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Abstract A new analytical model for thermoelastic responses of a multi-layered composite plate with imper-
fect interfaces is developed. The composite plate contains an arbitrary number of layers of dissimilar materials
and is subjected to general mechanical loads (both distributed internally and applied on edges for each layer)
and temperature changes, which can vary from layer to layer and along two in-plane directions. Each layer is
regarded as a Kirchhoff plate, and each imperfect interface is described using a spring-layer interface model,
which can capture discontinuities in the displacement and stress fields across the interface. Unlike existing
models, the governing equations and boundary conditions are simultaneously derived for each layer by using a
variational procedure based on the first and second laws of thermodynamics, which are then combined to obtain
the global equilibrium equations and boundary conditions for the multi-layered composite plate. A general
analytical solution is developed for a symmetrically loaded composite square plate with an arbitrary number
of layers and imperfect interfaces by using a new approach that first determines the interfacial normal and
shear stress components on one interface. Closed-form solutions for two- and three-layer composite square
plates are obtained as examples by directly applying the general analytical solution. Numerical results for
two-, three- and five-layer composite plates under different loading and boundary conditions predicted by the
current model are provided, which compare well with those obtained from finite element simulations using
COMSOL, thereby validating the newly developed analytical model.

1 Introduction

Multi-layered plates have been widely used in various industries, including aerospace, automotive, electronics
and defense. They can be engineered to provide tailored electrical and thermal properties, offering efficient
heat dissipation and electrical signal transmission within electronic components (e.g., [36, 57, 72, 77, 78]).
In addition, multi-layered plates can be customized to achieve high flexibility and biocompatibility, enabling
advanced wearable electronics and ergonomic portable devices (e.g., [15, 16, 37, 39, 54, 76]). Furthermore,
multi-layered plates with exceptional thermomechanical stabilities and electrochemical capabilities can be
designed to foster innovations in energy storage systems, including Li-metal batteries (e.g., [34, 38, 43, 44]).

A significant challenge in using multi-layered plates is the thermomechanical stability of interfaces, which
is crucial for maintaining structural integrity and mitigating incompatibility arising from the mismatch in
thermoelastic properties of adjacent layers (e.g., [36, 64, 75]). In a multi-layered plate, each layer can undergo
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stretching and bending due to thermal andmechanical loading. Because of the differences inmaterial properties
of dissimilar layers, the deformation in one layer can differ significantly from those in the adjacent layers,
ultimately leading to excessive bending of the multi-layered plate and crack initiation and propagation on
interfaces between layers. Therefore, models capable of describing plate responses to various thermal and
mechanical loads and predicting deformation and stress states in layers and at interfaces are needed in optimally
designing multi-layered plates.

Various thermomechanical models have been developed for multi-layered plates using three-dimensional
(3D) elasticity (e.g., [3, 13, 42, 55, 56, 59, 66, 67]) and various plate theories, including equivalent single-layer
plate theories (e.g., [1, 11, 26, 48, 60, 65, 79]) and layer-wise plate theories (e.g., [2, 5, 6, 14, 35, 40, 51]).
In these models, perfect bonding at interfaces between layers is assumed, which ensures that the traction and
displacement are continuous across each interface. Although the existing models for multi-layered plates with
perfectly bonded interfaces offer the advantage of enabling simple analytical solutions, they lack the capability
to accurately represent imperfections at interfaces of multi-layered plates.

The existence of imperfect interfaces in a multi-layered plate can lead to complex deformation patterns
and stress states in the plate. A number of thermomechanical models have been proposed to address imperfect
interfaces in multi-layered beams and plates (e.g., [7–10, 17, 32, 33, 45–47, 52, 57, 63, 69, 72, 80–82]). In
these models, continuity conditions are imposed for the traction at each interface, while the displacement field
is allowed to be discontinuous across the same interface. The boundary value problem for a multi-layered plate
with such imperfect interfaces has to satisfy local equilibrium equations for each layer, global equilibrium
equations of the entire plate, and compatibility conditions at each interface (e.g., [64]). As a result, the number
of coupled differential equations that need to be solved for a multi-layered plate increases with the number
of layers, which makes it very challenging to obtain closed-form solutions for plates with a large number of
layers. Solutions of boundary value problems for multi-layered plates with imperfect interfaces have been
limited to plates with a small number of layers (e.g., [7, 18, 19, 41, 50, 73]) even if asymptotic methods are
used. Hence, it is very desirable to provide models that can deal with composite plates with a large number of
layers that are imperfectly bonded. This motivated the current work.

In the present study, a new analytical model is developed for thermomechanical responses of a multi-
layered plate with an arbitrary number of imperfectly bonded layers by using the Kirchhoff plate theory and a
spring-layer imperfect interface model. The rest of the paper is organized as follows. In Sect. 2, the new model
is formulated using a variational procedure based on the first and second laws of thermodynamics, which is
done for the first time. In Sect. 3, a general solution is analytically derived for a symmetrically loaded multi-
layered composite square plate. In Sect. 4, closed-form solutions for two- and three-layer composite square
plates are obtained as examples by directly applying the general solution. In Sect. 5, numerical results for two-,
three- and five-layer composite square plates predicted by the current newmodel and closed-form solutions are
presented, which compare well with those from finite element simulations using COMSOL, thereby validating
the newly developed analytical model. The paper concludes in Sect. 6 with a summary.

2 New model for a multi-layered composite plate with imperfect interfaces

2.1 Plate configuration

Consider a composite plate consisting of Nl isotropic linear elastic thin layers of dissimilar materials, as shown
in Fig. 1. Each layer is thin and has a thickness tm such that the total thickness of the composite plate t is much
smaller than its in-plane dimensions, i.e.,

t �
Nl∑

m�1

tm � a or b, (1)

where the subscript m denotes the mth layer of the plate (with m ∈ {1,2, . . . , Nl}), and a and b are the length
and width of the plate, respectively.

In the current study, all layers are taken to have the same length and width. Additionally, each interface
between two adjacent layers in the plate is assumed to be imperfect, which allows the displacement to be
discontinuous across the interface. A global coordinate system {x , y, z} with its origin located at the center
of the mid-plane of the first layer is introduced. In addition, a local coordinate system {x , y, zm} with its
origin placed at the center of the mid-plane of the layer is chosen for each layer, with m ∈ {1,2, . . . , Nl}. The
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Fig. 1 Composite plate consisting of Nl thin layers and containing Nl − 1 imperfect interfaces

vertical distance between the mid-plane of the mth layer and the mid-plane of the first layer is denoted by dm ,
as illustrated in Fig. 1.

2.2 Kinematic relations

Each layer in the composite plate is regarded as a Kirchhoff plate satisfying the following kinematic relations
(see Fig. 1b) (e.g. [25, 61],):

u(m)
α (x , y, zm) � u(m)

0α (x , y) − zmw(m)
,α (x , y), u(m)

z (x , y) � w(m)(x , y), (2a,b)

where u(m)
α (with α ∈ {x , y}) and u(m)

z are, respectively, the x-, y- and z-components of the displacement vector
u(m) of a point (x , y, zm) in the mth layer, u(m)

0α and w(m) are, respectively, the in-plane displacements and
deflection in the transverse direction of a point (x , y, 0) on the midplane of the mth layer, the superscript or
subscript m denotes the mth layer (with m ∈ {1,2, . . . , Nl}), and �,α � ∂�/∂α (with α ∈ {x , y}). Note that
the stretching in each of the two in-plane directions is included in the kinematic relations for the Kirchhoff
plate adopted in the current study, which is represented by the first term u(m)

0α (x , y) in Eq. (2a).
From Eqs. (2a, b), the non-zero components of the strain tensor ε(m) for the mth layer (with m ∈

{1,2, . . . , Nl}) can be determined as

ε
(m)
αβ (x , y, zm) � ε

(m)
0αβ(x , y) − zmκ

(m)
αβ (x , y), (3a)

where

ε
(m)
0αβ(x , y) � 1

2

[
u(m)
0α,β(x , y) + u(m)

0β,α(x , y)
]
, κ

(m)
αβ (x , y) � w

(m)
,αβ (x , y), (3b,c)

with α, β ∈{x, y}.

2.3 Interface model

As the layers of the composite plate are made from dissimilar materials, each layer can deform differently,
resulting in stresses at the interfaces due to the thermomechanical mismatch. To describe these interfacial
stresses, each interface is modeled as a fictitious thin film (adhesive) with an infinitesimal thickness t̃k , in
which two shear strain components ε̃

(k)
xz and ε̃

(k)
yz and one normal strain component ε̃

(k)
zz are non-vanishing,

where the subscript or superscript k (with k ∈ {1, 2, . . . , Nl − 1}) denotes the kth interface between the kth
and (k + 1)th layers of the composite plate.

The traction continuity requires that at the kth interface,

t̂ (k)α (x , y) � −t̂ (k+1)α (x , y), t̂ (k)z (x , y) � −t̂ (k+1)z (x , y), (4)
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where t̂ (k)α (with α ∈ {x , y}) and t̂ (k)z are the components of the traction vector at the top surface of the kth
layer, and t̂ (k+1)α (with α ∈ {x , y}) and t̂ (k+1)

z are the components of the traction vector at the bottom surface
of the (k + 1)th layer. Note that t̂ (k)α and t̂ (k)z are related to the stress components through

t̂ (k)α � τ (k)
αz nz , t̂

(k)
z � τ (k)

zz nz , (5a)

where τ
(k)
αz (with α ∈ {x , y}) are the interfacial shear stress components, τ

(k)
zz is the interfacial normal (or

peel) stress component, and nz is the z-component of the unit outward normal on the kth interface (with
nx � ny � 0). Substituting Eq. (5a) into Eq. (4) yields

t̂ (k+1)α � −τ (k)
αz nz , t̂

(k+1)
z � −τ (k)

zz nz . (5b)

On the other hand, the displacement vector can be discontinuous at the same interface, i.e.,

u(k+1) |zk+1�−tk+1/2 �� u(k) |zk�tk/2, (6)

where u is the displacement vector.
The interfacial stress components τ

(k)
αz and τ

(k)
zz can be related to the non-vanishing interfacial strain com-

ponents through Hooke’s law as follows:

τ (k)
αz � 2μ̃k ε̃

(k)
αz , (7a)

τ (k)
zz �

(
λ̃k + 2μ̃k

)
ε̃(k)
zz , (7b)

where ε̃
(k)
αz (with α ∈ {x , y}) and ε̃

(k)
zz are the non-vanishing interfacial strain components at the kth interface,

and λ̃k and μ̃k are the Lamé constants for the kth interface (modeled as a thin film).
From Eqs. (4), (5a), (5b), (7a) and (7b), it is seen that the traction continuity at the kth interface is satisfied

if each of the interfacial strain components in the thin film is constant along the z-direction such that

ε̃(k)
αz,z � 0, ε̃(k)

zz,z � 0, (8a,b)

where α ∈ {x , y}. Based on Eqs. (6) and (8a,b), the interfacial strain components ε̃
(k)
αz and ε̃

(k)
zz , which are taken

to be uniform along the thickness of the thin film, can be identified as

ε̃(k)
αz � 1

t̃k

(
u(k+1)

α |zk+1�−tk+1/2 − u(k)
α |zk�tk/2

)
, (9a)

ε̃(k)
zz � 1

t̃k

(
u(k+1)
z |zk+1�−tk+1/2 − u(k)

z |zk�tk/2

)
, (9b)

where zk and zk+1 denote, respectively, the local z-coordinates of the kth and (k + 1)th layers, tk and tk+1 are,
respectively, the thicknesses of the kth and (k + 1)th layers, and t̃k is the thickness of the kth interface.

From Eqs. (2a,b), (9a) and (9b), the non-vanishing interfacial strain components at the kth interface can be
obtained as

ε̃(k)
αz (x , y) � 1

t̃k

[
u(k+1)
0α − u(k)

0α +
1

2

(
tk+1w

(k+1)
,α + tkw

(k)
,α

)]
, (10a)

ε̃(k)
zz (x , y) � 1

t̃k

(
w(k+1) − w(k)

)
. (10b)

Note that the expressions of ε̃
(k)
az (with α ∈ {x , y}) and ε̃

(k)
zz in Eqs. (10a) and (10b) are the same as those in

the adhesive layer of a three-layer electronic assembly [36] or of an adhesively bonded composite joint [69].
These adhesive joint models evolved from the pioneering studies of Volkersen [71] and Goland and Reissner
[28].

Substituting Eqs. (10a) and (10b) into Eqs. (7a) and (7b) gives the interfacial stress components as

τ (k)
αz (x , y) � K (k)

s

[
u(k+1)
0α − u(k)

0α +
1

2

(
tk+1w

(k+1)
,α + tkw

(k)
,α

)]
, (11a)

τ (k)
zz (x , y) � K (k)

n

(
w(k+1) − w(k)

)
, (11b)
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where α ∈ {x , y} and

K (k)
s � 2μ̃k

t̃k
, K (k)

n � λ̃k + 2μ̃k

t̃k
(11c)

are the stiffness constants of the kth interface (with a unit of Pa/m), which are directly related to the interface
thickness t̃k and interface modulus (through the Lamé constants λ̃k and μ̃k). It should be noted that K

(k)
s → ∞

and K (k)
n → ∞ when the kth and (k + 1)th layers are perfectly bonded and K (k)

s � K (k)
n � 0 when the two

layers are completely separated. For the case with a slip interface (e.g., [64]), w(k+1) � w(k), u(k+1)
0α �� u(k)

0α ,

K (k)
n → ∞ and 0 < K (k)

s < ∞.
The interfacial constitutive model described by Eqs. (11a) and (11b) is of the spring-layer type, in which

the interfacial traction vector is related to the jump in the displacement vector through the elastic stiffness of
the interface (treated as a spring layer) (e.g., [7, 10, 74]). Such spring-layer interface models differ from the
general imperfect interface model (e.g., [4, 30]).

The interfacial constitutive relations given in Eqs. (11a) and (11b) are similar to those used in the shear-lag
model for bonded layers (joints) proposed in Chen and Nelson [9], which was expounded by Murray and
Noyan [52]. Shear-lag models have also been developed to study load transfer mechanisms in fiber-reinforced
composites by using cylindrical configurations (e.g., [24, 53, 74]).

2.4 Equilibrium analysis

2.4.1 Equilibrium for each layer

The energy balance for a continuum during a thermoelastic deformation, which is reversible, is governed by
the first and second laws of thermodynamics and can be expressed as (e.g., [31])

T dS � dU − δW , (12)

where T is the absolute temperature, S is the entropy, U is the internal energy, W is the mechanical work,
and “d” and “δ” denote, respectively, the differentials of a state variable and a non-state variable. By using
the relation d(TS) � T dS + SdT in Eq. (12), the energy balance for the mth layer of the composite plate (see
Fig. 1) can be written as

−d
(m) + δW (m) − S(m)dT (m) � 0, (13)

where 
(m) � U (m) − T (m)S(m) is the Helmholtz free energy of the mth layer (with m ∈ {1,2, . . . , Nl}).
Note that the temperature change is taken to be different in each layer of the composite plate such that
�T (m+1) �� �T (m) (with m ∈ {1,2, . . . , Nl}).

In a thermoelastic deformation, the Helmholtz free energy 
(m) is a function of the strain tensor ε and the
absolute temperature T (e.g., [29, 49]). It then follows that the change in the free energy d
(m) of the mth
layer in the plate during a thermoelastic deformation can be expressed as

d
(m) �
∫

Vm

(
σ

(m)
αβ δε

(m)
αβ − s(m)dT (m)

)
dV , (14)

where σ
(m)
αβ (with α, β ∈{x, y}) are the stress components, s(m) is the entropy per unit volume, Vm is the volume

occupied by the layer, and the superscript or subscript m denotes the mth layer (with m ∈ {1,2, . . . , Nl}).
For isotropic linear elastic layers in the plate, the Helmholtz free energy density function ψ(m) in the mth

layer (with m ∈ {1,2, . . . , Nl}) is given by (e.g., [29, 49])

ψ(m) � 1

2
λmε(m)

αα ε
(m)
ββ + μmε

(m)
αβ ε

(m)
αβ − 2αm(λm + μm)ε

(m)
αβ δαβ

(
T (m) − T0

)

− c(m)
0

2T0

(
T (m) − T0

)2 − s(m)
0 T (m), (15)
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where λm and μm are the Lamé constants, αm is the coefficient of thermal expansion, c(m)
0 is the specific heat

at constant strain, s(m)
0 is the specific entropy, T0 is the reference temperature, and δαβ is the Kronecker delta

(with α, β ∈ {x , y}). In reaching Eq. (15), the plane stress state has been assumed for each plate layer, with

λm � Emνm

1 − ν2m
, μm � Em

2(1 + νm)
, (16)

where Em and νm are, respectively, Young’s modulus and Poisson’s ratio of the material for themth layer (with
m ∈ {1,2, . . . , Nl}).

From Eq. (15), the stress components σ
(m)
αβ and entropy per unit volume s(m) in the mth layer can be

determined as

σ
(m)
αβ (x , y, zm) � ∂ψ(m)

∂ε
(m)
αβ

� λmε(m)
γ γ δαβ + 2μmε

(m)
αβ − 2αm(λm + μm)�T (m)δαβ , (17a)

s(m)(x , y, zm) � −∂ψ(m)

∂T (m)
� 2αm(λm + μm)ε(m)

γ γ +
c(m)
0

T0
�T (m) + s(m)

0 , (17b)

where �T (m)(x , y) � T (m)(x , y) − T0 is the temperature change in the mth layer (with m ∈ {1,2, . . . , Nl}),
which is taken to be varying along the x- and y-directions (but not changing with zm).

Substituting Eq. (3a) into Eqs. (17a) and (17b) gives

σ
(m)
αβ (x , y, zm) � λmε

(m)
0γ γ δαβ + 2μmε

(m)
0αβ − zm

(
λmκ(m)

γ γ δαβ + 2μmκ
(m)
αβ

)

− 2αm(λm + μm)�T (m)δαβ , (18a)

s(m)(x , y, zm) � 2αm(λm + μm)
(
ε
(m)
0γ γ − zmκ(m)

γ γ

)
+
c(m)
0

T0
�T (m) + s(m)

0 . (18b)

The first variation of the mechanical work W (m) in the mth layer of the plate can be written in terms of the
traction components t (m)

i (with i ∈ {x , y, z}) acting on the layer boundaries (edges), the interfacial shear stress
components τ

(m)
αz and τ

(m−1)
αz (with α ∈ {x , y}) and interfacial normal stress components τ

(m)
zz and τ

(m−1)
zz

acting on the top and bottom surfaces of the layer, and the body forces f (m)
i acting in the layer as

δW (m) �
∫

Vm

(
f (m)
α δu(m)

α + f (m)
z δu(m)

z

)
dV +

∮

∂A

tm/2∫

−tm/2

(
t (m)
α δu(m)

α + t (m)
z δu(m)

z

)
dzmdl

+
∫

A

[(
τ (m)
αz δu(m)

α

)∣∣∣
zm�tm/2

+
(
τ (m)
zz δu(m)

z

)∣∣∣
zm�tm/2

]
dA

−
∫

A

[(
τ (m−1)
αz δu(m)

α

)∣∣∣
zm�−tm/2

+
(
τ (m−1)
zz δu(m)

z

)∣∣∣
zm�−tm/2

]
dA, (19)

where dV , dA and dl are, respectively, the volume, area and line elements, A is the in-plane area of the layer
(or plate), which is the same for all layers, and ∂A is the bounding contour of the mid-plane of the mth layer
(with the area A). Note that the summation on α(∈ {x , y}) is implied in Eq. (19).

Substituting Eqs. (2a,b) and (3a)–(3c) into Eqs. (14) and (19) yields, with the help of Eqs. (11a) and (11b),

d
(m) �
∫

A

(
−N (m)

αβ,βδu(m)
0α + M (m)

αβ,αβδw(m)
)
dA +

∮

∂A

(
N (m)

αβ δu(m)
0α nβ + M (m)

αβ δw(m)
,α nβ

−M (m)
αβ,αδw(m)nβ

)
dl +

∫

Vm

(
−s(m)dT (m)

)
dV , (20a)
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δW (m) �
∫

A

(
q(m)
α δu(m)

0α + m(m)
α,αδw(m) + q(m)

z δw(m)
)
d A −

∮

∂A

m(m)
α δw(m)nαdl

+
∮

∂A

(
N

(m)

α δu(m)
0α + M

(m)

α δw(m)
,α − V

(m)

z δw(m)
)
dl

+
∫

A

[(
τ (m)
αz − τ (m−1)

αz

)
δu(m)

0α +
tm
2

(
τ (m)
αz + τ (m−1)

αz

)
δw(m)

,α +
(
τ (m)
zz − τ (m−1)

zz

)
δw(m)

]
d A

− tm
2

∮

∂A

(
τ (m)
αz + τ (m−1)

αz

)
δw(m)nαdl, (20b)

where the resultants are defined as

N (m)
αβ (x , y) �

tm
2∫

− tm
2

σ
(m)
αβ dzm , M

(m)
αβ � −

tm
2∫

− tm
2

zmσ
(m)
αβ dzm , (21a,b)

(
q(m)
α , q(m)

z ,m(m)
α

)
�

tm
2∫

− tm
2

(
f (m)
α , f (m)

z , zm f (m)
α

)
dzm , (22a-c)

(
N

(m)

α , V
(m)

z ,M
(m)

α

)
�

tm
2∫

− tm
2

(
t (m)
α , − t (m)

z , − zmt
(m)
α

)
dzm . (23a-c)

Note that the stretching energy is explicitly incorporated in the current model through the u(m)
0α (x , y) terms,

as clearly shown in Eqs. (20a) and (20b).
As Eq. (13) holds for thermoelastic deformations with arbitrary displacement and temperature fields in the

mth layer (with m ∈ {1,2, . . . , Nl}), the following equilibrium equations are obtained after substituting Eqs.
(20a) and (20b) into Eq. (13) and applying the fundamental lemma of the calculus of variations (e.g., [68]):

N (m)
αβ,β + τ (m)

αz − τ (m−1)
αz + q(m)

α � 0, (24a)

M (m)
αβ,αβ − tm

2

(
τ (m)
αz,α + τ (m−1)

αz,α

)
− τ (m)

zz + τ (m−1)
zz − q(m)

z − m(m)
α,α � 0, (24b)

along with the boundary conditions:

N (m)
αβ nβ � N

(m)

α or u(m)
0α � u(m)

α on �β
m , (25a)

M (m)
αβ,αnβ − tm

2

(
τ

(m)
βz + τ

(m−1)
βz

)
nβ − m(m)

β nβ � V
(m)

z or w(m) � w(m) on �β
m , (25b)

M (m)
αβ nβ � M

(m)

α or w(m)
,α � w(m)

,α on �β
m , (25c)

where the overhead bar indicates a prescribed value on an edge (boundary) of the mth layer, and �
β
m denotes

an edge with the normal nβ . Note that the standard index notation with the summation convention is used in
Eqs. (20a), (20b), (24a), (24b) and (25a)–(25c).

By substituting Eq. (18a) into Eqs. (21a,b), the stress resultants N (m)
αβ and M (m)

αβ in themth layer (withm �
{1, 2, ..., Nl}) can be determined in terms of ε

(m)
0αβ and κ

(m)
αβ (with α, β ∈ {x , y}) as

N (m)
αβ (x , y) �

(
λmε

(m)
0γ γ δαβ + 2μmε

(m)
0αβ

)
tm − 2αm(λm + μm)tm�T (m)δαβ , (26a)

M (m)
αβ (x , y) � t3m

12

(
λmκ(m)

γ γ δαβ + 2μmκ
(m)
αβ

)
. (26b)
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2.4.2 Global equilibrium of the multi-layered composite plate

The summation of the local equilibrium equations in Eqs. (24a) and (24b) over all Nl layers of the plate gives

Nl∑

m�1

N (m)
αβ,β +

Nl∑

m�1

τ (m)
αz −

Nl∑

m�1

τ (m−1)
αz +

Nl∑

m�1

q(m)
α � 0, (27a)

Nl∑

m�1

M (m)
αβ,αβ −

Nl∑

m�1

[
tm
2

(
τ (m)
αz,α + τ (m−1)

αz,α

)]
−

Nl∑

m�1

τ (m)
zz

+
Nl∑

m�1

τ (m−1)
zz −

Nl∑

m�1

q(m)
z −

Nl∑

m�1

m(m)
α,α � 0, (27b)

which can be rewritten as

Nl∑

m�1

N (m)
αβ,β + τ (Nl )

αz − τ (0)
αz +

Nl∑

m�1

q(m)
α � 0, (28)

Nl∑

m�1

M (m)
αβ,αβ −

Nl−1∑

m�1

(dm+1 − dm)τ (m)
αz,α − tNl

2
τ (Nl )
αz,α − t1

2
τ (0)
αz,α

− τ (Nl )
zz + τ (0)

zz −
Nl∑

m�1

q(m)
z −

Nl∑

m�1

m(m)
α,α � 0. (29)

Multiplying Eq. (24a) by dm and then summing the resulting equation from 1 to Nl will lead to

Nl∑

m�1

dmN
(m)
αβ,β +

Nl−1∑

m�1

(dm − dm+1)τ
(m)
αz + dNl τ

(Nl )
αz +

Nl∑

m�1

dmq
(m)
α � 0, (30)

where use has been made of the relations
∑Nl

m�1 dmτ
(m)
αz − ∑Nl

m�1 dmτ
(m−1)
αz � ∑Nl−1

m�1 (dm − dm+1)τ
(m)
αz +

dNl τ
(Nl )
αz − d1τ

(0)
αz and d1 � 0. Differentiating Eq. (30) with respect to xα gives

Nl−1∑

m�1

(dm+1 − dm)τ (m)
αz,α �

Nl∑

m�1

dmN
(m)
αβ,βα + dNl τ

(Nl )
αz,α +

Nl∑

m�1

dmq
(m)
α,α . (31)

Substituting Eq. (31) into Eq. (29) yields

Nl∑

m�1

M (m)
αβ,αβ −

Nl∑

m�1

dmN
(m)
αβ,αβ −

(
tNl

2
+ dNl

)
τ (Nl )
αz,α − t1

2
τ (0)
αz,α − τ (Nl )

zz + τ (0)
zz

−
Nl∑

m�1

dmq
(m)
α,α −

Nl∑

m�1

q(m)
z −

Nl∑

m�1

m(m)
α,α � 0. (32)

The global equilibrium equations in Eqs. (28) and (32) for the multi-layered composite plate can be written
in the form:

N̂αβ,β + τ (Nl )
αz − τ (0)

αz + q̂α � 0, (33a)

M̂αβ,αβ −
(
tNl

2
+ dNl

)
τ (Nl )
αz,α − t1

2
τ (0)
αz,α − τ (Nl )

zz + τ (0)
zz −

Nl∑

m�1

dmq
(m)
α,α − q̂z − m̂α,α � 0, (33b)

where

N̂αβ �
Nl∑

m�1

N (m)
αβ , q̂α �

Nl∑

m�1

q(m)
α , M̂αβ �

Nl∑

m�1

(
M (m)

αβ − dmN
(m)
αβ

)
,
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q̂z �
Nl∑

m�1

q(m)
z , m̂α �

Nl∑

m�1

m(m)
α . (34a-e)

Similarly, the global boundary conditions for the multi-layered composite plate can be obtained as

N̂αβnβ � N̂α or u(1)
0α � u(1)

α on �β , (35a)
⎡

⎣M̂αβ,α −
Nl∑

m�1

(
dmq

(m)
β

)
−
(
tNl

2
+ dNl

)
τ

(Nl )
βz − t1

2
τ

(0)
βz − m̂β

⎤

⎦nβ � V̂
(m)

z or w(1) � w(1) on �β , (35b)

M̂αβnβ � M̂α or w(1)
,α � w(1)

,α on �β , (35c)

where

N̂α �
Nl∑

m�1

N
(m)

α , V̂ z �
Nl∑

m�1

V
(m)

z , M̂α �
Nl∑

m�1

(
M

(m)

α − dmN
(m)

α

)
. (36)

3 Analytical solution

The boundary-value problem (BVP) of a multi-layered composite plate with Nl layers is defined by the 3Nl
equilibrium equations listed in Eqs. (24a) and (24b), the 5Nl boundary conditions given in Eqs. (25a)–(25c),
the 6Nl constitutive relations provided in Eqs. (26a) and (26b), and the 3(Nl − 1) compatibility conditions at
interfaces presented in Eqs. (11a) and (11b). The solution of this BVP for a multi-layered plate subjected to
arbitrary thermomechanical loading would require solving a system of coupled partial differential equations
(PDEs), which can hardly be done analytically. However, symmetrically loaded square plates exhibit equal
normal strains along the x- and y-directions and zero shear strain (e.g. [27, 58],), namely,

ε(m)
xx � ε(m)

yy � ε
(m)
0 − zmκ(m), ε(m)

xy � 0, (37a,b)

where ε
(m)
0 andκ(m) are the in-plane strain and curvature for themth layer in the plate (withm ∈ {1, 2, . . . , Nl}).

Note that use has beenmade of ε(m)
0 � ε

(m)
0xx � ε

(m)
0yy , ε

(m)
0xy � 0, κ(m)

xy � 0 and κ
(m)
xx � κ

(m)
yy � κ(m) in reaching Eqs.

(37a,b) from Eq. (3a). For this simplified case, the BVP for the multi-layered composite plate is governed by
a system of coupled ordinary differential equations (ODEs) (rather than PDEs), for which a general analytical
solution can be obtained, as shown below.

3.1 BVP for a symmetrically loaded composite square plate

For a symmetrically loaded square plate (i.e., a � b � L), the stress resultants N (m)
αβ and M (m)

αβ can be

determined in terms of ε
(m)
0 and κ(m) as, after substituting Eqs. (37a,b) into Eqs. (26a) and (26b),

N (m)
xx � N (m)

yy � N (m) � 2(λm + μm)ε
(m)
0 tm − 2αm(λm + μm)tm�T (m), N (m)

xy � 0, (38a,b)

M (m)
xx � M (m)

yy � M (m) � t3m
6

(λm + μm)κ(m), M (m)
xy � 0. (38c,d)

Similarly, the interfacial shear stress components in Eq. (11a) can be expressed in terms of ε
(m)
0 and κ(m).

Differentiating Eq. (11a) once with respect to β (with β ∈ {x , y}) gives

τ
(m)
αz,β � K (m)

s

[
u(m+1)
0α,β − u(m)

0α,β +
1

2

(
tm+1w

(m+1)
,αβ + tmw

(m)
,αβ

)]
, (39)

where α ∈ {x , y}. Using Eqs. (3b,c) and (37a,b) in Eq. (39) then leads to

τ (m)
yz,y � τ (m)

xz,x � τ
(m)

x̂ z,x̂ � K (m)
s

[
ε
(m+1)
0 − ε

(m)
0 +

1

2

(
tm+1κ

(m+1) + tmκ(m)
)]

, (40)
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where x̂ is either x or y.
For the current case, the equations of equilibrium in Eqs. (24a) and (24b) can be explicitly written as

N (m)
xx ,xx + N (m)

xy,xy + τ (m)
xz,x − τ (m−1)

xz,x + q(m)
x ,x � 0, (41a)

N (m)
yy,yy + N (m)

yx ,yx + τ (m)
yz,y − τ (m−1)

yz,y + q(m)
y,y � 0, (41b)

M (m)
xx ,xx + 2M (m)

xy,xy + M (m)
yy,yy − tm

2

(
τ (m)
xz,x + τ (m)

yz,y + τ (m−1)
xz,x + τ (m−1)

yz,y

)
− τ (m)

zz

+ τ (m−1)
zz − q(m)

z − m(m)
x ,x − m(m)

y,y � 0. (41c)

Note that Eq. (41a) and Eq. (41b) are, respectively, obtained by differentiating Eq. (24a) with respect to x and
y. It is clear from Eqs. (41a)–(41c) that the three equilibrium equations of themth layer of the composite plate,
which include the interfacial stresses on both the top and bottom surfaces of the layer, are coupled.

For the square plate under symmetric loading, q(m)
x , x � q(m)

y, y � q(m)

x̂ , x̂ ,m
(m)
x , x � m(m)

y, y �m(m)

x̂ , x̂ , N
(m)
xx � N (m)

yy �
N (m), M (m)

xx � M (m)
yy � M (m), τ (m)

xz, x � τ
(m)
yz, y � τ

(m)

x̂ z, x̂ and N (m)
xy � M (m)

xy � 0, where the last five relations are
directly obtained from Eqs. (38a)–(38d) and (40). Then, the equilibrium equations in Eqs. (41a)–(41c) reduce
to

N (m)

,x̂ x̂ + τ
(m)

x̂ z,x̂ − τ
(m−1)
x̂ z,x̂ + q(m)

x̂ ,x̂ � 0, (42a)

2M (m)

,x̂ x̂ − tm
(
τ

(m)

x̂ z,x̂ + τ
(m−1)
x̂ z,x̂

)
− τ (m)

zz + τ (m−1)
zz − q(m)

z − 2m(m)

x̂ ,x̂ � 0, (42b)

and the boundary conditions in Eqs. (25a)–(25c) become

N (m) � N
(m)

or u(m)

0x̂ � u(m)

x̂ at x̂ � ± L

2
, (43a)

M (m)

,x̂ − tm
2

(
τ

(m)

x̂ z + τ
(m−1)
x̂ z

)
− m(m)

x̂ � V
(m)

z or w(m) � w(m) at x̂ � ± L

2
, (43b)

M (m) � M
(m)

or w
(m)

,x̂ � w
(m)

,x̂ at x̂ � ± L

2
, (43c)

where x̂ is either x or y.
Equation (42a) represents two ODEs (with x̂ � x and x̂ � y, respectively). These ODEs are uncoupled

with each other, but each of them is coupled with Eq. (42b) through τ
(m)

x̂ z, x̂ and τ
(m−1)
x̂ z, x̂ . Therefore, only one of

the two ODEs in Eq. (42a) needs to be solved along with Eq. (42b) as two independent equations to obtain the
interfacial stress components τ

(m)

x̂ z and τ
(m)
zz .

3.2 Analytical solution for the BVP

3.2.1 General solution

From Eqs. (38a) and (38c), it follows that

ε
(m)
0 � N (m)

c(m)
11 tm

+
d(m)
11

c(m)
11

�T (m), κ(m) � 12M (m)

c(m)
11 t3m

, (44a,b)

where

c(m)
11 � 2(λm + μm), d(m)

11 � 2(λm + μm)αm . (45a,b)

Substituting Eqs. (44a,b) into Eq. (40) gives

τ
(m)

x̂ z,x̂ � K (m)
s

[
N (m+1)

c(m+1)
11 tm+1

− N (m)

c(m)
11 tm

+
d(m+1)
11

c(m+1)
11

�T (m+1) − d(m)
11

c(m)
11

�T (m) + 6

(
M (m+1)

c(m+1)
11 t2m+1

+
M (m)

c(m)
11 t2m

)]
. (46)
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Differentiating Eq. (46) twice with respect to x̂ leads to

τ
(m)

x̂ z,x̂ x̂ x̂ � K (m)
s

⎡

⎣ N (m+1)
,x̂ x̂

c(m+1)
11 tm+1

− N (m)

,x̂ x̂

c(m)
11 tm

+
d(m+1)
11

c(m+1)
11

�T (m+1)
,x̂ x̂ − d(m)

11

c(m)
11

�T (m)

,x̂ x̂ + 6

⎛

⎝ M (m+1)
,x̂ x̂

c(m+1)
11 t2m+1

+
M (m)

,x̂ x̂

c(m)
11 t2m

⎞

⎠

⎤

⎦.

(47)

From the equilibrium equations in Eqs. (42a) and (42b),

N (m)

,x̂ x̂ � −τ
(m)

x̂ z,x̂ + τ
(m−1)
x̂ z,x̂ − q(m)

x̂ ,x̂ , (48a)

M (m)

,x̂ x̂ � tm
2

(
τ

(m)

x̂ z,x̂ + τ
(m−1)
x̂ z,x̂

)
+
1

2
τ (m)
zz − 1

2
τ (m−1)
zz +

1

2
q(m)
z + m(m)

x̂ ,x̂ . (48b)

Using Eqs. (48a) and (48b) in Eq. (47) yields

τ
(m)

x̂ z,x̂ x̂ x̂ � K (m)
s

⎧
⎨

⎩
2τ (m+1)

x̂ z,x̂

c(m+1)
11 tm+1

+
4τ (m)

x̂ z,x̂

c(m+1)
11 tm+1

+
4τ (m)

x̂ z,x̂

c(m)
11 tm

+
2τ (m−1)

x̂ z,x̂

c(m)
11 tm

+
3τ (m+1)

zz

c(m+1)
11 t2m+1

− 3τ (m)
zz

c(m+1)
11 t2m+1

+
3τ (m)

zz

c(m)
11 t2m

− 3τ (m−1)
zz

c(m)
11 t2m

+
q(m)

x̂ ,x̂

c(m)
11 tm

− q(m+1)
x̂ ,x̂

c(m+1)
11 tm+1

+
d(m+1)
11

c(m+1)
11

�T (m+1)
,x̂ x̂

−d(m)
11

c(m)
11

�T (m)

,x̂ x̂ +
3q(m+1)

z + 6m(m+1)
x̂ ,x̂

c(m+1)
11 t2m+1

+
3q(m)

z + 6m(m)

x̂ ,x̂

c(m)
11 t2m

⎫
⎬

⎭. (49)

Equation (49) can be rewritten in the form:

τ
(m)

x̂ z,x̂ x̂ x̂ � β
(m)
1 τ

(m+1)
x̂ z,x̂ + β

(m)
0 τ

(m)

x̂ z,x̂ + β
(m)
−1 τ

(m−1)
x̂ z,x̂ + α

(m)
1 τ (m+1)

zz + α
(m)
0 τ (m)

zz + α
(m)
−1 τ (m−1)

zz + η
(m)

x̂ + η(m)
z , (50)

where

β
(m)
−1 � 2K (m)

s

c(m)
11 tm

, β
(m)
0 � 4K (m)

s

c(m+1)
11 tm+1

+
4K (m)

s

c(m)
11 tm

, β
(m)
1 � 2K (m)

s

c(m+1)
11 tm+1

,

α
(m)
−1 � −3K (m)

s

c(m)
11 t2m

, α
(m)
0 � 3K (m)

s

c(m)
11 t2m

− 3K (m)
s

c(m+1)
11 t2m+1

, α
(m)
1 � 3K (m)

s

c(m+1)
11 t2m+1

,

η
(m)

x̂ � K (m)
s

c(m)
11

⎛

⎝q(m)

x̂ ,x̂

tm
− d(m)

11 �T (m)

,x̂ x̂

⎞

⎠− K (m)
s

c(m+1)
11

⎛

⎝q(m+1)
x̂ ,x̂

tm+1
− d(m+1)

11 �T (m+1)
,x̂ x̂

⎞

⎠,

η(m)
z � 3K (m)

s

c(m+1)
11 t2m+1

(
q(m+1)
z + 2m(m+1)

x̂ ,x̂

)
+
3K (m)

s

c(m)
11 t2m

(
q(m)
z + 2m(m)

x̂ ,x̂

)
. (51)

The unknowns in Eq. (50) are the interfacial shear stresses τ
(m+1)
x̂ z , τ (m)

x̂ z and τ
(m−1)
x̂ z and interfacial normal

stresses τ
(m+1)
zz , τ

(m)
zz and τ

(m−1)
zz . To find these quantities, an additional differential equation is required for

each layer, which can be obtained by considering the constitutive relation for the interfacial normal stress in
Eq. (11b). In particular, differentiating Eq. (11b) four times with respect to x̂ yields

τ
(m)

zz,x̂ x̂ x̂ x̂ � K (m)
n

(
κ

(m+1)
,x̂ x̂ − κ

(m)

,x̂ x̂

)
, (52)

where use has been made of Eq. (3c). Using Eq. (44b) in Eq. (52) gives

τ
(m)

zz,x̂ x̂ x̂ x̂ � 12K (m)
n

⎛

⎝ M (m+1)
,x̂ x̂

c(m+1)
11 t3m+1

− M (m)

,x̂ x̂

c(m)
11 t3m

⎞

⎠. (53)
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Substituting Eq. (48b) into Eq. (53) leads to

τ
(m)

zz,x̂ x̂ x̂ x̂ �6K (m)
n

⎛

⎝ τ
(m+1)
x̂ z,x̂

c(m+1)
11 t2m+1

+
τ

(m)

x̂ z,x̂

c(m+1)
11 t2m+1

+
τ

(m+1)
zz

c(m+1)
11 t3m+1

− τ
(m)
zz

c(m+1)
11 t3m+1

+
q(m+1)
z + 2m(m+1)

x̂ ,x̂

c(m+1)
11 t3m+1

− τ
(m)

x̂ z,x̂

c(m)
11 t2m

− τ
(m−1)
x̂ z,x̂

c(m)
11 t2m

− τ
(m)
zz

c(m)
11 t3m

+
τ

(m−1)
zz

c(m)
11 t3m

− q(m)
z + 2m(m)

x̂ ,x̂

c(m)
11 t3m

⎞

⎠. (54)

Equation (54) can be rewritten in the following form:

τ
(m)

zz,x̂ x̂ x̂ x̂ � γ
(m)
1 τ

(m+1)
x̂ z,x̂ + γ

(m)
0 τ

(m)

x̂ z,x̂ + γ
(m)
−1 τ

(m−1)
x̂ z,x̂ + ξ

(m)
1 τ (m+1)

zz + ξ
(m)
0 τ (m)

zz + ξ
(m)
−1 τ (m−1)

zz + χ(m)
z , (55)

where

γ
(m)
−1 � −6K (m)

n

c(m)
11 t2m

, γ
(m)
0 � 6K (m)

n

c(m+1)
11 t2m+1

− 6K (m)
n

c(m)
11 t2m

, γ
(m)
1 � 6K (m)

n

c(m+1)
11 t2m+1

,

ξ
(m)
−1 � 6K (m)

n

c(m)
11 t3m

, ξ
(m)
0 � − 6K (m)

n

c(m+1)
11 t3m+1

− 6K (m)
n

c(m)
11 t3m

, ξ
(m)
1 � 6K (m)

n

c(m+1)
11 t3m+1

,

χ(m)
z � 6K (m)

n

c(m+1)
11 t3m+1

(
q(m+1)
z + 2m(m+1)

x̂ ,x̂

)
− 6K (m)

n

c(m)
11 t3m

(
q(m)
z + 2m(m)

x̂ ,x̂

)
.

(56)

Equations (50) and (55) form a system of 2(Nl − 1) equations, which can be explicitly expressed as

τ
(1)
x̂ z,x̂ x̂ x̂ � β

(1)
1 τ

(2)
x̂ z,x̂ + β

(1)
0 τ

(1)
x̂ z,x̂ + β

(1)
−1τ

(0)
x̂ z,x̂ + α

(1)
1 τ (2)

zz + α
(1)
0 τ (1)

zz + α
(1)
−1τ

(0)
zz + η

(1)
x̂ + η(1)

z ,

τ
(2)
x̂ z,x̂ x̂ x̂ � β

(2)
1 τ

(3)
x̂ z,x̂ + β

(2)
0 τ

(2)
x̂ z,x̂ + β

(2)
−1τ

(1)
x̂ z,x̂ + α

(2)
1 τ (3)

zz + α
(2)
0 τ (2)

zz + α
(2)
−1τ

(1)
zz + η

(2)
x̂ + η(2)

z ,

...

τ
(Nl−2)
x̂ z,x̂ x̂ x̂ � β

(Nl−2)
1 τ

(Nl−1)
x̂ z,x̂ + β

(Nl−2)
0 τ

(Nl−2)
x̂ z,x̂ + β

(Nl−2)
−1 τ

(Nl−3)
x̂ z,x̂ + α

(Nl−2)
1 τ (Nl−1)

zz

+ α
(Nl−2)
0 τ (Nl−2)

zz + α
(Nl−2)
−1 τ (Nl−3)

zz + η
(Nl−2)
x̂ + η(Nl−2)

z ,

τ
(Nl−1)
x̂ z,x̂ x̂ x̂ � β

(Nl−1)
1 τ

(Nl )

x̂ z,x̂ + β
(Nl−1)
0 τ

(Nl−1)
x̂ z,x̂ + β

(Nl−1)
−1 τ

(Nl−2)
x̂ z,x̂ + α

(Nl−1)
1 τ (Nl )

zz

+ α
(Nl−1)
0 τ (Nl−1)

zz + α
(Nl−1)
−1 τ (Nl−2)

zz + η
(Nl−1)
x̂ + η(Nl−1)

z , (57a)

τ
(1)
zz,x̂ x̂ x̂ x̂ � γ

(1)
1 τ

(2)
x̂ z,x̂ + γ

(1)
0 τ

(1)
x̂ z,x̂ + γ

(1)
−1 τ

(0)
x̂ z,x̂ + ξ

(1)
1 τ (2)

zz + ξ
(1)
0 τ (1)

zz + ξ
(1)
−1 τ (0)

zz + χ(1)
z ,

τ
(2)
zz,x̂ x̂ x̂ x̂ � γ

(2)
1 τ

(3)
x̂ z,x̂ + γ

(2)
0 τ

(2)
x̂ z,x̂ + γ

(2)
−1 τ

(1)
x̂ z,x̂ + ξ

(2)
1 τ (3)

zz + ξ
(2)
0 τ (2)

zz + ξ
(2)
−1 τ (1)

zz + χ(2)
z ,

...

τ
(Nl−2)
zz,x̂ x̂ x̂ x̂ � γ

(Nl−2)
1 τ

(Nl−1)
x̂ z,x̂ + γ

(Nl−2)
0 τ

(Nl−2)
x̂ z,x̂ + γ

(Nl−2)
−1 τ

(Nl−3)
x̂ z,x̂ + ξ

(Nl−2)
1 τ (Nl−1)

zz

+ ξ
(Nl−2)
0 τ (Nl−2)

zz + ξ
(Nl−2)
−1 τ (Nl−3)

zz + χ(Nl−2)
z ,

τ
(Nl−1)
zz,x̂ x̂ x̂ x̂ � γ

(Nl−1)
1 τ

(Nl )

x̂ z,x̂ + γ
(Nl−1)
0 τ

(Nl−1)
x̂ z,x̂ + γ

(Nl−1)
−1 τ

(Nl−2)
x̂ z,x̂ + ξ

(Nl−1)
1 τ (Nl )

zz

+ ξ
(Nl−1)
0 τ (Nl−1)

zz + ξ
(Nl−1)
−1 τ (Nl−2)

zz + χ(Nl−1)
z . (57b)

From Eqs. (57a) and (57b), τ
(2)
x̂ z, x̂ , τ

(3)
x̂ z, x̂ , . . . , τ

(Nl−1)
x̂ z, x̂ and τ

(2)
zz , τ

(3)
zz , . . . , τ

(Nl−1)
zz can be sequentially

obtained in terms of τ
(1)
x̂ z, x̂ and τ

(1)
zz as, by using the first to the (Nl − 2)th (the second last) equations in Eqs.

(57a) and (57b), respectively,

τ
(2)
x̂ z,x̂ � 1

β
(1)
1

{
τ

(1)
x̂ z,x̂ x̂ x̂ − β

(1)
0 τ

(1)
x̂ z,x̂ − β

(1)
−1τ

(0)
x̂ z,x̂ − α

(1)
1 τ (2)

zz − α
(1)
0 τ (1)

zz − α
(1)
−1τ

(0)
zz − η

(1)
x̂ − η(1)

z

}
,
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τ
(3)
x̂ z,x̂ � 1

β
(2)
1

{
τ

(2)
x̂ z,x̂ x̂ x̂ − β

(2)
0 τ

(2)
x̂ z,x̂ − β

(2)
−1τ

(1)
x̂ z,x̂ − α

(2)
1 τ (3)

zz − α
(2)
0 τ (2)

zz − α
(2)
−1τ

(1)
zz − η

(2)
x̂ − η(2)

z

}
,

...

τ
(Nl−1)
x̂ z,x̂ � 1

β
(Nl−2)
1

{
τ

(Nl−2)
x̂ z,x̂ x̂ x̂ − β

(Nl−2)
0 τ

(Nl−2)
x̂ z,x̂ − β

(Nl−2)
−1 τ

(Nl−3)
x̂ z,x̂ − α

(Nl−2)
1 τ (Nl−1)

zz

−α
(Nl−2)
0 τ (Nl−2)

zz − α
(Nl−2)
−1 τ (Nl−3)

zz − η
(Nl−2)
x̂ − η(Nl−2)

z

}
, (58a)

τ (2)
zz � 1

ξ
(1)
1

{
τ

(1)
zz,x̂ x̂ x̂ x̂ − γ

(1)
1 τ

(2)
x̂ z,x̂ − γ

(1)
0 τ

(1)
x̂ z,x̂ − γ

(1)
−1 τ

(0)
x̂ z,x̂ − ξ

(1)
0 τ (1)

zz − ξ
(1)
−1 τ (0)

zz − χ(1)
z

}
,

τ (3)
zz � 1

ξ
(2)
1

{
τ

(2)
zz,x̂ x̂ x̂ x̂ − γ

(2)
1 τ

(3)
x̂ z,x̂ − γ

(2)
0 τ

(2)
x̂ z,x̂ − γ

(2)
−1 τ

(1)
x̂ z,x̂ − ξ

(2)
0 τ (2)

zz − ξ
(2)
−1 τ (1)

zz − χ(2)
z

}
,

...

τ (Nl−1)
zz � 1

ξ
(Nl−2)
1

{
τ

(Nl−2)
zz,x̂ x̂ x̂ x̂ − γ

(Nl−2)
1 τ

(Nl−1)
x̂ z,x̂ − γ

(Nl−2)
0 τ

(Nl−2)
x̂ z,x̂ − γ

(Nl−2)
−1 τ

(Nl−3)
x̂ z,x̂

−ξ
(Nl−2)
0 τ (Nl−2)

zz − ξ
(Nl−2)
−1 τ (Nl−3)

zz − χ(Nl−2)
z

}
. (58b)

Substituting Eqs. (58a) and (58b) into the (Nl − 1)th (the last) equation in Eqs. (57a) and (57b), respectively,
leads to two coupled ODEs in terms of τ

(1)
x̂ z, x̂ and τ

(1)
zz , which can be written in the following general form:

A2(2Nl−4)
d2(2Nl−4)τ

(1)
x̂ z,x̂

dx̂2(2Nl−4)
+ A2(2Nl−5)

d2(2Nl−5)τ
(1)
x̂ z,x̂

dx̂2(2Nl−5)
+ A2(2Nl−6)

d2(2Nl−6)τ
(1)
x̂ z,x̂

dx̂2(2Nl−6)
+ · · · + A2

d2τ (1)
x̂ z,x̂

dx̂2

+ A0τ
(1)
x̂ z,x̂ + B2(2Nl−3)

d2(2Nl−3)τ
(1)
zz

dx̂2(2Nl−3)
+ B2(2Nl−4)

d2(2Nl−4)τ
(1)
zz

dx̂2(2Nl−4)

+ B2(2Nl−5)
d2(2Nl−5)τ

(1)
zz

dx̂2(2Nl−5)
+ · · · + B2

d2τ (1)
zz

dx̂2
+ B0τ

(1)
zz � P1, (59)

C2(2Nl−3)
d2(2Nl−3)τ

(1)
x̂ z,x̂

dx̂2(2Nl−3)
+ C2(2Nl−4)

d2(2Nl−4)τ
(1)
x̂ z,x̂

dx̂2(2Nl−4)
+ C2(2Nl−5)

d2(2Nl−5)τ
(1)
x̂ z,x̂

dx̂2(2Nl−5)
+ · · · + C2

d2τ (1)
x̂ z,x̂

dx̂2

+ C0τ
(1)
x̂ z,x̂ + D2(2Nl−2)

d2(2Nl−2)τ
(1)
zz

dx̂2(2Nl−2)
+ D2(2Nl−3)

d2(2Nl−3)τ
(1)
zz

dx̂2(2Nl−3)

+ D2(2Nl−4)
d2(2Nl−4)τ

(1)
zz

dx̂2(2Nl−4)
+ · · · + D2

d2τ (1)
zz

dx̂2
+ D0τ

(1)
zz � P2, (60)

where A2(2Nl−4), A2(2Nl−5), …, A2, A0, B2(2Nl−3), B2(2Nl−4), …, B2, B0, C2(2Nl−3), C2(2Nl−4), …, C2, C0,
D2(2Nl−2), D2(2Nl−3), …, D2 and D0 are constant coefficients that depend on the material properties and
geometrical parameters of the layers in the composite plate, and P1 and P2 are inhomogeneous terms that
depend on the applied mechanical and thermal loads as well as the geometrical and material constants of each
layer. The expressions of these coefficients and inhomogeneous terms are case-specific. For the two-layer and
three-layer composite plates, these expressions are explicitly provided in Sect. 4.

The two ODEs in Eqs. (59) and (60) can be analytically solved for τ (1)
x̂ z, x̂ and τ

(1)
zz by using the superposition

principle. For the case with P1 and P2 being constants, the general solution of these two ODEs can be obtained
in the form:

τ
(1)
x̂ z,x̂ �

4(2Nl−3)∑

n�1

Cn�nexp
(
λn x̂
)− B0P2 − D0P1

A0D0 − B0C0
, (61a)

τ (1)
zz �

4(2Nl−3)∑

n�1

Cnexp
(
λn x̂
)
+

A0P2 − C0P1
A0D0 − B0C0

, (61b)
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where the summation in each expression represents the general solution of the homogeneous part of the final,
decoupled ODE for τ

(1)
x̂ z, x̂ or τ

(1)
zz , x̂ denotes x or y, Cn (with n ∈ {1,2, . . . , 4(2Nl − 3)}) are constants to be

determined from the boundary conditions, λn is the nth root of the 4(2Nl − 3)th–degree polynomial equation:

2(2Nl−3)∑

q�0

⎡

⎣
(2Nl−3)∑

m�0

(
A2mD2(q−m) − B2mC2(q−m)

)
⎤

⎦λ2q � 0, (62)

and �n (with n ∈ {1,2, . . . , 4(2Nl − 3)}) are constants related to λn through

�n � −
∑2(2Nl−3)−1

q�0 Q2qλ
2q
n

Qd
, (63)

where Q2q (with q ∈ {0,1, 2, . . . , 2(2Nl − 3) − 1}) and Qd are constants that depend on the coefficients
A2(2Nl−4), A2(2Nl−5),…, A2, A0, B2(2Nl−3), B2(2Nl−4),…, B2, B0,C2(2Nl−3),C2(2Nl−4),…,C2,C0, D2(2Nl−2),
D2(2Nl−3), …, D2 and D0.

From Eqs. (61b) and (58b), the interfacial normal stress τ
(m)
zz (with m ∈ {1,2, . . . , Nl − 1}) can be deter-

mined, and from Eqs. (61a) and (58a) the interfacial shear stress τ
(m)

x̂ z (with m ∈ {1,2, . . . , Nl − 1} and

x̂ � x or y) can be obtained by directly integrating τ
(m)

x̂ z, x̂ , which gives

τ
(m)

x̂ z �
∫

τ
(m)

x̂ z,x̂dx̂ + F (m), (64)

where F (m) (m ∈ {1,2, . . . , Nl − 1}) are integration constants.
After τ

(m)

x̂ z and τ
(m)
zz (m ∈ {1,2, . . . , Nl − 1}) become known, the axial force N (m) and bending moment

M (m) can be found from the equilibrium equations in Eqs. (42a) and (42b) as

N (m) �
∫

τ
(m−1)
x̂ z dx̂ −

∫
τ

(m)

x̂ z dx̂ −
∫

q(m)

x̂ dx̂ + G(m), (65a)

M (m) � tm
2

(∫
τ

(m)

x̂ z dx̂ +
∫

τ
(m−1)
x̂ z dx̂

)
+
1

2

∫ [∫ (
τ (m)
zz − τ (m−1)

zz + q(m)
z + 2m(m)

x̂ ,x̂

)
dx̂

]
dx̂

+ J (m)
1 x̂ + J (m)

2 , (65b)

whereG(m), J (m)
1 and J (m)

2 (m ∈ {1, 2, . . . , Nl}) are integration constants to be determined from the boundary
conditions in Eqs. (43a)–(43c).

With the axial force N (m) and bending moment M (m) obtained in Eqs. (65a) and (65b), the axial strain
ε
(m)
0 and curvature κ(m) (with m ∈ {1,2, . . . , Nl}) can be readily determined from Eqs. (44a,b).

3.2.2 Determination of Cn

To obtain the constants Cn in Eqs. (61a) and (61b), the following 4(Nl − 1) boundary conditions for τ
(m)

x̂ z, x̂ and

τ
(m)
zz (with m ∈ {1,2, . . . , Nl − 1}) can be employed:

τ
(m)

x̂ z,x̂ |x̂�±L/2 � K (m)
s

[
N

(m+1)

c(m+1)
11 tm+1

− N
(m)

c(m)
11 tm

+
d(m+1)
11

c(m+1)
11

�T (m+1) − d(m)
11

c(m)
11

�T (m) + 6

(
M

(m+1)

c(m+1)
11 t2m+1

+
M

(m)

c(m)
11 t2m

)]∣∣∣∣∣
x̂�± L

2

or

(∫
τ
(m)

x̂ z,x̂dx̂

)∣∣∣∣
x̂�±L/2

� K (m)
s

[
u(m+1)
x̂ − u(m)

x̂ +
1

2

(
tm+1w

(m+1)
,x̂ + tmw

(m)

,x̂

)]∣∣∣∣
x̂�± L

2

, (66a)

τ
(m)

zz,x̂ x̂

∣∣∣∣
x̂�±L/2

� 12K (m)
n

(
M

(m+1)

c(m+1)
11 t3m+1

− M
(m)

c(m)
11 t3m

)∣∣∣∣∣
x̂�± L

2

or τ
(m)

zz,x̂ |x̂�±L/2 � K (m)
n

(
w

(m+1)
,x̂ − w

(m)

,x̂

)∣∣∣
x̂�± L

2

,

(66b)

where Eq. (66a) is directly obtained from Eqs. (46), (11a), (43a) and (43c), while Eq. (66b) follows from Eqs.

(53), (11b) and (43c), with N
(m)

and M
(m)

being the force and moment acting at the edges of the mth layer,
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u(m)

x̂ (with x̂ � x or y) and w(m) being the in-plane displacement and deflection prescribed at the edges of the
mth layer, and �T (m) |x̂�±L/2 being the amount of the temperature change at the edges of the mth layer (m ∈
{1,2, . . . , Nl}). Each of Eqs. (66a) and (66b) provides 2(Nl − 1) boundary conditions, which form a system
of 4(Nl − 1) algebraic equations that can be solved for the constants Cn .

The expressions of τ (1)
x̂ z, x̂ and τ

(1)
zz depend on λn , which are the roots of the polynomial equation in Eq. (62).

This polynomial equation can be rewritten in terms of Z � λ2 as

2(2Nl−3)∑

q�0

⎡

⎣
(2Nl−3)∑

m�0

(
A2mD2(q−m) − B2mC2(q−m)

)
⎤

⎦Zq � 0, (67)

which can be solved to obtain its 2(2Nl − 3) roots Zk (with k ∈ {1,2, . . . , 2(2Nl − 3)}).
The roots of Eq. (67) can be real or complex. Based on Descartes’s rule of signs, the 2(2Nl − 3) roots

of Eq. (67) can be obtained all real, denoted by Z p. In this case, the roots are associated with 4(2Nl − 3)

constants Cn involved in the interfacial stress components τ
(1)
x̂ z and τ

(1)
zz listed in Eqs. (61a) and (61b). This

requires 4(2Nl − 3) independent equations to determine Cn (with n ∈ {1,2, . . . , 4(2Nl − 3)}). However, the
total number of independent boundary conditions for τ

(1)
x̂ z and τ

(1)
zz given in Eqs. (66a) and (66b) is only 4

(Nl − 1). This mismatch leads to an ill-posed BVP for the case where all the roots are real. For a well-posed
BVP, Eq. (67) must have some conjugated complex roots. Each pair of the conjugated complex roots Z2n−1 and
Z2n of Eq. (67) can provide two additional relations among the constantsCn (see Eqs. (A7a,b) in Appendix A),
thereby resulting in a set of supplemental equations to be used along with the 4(Nl − 1) boundary conditions
in determining Cn .

Thenumber of distinct positive real roots ofEq. (67) canbeobtainedusingSturm’s theorem (e.g., [70]). Each
positive real root Z p � 𝓌2

p of Eq. (67) is associated with two roots λ2p−1 and λ2p of Eq. (62) such that λ2p−1,
λ2p � ±√Z p � ±𝓌p, where 𝓌p is a real number. Additionally, each pair of the conjugated complex roots
Z2n−1, Z2n � ω2

n −ω∗2
n ± i2ωnω

∗
n of Eq. (67) is associated with four complex roots λ4n−3, λ4n−2, λ4n−1, λ4n �

±ωn ± iω∗
n of Eq. (62), where ωn and ω∗

n are two real numbers. By introducing Rr and Rcc as, respectively,
the number of real roots and the number of pairs of conjugated complex roots of Eq. (67), the interfacial stress
components τ

(1)
x̂ z and τ

(1)
zz in Eqs. (61a) and (61b) can be expressed as (see Appendix A)

τ
(1)
x̂ z,x̂ �

Rr∑

p�1

Sp�pcosh
(
𝓌p x̂

)
+

Rcc∑

n�1

[
Sn�ncosh

(
ωn x̂

)
cos
(
ω∗
n x̂
)− Sn�

∗
nsinh

(
ωn x̂

)
sin
(
ω∗
n x̂
)]− B0P2 − D0P1

A0D0 − B0C0
,

(68a)

τ (1)
zz

(
x̂
) �

Rr∑

p�1

Spcosh
(
𝓌p x̂

)
+

Rcc∑

n�1

Sncosh
(
ωn x̂

)
cos
(
ω∗
n x̂
)
+

A0P2 − C0P1
A0D0 − B0C0

, (68b)

where use has been made of the symmetric loading conditions (see Appendix A), Rr + Rcc � 2(Nl − 1),
Sp (with p ∈ {1,2, . . . , Rr }) and Sn (with n ∈ {1,2, . . . , Rcc}) are constants to be determined using the 2
(Nl − 1) boundary conditions in Eqs. (66a) and (66b), and �p (with p ∈ {1,2, . . . , Rr }), �n and �

∗
n (with

n ∈ {1,2, . . . , Rcc}) can be obtained from Eq. (63) as

�p � −
∑2(2Nl−3)−1

q�0 Q2q𝓌
2q
p

Qd
, (69a)

�n � Re

⎛

⎝−
∑2(2Nl−3)−1

q�0

[
Q2q

(
ω2
n − ω∗2

n ± i2ωnω
∗
n

)q]

Qd

⎞

⎠, (69b)

�
∗
n �

∣∣∣∣∣∣
Im

⎛

⎝−
∑2(2Nl−3)−1

q�0

[
Q2q

(
ω2
n − ω∗2

n ± i2ωnω
∗
n

)q]

Qd

⎞

⎠

∣∣∣∣∣∣
, (69c)

where Re(·) and Im(·) denote, respectively, the real and imaginary parts.
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4 Examples: closed-form solutions for two- and three-layer composite plates

The analytical solution for a multi-layered composite plate with a specific number of layers can be readily
determined from the general analytical solution obtained in Sect. 3.2. The closed-form solutions for two-layer
and three-layer plates are derived herein as examples by directly applying the general solution. The solution
for the two-layer case forms the basis for designing coating-substrate material systems such as sensors, flexible
electronics and thermostats, while the solution for the three-layer case provides the foundation for analyzing
sandwich composite structures and all-solid-state batteries containing stacks of anode-electrolyte-cathode
units.

4.1 Two-layer composite plate

Consider a two-layer composite square plate subjected to the temperature changes �T (1)(x , y) and �T (2)

(x , y), respectively, in the first (bottom) and second (top) layers, and the mechanical loads τ
(2)
x̂ z (x , y) and τ

(2)
zz

(x , y) on the top surface and τ
(0)
x̂ z and τ

(0)
zz on the bottom surface (with x̂ � x or y). This two-layer case is the

simplest among all multi-layered composite plates and can be analytically solved by hands, as shown below.
In this case, the number of layers Nl � 2, and only one interface is present. Then, it follows from Eqs.

(50) and (55) that the interfacial stress components τ
(1)
x̂ z and τ

(1)
zz satisfy

τ
(1)
x̂ z,x̂ x̂ x̂ � β

(1)
1 τ

(2)
x̂ z,x̂ + β

(1)
0 τ

(1)
x̂ z,x̂ + β

(1)
−1τ

(0)
x̂ z,x̂ + α

(1)
1 τ (2)

zz + α
(1)
0 τ (1)

zz + α
(1)
−1τ

(0)
zz + η

(1)
x̂ + η(1)

z , (70a)

τ
(1)
zz,x̂ x̂ x̂ x̂ � γ

(1)
1 τ

(2)
x̂ z,x̂ + γ

(1)
0 τ

(1)
x̂ z,x̂ + γ

(1)
−1 τ

(0)
x̂ z,x̂ + ξ

(1)
1 τ (2)

zz + ξ
(1)
0 τ (1)

zz + ξ
(1)
−1 τ (0)

zz + χ(1)
z , (70b)

where the coefficients can be readily obtained from Eqs. (51) and (56) as

β
(1)
−1 � 2K (1)

s

c(1)
11 t1

, β
(1)
0 � 4K (1)

s

c(2)
11 t2

+
4K (1)

s

c(1)
11 t1

, β
(1)
1 � 2K (1)

s

c(2)
11 t2

, α
(1)
−1 � −3K (1)

s

c(1)
11 t

2
1

, α
(1)
0 � 3K (1)

s

c(1)
11 t

2
1

− 3K (1)
s

c(2)
11 t

2
2

,

α
(1)
1 � 3K (1)

s

c(2)
11 t

2
2

, η
(1)
x̂ � K (1)

s

c(1)
11

⎛

⎝q(1)
x̂ ,x̂

t1
− d(1)

11 �T (1)
,x̂ x̂

⎞

⎠− K (1)
s

c(2)
11

⎛

⎝q(2)
x̂ ,x̂

t2
− d(2)

11 �T (2)
,x̂ x̂

⎞

⎠,

η(1)
z � 3K (1)

s

c(2)
11 t

2
2

(
q(2)
z + 2m(2)

x̂ ,x̂

)
+
3K (1)

s

c(1)
11 t

2
1

(
q(1)
z + 2m(1)

x̂ ,x̂

)
, γ

(1)
−1 � −6K (1)

n

c(1)
11 t

2
1

γ
(1)
0 � 6K (1)

n

c(2)
11 t

2
2

− 6K (1)
n

c(1)
11 t

2
1

, γ
(1)
1 � 6K (1)

n

c(2)
11 t

2
2

, ξ
(1)
−1 � 6K (1)

n

c(1)
11 t

3
1

, ξ
(1)
0 � −6K (1)

n

c(2)
11 t

3
2

− 6K (1)
n

c(1)
11 t

3
1

,

ξ
(1)
1 � 6K (1)

n

c(2)
11 t

3
2

, χ(1)
z � 6K (1)

n

c(2)
11 t

3
2

(
q(2)
z + 2m(2)

x̂ ,x̂

)
− 6K (1)

n

c(1)
11 t

3
1

(
q(1)
z + 2m(1)

x̂ ,x̂

)
, (71)

where q(1)
x̂ , q(1)

z , m(1)
x̂ and q(2)

x̂ , q(2)
z , m(2)

x̂ are, respectively, the resultant forces and moment for the first and

second layers, which are directly linked to the body force components f (1)
x̂ , f (1)

z and f (2)
x̂ , f (2)

z acting on the
two layers (see Eq. (22a-c)).

From Eq. (70a),

τ (1)
zz � 1

α
(1)
0

[
τ

(1)
x̂ z,x̂ x̂ x̂ − β

(1)
1 τ

(2)
x̂ z,x̂ − β

(1)
0 τ

(1)
x̂ z,x̂ − β

(1)
−1τ

(0)
x̂ z,x̂ − α

(1)
1 τ (2)

zz − α
(1)
−1τ

(0)
zz − η

(1)
x̂ − η(1)

z

]
. (72)

Using Eq. (72) in Eq. (70b) leads to

τ
(1)
x̂ z,x̂ x̂ x̂ x̂ x̂ x̂ x̂ − β

(1)
0 τ

(1)
x̂ z,x̂ x̂ x̂ x̂ x̂ − ξ

(1)
0 τ

(1)
x̂ z,x̂ x̂ x̂ +

(
ξ

(1)
0 β

(1)
0 − α

(1)
0 γ

(1)

0

)
τ

(1)
x̂ z,x̂ � P1, (73)

where

P1 �β
(1)
1 τ

(2)
x̂ z,x̂ x̂ x̂ x̂ x̂ + β

(1)
−1τ

(0)
x̂ z,x̂ x̂ x̂ x̂ x̂ +

(
α

(1)
0 γ

(1)
1 − ξ

(1)
0 β

(1)
1

)
τ

(2)
x̂ z,x̂ +

(
α

(1)
0 γ

(1)
−1 − ξ

(1)
0 β

(1)
−1

)
τ

(0)
x̂ z,x̂
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+ α
(1)
1 τ

(2)
zz,x̂ x̂ x̂ x̂ + α

(1)
−1τ

(0)
zz,x̂ x̂ x̂ x̂ +

(
ξ

(1)
1 α

(1)
0 − ξ

(1)
0 α

(1)
1

)
τ (2)
zz +

(
α

(1)
0 ξ

(1)
−1 − ξ

(1)
0 α

(1)
−1

)
τ (0)
zz

+ η
(1)
x̂ ,x̂ x̂ x̂ x̂ + η

(1)
z,x̂ x̂ x̂ x̂ − ξ

(1)
0

(
η

(1)
x̂ + η(1)

z

)
+ α

(1)
0 χ(1)

z . (74)

Note that τ
(2)
x̂ z ,τ

(2)
zz , τ

(0)
x̂ z and τ

(0)
zz are prescribed on the top and bottom surfaces of the composite plate, q(1)

x̂ ,

q(2)
x̂ , q(1)

z , q(2)
z ,m(1)

x̂ andm(2)
x̂ are readily obtainable from the body forces specified in the two layers, and�T (1)

and �T (2) are given for each layer.
Equation (73) is a sixth-order ODE with constant coefficients for τ

(1)
x̂ z, x̂ , which is inhomogeneous. When

P1 is a constant, a particular solution of Eq. (73) can be readily obtained, thereby leading to a closed-form
solution of Eq. (73).

The characteristic equation of the homogeneous part of Eq. (73) is given by

λ6 − β
(1)
0 λ4 − ξ

(1)
0 λ2 +

(
ξ

(1)
0 β

(1)
0 − α

(1)
0 γ

(1)
0

)
� 0. (75)

This is a cubic equation in λ2, which can be analytically solved to get its three roots, resulting in the determi-
nation of λ j ( j ∈ {1, 2, 3, 4, 5, 6}) [20–23].

From Eq. (71), it can be shown that

β
(1)
0 > 0, ξ (1)

0 < 0,
(
ξ

(1)
0 β

(1)
0 − α

(1)
0 γ

(1)
0

)
< 0. (76)

It then follows from the Descartes rule of signs that Eq. (75) cannot have any negative real root λ2. In fact,
Eq. (75) has only one positive real root and two conjugated complex roots according to the Sturm theorem
(e.g., [9, 52]). As a result, the six roots λ j ( j ∈ {1, 2, 3, 4, 5, 6}) of Eq. (75) have the following forms [52]:

λ1 �
(

φ0 − φ1

φ2
+ φ2

) 1
2

, λ2 � −
(

φ0 − φ1

φ2
+ φ2

) 1
2 � −λ1,

λ3 � βh + iβv , λ4 � −(βh + iβv) � −λ3,

λ5 � βh − iβv , λ6 � −(βh − iβv) � −λ6, (77)

where “i” is the imaginary unit (with i2 � − 1),

φ0 � β
(1)
0

3
, φ1 � −

3ξ (1)
0 +

(
β

(1)
0

)2

9
,

φ2 � 1

3 3
√
2

{
2
(
β

(1)
0

)3
+ 9β(1)

0 ξ
(1)
0 − 27

(
ξ

(1)
0 β

(1)
0 − α

(1)
0 γ

(1)
0

)

+

[
−4

〈
3 ξ

(1)
0 +

(
β

(1)
0

)2〉3
+

〈
2
(
β

(1)
0

)3
+ 9β(1)

0 ξ
(1)
0 − 27

(
ξ

(1)
0 β

(1)
0 − α

(1)
0 γ

(1)
0

)〉2]1/2
⎫
⎬

⎭

1/3

,

βh �
⎡

⎣
(
y2h + y2v

)1/2

1 + tan2
(
1
2 tan

−1 yv
yh

)

⎤

⎦
1/2

, βv � βh tan

(
1

2
tan−1 yv

yh

)
,

yh � φ0 +
1

2

(
φ1

φ2
− φ2

)
, yv �

√
3

2

(
φ1

φ2
+ φ2

)
. (78)

The solution of Eq. (73) can then be written as, with the help of Eq. (77),

τ
(1)
x̂ z,x̂ �

6∑

j�1

C̃ j e
λ j x̂ +

(
τ

(1)
x̂ z,x̂

)

p
� C1 cosh

(
λ1 x̂
)
+ C2 sinh

(
λ1 x̂
)
+ C3 cosh

(
βh x̂

)
cos
(
βv x̂
)

+ C4 sinh
(
βh x̂

)
cos
(
βv x̂
)
+
(
τ

(1)
x̂ z,x̂

)

p
, (79)
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where x̂ � x or y, C̃ j are six constants ( j ∈ {1, 2, 3, 4, 5, 6}), C j ( j ∈ {1, 2, 3, 4}) are four real-valued

constants to be determined from theBCs, and
(
τ

(1)
x̂ z, x̂

)

p
is a particular solution of Eq. (73). Note that in obtaining

the second equality in Eq. (79) use has been made of C̃3 � C̃5 and C̃4 � C̃6 to ensure that τ
(1)
x̂ z, x̂ is real-valued.

This is discussed in Appendix A for the general case.
Using Eq. (79) in Eq. (72) yields the normal (peel) stress at the interface of the two layers as

τ (1)
zz � 1

α
(1)
0

{
C1

(
λ21 − β

(1)
0

)
cosh

(
λ1 x̂
)
+ C2

(
λ21 − β

(1)
0

)
sinh

(
λ1 x̂
)

+ C3

[(
β2
h − β2

v − β
(1)
0

)
cosh

(
βh x̂

)
cos
(
βv x̂
)− 2βhβv sinh

(
βh x̂

)
sin
(
βv x̂
)]

+ C4

[(
β2
h − β2

v − β
(1)
0

)
sinh

(
βh x̂

)
cos
(
βv x̂
)− 2βhβv cosh

(
βh x̂

)
sin
(
βv x̂
)]

−β
(1)
0

(
τ

(1)
x̂ z,x̂

)

p
− β

(1)
1 τ

(2)
x̂ z,x̂ − β

(1)
−1τ

(0)
x̂ z,x̂ − α

(1)
1 τ (2)

zz − α
(1)
−1τ

(0)
zz − η

(1)
x̂ − η(1)

z

}
. (80)

When τ
(2)
x̂ z, x̂ , τ

(2)
zz , τ (0)

x̂ z, x̂ , τ
(0)
zz , η(1)

x̂ , η(1)
z and χ

(1)
z are constants, Eq. (74) gives

P1 �
(
α

(1)
0 γ

(1)
1 − β

(1)
1 ξ

(1)
0

)
τ

(2)
x̂ z,x̂ +

(
α

(1)
0 γ

(1)
−1 − β

(1)
−1ξ

(1)
0

)
τ

(0)
x̂ z,x̂ +

(
α

(1)
0 ξ

(1)
1 − α

(1)
1 ξ

(1)
0

)
τ (2)
zz

+
(
α

(1)
0 ξ

(1)
−1 − α

(1)
−1ξ

(1)
0

)
τ (0)
zz − ξ

(1)
0

(
η

(1)
x̂ + η(1)

z

)
+ α

(1)
0 χ(1)

z , (81)

which is a constant. A particular solution of Eq. (73) in this case can then be readily obtained from Eqs. (73)
and (81) as

(
τ

(1)
x̂ z,x̂

)

p
� P1

β
(1)
0 ξ

(1)
0 − α

(1)
0 γ

(1)
0

. (82)

The four constants C j ( j ∈ {1, 2, 3, 4}) in Eqs. (79) and (80) can be determined from the following four
BCs:

τ
(1)
x̂ z,x̂

∣∣∣
x̂�±L/2

� K (1)
s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂�± L

2

, (83a)

τ
(1)
zz,x̂ x̂

∣∣∣
x̂�±L/2

� 12K (1)
n

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂�± L

2

, (83b)

which are directly obtained from Eqs. (66a) and (66b) with m � 1.
Using Eq. (79) in Eq. (83a) gives

C1cosh

(
λ1L

2

)
+ C2 sinh

(
λ1L

2

)
+ C3 cosh

(
βh L

2

)
cos

(
βvL

2

)
+ C4 sinh

(
βh L

2

)
cos

(
βvL

2

)

� −
(
τ

(1)
x̂ z,x̂

)

p
+ K (1)

s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂� L

2

, (84a)

C1cosh

(
λ1L

2

)
− C2 sinh

(
λ1L

2

)
+ C3 cosh

(
βh L

2

)
cos

(
βvL

2

)
− C4 sinh

(
βh L

2

)
cos

(
βvL

2

)

� −
(
τ

(1)
x̂ z,x̂

)

p
+ K (1)

s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂�− L

2

. (84b)

Substituting Eq. (80) into Eq. (83b) yields

C1λ
2
1

(
λ21 − β

(1)
0

)
cosh

(
λ1L

2

)
+ C2λ

2
1

(
λ21 − β

(1)
0

)
sinh

(
λ1L

2

)
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+ C3

{[
β4
h − 6β2

hβ
2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}

+ C4

{[
β4
h − 6β2

hβ
2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
sinh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
cosh

(
βh L

2

)
sin

(
βvL

2

)}

� 12K (1)
n α

(1)
0

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂� L

2

, (85a)

C1λ
2
1

(
λ21 − β

(1)
0

)
cosh

(
λ1L

2

)
− C2λ

2
1

(
λ21 − β

(1)
0

)
sinh

(
λ1L

2

)

+ C3

{[
β4
h − 6β2

hβ
2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}

− C4

{[
β4
h − 6β2

hβ
2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
sinh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
cosh

(
βh L

2

)
sin

(
βvL

2

)}

� 12K (1)
n α

(1)
0

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂�− L

2

. (85b)

Solving Eqs. (84a,b) and (85a,b) will lead to the determination of C1–C4.
When the loading and geometry are both symmetric about x̂ � 0, τ

(1)
x̂ z, x̂

(
x̂
) � τ

(1)
x̂ z, x̂

(−x̂
)
according to

Eq. (46). It then follows from Eq. (79) that C2 � C4 � 0. With these relations, Eqs. (84a), (84b), (85a) and
(85b) reduce to

C1 cosh

(
λ1L

2

)
+ C3 cosh

(
βh L

2

)
cos

(
βvL

2

)

� K (1)
s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂� L

2

−
(
τ

(1)
x̂ z,x̂

)

p
, (86a)

C1λ
2
1

(
λ21 − β

(1)
0

)
cosh

(
λ1L

2

)
+ C3

{[
β4
h − 6β2

hβ
2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}
� 12K (1)

n α
(1)
0

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂� L

2

. (86b)

By using the Cramer rule, Eqs. (86a) and (86b) can be solved to obtain the two constants C1 and C3 as

C1 � 1

D

〈⎧⎨

⎩K (1)
s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂� L

2

−
(
τ

(1)
x̂ z,x̂

)

p

}{[
β4
h − 6β2

hβ
2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}
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−12K (1)
n α

(1)
0

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂� L

2

cosh

(
βh L

2

)
cos

(
βvL

2

)〉
, (87a)

C3 � 1

D

〈
12K (1)

n α
(1)
0

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂� L

2

cosh

(
λ1L

2

)
− λ21

(
λ21 − β

(1)
0

)
cosh

(
λ1L

2

){
K (1)
s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2)

−d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂� L

2

−
(
τ

(1)
x̂ z,x̂

)

p

⎫
⎬

⎭

〉
, (87b)

where

D � cosh

(
λ1L

2

){[
β4
h − 6β2

hβ2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}
− λ21

(
λ21 − β

(1)
0

)
cosh

(
λ1L

2

)
cosh

(
βh L

2

)
cos

(
βvL

2

)
.

(87c)

Substituting C1 and C3 listed in Eqs. (87a) and (87b) and C2 � C4 � 0 into Eqs. (79) and (80) will yield
the final expressions of τ

(1)
x̂ z, x̂ and τ

(1)
zz , which are valid for the general case.

For the special case of a simply supported square plate subjected to the temperature changes �T (1) and

�T (2) in the bottom and top layers respectively and with N
(1) � N

(2) � M
(1) � M

(2) � 0, τ (0)
zz � τ

(2)
zz �

τ
(0)
x̂ z � τ

(2)
x̂ z � 0, q(1)

x̂ � q(2)
x̂ � q(1)

z � q(2)
z � 0, m(1)

x̂ � m(2)
x̂ � 0, and �T (1)

, x̂ x̂ � �T (2)
, x̂ x̂ � 0, Eqs. (87a) and

(87b) are simplified to

C1 � 1

D
K (1)
s

[
d(2)
11

c(2)11

�T (2) |x̂� L
2

− d(1)
11

c(1)11

�T (1) |x̂� L
2

]{[
β4
h − 6β2

hβ2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}
,

C3 � − 1

D
K (1)
s

[
d(2)
11

c(2)11

�T (2) |x̂� L
2

− d(1)
11

c(1)11

�T (1) |x̂� L
2

]
λ21

(
λ21 − β

(1)
0

)
cosh

(
λ1L

2

)
, (88a,b)

where use has been made of Eqs. (71), (81) and (82), which gives P1 � 0 and
(
τ

(1)
x̂ z, x̂

)

p
� 0.

Inserting C1 and C3 listed in Eqs. (88a,b) and C2 � C4 � 0 into Eqs. (79) and (80) then leads to τ
(1)
x̂ z, x̂ and

τ
(1)
zz on the interface between the two layers for the special case as

τ
(1)
x̂ z,x̂ � 1

D
K (1)
s

⎡

⎣ d(2)
11

c(2)11

�T (2)

∣∣∣∣∣
x̂� L

2

− d(1)
11

c(1)11

�T (1)

∣∣∣∣∣
x̂� L

2

⎤

⎦
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β4
h − 6β2

hβ2
v + β4

v − β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)

−2βhβv

(
2β2

h − 2β2
v − β

(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}
cosh

(
λ1 x̂
)

− 1

D
λ21

(
λ21 − β

(1)
0

)
K (1)
s

⎡

⎣ d(2)
11

c(2)11

�T (2)

∣∣∣∣∣
x̂� L

2

− d(1)
11

c(1)11

�T (1)

∣∣∣∣∣
x̂� L

2

⎤

⎦ cosh

(
λ1L

2

)
cosh

(
βh x̂

)
cos
(
βv x̂

)
, (89a)

τ (1)
zz � 1

α
(1)
0 D

(
λ21 − β

(1)
0

)
K (1)
s

⎡

⎣ d(2)
11

c(2)
11

�T (2)

∣∣∣∣∣
x̂� L

2

−d(1)
11

c(1)
11

�T (1)

∣∣∣∣∣
x̂� L

2

⎤

⎦{[β4
h − 6β2

hβ
2
v + β4

v

−β
(1)
0

(
β2
h − β2

v

)]
cosh

(
βh L

2

)
cos

(
βvL

2

)
− 2βhβv

(
2β2

h − 2β2
v

−β
(1)
0

)
sinh

(
βh L

2

)
sin

(
βvL

2

)}
cosh

(
λ1 x̂
)− 1

D
λ21

(
λ21 − β

(1)
0

)
K (1)
s

[
d(2)
11

c(2)
11

�T (2)

∣∣∣∣∣
x̂� L

2
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−d(1)
11

c(1)
11

�T (1)

∣∣∣∣∣
x̂� L

2

⎤

⎦ cosh

(
λ1L

2

)[(
β2
h − β2

v − β
(1)
0

)
cosh

(
βh x̂

)
cos
(
βv x̂
)

−2βhβv sinh
(
βh x̂

)
sin
(
βv x̂
)]

. (89b)

With τ
(1)
x̂ z, x̂ and τ

(1)
zz determined, the axial force N (m) and bending moment M (m) can be readily obtained

from Eqs. (65a,b), and the axial strain ε
(m)
0 and curvature κ(m) (withm ∈ {1,2}) can be computed using Eqs.

(44a,b) for the two-layer plate.

4.2 Three-layer composite plate

For a composite plate with three layers, Eqs. (59) and (60) become, after setting Nl � 3,

A4
d4τ (1)

x̂ z,x̂

dx̂4
+ A2

d2τ (1)
x̂ z,x̂

dx̂2
+ A0τ

(1)
x̂ z,x̂ + B6

d6τ (1)
zz

dx̂6
+ B4

d4τ (1)
zz

dx̂4
+ B2

d2τ (1)
zz

dx̂2
+ B0τ

(1)
zz � P1, (90a)

C6
d6τ (1)

x̂ z,x̂

dx̂6
+ C4

d4τ (1)
x̂ z,x̂

dx̂4
+ C2

d2τ (1)
x̂ z,x̂

dx̂2
+ C0τ

(1)
x̂ z,x̂ + D8

d8τ (1)
zz

dx̂8
+ D6

d6τ (1)
zz

dx̂6
+ D4

d4τ (1)
zz

dx̂4
+ D2

d2τ (1)
zz

dx̂2
+ D0τ

(1)
zz � P2,

(90b)

where the coefficients A4, A2, A0, B6, B4, B2, B0, C6, C4, C2, C0, D8, D6, D4, D2 and D0 and the inhomo-
geneous terms P1 and P2 are given by (see Appendix B for more details)

A4 � − ξ
(1)
1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1
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(
β
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β
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1 − α

(1)
1 γ

(1)
1
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, (91a)

B6 � α
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1
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, (91b)
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, (91c)
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, (91d)
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)d2τ (0)
zz

dx̂2
+
(
−α

(1)
1 γ

(1)
−1 + β

(1)
−1ξ

(1)
1

)d2τ (0)
x̂ z,x̂

dx̂2

− α
(1)
1

d2χ(1)
z

dx̂2
+ ξ

(1)
1

d2η(1)
x̂

dx̂2
+ ξ
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1
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z
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[
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+α
(2)
0

(
β

(1)
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(1)
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1 γ
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τ
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1
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1
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1
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z
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+
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1 ξ
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0 ξ
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0
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−1 ξ
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−1 − β

(1)
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1
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τ
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(
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(1)
1 γ
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0 + β
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(2)
0

)
χ

(1)
z

+
(
γ

(2)
0 ξ
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(1)
1 ξ

(2)
0

)(
η
(1)
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(1)
z

)
+
(
α

(1)
1 γ
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(1)
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1

)(
γ

(2)
1 τ
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(2)
1 τ

(3)
zz + χ

(2)
z

)}
. (91f)

The two coupled ODEs in Eqs. (90a) and (90b) can be solved simultaneously by using a software package
for symbolic mathematical operations.

When P1 and P2 are constants, the general solution of Eqs. (90a) and (90b) can be obtained as (see Eqs.
(61a) and (61b))

τ
(1)
x̂ z,x̂ �

12∑

n�1

Cn�nexp
(
λn x̂
)− B0P2 − D0P1

A0D0 − B0C0
, (92a)

τ (1)
zz �

12∑

n�1

Cnexp
(
λn x̂
)
+

A0P2 − C0P1
A0D0 − B0C0

, (92b)

where x̂ � x or y, and λn (with n ∈ {1,2, . . . , 12}) are the roots of the following 12th-degree polynomial
equation (see Eq. (62)):

(A4D8 − B6C6)λ
12 + (A2D8 + A4D6 − B4C6 − B6C4)λ

10

+ (A0D8 + A2D6 + A4D4 − B2C6 − B4C4 − B6C2)λ
8

+ (A0D6 + A2D4 + A4D2 − B0C6 − B2C4 − B4C2 − B6C0)λ
6

+ (A0D4 + A2D2 + A4D0 − B0C4 − B2C2 − B4C0)λ
4

+ (A0D2 + A2D0 − B0C2 − B2C0)λ
2 + A0D0 − B0C0 � 0. (93a)

In terms of Z � λ2, Eq. (93a) becomes

(A4D8 − B6C6)Z
6 + (A2D8 + A4D6 − B4C6 − B6C4)Z

5

+ (A0D8 + A2D6 + A4D4 − B2C6 − B4C4 − B6C2)Z
4

+ (A0D6 + A2D4 + A4D2 − B0C6 − B2C4 − B4C2 − B6C0)Z
3

+ (A0D4 + A2D2 + A4D0 − B0C4 − B2C2 − B4C0)Z
2

+ (A0D2 + A2D0 − B0C2 − B2C0)Z + A0D0 − B0C0 � 0. (93b)

In addition, �n (with n ∈ {1,2, . . . , 12}) in Eqs. (92a) and (92b) are given by (see Eq. (63))

�n � −Q10λ
10
n + Q8λ

8
n + Q6λ

6
n + Q4λ

4
n + Q2λ

2
n + Q0

Qd
, (94)

where

Q10 � −(A4D8 − B6C6)
[
C2A

2
4 + A4(−A0C6 − A2C4) + C6A

2
2

]
, (95a)

Q8 � A3
4

(
C0D8 − C2D6

)
+ A2

4

[
A0

(
−C4D8 + C6D6

)
− C6B6C0 + C2B4C6 + A2

(
−C2D8 + C4D6

)

+ C2C4B6

]
+ A4

[
A0

(
2A2C6D8 − B4C

2
6

)
+ C6

(
−A2

2D6 − A2B4C4

)
− C2

4 A2B6 + C4D8A
2
2

]
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+ C6A2

[
−C6B6A0 + A2

(
−D8A2 + B4C6 + B6C4

)]
, (95b)

Q6 � A3
4(C0D6 − C2D4) + A2

4

[
A0(−C4D6 + C6D4) + C0(−B4C6 − B6C4)

+C2
2 B6 + C2C4B4 + C2C6B2 − C2D6A2 + C4D4A2

]

+ A4{A0
[−C2

6 B2 + (2A2D6 − 2B6C2)C6 + C2
4 B6

]

−A2
[−C6B6C0 + C6(A2D4 + B2C4) + C4(−A2D6 + B4C4 + B6C2)

]}
+ C6

[
C6B6A

2
0 − A2A0(B4C6 + B6C4) + A2

2(−A2D6 + C6B2 + B4C4 + B6C2)
]
, (95c)

Q4 � A3
4(C0D4 − C2D2) + A2

4

[
A0(−C4D4 + C6D2) + C2C6B0

+C0(−C6B2 − B4C4) + C2
2 B4 + C2C4B2 − C2D4A2 + C4D2A2

]

+ A4{A0
[−C2

6 B0 + C6(2A2D4 − 2B4C2) + C2
4 B4

]

−A2
[
C4C6B0 − C6B4C0 + C6D2A2 + C4(−A2D4 + B2C4 + B4C2)

]}
+ C6

[
C6B4A

2
0 − A2A0(B2C6 + B4C4) + A2

2(−A2D4 + B0C6 + B2C4 + B4C2)
]
, (95d)

Q2 � A3
4(C0D2 − C2D0) + A2

4

[
A0(−C4D2 + C6D0) + B0(−C0C6 + C2C4)

−C4B2C0 + A2(−C2D2 + C4D0) + C2
2 B2

]
+ A4

{
A0
[
C6(2A2D2 − 2B2C2) + C2

4 B2
]

−A2
[
C2
4 B0 − B2C6C0 + D0A2C6 + C4(−A2D2 + B2C2)

]}

+ C6
[
B2C6A

2
0 − A2A0(B0C6 + B2C4) + A2

2(−A2D2 + B0C4 + B2C2)
]
, (95e)

Q0 � A3
4D0C0 + A2

4

[−C4D0A0 + B0(−C0C4 + C2
2 ) − C2D0A2

]

+ A4{A0
[
B0(−2C2C6 + C2

4 ) + 2D0A2C6
]− A2

[
B0(−C0C6 + C2C4) − C4D0A2

]}
+ C6

[
C6B0A

2
0 − C4A2B0A0 + A2

2(−A2D0 + B0C2)
]
, (95f)

Qd � A3
4C

2
0 + A2

4

[
A0
(−2C0C4 + C2

2

)− C0C2A2
]

+ A4
[
A2
0

(−2C2C6 + C2
4

)− A2A0(−3C0C6 + C2C4) + C0C4A
2
2

]

+ C6
(
A3
0C6 − A2

0A2C4 + A0A
2
2C2 − A3

2C0
)
. (95g)

For a three-layer plate, the following eight boundary conditions for the interfacial stresses can be applied
(see Eqs. (66a) and (66b)):

τ
(1)
x̂ z,x̂ |x̂�±L/2 � K (1)

s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂�± L

2

, (96a)

τ
(2)
x̂ z,x̂ |x̂�±L/2 � K (2)

s

[
N

(3)

c(3)
11 t3

− N
(2)

c(2)
11 t2

+
d(3)
11

c(3)
11

�T (3) − d(2)
11

c(2)
11

�T (2) + 6

(
M

(3)

c(3)
11 t

2
3

+
M

(2)

c(2)
11 t

2
2

)]∣∣∣∣∣
x̂�± L

2

, (96b)

τ
(1)
zz,x̂ x̂ |x̂�±L/2 � 12K (1)

n

(
M

(2)

c(2)
11 t

3
2

− M
(1)

c(1)
11 t

3
1

)∣∣∣∣∣
x̂�± L

2

, (96c)

τ
(2)
zz,x̂ x̂ |x̂�±L/2 � 12K (2)

n

(
M

(3)

c(3)
11 t

3
3

− M
(2)

c(2)
11 t

3
2

)∣∣∣∣∣
x̂�± L

2

. (96d)

For a three-layer plate represented by a well-posed BVP, the polynomial equation in Eq. (93b) should
have two real roots (i.e., Rr � 2) and two pairs of conjugated complex roots (i.e., Rcc � 2) for Z � λ2. As
demonstrated in Appendix A, each pair of conjugated complex roots gives two relations for the constants Cn .
Therefore, the two pairs of the conjugated complex roots lead to four additional relations, which can be used
along with the eight boundary conditions in Eqs. (96a)–(96d) to determine the 12 constants Cn (with n �
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{1,2, . . . , 12}) involved in Eqs. (92a) and (92b). This is similar to what is done for the two-layer plate case in
Sect. 4.1.

For the case of a symmetrically loaded composite square plate, the interfacial stresses can be obtained from
Eqs. (68a) and (68b) as, with Rr � 2 and Rcc � 2,

τ
(1)
x̂ z,x̂ � S1�1cosh

(
𝓌1 x̂

)
+ S2�2cosh

(
𝓌2 x̂

)
+ S1

[
�1cosh

(
ω1 x̂

)
cos
(
ω∗
1 x̂
)− �

∗
1sinh

(
ω1 x̂

)
sin
(
ω∗
1 x̂
)]

+ S2
[
�2cosh

(
ω2 x̂

)
cos
(
ω∗
2 x̂
)− �

∗
2sinh

(
ω2 x̂

)
sin
(
ω∗
2 x̂
)]− B0P2 − D0P1

A0D0 − B0C0
,

(97a)

τ (1)
zz

(
x̂
) � S1cosh

(
𝓌1 x̂

)
+ S2cosh

(
𝓌2 x̂

)
+ S1cosh

(
ω1 x̂

)
cos
(
ω∗
1 x̂
)
+ S2cosh

(
ω2 x̂

)
cos
(
ω∗
2 x̂
)
+

A0P2 − C0P1
A0D0 − B0C0

,

(97b)

where S1, S2, S1 and S2 are four constants to be determined from the boundary conditions, 𝓌1 and 𝓌2 are
two absolute values of the real roots of Eq. (93a), and ω1 and ω2 and ω∗

1 and ω∗
2 are, respectively, the absolute

values of the real and imaginary parts of the complex roots ±ω1 ± iω∗
1 and ±ω2 ± iω∗

2 of Eq. (93a). The
parameters �1, �2, �1, �2, �

∗
1 and �

∗
2 in Eq. (97a) can be obtained from Eq. (94) as

(98a,b)
�1 � −Q10𝓌10

1 + Q8𝓌8
1 + Q6𝓌6

1 + Q4𝓌4
1 + Q2𝓌2

1 + Q0

Qd
,

�2 � −Q10𝓌10
2 + Q8𝓌8

2 + Q6𝓌6
2 + Q4𝓌4

2 + Q2𝓌2
2 + Q0

Qd
,

[
�1,�2

] � [Re(�1), Re(�2)],
[
�

∗
1,�

∗
2

]
� [|Im(�1)|, |Im(�2)|], (98c,d)

with

�1 � − 1

Qd

{
Q10

(
ω2
1 − ω∗2

1 − i2ω1ω
∗
1

)5
+ Q8

(
ω2
1 − ω∗2

1 − i2ω1ω
∗
1

)4
+ Q6

(
ω2
1 − ω∗2

1 − i2ω1ω
∗
1

)3

+Q4
(
ω2
1 − ω∗2

1 − i2ω1ω
∗
1

)2
+ Q2

(
ω2
1 − ω∗2

1 − i2ω1ω
∗
1

)
+ Q0

}
, (98e)

�2 � − 1

Qd

{
Q10

(
ω2
2 − ω∗2

2 − i2ω2ω
∗
2

)5
+ Q8

(
ω2
2 − ω∗2

2 − i2ω2ω
∗
2

)4
+ Q6

(
ω2
2 − ω∗2

2 − i2ω2ω
∗
2

)3

+Q4
(
ω2
2 − ω∗2

2 − i2ω2ω
∗
2

)2
+ Q2

(
ω2
2 − ω∗2

2 − i2ω2ω
∗
2

)
+ Q0

}
, (98f)

where Q0, Q2, Q4, Q6, Q8, Q10 and Qd can be obtained from Eqs. (95a)–(95g).
To determine the constants S1, S2, S1 and S2, τ

(2)
x̂ z, x̂ and τ

(2)
zz are first derived from Eqs. (57a) and (57b) as

(see Appendix B):

τ
(2)
x̂ z,x̂ �

(
1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

){
ξ
(1)
1 τ

(1)
x̂ z,x̂ x̂ x̂ +

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
τ
(1)
x̂ z,x̂ +

(
γ

(1)
−1 α

(1)
1 − β

(1)
−1ξ

(1)
1

)
τ
(0)
x̂ z,x̂ − α

(1)
1 τ

(1)
zz,x̂ x̂ x̂ x̂

+
(
ξ
(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

)
τ
(1)
zz +

(
ξ
(1)
−1α

(1)
1 − α

(1)
−1ξ

(1)
1

)
τ
(0)
zz − ξ

(1)
1

(
η
(1)
x̂ + η

(1)
z

)
+ α

(1)
1 χ

(1)
z

}
, (99a)

τ (2)
zz � β

(1)
1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

{
τ

(1)
zz,x̂ x̂ x̂ x̂ − γ

(1)
1

β
(1)
1

τ
(1)
x̂ z,x̂ x̂ x̂ −

(
γ

(1)
0 − γ

(1)
1 β

(1)
0

β
(1)
1

)
τ

(1)
x̂ z,x̂ −

(
γ

(1)
−1 − γ

(1)
1 β

(1)
−1

β
(1)
1

)
τ

(0)
x̂ z,x̂

−
(

ξ
(1)
0 − γ

(1)
1 α

(1)
0

β
(1)
1

)
τ (1)
zz −

(
ξ

(1)
−1 − γ

(1)
1 α

(1)
−1

β
(1)
1

)
τ (0)
zz +

γ
(1)
1

β
(1)
1

η
(1)
x̂ +

γ
(1)
1

β
(1)
1

η(1)
z − χ(1)

z

}
, (99b)

where Eq. (99a) is obtained from substituting Eq. (B4) into Eq. (B2) (see Appendix B). Using Eqs. (97a) and
(97b) in Eqs. (99a) and (99b) then yields

τ
(2)
x̂ z,x̂ � 1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

{
S̄1
[(

�1ω
2
1 − �1ω

∗2
1 − 2ω1�

∗
1ω

∗
1

)
ξ
(1)
1 − ω4

1α
(1)
1 + 6ω2

1α
(1)
1 ω∗2

1
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−α
(1)
1 ω∗4

1 + �1

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
+ ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
ω1 x̂

)
cos
(
ω∗
1 x̂
)

+ S̄2
[(

�2ω
2
2 − �2ω

∗2
2 − 2ω2�

∗
2ω

∗
2

)
ξ
(1)
1 + �2

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)

−
(
ω4
2 − 6ω2

2ω
∗2
2 + ω∗4

2

)
α

(1)
1 + ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
ω2 x̂

)
cos
(
ω∗
2 x̂
)− S̄1

[(
ω2
1�

∗
1

+2ω1�1ω
∗
1 − ω∗2

1 �∗
1

)
ξ
(1)
1 − 4ω3

1ω
∗
1α

(1)
1 + 4ω1ω

∗3
1 α

(1)
1 + �∗

1

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)]
sinh

(
ω1 x̂

)
sin
(
ω∗
1 x̂
)

− S̄2
[(

2�2ω2ω
∗
2 + ω2

2�
∗
2 − �∗

2ω
∗2
2

)
ξ
(1)
1 + �∗

2

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)

− 4S̄2ω2ω
∗
2α

(1)
1

(
ω2 − ω∗

2
)(

ω2 + ω∗
2
)]

sinh
(
ω2 x̂

)
sin
(
ω∗
2 x̂
)

+ S1
[
−α

(1)
1 𝓌4

1 + ξ
(1)
1 �1𝓌

2
1 +
(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
�1 + ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
𝓌1 x̂

)

+ S2
[
−α

(1)
1 𝓌4

2 + ξ
(1)
1 �2𝓌

2
2 +
(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
�2 + ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
𝓌2 x̂

)

−
(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)( B0P2 − D0P1
A0D0 − B0C0

)
+
(
ξ
(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

)( A0P2 − C0P1
A0D0 − B0C0

)

+
(
γ

(1)
−1 α

(1)
1 − β

(1)
−1ξ

(1)
1

)
τ
(0)
x̂ z,x̂ +

(
ξ
(1)
−1α

(1)
1 − α

(1)
−1ξ

(1)
1

)
τ
(0)
zz − ξ

(1)
1

(
η
(1)
x̂ + η

(1)
z

)
+ α

(1)
1 χ

(1)
z

}
, (100a)

τ (2)
zz � 1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

{
S̄1
[
−γ

(1)
1

(
�1ω

2
1 − �1ω

∗2
1 − 2ω1�

∗
1ω

∗
1

)
+ ω4

1β
(1)
1 − 6ω2

1ω
∗2
1 β

(1)
1

+ω∗4
1 β

(1)
1 − �1

(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)
+ γ

(1)
1 α

(1)
0 − ξ

(1)
0 β

(1)
1

]
cosh

(
ω1 x̂

)
cos
(
ω∗
1 x̂
)

+ S̄2
[
−γ

(1)
1

(
�2ω

2
2 − �2ω

∗2
2 − 2ω2�

∗
2ω

∗
2

)− �2

(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)

+
(
ω4
2 − 6ω2

2ω
∗2
2 + ω∗4

2

)
β

(1)
1 + γ

(1)
1 α

(1)
0 − ξ

(1)
0 β

(1)
1

]
cosh

(
ω2 x̂

)
cos
(
ω∗
2 x̂
)

− S̄1
[
−γ

(1)
1

(
ω2
1�

∗
1 + 2ω1�1ω

∗
1 − ω∗2

1 �∗
1

)
+ 4ω3

1ω
∗
1β

(1)
1 − 4ω1ω

∗3
1 β

(1)
1

−�∗
1

(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)]
sinh

(
ω1 x̂

)
sin
(
ω∗
1 x̂
)− S̄2

[
−γ

(1)
1

(
2�2ω2ω

∗
2 + ω2

2�
∗
2 − �∗

2ω
∗2
2

)

−�∗
2

(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)
+ 4ω2ω

∗
2β

(1)
1

(
ω2 − ω∗

2

)(
ω2 + ω∗

2

)]
sinh

(
ω2 x̂

)
sin
(
ω∗
2 x̂
)

+ S1
[
𝓌4

1β
(1)
1 − γ

(1)
1 �1𝓌2

1 − �1

(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)
+ γ

(1)
1 α

(1)
0 − ξ

(1)
0 β

(1)
1

]
cosh

(
𝓌1 x̂

)

+ S2
[
𝓌4

2β
(1)
1 − γ

(1)
1 �2𝓌2

2 − �2

(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)
+ γ

(1)
1 α

(1)
0 − ξ

(1)
0 β

(1)
1

]
cosh

(
𝓌2 x̂

)

+
(
γ

(1)
0 β

(1)
1 − γ

(1)
1 β

(1)
0

)( B0P2 − D0P1
A0D0 − B0C0

)
+
(
γ

(1)
1 α

(1)
0 − ξ

(1)
0 β

(1)
1

)( A0P2 − C0P1
A0D0 − B0C0

)

+
(
−β

(1)
1 γ

(1)
−1 + γ

(1)
1 β

(1)
−1

)
τ

(0)
x̂ z,x̂ +

(
−β

(1)
1 ξ

(1)
−1 + γ

(1)
1 α

(1)
−1

)
τ (0)
zz + γ

(1)
1 η

(1)
x̂ + γ

(1)
1 η(1)

z − β
(1)
1 χ(1)

z

}
,

(100b)

where A0, B0, C0, D0, P1 and P2 are defined in Eqs. (91a)–( 91f).
Substituting Eqs. (97a), (97b), (100a) and (100b) into Eqs. (96a)–(96d) leads to

S1�1cosh

(
𝓌1L

2

)
+ S2�2cosh

(
𝓌2L

2

)
+ S̄1

[
�̄1cosh

(
ω1L

2

)
cos

(
ω∗
1L

2

)
− �̄∗

1sinh

(
ω1L

2

)
sin

(
ω∗
1L

2

)]

+ S̄2

[
�̄2cosh

(
ω2L

2

)
cos

(
ω∗
2L

2

)
− �̄∗

2sinh

(
ω2L

2

)
sin

(
ω∗
2L

2

)]
− B0P2 − D0P1

A0D0 − B0C0

− K (1)
s

[
N

(2)

c(2)
11 t2

− N
(1)

c(1)
11 t1

+
d(2)
11

c(2)
11

�T (2) − d(1)
11

c(1)
11

�T (1) + 6

(
M

(2)

c(2)
11 t

2
2

+
M

(1)

c(1)
11 t

2
1

)]∣∣∣∣∣
x̂� L

2

� 0, (101a)

1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

{
S̄1
[(

�1ω
2
1 − �1ω

∗2
1 − 2ω1�

∗
1ω

∗
1

)
ξ

(1)
1 − ω4

1α
(1)
1 + 6ω2

1α
(1)
1 ω∗2

1
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−α
(1)
1 ω∗4

1 + �1

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
+ ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
ω1L

2

)
cos

(
ω∗
1L

2

)

+ S̄2
[(

�2ω
2
2 − �2ω

∗2
2 − 2ω2�

∗
2ω

∗
2

)
ξ

(1)
1 + �2

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
− (ω4

2 − 6ω2
2ω

∗2
2

+ω∗4
2

)
α

(1)
1 + ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
ω2L

2

)
cos

(
ω∗
2L

2

)
− S̄1

[(
ω2
1�

∗
1 + 2ω1�1ω

∗
1

−ω∗2
1 �∗

1

)
ξ

(1)
1 − 4ω3

1ω
∗
1α

(1)
1 + 4ω1ω

∗3
1 α

(1)
1 + �∗

1

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)]
sinh

(
ω1L

2

)
sin

(
ω∗
1L

2

)

− S̄2
[(
2�2ω2ω

∗
2 + ω2

2�
∗
2 − �∗

2ω
∗2
2

)
ξ

(1)
1 + �∗

2

(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)

−4S̄2ω2ω
∗
2α

(1)
1

(
ω2 − ω∗

2

)(
ω2 + ω∗

2

)]
sinh

(
ω2L

2

)
sin

(
ω∗
2L

2

)

+ S1
[
−α

(1)
1 𝓌4

1 + ξ
(1)
1 �1𝓌2

1 +
(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
�1 + ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
w1L

2

)

+ S2
[
−α

(1)
1 𝓌4

2 + ξ
(1)
1 �2𝓌2

2 +
(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)
�2 + ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

]
cosh

(
𝓌2L

2

)

−
(
γ

(1)
0 α

(1)
1 − β

(1)
0 ξ

(1)
1

)( B0P2 − D0P1
A0D0 − B0C0

)
+
(
ξ

(1)
0 α

(1)
1 − α

(1)
0 ξ

(1)
1

)( A0P2 − C0P1
A0D0 − B0C0

)

+
(
γ

(1)
−1 α

(1)
1 − β

(1)
−1ξ

(1)
1

)
τ

(0)
x̂ z,x̂

∣∣∣
x̂� L

2

+
(
ξ

(1)
−1α

(1)
1 − α

(1)
−1ξ

(1)
1

)
τ (0)
zz

∣∣∣
x̂� L

2

− ξ
(1)
1

(
η

(1)
x̂

∣∣∣
x̂� L

2

+ η(1)
z

∣∣∣
x̂� L

2

)

+α
(1)
1 χ(1)

z

}
− K (2)
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Fig. 2 Geometrical parameters and loading conditions for the multi-layered composite plates: a two-layer plate; b three-layer
plate; c five-layer plate
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Solving Eqs. (101a)–(101d), which form a system of four linear algebraic equations, will lead to the
determination of the four constants S1, S2, S1 and S2. Substituting these constants into Eqs. (97a), (97b),
(100a) and (100b) will give the final expressions for τ

(1)
x̂ z, x̂ , τ

(2)
x̂ z, x̂ , τ

(1)
zz and τ

(2)
zz . Other quantities for the three-

layer plate, including N (m), M (m), ε
(m)
0 and κ(m) (with m ∈ {1, 2, 3}), can be determined by following the

procedure outlined in Sect. 3.2.1.

5 Numerical results

In this section, the analytical model and closed-form solutions developed in Sects. 3 and 4 are utilized to
study the effects of imperfect interfaces on thermomechanical responses of multi-layered composite plates.
Three numerical examples of two-, three- and five-layer composite plates under different loading and boundary
conditions are respectively analyzed here (see Fig. 2).

In the first example, a two-layer composite plate consisting of a copper (Cu) layer (bottom) and a beryllium
oxide (BeO) layer (top) and resting on a rigid substrate, as shown in Fig. 2a, is examined. The composite plate
is subjected to a uniform pressure of 20kPa on its top surface (i.e., τ (0)
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� 0 (see Eqs. (73) and (74)). In view of the general boundary
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τ
(1)
zz,x̂ x̂ � 0 at x̂ � ± L

2
. (102e)

Note that the BCs in Eqs. (102d) and (102e) are directly obtained from Eqs. (83a), (83b), (102a) and (102c).
In the second example, a three-layer composite plate made from a Cu layer (bottom), a BeO layer (middle)

and a silicon (Si) layer (top), as shown in Fig. 2b, is considered, which is clamped on all four edges and
subjected to a uniform pressure of 20kPa on its top surface (i.e., τ (0)
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z � 0 (see Eqs. (51) and (56)). In view of the general BCs
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Note that the BCs in Eqs. (103d) and (103e) follow directly from Eqs. (11a), (11b) and (103a)–(103c).
In the third example, a five-layer plate composed of a Cu layer (bottom), two BeO layers (second and fourth

from the bottom) and two Si layers (top and middle), as shown Fig. 2c, is analyzed, which is supported by a
rigid substrate at its free edges and subjected to a uniform pressure of 20kPa on its top surface (i.e., τ (0)

zz � 0,
τ

(5)
zz � −20kPa, τ (0)

x̂ z � τ
(5)
x̂ z � 0, f (1)

x̂ � f (1)
z � f (2)

x̂ � f (2)
z � f (3)

x̂ � f (3)
z � f (4)

x̂ � f (4)
z � f (5)

x̂ � f (5)
z �

0) and a uniform temperature of �T (1) � �T (2) � �T (3) � �T (4) � �T (5) � �T � 40◦C. These lead to
q(1)
x̂ � q(1)

z � q(2)
x̂ � q(2)

z � q(3)
x̂ � q(3)

z � q(4)
x̂ � q(4)

z � q(5)
x̂ � q(5)

z � 0, m(1)
x̂ � m(2)

x̂ � m(3)
x̂ � m(4)

x̂ �
m(5)

x̂ � 0 (see Eqs. (22a-c)), and η
(1)
x̂ � η

(1)
z � η

(2)
x̂ � η

(2)
z � η

(3)
x̂ � η

(3)
z � η

(4)
x̂ � η

(4)
z � η

(5)
x̂ � η

(5)
z �

χ
(1)
z � χ

(2)
z � χ

(3)
z � χ

(4)
z � χ

(5)
z � 0 (see Eqs. (51) and (56)). In view of the general BCs given in Eqs.

(43a)–(43c), the following BCs can be identified for this case:

N (1) � N (2) � N (3) � N (4) � N (5) � 0 at x̂ � ± L

2
, (104a)

w(1) � w(2) � w(3) � w(4) � w(5) � 0 at x̂ � ± L

2
, (104b)

M (1) � M (2) � M (3) � M (4) � M (5) � 0 at x̂ � ± L

2
, (104c)

τ
(1)
x̂ z,x̂ � K (1)

s

[
d(2)
11

c(2)
11

− d(1)
11

c(1)
11

]
�T , τ

(2)
x̂ z,x̂ � K (2)

s

[
d(3)
11

c(3)
11

− d(2)
11

c(2)
11

]
�T , τ

(3)
x̂ z,x̂ � K (3)

s

[
d(4)
11

c(4)
11

− d(3)
11

c(3)
11

]
�T ,

τ
(4)
x̂ z,x̂ � K (4)

s

[
d(5)
11

c(5)
11

− d(4)
11

c(4)
11

]
�T at x̂ � ± L

2
, (104)

τ
(1)
zz,x̂ x̂ � τ

(2)
zz,x̂ x̂ � τ

(3)
zz,x̂ x̂ � τ

(4)
zz,x̂ x̂ � 0 at x̂ � ± L

2
, (104e)

where Eqs. (104d) and (104e) are directly obtained from Eqs. (66a), (66b), (104a) and (104c).
The material properties, including Young’s modulus E , Poisson’s ratio ν and the coefficient of thermal

expansion (CTE) α, for Cu, BeO and Si are listed in Table 1, which are the same as those employed in [64].
These properties are used to compute the material constants C (m)

11 and d(m)
11 from Eqs. (16) and (45a,b) for each



New analytical model for multi-layered composite plates

Table 1 Materials properties of layers of the composite plates

Materials Young’s modulus E (m) (GPa) Poisson’s ratio ν(m) CTE α(m) (10−6/◦C)

Copper (Cu) 126 0.34 16.5
Beryllium Oxide (BeO) 345 0.3 6.3
Silicon (Si) 120 0.42 2.6

Fig. 3 Thermomechanical responses of the two-layer composite plate: a interfacial shear stress τ
(1)
x̂ z , b interfacial normal stress

τ
(1)
zz ; c normal forces N (m), d bending moments M (m), e distribution of the axial normal stresses σ

(m)

x̂ x̂ (on x̂ � L/4) through the

plate thickness, f axial displacements u(m)

0x̂ , g axial normal strains ε
(m)
0 , and h deflections w(m) and curvatures κ(m), with m ∈

{1,2}. The solid curves depict the predictions by the current analytical model, and the markers represent the FE simulation results
using COMSOL. Here �mt̃m � 1 µm

plane-stress layer considered here. In addition, the interfacial stiffness constants K (m)
s and K (m)

n are determined
from Eq. (11c), with the Lamé constants of the mth interface, λ̃m and μ̃m (with m ∈ {1,2, .., Nl}), given by

λ̃m � �mt̃m
tm + tm+1

[2(λm + λm+1) + (μm + μm+1)], μ̃m � �mt̃m
2(tm + tm+1)

(μm + μm+1), (105a,b)

where λm , μm and λm+1, μm+1 are, respectively, the Lamé constants of the mth and (m + 1)th layers, and
�m is a non-dimensional parameter introduced as a measure of the interfacial stiffness. The range for �m is
0 < �m < ∞, with �m → ∞ representing an interface between two perfectly bonding layers and �m → 0
standing for an interface between two separated layers. For illustration purposes, the range of 4× 10−5 µm
< �mt̃m < 1 µm is used in the examples presented here.

To validate the analytical model and closed-form solutions developed in Sects. 3 and 4 and applied to the
example problems herein, the numerical results predicted by the current model are compared to those obtained
from finite element (FE) simulations using COMSOL [12], as shown in Figs. 3, 4 and 5. In the FE analyses,
each layer of the composite plate is modeled as a 2D linear elastic solid with a Young’s modulus of C (m)

11 ,
a Poisson’s ratio of zero, and a coefficient of thermal expansion of αm . In addition, each imperfect interface
between two adjacent layers is regarded as a thin layer with the tangential stiffness K (m)

s and normal stiffness
K (m)
n .
Figure 3 displays the results for the two-layer composite plate, which shows how the CTEmismatch affects

the mechanical response of the plate. Under the boundary and loading conditions indicated in Fig. 2a, τ (1)
x̂ z and

τ
(1)
zz are developed at the interface due to the mismatch in the CTE between the two materials (see Figs. 3a and
3b), resulting in the plate bending. The numerical values of τ

(1)
x̂ z and τ

(1)
zz plotted in Fig. 3a and 3b are obtained
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Fig. 4 Thermomechanical responses of the three-layer composite plate: a interfacial shear stresses τ
(m)

x̂ z , b interfacial normal

stresses τ
(m)
zz , with m ∈ {1,2}; c normal forces N (m), d bending moments M (m), e distribution of the axial normal stresses σ

(m)

x̂ x̂(
on x̂ � 0

)
through the plate thickness, f axial displacements u(m)

0x̂ , g axial normal strains ε
(m)
0 , and h deflections w(m) and

curvatures κ(m), with m ∈ {1,2, 3}. The solid curves depict the predictions by the current analytical model, and the markers
represent the FE simulation results using COMSOL. Here �mt̃m � 1 µm

from Eqs. (79), (80) and (87a)–(87c), with τ
(0)
zz � τ

(2)
zz � −20kPa, τ (0)

x̂ z � τ
(2)
x̂ z � 0, �T (1) � �T (2) � 40◦C,

N
(1) � N

(2) � 0, M
(1) � M

(2) � 0, η(1)
x̂ � η

(1)
z � 0, and

(
τ

(1)
x̂ z, x̂

)

p
� 0.

When the two-layer plate under the loading and boundary conditions shown in Fig. 2a expands (see Figs. 3f
and 3g), the CTEmismatch (i.e., 16.5μ/◦C for Cu versus 6.3μ/◦C for BeO) results in a tensile axial force (i.e.,
N (1) > 0) in the BeO layer and a compressive axial force of the same magnitude (i.e., N (2) � −N (1) < 0)
in the Cu layer (see Fig. 3c). As a result, bending moments develop in the two layers (i.e., M (1) �� 0 and
M (2) �� 0) (see Fig. 3d), leading to non-zero values of the deflection and curvature in each layer of the plate
(i.e., w(1) �� 0, w(2) �� 0, κ(1) �� 0 and κ(2) �� 0) (see Fig. 3h). Note that w(1) ≈ w(2) and κ(1) ≈ κ(2) in the
current problem with the specified geometrical parameters and material constants. In addition, the presence
of the bending moments M (1) and M (2) makes the axial normal stress σ

(m)

x̂ x̂ (m ∈ {1, 2}) discontinuous at the
interface between the two layers, as shown in Fig. 3e.

Figure 4 illustrates the numerical results for the three-layer composite plate with the support and loading
shown in Fig. 3b. The numerical values of τ

(1)
x̂ z and τ

(1)
zz plotted in Figs. 4a and 4b are obtained using Eqs.

(97a), (97b), (95a)–(95g), (98a)–(98f) and (103a)–(103e), with τ
(0)
zz � 0, τ (3)

zz � −20kPa, τ (0)
x̂ z � τ

(3)
x̂ z � 0, and

�T (1) � �T (2) � �T (3) � �T � 40cos
(
π x̂/L

)◦C. Note that w(1) ≈ w(2) ≈ w(3) and κ(1) ≈ κ(2) ≈ κ(3)

in this three-layer plate example problem with the specified geometrical parameters and material constants.
Figure 5 shows the results for the five-layer composite plate with the support and loading illustrated in

Fig. 3c. The numerical values of τ (m)

x̂ z , τ (m)
zz , N (m),M (m), σ (m)

x̂ x̂ , u(m)

0x̂ , ε(m)
0 ,w(m) and κ(m) displayed in Fig. 5a–5h

are, respectively, obtained using the formulas for the general case given in Eqs. (64), (61b), (65a), (65b), (18a),
(2a), (44a), (3c) and (44b), with τ
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z � 0, N (1) � N (2) � N (3) � N (4) � N (5) � 0 at x̂ � ± L

2 ,

and M (1) � M (2) � M (3) � M (4) � M (5) � 0 at x̂ � ± L
2 . Note that w

(1) ≈ w(2) ≈ w(3)≈ w(4) ≈ w(5) and
κ(1) ≈ κ(2) ≈ κ(3) ≈ κ(4) ≈ κ(5) in the example problem here with the specified geometrical parameters and
material constants.

A comparison of Figs. 4 and 5 with Fig. 3 reveals that trends similar to those for the two-layer composite
plate are observed for the three- and five-layer composite plates, where the mismatch in the CTE and elastic



New analytical model for multi-layered composite plates

Fig. 5 Thermomechanical responses of the five-layer composite plate: a interfacial shear stresses τ
(m)

x̂ z , b interfacial normal

stresses τ
(m)
zz , with m ∈ {1,2,3,4}; c normal forces N (m), d bending moments M (m), e distribution of the axial normal stresses

σ
(m)

x̂ x̂

(
on x̂ � 0

)
through the plate thickness, f axial displacements u(m)

0x̂ , g axial normal strains ε
(m)
0 , and h deflections w(m) and

curvatures κ(m), with m ∈ {1,2,3,4,5}. The solid curves depict the predictions by the current analytical model, and the markers
represent the FE simulation results using COMSOL. Here �mt̃m � 1 µm

properties leads to the interfacial stresses τ
(m)

x̂ z and τ
(m)
zz at the interfaces (see Figs. 4a, 4b, 5a and 5b), resulting

in the discontinuities in the axial normal stresses σ
(m)

x̂ x̂ at these interfaces (see Figs. 4e and 5e). The mismatch

also brings about the layer-to-layer variations of the axial displacements u(m)

0x̂ (see Figs. 4f and 5f), axial normal

strains ε
(m)
0 (see Figs. 4g and 5g), and axial normal forces N (m) (see Figs. 4c and 5c). In addition, the bending

moments M (m) are developed in the layers (see Figs. 4d and 5d), leading to the deflectionsw(m) and curvatures
κ(m) in the plates (see Figs. 4h and 5h).

Figures 3, 4 and 5 illustrate that the interfacial shear stress τ
(m)

x̂ z and normal stress τ
(m)
zz both change sharply

near the plate edges, indicating a pronounced edge (or boundary) effect. When the plate has free edges (i.e.,
without normal forces and moments there), as in the cases of the two-layer (see Fig. 2a) and five-layer (see
Fig. 2c) plates, τ (m)

x̂ z and τ
(m)
zz remain non-zero at the edges x̂ � ±L/2, depending on the applied thermal load,

as shown in Eqs. (102d) and (104d). However, in the case of the three-layer composite plate shown in Fig. 2b,
where the edges are clamped, τ (m)

x̂ z and τ
(m)
zz are both zero at x̂ � ±L/2, as given in Eqs. (103d) and (103e).

Nonetheless, τ (m)

x̂ z and τ
(m)
zz remain varying sharply near the edges, indicating the presence of an edge effect.

In addition, it is observed from Figs. 3, 4 and 5 that the predictions by the current analytical model agree
very well with the FE simulation results obtained using COMSOL in all three examples considered here.

Finally, it should be mentioned that in the newly developed analytical model, each layer of the composite
plate is regarded as an elastic thin plate interacting with adjacent layers through adhesive bonding that depend
on the stiffness of the interface (see Eqs. (11a) and (11b)). In layer-wise plate theories (e.g., [5, 6, 51, 62]),
continuities in both the displacement and stress fields across each interface are assumed a priori.As a result, such
theories cannot capture discontinuities arising from imperfect interfaces. Unlike the layer-wise plate models,
the current new model predicts the interfacial shear and normal stresses τ

(m)

x̂ z and τ
(m)
zz between adjacent

layers in terms of the stiffness constants K (m)
s and K (m)

n of the interface and can account for discontinuities
in the displacement and stress fields at imperfect interfaces in multi-layered composite plates. This is further
illustrated in Figs. 6 and 7. It is seen from Fig. 6 that reducing the interface stiffness, through decreasing the
parameter �m (see Eqs. (105a,b)), leads to increased differences in the displacement and stress fields across
each interface for the three-layer composite plate depicted in Fig. 2b. Moreover, it is observed from Fig. 7 that
the difference in the deflection between two adjacent layers increases as the plate length L (� a � b) decreases
for the three-layer plate with the given value of �m .
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Fig. 6 Discontinuities in the a displacement field and b stress field due to imperfect (weakened) interfaces in the three-layer
composite plate. Here t̃m � 1 µm

Fig. 7 Deflections varyingwith the plate length L in the three-layer composite plate: a L � 160mm,b L � 80mm, c L � 40mm,
and d L � 20mm. Here �mt̃m � 4 × 10−5 µm

6 Conclusions

A new analytical model is provided for characterizing the thermoelastic behavior of a multi-layered composite
plate with an arbitrary number of imperfectly bonded layers, which is under general thermal and mechanical
loading. A variational method based on the first and second laws of thermodynamics is applied to obtain
the governing equations and boundary conditions simultaneously, unlike in existing studies. The Kirchhoff
plate theory and a spring-layer imperfect interface model are employed in the formulation. The former is used
to describe deformations of each layer of the composite plate, while the latter is adopted to represent every
imperfect interface between two adjacent layers, which is regarded as a thin spring layer having an infinitesimal
thickness and two stiffness constants. This interface model accounts for discontinuities in the displacement
and stress fields across the interface.

A general analytical solution for a symmetrically loaded composite square plate with an arbitrary number
of layers and imperfect interfaces is derived by using a newly proposed approach, which reduces the governing
equations for a multi-layered plate to a system of two coupled ordinary differential equations to solve for the
interfacial normal and shear stress components on one interface.

By directly applying the general analytical solution, closed-form solutions are obtained as examples for
two- and three-layer composite square plates under specified thermomechanical loading.

Numerical results are presented for two-, three-, and five-layer composite square plates under different
loading and boundary conditions by using the general analytical model and two closed-form solutions. These
results predicted by the current new model are compared against those from finite element simulations using
COMSOL. The two sets of results for each of the three composite plates agree very well, which validates and
supports the newly developed analytical model.

Being capable of describing multi-layered plates with imperfect interfaces, containing an arbitrary number
of layers of dissimilar materials and subjected to general thermomechanical loading, the current analytical
model offers a new approach for interface design and structural optimization of stacked composite plates.

Finally, it should be mentioned that the newly developed analytical model is based on the Kirchhoff plate
theory, which is the simplest among all plate theories. The use of a higher-order plate model such as Mindlin’s
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(linear) or von Karman’s (nonlinear) would make the analytical formulations even more challenging. Such
formulations based on higher-order or nonlinear plate theories can be explored in the future.
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Appendix A

Consider a pair of conjugated complex roots of the polynomial equation in Eq. (67):

Z2n−1, Z2n � ω2
n − ω∗2

n ± i2ωnω
∗
n , (A1)

where Z2n−1 and Z2n are two conjugated roots of Eq. (67), ωn and ω∗
n are real numbers, and i (� √−1) is the

imaginary unit. The four roots of the polynomial equation in Eq. (62) that correspond to the two conjugated
complex roots Z2n−1 and Z2n can be written as

λ4n−3, λ4n−2 � ωn ± iω∗
n , λ4n−1, λ4n � −ωn ± iω∗

n . (A2)

From Eq. (A2), the exponential functions Cn�nexp
(
λn x̂
)
and Cnexp

(
λn x̂
)
involved in Eqs. (61a) and

(61b) that are associated with the pair of conjugated complex roots shown in Eq. (A1) can be expressed as

C4n−3�4n−3 exp
(
λ4n−3 x̂

)
+ C4n−2�4n−2 exp

(
λ4n−2 x̂

)
+ C4n−1�4n−1 exp

(
λ4n−1 x̂

)
+ C4n�4n exp

(
λ4n x̂

)
,

(A3a)
C4n−3 exp

(
λ4n−3 x̂

)
+ C4n−2 exp

(
λ4n−2 x̂

)
+ C4n−1 exp

(
λ4n−1 x̂

)
+ C4n exp

(
λ4n x̂

)
. (A3b)

In light of Eq. (63), the constants�4n−3,�4n−2,�4n−1 and�4n that correspond to the conjugated complex
roots listed in Eq. (A2) can be identified as

�4n−3,�4n−2 � �̄n ± i�̄∗
n , �4n−1,�4n � �̄n ∓ i�̄∗

n , (A4)

where �n and �
∗
n are real numbers.

Substituting Eqs. (A2) and (A4) into Eq. (A3a) gives, with the help of Euler’s formula,
[
C4n−3

(
�n + i�

∗
n

)
+ C4n−2

(
�n − i�

∗
n

)
+ C4n−1

(
�n − i�

∗
n

)
+ C4n

(
�n + i�

∗
n

)]
cosh

(
ωn x̂

)
cos
(
ω∗
n x̂
)

+
[
C4n−3

(
�n + i�

∗
n

)
+ C4n−2

(
�n − i�

∗
n

)
− C4n−1

(
�n − i�

∗
n

)
− C4n

(
�n + i�

∗
n

)]
sinh

(
ωn x̂

)
cos
(
ω∗
n x̂
)

+ i
[
C4n−3

(
�n + i�

∗
n

)
− C4n−2

(
�n − i�

∗
n

)
+ C4n−1

(
�n − i�

∗
n

)
− C4n

(
�n + i�

∗
n

)]
cosh

(
ωn x̂

)
sin
(
ω∗
n x̂
)

+ i
[
C4n−3

(
�n + i�

∗
n

)
− C4n−2

(
�n − i�

∗
n

)
− C4n−1

(
�n − i�

∗
n

)
+ C4n

(
�n + i�

∗
n

)]
sinh

(
ωn x̂

)
sin
(
ω∗
n x̂
)
. (A5)

Similarly, using Eqs. (A2) and (A4) in Eq. (A3b) yields
(
C4n−3 + C4n−2 + C4n−1 + C4n

)
cosh

(
ωn x̂

)
cos
(
ω∗
n x̂
)

http://creativecommons.org/licenses/by/4.0/
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+
(
C4n−3 + C4n−2 − C4n−1 − C4n

)
sinh

(
ωn x̂

)
cos
(
ω∗
n x̂
)

+ i
(
C4n−3 − C4n−2 + C4n−1 − C4n

)
cosh

(
ωn x̂

)
sin
(
ω∗
n x̂
)

+ i
(
C4n−3 − C4n−2 − C4n−1 + C4n

)
sinh

(
ωn x̂

)
sin
(
ω∗
n x̂
)
. (A6)

It is seen that the relations (A5) and (A6) contain imaginary terms, which would render the interfacial
stresses in Eqs. (68a) and (68b) complex. As the interfacial stresses are real at any position x̂ , when P1 and P2
are constants, the following relations can be obtained by eliminating the imaginary terms in Eq. (A6):

C4n−3 � C4n−2, C4n−1 � C4n . (A7a,b)

Substituting Eqs. (A7a,b) into Eqs. (A5) and (A6) leads to

2
(
C4n−2 + C4n

)
�n cosh

(
ωn x̂

)
cos
(
ω∗
n x̂
)
+ 2
(
C4n−2 − C4n

)
�n sinh

(
ωn x̂

)
cos
(
ω∗
n x̂
)

+ 2
(−C4n−2 + C4n

)
�

∗
n cosh

(
ωn x̂

)
sin
(
ω∗
n x̂
)
+ 2
(−C4n−2 − C4n

)
�

∗
n sinh

(
ωn x̂

)
sin
(
ω∗
n x̂
)
, (A8a)

2
(
C4n−2 + C4n

)
cosh

(
ωn x̂

)
cos
(
ω∗
n x̂
)
+ 2
(
C4n−2 − C4n

)
sinh

(
ωn x̂

)
cos
(
ω∗
n x̂
)
. (A8b)

It follows that the terms in Eqs. (A8a) and (A8b) are all real, thereby leading to real-valued interfacial stresses.
Under symmetric loading, Eqs. (A8a) and (A8b) reduce to, after eliminating the anti-symmetric terms by

setting C4n−2 � C4n ,

Sn�n cosh
(
ωn x̂

)
cos
(
ω∗
n x̂
)− Sn�

∗
n sinh

(
ωn x̂

)
sin
(
ω∗
n x̂
)
, (A9a)

Sn cosh
(
ωn x̂

)
cos
(
ω∗
n x̂
)
, (A9b)

where Sn � 4C4n .
The relations in Eqs. (A9a)and (A9b) define the stresses that correspond to the pair of conjugated complex

roots Z2n−1 and Z2n listed in Eq. (A1). For a real root Z2n−1 or Z2n with ω∗
n � 0 and �

∗
n � 0, Eqs. (A9a) and

(A9b) become.

Sn�n cosh
(
𝓌n x̂

)
, (A10a)

Sn cosh
(
𝓌n x̂

)
, (A10b)

where 𝓌n is the nth real root of Eq. (62), Sn is a constant, and �n � −
∑2(2Nl−3)−1

q�0 Q2q𝓌
2q
n

Qd
is obtained from

Eq. (63).
By introducing Rr and Rcc as, respectively, the number of real roots and the number of pairs of complex

conjugate roots of Eq. (67) and by using Eqs. (A9a) and (A9b) for each pair of complex roots and Eqs. (A10a)
and (A10b) for each real root, the interfacial stresses in Eqs. (61a) and (61b) can be expressed as

τ
(1)
x̂ z,x̂ �

Rr∑

p�1

Sp�p cosh
(
𝓌p x̂

)
+

Rcc∑

n�1

[
Sn�n cosh

(
ωn x̂

)
cos
(
ω∗
n x̂
)− Sn�

∗
n sinh

(
ωn x̂

)
sin
(
ω∗
n x̂
)]

− B0P2 − D0P1
A0D0 − B0C0

, (A11a)

τ (1)
zz

(
x̂
) �

Rr∑

p�1

Sp cosh
(
𝓌p x̂

)
+

Rcc∑

n�1

Sn cosh
(
ωn x̂

)
cos
(
ω∗
n x̂
)
+

A0P2 − C0P1
A0D0 − B0C0

, (A11b)

where x̂ is either x or y.
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Appendix B

The coefficients A0 − A4, B0 − B6, C0 − C6 and D0 − D8 and the inhomogeneous terms P1 and P2 in Eqs.
(91a)–(91f) are determined for a three-layer plate by solving the following system of differential equations:

τ
(1)
x̂ z,x̂ x̂ x̂ � β

(1)
1 τ

(2)
x̂ z,x̂ + β

(1)
0 τ

(1)
x̂ z,x̂ + β

(1)
−1τ

(0)
x̂ z,x̂ + α

(1)
1 τ (2)

zz + α
(1)
0 τ (1)

zz + α
(1)
−1τ

(0)
zz + η

(1)
x̂ + η(1)

z , (B1a)

τ
(2)
x̂ z,x̂ x̂ x̂ � β

(2)
1 τ

(3)
x̂ z,x̂ + β

(2)
0 τ

(2)
x̂ z,x̂ + β

(2)
−1τ

(1)
x̂ z,x̂ + α

(2)
1 τ (3)

zz + α
(2)
0 τ (2)

zz + α
(2)
−1τ

(1)
zz + η

(2)
x̂ + η(2)

z , (B1b)

τ
(1)
zz,x̂ x̂ x̂ x̂ � γ

(1)
1 τ

(2)
x̂ z,x̂ + γ

(1)
0 τ

(1)
x̂ z,x̂ + γ

(1)
−1 τ

(0)
x̂ z,x̂ + ξ

(1)
1 τ (2)

zz + ξ
(1)
0 τ (1)

zz + ξ
(1)
−1 τ (0)

zz + χ(1)
z , (B1c)

τ
(2)
zz,x̂ x̂ x̂ x̂ � γ

(2)
1 τ

(3)
x̂ z,x̂ + γ

(2)
0 τ

(2)
x̂ z,x̂ + γ

(2)
−1 τ

(1)
x̂ z,x̂ + ξ

(2)
1 τ (3)

zz + ξ
(2)
0 τ (2)

zz + ξ
(2)
−1 τ (1)

zz + χ(2)
z , (B1d)

which can be readily obtained from Eqs. (57a) and (57b) by setting Nl � 3.
Solving Eqs. (B1a) for τ

(2)
x̂ z, x̂ gives

τ
(2)
x̂ z,x̂ � 1

β
(1)
1

{
τ

(1)
x̂ z,x̂ x̂ x̂ − β

(1)
0 τ

(1)
x̂ z,x̂ − β

(1)
−1τ

(0)
x̂ z,x̂ − α

(1)
1 τ (2)

zz − α
(1)
0 τ (1)

zz − α
(1)
−1τ

(0)
zz − η

(1)
x̂ − η(1)

z

}
. (B2)

Using Eq. (B2) in Eq. (B1c) yields

τ
(1)
zz,x̂ x̂ x̂ x̂ � γ

(1)
1

β
(1)
1

τ
(1)
x̂ z,x̂ x̂ x̂ +

(
γ

(1)
0 − γ

(1)
1 β

(1)
0

β
(1)
1

)
τ

(1)
x̂ z,x̂ +

(
γ

(1)
−1 − γ

(1)
1 β

(1)
−1

β
(1)
1

)
τ

(0)
x̂ z,x̂ +

(
ξ

(1)
1 − γ

(1)
1 α

(1)
1

β
(1)
1

)
τ (2)
zz

+

(
ξ

(1)
0 − γ

(1)
1 α

(1)
0

β
(1)
1

)
τ (1)
zz +

(
ξ

(1)
−1 − γ

(1)
1 α

(1)
−1

β
(1)
1

)
τ (0)
zz − γ

(1)
1

β
(1)
1

η
(1)
x̂ − γ

(1)
1

β
(1)
1

η(1)
z + χ(1)

z . (B3)

From Eq. (B3), τ (2)
zz can be obtained as

τ (2)
zz � β

(1)
1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

{
τ

(1)
zz,x̂ x̂ x̂ x̂ − γ

(1)
1

β
(1)
1

τ
(1)
x̂ z,x̂ x̂ x̂ −

(
γ

(1)
0 − γ

(1)
1 β

(1)
0

β
(1)
1

)
τ

(1)
x̂ z,x̂ −

(
γ

(1)
−1 − γ

(1)
1 β

(1)
−1

β
(1)
1

)
τ

(0)
x̂ z,x̂

−
(

ξ
(1)
0 − γ

(1)
1 α

(1)
0

β
(1)
1

)
τ (1)
zz −

(
ξ

(1)
−1 − γ

(1)
1 α

(1)
−1

β
(1)
1

)
τ (0)
zz +

γ
(1)
1

β
(1)
1

η
(1)
x̂ +

γ
(1)
1

β
(1)
1

η(1)
z − χ(1)

z

}
. (B4)

The substitution of Eqs. (B2) and (B4) into Eqs. (B1b) and (B1d) leads to

1

β
(1)
1 ξ

(1)
1 − α

(1)
1 γ

(1)
1

{
−ξ

(1)
1 τ

(1)
x̂ z,x̂ x̂ x̂ x̂ x̂ +

[(
β
(1)
0 + β

(2)
0

)
ξ
(1)
1 − α

(2)
0 γ

(1)
1 − α

(1)
1 γ

(1)
0

]
τ
(1)
x̂ z,x̂ x̂ x̂

+
[(

β
(2)
−1β

(1)
1 − β

(2)
0 β

(1)
0

)
ξ
(1)
1 + α

(1)
1

(
β
(2)
0 γ

(1)
0 − β

(2)
−1γ

(1)
1

)
+ α

(2)
0

(
γ
(1)
1 β

(1)
0 − γ

(1)
0 β

(1)
1

)]
τ
(1)
x̂ z,x̂ + α

(1)
1 τ

(1)
zz,x̂ x̂ x̂ x̂ x̂ x̂

+
[
α
(2)
0 β

(1)
1 − β

(2)
0 α

(1)
1

]
τ
(1)
zz,x̂ x̂ x̂ x̂ +

(
α
(1)
0 ξ

(1)
1 − α

(1)
1 ξ

(1)
0

)
τ
(1)
zz,x̂ x̂ +

[
(α(2)

−1β
(1)
1 − β

(2)
0 α

(1)
0 )ξ (1)1

+
(
β
(2)
0 ξ

(1)
0 − α

(2)
−1γ

(1)
1

)
α
(1)
1 + α

(2)
0

(
γ
(1)
1 α

(1)
0 − β

(1)
1 ξ

(1)
0

)]
τ (1)zz +

(
β
(1)
−1ξ

(1)
1 − γ

(1)
−1α

(1)
1

)
τ
(0)
x̂ z,x̂ x̂ x̂

+
[
β
(2)
0 γ

(1)
−1α

(1)
1 − β

(2)
0 β

(1)
−1ξ

(1)
1 + α

(2)
0

(
γ
(1)
1 β

(1)
−1 − β

(1)
1 γ

(1)
−1

)]
τ
(0)
x̂ z,x̂ +

(
α
(1)
−1ξ

(1)
1 − ξ

(1)
−1α

(1)
1

)
τ
(0)
zz,x̂ x̂

+
[
β
(2)
0 ξ

(1)
−1α

(1)
1 − β

(2)
0 α

(1)
−1ξ

(1)
1 + α

(2)
0

(
γ
(1)
1 α

(1)
−1 − β

(1)
1 ξ

(1)
−1

)]
τ (0)zz +

[
α
(2)
0 γ

(1)
1 − β

(2)
0 ξ

(1)
1

](
η
(1)
x̂ + η(1)z

)

+
[
β
(2)
0 α

(1)
1 − α

(2)
0 β
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Equations (B5a) and (B5b) are the same as those given in Eqs. (90a) and (90b), with the coefficients listed in
Eqs. (91a)–(91f).
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convective heat transfer in multi-layered fibrous materials composed by different middle layer structures. J. Ind. Text. 51(3),
362–379 (2021)

79. Yu, Y.Y.: A new theory of elastic sandwich plates—one-dimensional case. J. Appl. Mech. 26(3), 415–421 (1959)
80. Zhang, N.H.: Thermoelastic stresses in multilayered beams. Thin Solid Films 515(23), 8402–8406 (2007)
81. Zhang, X.C., Xu, B.S., Wang, H.D., Wu, Y.X.: An analytical model for predicting thermal residual stresses in multilayer

coating systems. Thin Solid Films 488(1–2), 274–282 (2005)
82. Zhang, Y.: Extended Stoney’s formula for a film-substrate bilayer with the effect of interfacial slip. J. Appl. Mech. 75(1),

011008-1–011008-9 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional
affiliations.


	New analytical model for multi-layered composite plates with imperfect interfaces under thermomechanical loading
	Abstract
	1 Introduction
	2 New model for a multi-layered composite plate with imperfect interfaces
	2.1 Plate configuration
	2.2 Kinematic relations
	2.3 Interface model
	2.4 Equilibrium analysis
	2.4.1 Equilibrium for each layer
	2.4.2 Global equilibrium of the multi-layered composite plate


	3 Analytical solution
	3.1 BVP for a symmetrically loaded composite square plate
	3.2 Analytical solution for the BVP
	3.2.1 General solution
	3.2.2 Determination of overlineC _n


	4 Examples: closed-form solutions for two- and three-layer composite plates
	4.1 Two-layer composite plate
	4.2 Three-layer composite plate

	5 Numerical results
	6 Conclusions
	Acknowledgements
	References


