
~ _ (2) — _
=z £ U £ 02 W~ @ [04E
+o2 v £ 01 B 02 °
o T 0 0
-48 -25 0 25 50 76 -34 17 0 17 34 -34 -17 0 17 34 -34 -17 0 17 34
0" |s—1/s (MPa) & (mm) & (mm) & (mm)

Fig. 3 Thermomechanical responses of the two-layer composite plate: a interfacial shear stress rg) , b interfacial normal stress
tz(zl ): ¢ normal forces N, d bending moments M e distribution of the axial normal stresses a)g:) (onx = L/4) through the
plate thickness, f axial displacements ug;), g axial normal strains e(()m), and h deflections w" and curvatures « ™, with m €

{1,2}. The solid curves depict the predictions by the current analytical model, and the markers represent the FE simulation results
using COMSOL. Here ¢,,t,, = 1 pm

plane-stress layer considered here. In addition, the interfacial stiffness constants K §m) and K ,,(m) are determined
from Eq. (11c), with the Lamé constants of the mth interface, X, and fi,, (with m € {1,2, .., N;}), given by

3 U, i U,
A = ——[20umn + dms1) + (m + s )]s fim = 5————— (o + m+1) (105a,b)
I + tn+1 2(tm + tma1)

where Ay, W, and Ay41, Um+e1 are, respectively, the Lamé constants of the mth and (m + 1)th layers, and
£, is a non-dimensional parameter introduced as a measure of the interfacial stiffness. The range for ¢, is
0 < ¢, < oo, with £,, — oo representing an interface between two perfectly bonding layers and ¢,, — 0
standing for an interface between two separated layers. For illustration purposes, the range of 4 x 107> pm
< i, < 1 pmis used in the examples presented here.

To validate the analytical model and closed-form solutions developed in Sects. 3 and 4 and applied to the
example problems herein, the numerical results predicted by the current model are compared to those obtained
from finite element (FE) simulations using COMSOL [12], as shown in Figs. 3, 4 and 5. In the FE analyses,

each layer of the composite plate is modeled as a 2D linear elastic solid with a Young’s modulus of Cf'}’),

a Poisson’s ratio of zero, and a coefficient of thermal expansion of «,,. In addition, each imperfect interface
between two adjacent layers is regarded as a thin layer with the tangential stiffness K s(m) and normal stiffness
Km.

Figure 3 displays the results for the two-layer composite plate, which shows how the CTE mismatch affects

the mechanical response of the plate. Under the boundary and loading conditions indicated in Fig. 2a, rfg) and

'cz(zl) are developed at the interface due to the mismatch in the CTE between the two materials (see Figs. 3a and
3b), resulting in the plate bending. The numerical values of r)g) and rz(zl) plotted in Fig. 3a and 3b are obtained
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Fig. 4 Thermomechanical responses of the three-layer composite plate: a interfacial shear stresses r(m) b interfacial normal

(m) ()

stresses 7.2, with m € {1,2}; ¢ normal forces N, d bending moments M ™, e distribution of the axial normal stresses o;

(m) (m)
0x °
curvatures k™, with m e {1,2, 3}. The solid curves depict the predictions by the current analytlcal model, and the markers
represent the FE simulation results using COMSOL. Here ¢,,1,, = | pm

(onx = 0) through the plate thickness, f axial displacements u g axial normal strains €, °, and h deflections w™ and

from Egs. (79), (30) and (87a)-(87c), with 7. = 72 = —20kPa, ()’ = 7{?’ = 0, AT!) = AT® = 40°C,
N =N =0 m" =M =09 =" =0,and () =0.
? P

When the two-layer plate under the loading and boundary conditions shown in Fig. 2a expands (see Figs. 3f
and 3g), the CTE mismatch (i.e., 16.5 u/°C for Cu versus 6.3 1 /°C for BeO) results in a tensile axial force (i.e.,
N® > 0) in the BeO layer and a compressive axial force of the same magnitude (i.e., N® = —ND < 0)
in the Cu layer (see Fig. 3c). As a result, bending moments develop in the two layers (i.e., M) # 0 and
M® £ 0) (see Fig. 3d), leading to non-zero values of the deflection and curvature in each layer of the plate
Gee., w®D £ 0, w® £0,cD £ 0and k® # 0) (see Fig. 3h). Note that w ~ w® and kD ~ «@ in the
current problem with the specified geometrical parameters and material constants In addition, the presence
of the bending moments M) and M® makes the axial normal stress o*M ™ (m € {1, 2}) discontinuous at the
interface between the two layers, as shown in Fig. 3e.

Figure 4 illustrates the numerical results for the three-layer composite plate with the support and loading

(1) 1)

shown in Fig. 3b. The numerical values of 7; ' and 7;” plotted in Figs. 4a and 4b are obtained using Egs.

(97a), (97b), (952)—(95g), (98a)—(98f) and (103a)—(103e), with 7 = 0,72 = —20kPa, 7 = 7’ = 0,and
ATD = AT® = ATO®) = AT = 4OCos(7r)2/L)°C. Note that w®» ~ w® ~ w® and K(l) k@ ~
in this three-layer plate example problem with the specified geometrical parameters and material constants.

Figure 5 shows the results for the five-layer composite plate with the support and loading illustrated in
Fig. 3c. The numerical values ofr ‘CZZ) N ppem) a)grf), (m) (m) ,w and k™ displayed in Fig. 5a—5h
are, respectively, obtained using the formulas for the general case glven in Egs. (64), (61b), (65a), (65b), (18a),
(2a), (44a), (3c) and (44b), with 72’ = 0, 7 = —20kPa, 7)) = 7)) = 0, ATV = AT® = AT® =
AT® = AT = AT = 40°C, 4" = ¢ = q<2> _ 49 = qg3> _ qz@) ¢ =q® = ¢ =4® =

1 2 3 4 5 1 2 2 3 3 4 4
n® =m® = m® =m® = m® = 0,70 = p® = @ = @ —nf;) E) —n() IO
77(5) _ 77(5) _ (1) _ (2) _ Xz(3) _ (4) Z( 0 N(l) _ N(Z) _ N(3) _ N(4) _ N(S) _ Oat — :l:f’
and M) = M(z) = M(3) =M® = M(5) =0atx = :i:L Note that w® ~ w® ~ WP~ w® ~ w® and
kD k@ 2@~ k@ 2 O in the example problem here with the specified geometrical parameters and
material constants.

A comparison of Figs. 4 and 5 with Fig. 3 reveals that trends similar to those for the two-layer composite
plate are observed for the three- and five-layer composite plates, where the mismatch in the CTE and elastic
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Fig. 5 Thermomechanical responses of the five-layer composite plate: a interfacial shear stresses t;f',"), b interfacial normal

stresses ‘L'Z(;”), with m € {1,2,3,4}; ¢ normal forces N m q bending moments M (m) e distribution of the axial normal stresses

a)g;") (oni = O) through the plate thickness, f axial displacements ug;'), g axial normal strains e(()m), and h deflections w™ and

curvatures « ™, with m € {1,2,3,4,5}. The solid curves depic~t the predictions by the current analytical model, and the markers
represent the FE simulation results using COMSOL. Here ¢,,1,,, = | pm

(m)

properties leads to the interfacial stresses 7:);':) and t,; ~ at the interfaces (see Figs. 4a, 4b, 5a and 5b), resulting

in the discontinuities in the axial normal stresses o)g?")
also brings about the layer-to-layer variations of the axial displacements u(()';’) (see Figs. 4f and 5f), axial normal

strains e(()m) (see Figs. 4g and 5g), and axial normal forces N ™) (see Figs. 4c and 5c). In addition, the bending

moments M are developed in the layers (see Figs. 4d and 5d), leading to the deflections w™ and curvatures
« "™ in the plates (see Figs. 4h and 5h).

at these interfaces (see Figs. 4e and 5e). The mismatch

Figures 3, 4 and 5 illustrate that the interfacial shear stress r)gm) and normal stress 'cz(;") both change sharply

near the plate edges, indicating a pronounced edge (or boundargz) effect. When the plate has free edges (i.e.,
without normal forces and moments there), as in the cases of the two-layer (see Fig. 2a) and five-layer (see
Fig. 2¢) plates, r}ém) and tz(;") remain non-zero at the edges x = +L /2, depending on the applied thermal load,
as shown in Eqgs. f 102d) and (104d). However, in the case of the three-layer composite plate shown in Fig. 2b,

where the edges are clamped, ré':) and tz(;") are both zero at X = +L/2, as given in Egs. (103d) and (103e).

Nonetheless, ‘C;ET) and rz(;") remain varying sharply near the edges, indicating the presence of an edge effect.

In addition, it is observed from Figs. 3, 4 and 5 that the predictions by the current analytical model agree
very well with the FE simulation results obtained using COMSOL in all three examples considered here.

Finally, it should be mentioned that in the newly developed analytical model, each layer of the composite
plate is regarded as an elastic thin plate interacting with adjacent layers through adhesive bonding that depend
on the stiffness of the interface (see Egs. (11a) and (11b)). In layer-wise plate theories (e.g., [5, 6, 51, 62]),
continuities in both the displacement and stress fields across each interface are assumed a priori. As aresult, such
theories cannot capture discontinuities arising from imperfect interfaces. Unlike the layer-wise plate models,

(m)

the current new model predicts the interfacial shear and normal stresses T;, and tz(;") between adjacent

layers in terms of the stiffness constants Ks(m) and K ,(lm) of the interface and can account for discontinuities
in the displacement and stress fields at imperfect interfaces in multi-layered composite plates. This is further
illustrated in Figs. 6 and 7. It is seen from Fig. 6 that reducing the interface stiffness, through decreasing the
parameter £, (see Egs. (105a,b)), leads to increased differences in the displacement and stress fields across
each interface for the three-layer composite plate depicted in Fig. 2b. Moreover, it is observed from Fig. 7 that
the difference in the deflection between two adjacent layers increases as the plate length L (= a = b) decreases
for the three-layer plate with the given value of £,,.
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Fig. 6 Discontinuities in the a displacement field and b stress field due to imperfect (weakened) interfaces in the three-layer
composite plate. Here ,, = 1 pm
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Fig. 7 Deflections varying with the plate length L in the three-layer composite plate:a L = 160 mm, b L = 80 mm, ¢ L = 40 mm,
and d L = 20 mm. Here ¢,,7,, = 4 x 107> pm

6 Conclusions

A new analytical model is provided for characterizing the thermoelastic behavior of a multi-layered composite
plate with an arbitrary number of imperfectly bonded layers, which is under general thermal and mechanical
loading. A variational method based on the first and second laws of thermodynamics is applied to obtain
the governing equations and boundary conditions simultaneously, unlike in existing studies. The Kirchhoff
plate theory and a spring-layer imperfect interface model are employed in the formulation. The former is used
to describe deformations of each layer of the composite plate, while the latter is adopted to represent every
imperfect interface between two adjacent layers, which is regarded as a thin spring layer having an infinitesimal
thickness and two stiffness constants. This interface model accounts for discontinuities in the displacement
and stress fields across the interface.

A general analytical solution for a symmetrically loaded composite square plate with an arbitrary number
of layers and imperfect interfaces is derived by using a newly proposed approach, which reduces the governing
equations for a multi-layered plate to a system of two coupled ordinary differential equations to solve for the
interfacial normal and shear stress components on one interface.

By directly applying the general analytical solution, closed-form solutions are obtained as examples for
two- and three-layer composite square plates under specified thermomechanical loading.

Numerical results are presented for two-, three-, and five-layer composite square plates under different
loading and boundary conditions by using the general analytical model and two closed-form solutions. These
results predicted by the current new model are compared against those from finite element simulations using
COMSOL. The two sets of results for each of the three composite plates agree very well, which validates and
supports the newly developed analytical model.

Being capable of describing multi-layered plates with imperfect interfaces, containing an arbitrary number
of layers of dissimilar materials and subjected to general thermomechanical loading, the current analytical
model offers a new approach for interface design and structural optimization of stacked composite plates.

Finally, it should be mentioned that the newly developed analytical model is based on the Kirchhoff plate
theory, which is the simplest among all plate theories. The use of a higher-order plate model such as Mindlin’s
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(linear) or von Karman’s (nonlinear) would make the analytical formulations even more challenging. Such
formulations based on higher-order or nonlinear plate theories can be explored in the future.
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Appendix A

Consider a pair of conjugated complex roots of the polynomial equation in Eq. (67):
ZZn—l, Z2n = a)2 a):;2 + 126();10);:, (Al)

—

where Z>,_1 and Z,, are two conjugated roots of Eq. (67), w, and w;: are real numbers, and i (= 4/—1) is the
imaginary unit. The four roots of the polynomial equation in Eq. (62) that correspond to the two conjugated
complex roots Z»,_1 and Z,, can be written as

Mn—3, Mn—2 = 0, Tiw,, Adp_1,rin = —0, Liw),. (A2)

From Eq. (A2), the exponential functions C, A,exp(A,%) and Cnexp(1,£) involved in Egs. (61a) and
(61b) that are associated with the pair of conjugated complex roots shown in Eq. (A1) can be expressed as

Cin—3A4n—3exp(ran—3%) + Can—2As4n—2exp(han—2%) + Can—1 Aan—1 exp(Aan—1%) + Cap Adyn exp(rant),
(A3a)
64,,_3 exp(k4n_3£) + E4n_2 exp(Mn_pE) + 64,1_1 exp(k4n_1)2) + €4n exp(M,,i). (A3b)

In light of Eq. (63), the constants A4j,—3, Aapn—2, Aan—1 and Ay, that correspond to the conjugated complex
roots listed in Eq. (A2) can be identified as

Aan—3,Nan—2 = Ay £iA}, Asn1, Asn = Ay FiAL, (A4)

where A, and A, are real numbers.
Substituting Egs. (A2) and (A4) into Eq. (A3a) gives, with the help of Euler’s formula,

[Can-a (B +i87) + Cana(Rn = i) + Canmr (B = iA,) + Can (R + 1A, ) [cosh(@n f)cos ()
+ [aH (X,, + ix,’;) +Cana (X,l - ixj;) — Cin (Xn - ixz) — Can (X,, + ixz)]sinh(wnf)cos(w;)e)
+ i[aM (B +i85) = Can-a (K = iR, ) + Canr (B = i, ) = Can (K + iX:)]cosh(a)n)?)sin(w:)?)
+i[Cans (B +18,) = Cana (B = iR, ) = Cant Ky = iR, ) + Can (R +1A, ) [sinh(wn2)sin(@35).  (AS)
Similarly, using Eqgs. (A2) and (A4) in Eq. (A3b) yields

(64,1_3 + 64,1_2 + 64,1_1 + 64,1) COSh(a)n)e) COS(C();:)?)
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(C4n 3+ C4n 9 — C4n 1 — C4,,) Slnh( ) COS(a)Z)?)
+ 1(C4n 3 — C4n 2+ C4n 1 — C4n) h(a)n)?) Sln(a);)z)
+ 1(_4,, 3 — C4n 9 — C4n 1+ C4n) smh( ) n(a);,k)?) (A6)

It is seen that the relations (AS) and (A6) contain imaginary terms, which would render the interfacial
stresses in Egs. (68a) and (68b) complex. As the interfacial stresses are real at any position x, when Py and P
are constants, the following relations can be obtained by eliminating the imaginary terms in Eq. (A6):

Can—3 = Cuap—2, Capn_1 = Cay. (A7a,b)
Substituting Egs. (A7a,b) into Egs. (A5) and (A6) leads to

2(Can—2 + Can) Ay cosh(w, ) cos(w} %) +2(Can—z — Can) Ay sinh(w, ) cos(w; %)
+ 2(—64n_2 + 64,,)Kz cosh(wnfc) sin(a);‘;i) + 2(—64,,_2 — 64,,)K: sinh(a),,)?) sin(w:;)?), (A8a)

2(Can—2 + Cap)cosh(w,£)cos(w;t) +2(Can—a — C4y)sinh(w,£)cos(w ). (A8b)

It follows that the terms in Eqs. (A8a) and (A8b) are all real, thereby leading to real-valued interfacial stresses.
Under symmetric loading, Eqs. (A8a) and (A8b) reduce to, after eliminating the anti-symmetric terms by
setting C4,—2 = Cap,

SnAy cosh(w,X) cos(w)f) — S.A sinh(w, %) sin(w} %), (A9a)
Sy cosh(w, %) cos(w; %), (A9Db)

where En = 454,,.

The relations in Eqgs. (A9a)and (A9b) define the stresses that correspond to the pair of conjugated complex
roots Zp,—1 and Zy, listed in Eq. (A1). For a real root Z»,,_1 or Z,, with ) = 0 and K: = 0, Egs. (A9a) and
(A9b) become.

812 cosh(w ), (A10a)

Sy cosh(w, ), (A10b)

2(2N;-3)—1

-3)- 2
Zq:() QZq wnq

0 is obtained from
d

where w, is the nth real root of Eq. (62), S, is a constant, and €2, = —
Eq. (63).

By introducing R, and R, as, respectively, the number of real roots and the number of pairs of complex
conjugate roots of Eq. (67) and by using Egs. (A9a) and (A9b) for each pair of complex roots and Egs. (A10a)

and (A10b) for each real root, the interfacial stresses in Eqs. (61a) and (61b) can be expressed as

R, Rec
51))2 _ Z Sp82p cosh(w k) + Z[Ean cosh(w,X) cos(w}f) — S.A sinh(wy,X) sin(a):)?)]
p=1 n=1
_ BoPr = Doy (Alla)
AoDg — B()C()’
Rec
AoP, — Cy P,
D (® ko) 22002 7 0T
pX:lS cosh(w %) X:: n cosh(w,X) cos(w)ix) + 49D~ BoCy’ (A11b)

where x is either x or y.
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Appendix B

The coefficients Ag — A4, Bg — B¢, Co — C¢ and Dy — Dg and the inhomogeneous terms P; and P, in Egs.
(91a)—(91f) are determined for a three-layer plate by solving the following system of differential equations:

g)xxx ﬂ(l) )i);e +,3(1) EI)A +’3(1) (0) +ot§1) 2 +oz(1) (1)+(x(1) (0) +77(1)+77§1)7 (Bla)
;i)x” — l(2) E)ﬁﬂ(z) 52)A+,3(2) (l) +a52) ;3)+a(2) (2)+a(2) (l)+77(2) 77(2) (B1b)
TZ(ZI)”M Vl(l)fg),e +V0(1)T)§1)A +y(11) SO)A +$11) z(2)+5(1) z(1)+§(1) (0) +X(]), (Blc)
Z(Z2)xxxx y1(2) g)x }/(§2)t)§))2 +y£21) ;i)x +§(2) (3) +5(2)Tz(2) + 5(21) Z(Zn + XZQ), (B1d)

which can be readily obtained from Eqgs. (57a) and (57b) by setting N; = 3.

Solving Egs. (Bla) for r( )A gives

2 1 1 H_( _© D_@ H_a D_(0 1 1
2 1 {() L N U R N G M 1 C B nﬁ,)}- (B2)

Xz,% INOR REEE: Xz,x 1 %z,% 2z o
1

Using Eq. (B2) in Eq. (Blc) yields

(D (D) (1) (1) (1) [OINE)
e oo f,m_N ) SO m_ N B O e _N % )
ziiiE = ) ziir T 0 0 e T V= ) iz.8 1 ) 2z
B, B B By

o ral) o el y O 0y
71 70 1 - 0 1 1 1 1
%0 /3(1> el L T Tz(z)_ﬁm’?x ﬁm”g) +xd. (B3)
1 1

From Eq. (B3), rz(zz ) can be obtained as

(1) (1) 1) (1) (1) p(M)
@ _ {T(n nooomoo_ <y0<1) Fo )r(l) _ (V(lf _n ﬁ1>r(0)
2z (1 1 1 2 RXXR T 1 1 X7,% = 1 X7, %
ﬂf )%_1( ) ( ). (1) ZZ,XXXX ﬂ( ) xzxxx ﬂl( ) XZ,X /3{ ) XZ,X

a4
(1) (1) (1) (1) (1)
M _Y % o _ [0 _Y %1\ o, N o, V1 ) 1)
(g (1) ) T2z (g O Tt (1)77 (1)771 — X (B4)
A 1 Bi ,3
The substitution of Eqgs. (B2) and (B4) into Egs. (B1b) and (B1d) leads to

1 () (1) (2)) (D) 2),, (1) 1, M1
ﬂ(l)g(l) (1) (1){ §I Teoasiss [(ﬁ +Bo >§1 % %N :|xxxx

2) p(1 2) p(1 1 1 2) (1 2) (1 2 1,01 1) p(1 1 n_a
[(ﬁmﬁ() <>ﬁ<>)§<> <>(ﬂ<>() ﬂu()) ()(()ﬁw <>ﬁ<>)]()+ai>r<_> AAAAAA

Rz, 2z, XRRRXX
(2) p(1) (2) (1) [eY] D (1) DY (D) (2) p(D) (2) (D)D)
[aO 'Bl '8 :IT 2Z,XXRX (aO él S ) zz X% I:(a—lﬂl - /30 @ )él
2)s(1 2 1 1 2 1 1 (1 1 1 1 1 0
+ (/3( )S( ) ( )y( )) ( )+0t( )()/( )Ol(()) _ ,B( )gg-( )):In(l) + (,3(_)5( ) Vif“i ))Téz?;(;(;(

+[B ) — AP NP + @ (V80 - BY )]0, + (D - eBa)e 0
[R50 — RaBED +o@ (00 = OEN ] + [a@ A = BPEO] (1 4 10)
7o = a8 D+ 6" (0 #02) = oV + (B = yPe) [P+ 0@ @ 4 570} =0,
(B5a)
g0 _ (1)y(1){71(1) )E?xxxxxxx (Vél)ﬂfl) - V11):3(1)) )g)xxxxx (V(;Z)fl(l) - Vfl)%'m) )E?xxx
[ (1)(%-52)‘8(1) (21)a§1)> '3(1) (2)%-(1) (1)5(2)>+V(§2)(V(§1)(¥§1) ﬁél)s(l))] (D

< )CZX
(1_(1) M (@ , D @ _ M, 1] 1)
1 Tzz,)%)?)b?)%)?)?)?l: (5 +& )—0‘1 Yoo =N ]Tzz,)?)?)?)?

1
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[ (D (D 2) D @e0 D2 2) () (1 De(1
+_y1()(oz(())$(())—§()()) ,B()<§£1)$1() Eé)g()) U(E()() HS”)] e

D1 n A 2 2)_(3 D2 (2).(1 1
+<ﬁ§ ED _ 0y ))(E() O 4 @ 4@ ;z)x>+(7/1( D _ O >)< M, n(”>

1 1 2 2 1 1 (2 1 1 1 2 1 2 2 1
N E() (0, @) @y _ D) glh) | (150 )]Tz(gn [ (D, ) _ ) g )]xz(”
@ 1 (2) M, @M _ (D@ gD (1) M@ ] M) M) _ (1) MY
+ V oYy B & S0 Bi B=i% :Ixzx (V—IIBI B- )xz;bbeff
1) p(1) 1 _,MY_(©) [COINEY) &) (1) @
+(5—1ﬂ1 R ) Tagitt V0 Miaaar TV Mo T A zxxx;?} =0. (BSb)

Equations (B5a) and (B5b) are the same as those given in Egs. (90a) and (90b), with the coefficients listed in
Eqgs. (91a)-(911).
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