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Abstract The primary objective of this paper is to examine the free vibration behaviors of functionally graded
nanobeams with porosity while considering nonlocal parameters. The nanobeams are built of functionally
graded materials, having material features that change smoothly over the beam’s thickness. To illustrate how
porosity is distributed throughout the body of the beams, four different forms of porosity distribution are taken
into consideration. Eringen’s nonlocal parameter elasticity theory and Hamilton’s principle are used to establish
the governing equations of the motion of the functionally graded porous nanobeams. Then, the closed-form
solution of Navier is used to solve the eigenvalue problems to find the frequencies of the functionally graded
porous nanobeams. A comprehensive parametric study is also carried out to demonstrate the influence of
geometric parameters, material gradient index, and nonlocal parameters on low- and high-frequency vibration
behaviors of the functionally graded porous nanobeams. The results of the vibration of the functionally graded
porous nanobeams undergoing the low- and high-frequency conditions can serve as benchmarks for applications
of such structures in engineering and for future work.

1 Introduction

Functionally graded materials (FGMs) have drawn a lot of interest recently because of their numerous uses
and distinctive mechanical characteristics [1-3]. FGMs exhibit a spatial variation in composition, resulting in
tailored properties that can be manipulated to optimize performance across a range of engineering and scientific
specialties. The study of FGMs has paved the way for innovative solutions in fields such as aerospace engineer-
ing, structural mechanics, biomechanics, and nanotechnology [4—12]. Particularly intriguing are functionally
graded (FG) nanostructures, which extend these advantages to the nanoscale, enabling enhanced material
functionality and novel applications.

The analysis of nanostructures, including nanoplates, nano-shells, and nanobeams, has been the subject
of intensive research. Various theories have been employed to study their mechanical behavior, ranging from
classical elasticity to more advanced approaches that account for size-dependent and nonlocal effects [13—15].
These theories have revealed a capital of insights into the mechanics of nanostructures, shedding light on
phenomena such as size-dependent stiffness, surface effects, and nonlocal behavior [16—18]. Therefore, under-
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standing the vibration characteristics of nanostructures has become essential for designing and optimizing
nanoscale devices and systems.

In recent years, investigating the vibration problems in nanostructures has become particularly prominent.
Nanobeams, which have become fundamental building blocks in many nanoscale applications, have been
of particular interest. Notably, FG nanobeams exhibit distinct behavior because of the gradual variation of
material features through the thickness. Eringen [19-22] provided the differential constitutive model and
integral constitutive model of the nonlocal elasticity theory (NET), which has been applied by many scientists
to analyze nanostructures. By using NET, the nonlocal bending, free vibration, and buckling behaviors of the
isotropic and FG nanobeams have been investigated extensively by Eltaher et al. [23], Thai et al. [24], Rahmani
et al. [25], Arefi et al. [26], Gholami et al. [27]. Ebrahimi et al. [28-31], and Karami et al. [32]. The effects of
the hygrothermal, piezoelectricity, magneto-piezoelectricity, and flexoelectricity on the mechanical behaviors
of the nanobeams were also investigated carefully. The results of these studies also show that the nonlocal
parameters have significant effects on the behaviors of the nanostructures.

It is noticed that the integration of porosity into these structures leads to an additional level of complexity,
affecting their mechanical response. Therefore, examining the mechanical behaviors of porous nanobeams
has become the focus of researchers’ attention. Several studies on the effects of porosity were caried out, for
example, Aria et al. [33], Ghobadi et al. [34], Ebrahimi et al. [35], Wang et al. [36, 37], Faghidian et al. [38],
Civalek et al. [39], Rastehkenari et al. [40], Chandel et al. [41], Hadji et al. [42], and Akbas [43], and so
on. More details on the analysis of the FG nanobeams with and without porosity are reported in the studies
of Numanoglu et al. [44], Simgek [45], Barati et al. [46], and their references. In those studies, NET and
nonlocal strain gradient theory were applied to consider for small-scale effects. The outcomes of these works
also demonstrated that the distribution of porosity and coefficient of porosity plays a significant role in the
behaviors of the nanostructures.

Consequently, the results of above-mentioned works showed that porosity has considerable influences on
the dynamic responses of the FG porous nanobeams and should be investigated more. Additionally, in the
above-mentioned studies, only some first modes of the nanobeams, especially the fundamental mode, were
investigated. Therefore, despite the growing body of knowledge in this area, a comprehensive study of the
vibration behavior of FG porous nanobeams, especially undergoing high-frequency conditions considering the
influence of nonlocal parameters, remains an important research gap. Therefore, the present study aims to report
this problem by analyzing the free vibration behaviors of FG nanobeams, including porosity, while considering
the effects of nonlocal parameters. This investigation not only contributes to the understanding the vibration
behavior of FG porous nanobeams but also provides insights into the influence of geometric parameters,
material gradient index, and nonlocal parameters on their low- and high-frequency vibration characteristics.
The obtained results offer valuable benchmarks for the engineering applications of such structures and guide
future research endeavors. By exploring the effects of porosity and considering various material property
gradients, this research advances the knowledge base in the field of nano-mechanics and offers practical
insights for the design and optimization of nanoscale devices and systems.

2 Theoretical formulation of the problem
2.1 Functionally graded porous nanobeams

In this study, as presented in Fig. 1, an FG porous nanobeam is considered. The porosity distributes through
the volume of the nanobeam, with uniform distribution through the longitudinal direction, and non-uniform
through the thickness of the nanobeams. The beam’s height is 4, and the beam’s length is L.

The variation of the material characteristics along the thickness of the FG porous nanobeams can be
estimated using the simple mixing rule. For the perfect FG nanobeams

1 z)\F
E(z) = En+ (Ec — Em)(i + Z)

1 ' k
p(2) = pm + (pe — pm)(z + %) (1)

1 z k
v(z) = vm + (Ve — Vm)(i + E)
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Fig. 2 The porosity distribution throughout the thickness of the FG porous nanobeams

where subscripts ¢, m denote the ceramic and metal phases, respectively, k is the material gradient index, and
E, p, v represent the Young’s modulus, mass density, and Poisson’s ratio of material, respectively.

The manufacturing process of sintering, which is common in the production of FGMs, is responsible for
the formation of voids or porosities within the materials. On the other hand, FGMs can be further improved
in terms of weight reduction and energy absorption by introducing porosity while maintaining a significant
amount of its strength. Besides, FG porous media can be utilized in several engineering applications, such as
enhanced filtration, the automotive industry, and medical implants. Therefore, it is important to introduce the
porosity effects at the analysis, testing, and design stage of the FG structures. The distribution of porosity in
FG structures can be random or regular. In this study, four common types of distributions, called Type I, 11,
II1, and IV, are utilized to consider the effects of the porosity on the change of the material properties of the
FG nanobeams. These distributions are given by the following formulae [47].

Type I : p(z) = Pocos[5(}
Type Il : p(z) = Pycos| 5 (5
Type IIL: p(z) = Pocos[n (&
Type IV: p(z) = Py — Pycos[x ()]

5)] )

where p(z) is the function that demonstrates the porosity distribution throughout the thickness of the FG
porous nanobeams, and Py is the maximum porosity coefficient. The illustration of the functions of the porosity
distributions are presented in Fig. 2.
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Fig. 3 The variation of effective Young’s modulus throughout the thickness of the FG porous nanobeams

The effective material characteristics of the FG porous nanobeams are computed as follows:

1 k
E(Z) = | Em+ (Ec — Em)(i + %) (1 = p@)

1 k
p(2) = | pm + (pc — pm)<§ + %) (1= p@)

According to some published works, the effects of the Poisson’s ratio on the mechanical behaviors of
the structures are small [48—50]; therefore, in this study, the Poisson’s ratio is assumed to be independent of
porosity. Figure 3 shows the variation of the effective Young’s modulus, E(z), through the thickness of the FG
porous nanobeams with E./Ep = 10.

2.2 The simple higher-order shear beam theory

To establish the equations of motion of the FG porous nanobeams, a simple higher-order shear deformation
theory [51] is used; therefore, the displacement fields of the FG porous nanobeams are as follows:
dwp(x,1) dws(x,t)
— T ) ——

ox ox “)
w(x,z,1) = wp(x, 1) + wy(x, 1)

M(X,Z,t) = M(X,t) —Z
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where u(x, t) denotes the axial displacement, wy(x, f) and wg(x, t) describe the bending and shear parts of
the transverse displacement of a point at the midplane of the beams. The bending part wy(x, ¢) is assumed to
be similar to the displacement of the classical beam theory; the shear part wg(x, ¢) gives rise to the nonlinear
variation of the shear strain y,, and hence to the shear stress 7, through the thickness of the beams in such a
way that the shear stress 7, satisfies free condition at the top and bottom surfaces of the beams. The formulation
of f(z) is chosen to fulfill the free condition of the shear stress on the top and bottom surfaces of the FG porous
nanobeams. In this study, the function f(z) is chosen as follows [52]:

523 2
=——— 5
fQ =35 5)
The strain fields of the FG porous nanobeams can be expressed as follows:
ou 82wb 82ws
=070 T/
ox ax ox (©6)
RATIN
Yz = 8§ ax
where
df(z)
g@)=1- d (N
Z

It is evident that the simple higher-order shear deformation theory involves only three unknowns, similar to
the conventional first-order shear deformation beam theory. In contrast, other higher-order shear deformation
beam theories often employ four, five, or even more unknowns. The utilization of a polygonal function,
denoted as f(z), introduces nonlinearity in the distribution of transverse shear strain and stress throughout the
thickness direction. This polygonal function effectively satisfies traction-free boundary conditions on the top
and bottom surfaces of the beam, eliminating the need for a shear correction factor—a factor dependent on
material gradient, as noted by Nguyen et al. [53] and Menaa et al. [54]. In comparison to other functions like
hyperbolic, trigonometric, or exponential functions, the polygonal function stands out for its simplicity and
ability to yield a high convergence rate during integration through the thickness of the beam.

2.3 Nonlocal constitutive relations

To consider the small-scale influences on the mechanical behaviors of the FG porous nanobeams, Eringen’s
nonlocal theory [19-22] is adopted herein. According to Eringen’s nonlocal theory, the stress at a location is
determined by the stresses at all of the body’s neighboring points; hence, the nonlocal stress tensor U;}l ata

point x is obtained via the local stress tensor ol.lj as the following formula

al-"-l = /a(|x’ —x

14

. 7)o, dV(x) ®)

where « is the kernel function, which contains the small-scale effects incorporating into constitutive equations
the nonlocal effects at the reference point x produced by local strain at the source x'. This function depends
on two variables |X/ — x| and 7, where |x/ — x| is the distance in Euclidean form, T = epa/L is a material
constant that depends on internal and external characteristic length (such as the lattice spacing and wavelength).
The parameter e is vital for the validity of nonlocal models. This parameter is determined by matching the
dispersion curves based on atomistic models. The classical stress tensor is defined as follows:

a[lj = Cijki * €kl €))

where C;ji; denote the fourth order elasticity tensor. By choosing the appropriate kernel function, Eringen
showed that the nonlocal constitutive equation in integral form can be represented in an equivalent differential
form as

(1 —uvio/! =0, (10)
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where u = (epa)? is the nonlocal parameter, which includes the small-scale effect. The nonlocal constitutive

relation for a nonlocal beam may be expressed as follows:
Oy ®n 0 Ex
=[5
( ) Txz 0 Oss || yxe

E(z)
2(1 +v(2))

where

O = E@2), O55 =G(z) =

2.4 Equations of motion in terms of displacements

(11)

(12)

The following application of Hamilton’s principle is used to generate the equations of motion of the FG porous

nanobeams:

T
0:/(61’[—6T)dt
0

(13)

where 811 and 8T are the variations of the strain energy and the kinetic energy, respectively.

The variation of the strain energy can be obtained as the follow:
L

oIl =//(axésx+rx18yxz)dAdx
0 A

(14)

After some mathematical operations and simplifications, one gets the following equation:

L
ddu 925wy 928 ws dSw
ST = N—>—M -P +0 dx
ox ax2 ax2 dx

where N, M, P and Q are the stress resultants which can be calculated by

N:/deA; MZ/ZdeA;
A A

P :f(f)adi; 0 zf(g)rxsz
A A

The variation of the kinetic energy of the FG nanobeams can be expressed as follows:
L

8T:/f(d8ﬂ+w8w)pdAdx
0 A

L
) oWy oWy ) oWy 8wy
8T = —7— = )| it — z —
//(u ¢ dx f 0x >,0(z)( Hos ox f ox >
0 A

+(wp + ws) p(Swy, + Swg)dAdx

15)

(16)

a7

(18)

After some mathematical operations and simplifications, one gets the following equation:

0x

owp 08wy 0wp 08w  dwg 08wy 0wg 08Wg
+I3[ — + Iy — + — +I5 — ) [dx
dx dx ox 0x 0x 0x

X

L
e . . . L08wp Oy . . 08w
6T = [ [lo(udu + (wy + wg)(Swp + Swg)) + 11| u 3 +—u |+ hL|u 3 +
X
0

ows _ .
o Su
(19)
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where
= [ pears n = [ pex-oan b= [ p@enas
A A A 20)
L= [ @@ = [ p@enan is = [ pe(r)aa
A A A

Substituting Egs. (15) and (19) into Eq. (13) and integrating by parts, the equilibrium equations of the FG
porous nanobeams are found as follows:

oN . 0ty dWs
ou: ——=—-lhhu—1L——101 ;
ox ox ox
M dii %Wy 9%
Swy 1 ——— = —lp(Wp + W)+ [ — + 3——— + 41— 21
b5 0(Wp + Ws) gt B vl (21)
1) o2p 00 To(w +")+I8ii+l82{1.)b+182wS
Ws: —— — — = —lp(Wp + W — — —
* 0x2 dax oMb * Tax a2 > 9x2
The boundary conditions of the present theory are as follows:
Specify u  or N
Specify w, or V, = ‘3—’)‘:’ + 13%
Specify wy or Vs = 3L 4+ 0 + 5 30s (22)

Specify % or M

Specify % or P

By substituting Eq. (6) into Eq. (11) and the subsequent results into Eq. (16), the stress resultants of the
FG porous nanobeams are obtained as follows

N N

A B C gu
My —uvlmt=\8 D E —3;)‘("211 (23)
p p c E F |[-2u
) dws
Q- uviQ="5-— (24)
dx
where
A:/@lldA; B:/@ll(z)dA; D:/@ll(zz)dA;
A A A (25)
C=/®11(f)dA; E:/@)u(zf)dA; F=/®11(f2)dA
A A A
S = / Oss(g)*dA (26)

A
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Inserting Eqgs. (23) and (24) into Eq. (21), the equations of motion of the FG porous nanobeams in terms
of displacements are obtained as:

92u 33wy 93wy
Su: A— —B—2> —C—=
dx2 9x3 9x3
= (1—uV?) | loii+1 @H 0y
0 x 250 )
93u 84wb 34ws
Swp: B— —D——F —
9x3 x4 x4
dii 8%y, 92w @7)
= (1 — uVH( Io(@p + ) — [} — — 3—— — I1— |,
(1—n )( o(Wp + Ws) 15y ~ B2 ) )
5 C83u 84wb F84ws . Sﬁzws
ws: C— — —
EF S ax4 ax4 dx2

dii 321y BRI
x 9x ’

= (1 - ;,LVZ) <I()(l:(')b + W) — H— — 14—2 -1 92

3 Analytical solution of the problem

Since this study considers a simply supported FG porous nanobeams, the Navier’s solution method is used to
solve the equations of motion, and the following formulas are employed to represent the unknown displacement
functions of the beams:

o0
u(x,t) = Z U, cos o, x sin wt

m=1

o
wp(x,t) = Z Wb, sin o, x sin wt (28)

m=1

o0
ws(x, 1) = Z W, sin o, x sin wt
m=1
where o, = mn /L, w is the frequency of the nanobeams, U,,, Wb,,, Ws,, are the unknown coefficients.

Substituting Eq. (28) into Eq. (27), the subsequent equation is gotten and the results for vibration behaviors
of the FG porous nanobeams are found from the solution of it:

kit ko ki3 L | mi ms Un 0
kip kyp kos | —w 0| mpp myp  mo3 Wbyt =10 (29)
ki3 ka3 k33 mi3 mp3 m33 Wsim 0
where
ki1 = OtZA; kip = —Ol3B; ki3 = —C(x3;
ky = Ol4D; kyz = 054E; k33 = OIZ(FOI2 + S);
miy = lo; mi2 = L; mi3 = ha; (30)

my = Ba? + Io; maz = lsa® + Io; m33 = Isa” + Ip;
= (azu +1).

4 Numerical results

In this section, at first illustrative examples regarding the free vibration behaviors of the FG porous beams
and FG nanobeams are considered to verify the validity of the existing theory and formulations. Then, the
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proposed algorithm is applied to study the free vibration behaviors of the FG porous nanobeams, and the
high-frequency and of low-frequency behaviors of the FG porous nanobeams are compared. By this way, some
new important results are provided to help researchers and engineers understand more clearly the response of
the FG porous nanobeams at high-frequency conditions.

4.1 Validations

Firstly, a simply supported FG porous beams made from Al,O3/Al with the uniform distributed porosity
is considered. The material features of the ceramic phase, Al,O3, are E. = 380 GPa, p. = 3960 kg/m3,
ve = 0.3; for the metal phase, Al, are Ey, = 70 GPa, pp, = 2702 kg/m3, vm = 0.3, and the length of the beam
is L = 10h, the nonlocal parameter is given . = 0 (local beams). Two types of porosity distributions, even
and uneven porosity distributions, are considered. The material properties of the FGP beam are expressed as
follows:

For even porosity distribution [42]:

k
E(z) = [Em +(Ee — Em><% + %) } - %PO(EC + Ep)
31)

1 o1
M@z[mﬁ%m—pm(§+%>}—EHM%+mD

Table 1 Comparison of the non-dimensional frequency of the FG porous beams versus different porosity distribution and L/

L/h Sources Even porosity Uneven porosity
Py=0 Py =0.1 Py=0.2 Ph=0 Py=0.1 Py=0.2
5 Hadji et al. [42] 3.6264 3.4418 3.1489 3.6264 3.6069 3.5785
Present 3.6264 3.4418 3.1489 3.6264 3.6070 3.5785
20 Hadji et al. [42] 3.8361 3.6335 3.3123 3.8361 3.8226 3.8004
Present 3.8361 3.6335 3.3123 3.8361 3.8226 3.8004

Table 2 Comparison non-dimensional fundamental frequency of the FG nanobeams versus different L/h and p

L/h wx 1012 k=0 k=1 k=S5
Present Ahmadi [55] Present Ahmadi [55] Present Ahmadi [55]
20 0 9.7898 9.8296 6.8297 6.9676 5.8508 5.9172
1 9.3397 9.3776 6.5158 6.6473 5.5818 5.6452
2 8.9465 8.9829 6.2415 6.3675 5.3469 5.4075
3 8.5991 8.6341 5.9991 6.1203 5.1392 5.1975
4 8.2893 8.3230 5.7830 5.8998 4.9541 5.0103
5 8.0107 8.0433 5.5886 5.7016 4.7876 4.8419
50 0 9.8235 9.8633 6.8540 6.9919 5.8737 5.9390
1 9.3719 9.4098 6.5389 6.6704 5.6036 5.6660
2 8.9773 9.0137 6.2636 6.3896 5.3677 5.4274
3 8.6287 8.6637 6.0204 6.1415 5.1593 5.2167
4 8.3178 8.3516 5.8035 5.9203 4.9734 5.0288
5 8.0383 8.0709 5.6085 5.7213 4.8063 4.8598
100 0 9.8283 9.8683 6.8575 6.9955 5.8770 5.9421
1 9.3765 9.4147 6.5422 6.6739 5.6068 5.6689
2 8.9817 9.0183 6.2668 6.3929 5.3707 5.4303
3 8.6330 8.6682 6.0235 6.1447 5.1622 5.2195
4 8.3220 8.3558 5.8065 5.9233 4.9762 5.0314
5 8.0423 8.0750 5.6113 5.7242 4.8090 4.8623




2704 M. H. Ghazwani et al.

Table 3 The first six non-dimensional frequencies of the FG porous nanobeams against different nonlocal parameters and porosity
distributions

Porosity k Frequency u=0 w=05 w=1 p=2 nw=3 u=4
Type I 1 Q2 9.0364 8.8213 8.6209 8.2580 7.9374 7.6514
2 34.6899 31.7019 29.3731 25.9316 23.4716 21.6006
Q3 73.5181 61.1774 53.5011 44.1208 38.4034 34.4542
Q24 121.7681 91.0247 75.8222 59.7141 50.8365 45.0174
Qs 176.3795 118.0145 94.7209 72.4011 60.8487 53.4984
Q6 235.1791 141.1392 110.2166 82.6023 68.8755 60.2979
5 2 10.0244 9.7859 9.5636 9.1609 8.8052 8.4880
Q2 37.7436 34.4925 31.9587 28.2143 25.5377 23.5020
23 78.1233 65.0095 56.8524 46.8845 40.8090 36.6125
Q4 126.4561 94.5292 78.7413 62.0131 52.7937 46.7506
Qs 179.4886 120.0949 96.3906 73.6773 61.9213 54.4415
Q6 235.2477 141.1803 110.2488 82.6264 68.8956 60.3155
Type II 1 Q) 8.1195 7.9263 7.7463 7.4201 7.1320 6.8751
2 31.3491 28.6488 26.5443 23.4342 21.2111 19.5203
Q3 66.9333 55.6979 48.7092 40.1690 34.9637 31.3683
24 111.7101 83.5062 69.5593 54.7818 46.6374 41.2990
Qs 162.9507 109.0294 87.5093 66.8887 56.2160 49.4253
Q6 218.6144 131.1981 102.4536 76.7843 64.0243 56.0509
5 2 8.0583 7.8665 7.6878 7.3641 7.0782 6.8232
192 30.8409 28.1844 26.1140 23.0544 20.8673 19.2039
23 65.1994 54.2550 47.4474 39.1284 34.0580 30.5557
Q4 107.7875 80.5739 67.1168 52.8582 44.9998 39.8488
Qs 155.9177 104.3237 83.7324 64.0018 53.7897 47.2921
Q6 207.7054 124.6512 97.3411 72.9527 60.8294 53.2539
Type III 1 2 9.0981 8.8816 8.6798 8.3144 7.9916 7.7036
2 34.7471 31.7541 29.4215 25.9743 23.5102 21.6362
23 73.1674 60.8855 53.2459 43.9103 38.2202 34.2899
Q4 120.4080 90.0080 74.9753 59.0472 50.2687 44.5146
Q25 173.3913 116.0152 93.1162 71.1745 59.8178 52.5921
Q6 230.0282 138.0479 107.8026 80.7932 67.3670 58.9773
5 Q) 9.2547 9.0344 8.8292 8.4575 8.1291 7.8362
2 34.8009 31.8033 29.4670 26.0145 23.5466 21.6697
Q23 72.0063 59.9194 52.4010 43.2135 37.6137 33.7457
Q4 116.5705 87.1394 72.5857 57.1652 48.6666 43.0958
Qs 165.5186 110.7476 88.8884 67.9429 57.1019 50.2042
Q6 217.0432 130.2552 101.7173 76.2324 63.5642 55.6480
Type IV 1 2 8.0352 7.8440 7.6658 7.3431 7.0580 6.8037
2 31.1406 28.4583 26.3677 23.2784 21.0700 19.3905
23 66.8160 55.6003 48.6238 40.0986 34.9024 31.3133
Q24 112.0939 83.7930 69.7983 54.9699 46.7976 41.4409
Qs 164.3132 109.9411 88.2410 67.4480 56.6860 49.8386
Q6 221.4069 132.8740 103.7623 77.7651 64.8421 56.7668
5 2 8.7427 8.5346 8.3408 7.9896 7.6794 7.4027
Q2 33.4850 30.6008 28.3529 25.0309 22.6563 20.8503
23 70.7589 58.8813 51.4932 42.4649 36.9621 33.1611
Q4 116.8492 87.3478 72.7593 57.3019 48.7829 43.1989
Qs 168.7860 112.9338 90.6430 69.2840 58.2291 51.1952
Q6 224.5057 134.7337 105.2145 78.8535 65.7497 57.5613

For uneven porosity distribution [42]:

1 o 2
2 |z]
E(z) = |:Em +(Ec — Em)(i + Z) i| - EPO(EC + Em)(1 - T)

1 2\ 1 20z
p(z) = Pm+(:0c_pm)<§+z> _EPO(/OC"'/Om)(l_T)

The material gradient index is taken to be k = 2, and the non-dimensional frequency of the beam is
expressed as follows:

(32)
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Table 4 The high frequencies of the FG porous nanobeams against different nonlocal parameters and porosity distributions

Porosity k Frequency u=0 uw=05 n=1 w=2 u=3 u=4
Type I 1 Q10 490.0181 201.1449 148.6296 107.6009 88.5705 77.0194
Qs0 3548.9549 318.2311 225.4770 159.5975 130.3547 112.9096
Q100 8678.9583 390.2951 276.1200 195.2957 159.4718 138.1124
200 20071.3064 451.6487 319.4043 225.8673 184.4237 159.7173
5 Qio 469.3590 192.6646 142.3634 103.0645 84.8363 73.7723
Qs0 3457.4547 310.0263 219.6637 155.4827 126.9939 109.9985
Q100 8609.0636 387.1520 273.8963 193.7229 158.1875 137.0002
Q200 19256.5369 433.3146 306.4385 216.6985 176.9373 153.2338
Type II 1 Q10 463.3523 190.1990 140.5415 101.7455 83.7506 72.8282
Qs0 3527.9217 316.3450 224.1407 158.6516 129.5822 112.2404
Q100 8746.2411 393.3209 278.2606 196.8097 160.7080 139.1831
200 20191.1080 454.3445 321.3108 227.2154 185.5245 160.6706
5 Qio 432.5629 177.5604 131.2026 94.9846 78.1855 67.9888
Q50 3245.4518 291.0163 206.1945 145.9489 119.2069 103.2536
Q100 7597.7810 341.6743 241.7225 170.9669 139.6056 120.9071
Q200 16210.1591 364.7644 257.9600 182.4168 148.9459 128.9923
Type III 1 Q10 473.1053 194.2024 143.4997 103.8871 85.5135 74.3611
Qs0 3512.8359 314.9923 223.1823 157.9732 129.0281 111.7604
Q100 8723.4312 392.2951 277.5349 196.2965 160.2889 138.8201
200 19819.2162 4459761 315.3927 223.0304 182.1074 157.7113
5 Qio 434.0362 178.1652 131.6495 95.3081 78.4518 68.2204
Qs0 3189.8489 286.0304 202.6618 143.4484 117.1646 101.4846
Q100 7584.4704 341.0757 241.2990 170.6673 139.3611 120.6953
Q200 16284.9307 366.4469 259.1499 183.2583 149.6329 129.5873
Type IV 1 Q10 474.7890 194.8936 144.0104 104.2568 85.8178 74.6258
Qs0 3499.4651 313.7934 222.3328 157.3719 128.5370 111.3350
Q100 8448.7403 379.9422 268.7956 190.1153 155.2416 134.4489
00 19474.6087 438.2217 309.9088 219.1525 178.9410 154.9691
5 Qio 464.9077 190.8375 141.0132 102.0871 84.0318 73.0727
Qs0 3496.5205 313.5293 222.1457 157.2395 128.4288 111.2414
Q100 8726.4373 392.4303 2717.6305 196.3641 160.3442 138.8680
Q200 19988.1164 449.7768 318.0805 224.9311 183.6593 159.0553
Table 5 The variation of non-dimensional frequencies of FG porous nanobeams against ratio /A
Porosity Frequency L/h
10 20 30 40 50 100
Type I Q1 8.2580 4.1750 2.7891 2.0934 1.6753 0.8380
Qo 107.6009 77.4699 58.4555 46.2953 38.0913 19.8439
Q100 195.2957 159.7255 145.0365 137.0456 131.3606 110.2896
Q200 225.8673 195.3350 173.3906 159.7592 151.0484 131.3881
Type II Q) 7.4201 3.7453 2.5013 1.8771 1.5021 0.7514
Q1o 101.7455 71.5717 53.3568 41.9881 34.4227 17.8305
Q100 196.8097 158.7770 142.1942 133.1131 126.7501 104.2879
Q200 227.2154 196.8487 173.7610 158.8096 149.0211 126.7764
Type 11 Q 8.3144 4.2107 2.8139 2.1122 1.6905 0.8457
Qo 103.8871 76.2079 58.0936 46.2593 38.1792 19.9876
Q100 196.2965 158.0954 141.1708 132.2385 126.2988 106.6020
200 223.0304 196.2938 173.3820 158.1260 148.0992 126.3339
Type IV Q) 7.3431 3.7019 24717 1.8548 1.4842 0.7424
Q1o 104.2568 72.1314 53.3248 41.7859 34.1776 17.6403
Q100 190.1153 157.4393 144.0187 136.2331 130.2796 106.7449
Q200 219.1525 190.0952 169.7720 157.4429 149.5587 130.2930
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Fig. 4 The variation of the non-dimensional frequency of the FG porous nanobeams for L/h = 10, k = 1, Pp = 0.5 against
different values of nonlocal parameters

_ L? Pm
O=w—_[—

i\ E. (33)

Table 1 compares the numerical results from the current study with those of Hadji et al. [42] using two types
of porosity distributions and L/ h ratios. It is noticed that the results of Hadji et al. [42] are found using NET
and hyperbolic shear deformation theory, in which the hyperbolic function was used to describe the nonlinear
variation of the transverse shear strain through the thickness of the nanobeam. The results of the current study
and those of Hadji et al. [42] are in good agreement, as shown in Table 1.

Secondly, the free vibration of the simply supported FG nanobeams is considered. The beam is made from
Al,O3 as ceramic phase and Fe as metal phase. The material properties of the ceramic and metal phases are:
E. = 390 GPa, p. = 3960 kg/m3, ve = 0.24; E, = 210 GPa, p,, = 7800 kg/m3, vm = 0.3. The beam’s
length is L = 10, 000 nm. The non-dimensional frequency of the FG nanobeams is found as:

A h3
PeA o pp 1= (34)
Eol 12

w* = wL?

Table 2 compares the present results regarding the non-dimensional fundamental natural frequency of the
FG nanobeams versus different L/h ratios and nonlocal parameter with the results of Ahmadi [55]. From
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Fig. 5 The variation of the non-dimensional frequency of the FG porous nanobeams with L/h = 10, k = 1, Pp = 0.5 versus
different types of porosity distributions

Table 2, it is observed that the present results are coincide with the results of Ahmadi [55]. It is noticed that
there is a slight difference between the present results and Ahmadi’s results. Because the present results are
obtained via higher-order shear deformation theory and analytical solution, while the results of Ahmadi are
found using first-order shear deformation theory and meshless method.

4.2 Parameter study

A simply supported FG porous nanobeams with the length of L = 10 nm, the depth of » = 1 nm, and the
height of £ is considered in this parametric study. The FG porous nanobeams are made from ceramic phase
and metal phase with the material properties of E. = 14.4 x 10° Pa, p. = 12.2 x 103 kg/m?, v, = 0.38,
En = 1.44 x 10° Pa, om = 1.22 % 103 kg/m3, vm = 0.38. The subsequent non-dimensional quantities are
considered for convenience:

A bh3 L
Q= wl? ?I;Azbho;lzl—zo;hozm (35)
C

Table 3 examines the effects of the nonlocal parameter on the low-frequency vibration of FG porous
nanobeams for L/h = 10, Py = 0.5. It is observed that when the nonlocal parameter is considered, the
frequencies of the FG porous nanobeams are lower than the local beams (u = 0). As the nonlocal parameter
increases, the non-dimensional frequency of the FG porous nanobeams decrease for all cases of porosity
distributions and power-law indexes.
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Fig. 6 The variation of the non-dimensional frequency of the FG porous nanobeams with L/h = 10, Pp = 0.5, u = 2 versus
different values of power-law index

Next, the four frequencies for 10th, 50th, 100th, and 200th modes of the FG porous nanobeams are
presented in Table 4 with L/h = 10, Py = 0.5. By comparing these two tables, the frequencies of the FG
porous nanobeams increase rapidly when the mode number increases. Again, when the nonlocal parameter
increases, the frequencies of the FG porous nanobeams decrease rapidly. It is noticed that the effects of the
nonlocal parameter on the high-frequency vibration of the FG porous nanobeams are more significant than on
the low frequency. For example, the non-dimensional frequency of the FG porous nanobeams of type I with
w =0,k =11is 18% greater than the those with © = 4, while the frequency of 100th mode of the FG porous
nanobeams with © = 0, k = 1 is 6100% greater than those with u = 4, and the difference being 12,400% for
the 200th mode.

Table 5 examines the effect of the ratio L/h on the non-dimensional frequencies of the FG porous
nanobeams for k = 1, Py = 0.5, u = 2. According to this table, as the ratio L/ h rises, the non-dimensional
frequencies of the FG porous nanobeams are reduced for all cases of porosity distribution, both low- and
high-frequency vibration. The non-dimensional fundamental frequencies of the FG porous nanobeams with
L/h = 10 are 9-10 times greater than those for FG porous nanobeams with L/# = 100. For 10th mode, the
non-dimensional fundamental frequencies of the FG porous nanobeams with L/h = 10 is 4-6 times greater
than that of such FG porous nanobeams with L/h = 100. For 100th and 200th modes, the frequency of the
FG porous nanobeams with L/h = 10 is 1 — 2 times greater than that of such FG porous nanobeams with
L/h =100.

Figure 4 illustrates the variation of the non-dimensional frequencies of the FG porous nanobeams con-
cerning to the mode numbers for different porosity distributions and nonlocal parameters. It is observed that
the non-dimensional frequencies of the FG porous nanobeams increases rapidly with the increase of mode
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Fig. 7 The variation of the non-dimensional frequency of the FG porous nanobeams versus Py for L/h =10,k = 1,u =2

number, and the difference in the non-dimensional frequencies of the four types of porosity distribution is
low. The non-dimensional frequencies of the FG porous nanobeams with type II porosity are the highest ones,
while the non-dimensional frequencies of the FG porous nanobeams with type IV porosity are the lowest ones.
On the other hand, it is concluded that the effects of the nonlocal parameters are significant on the vibration
of the FG porous nanobeams. For local vibration (u = 0), the non-dimensional frequency of the FG porous
increase more quickly than those for nonlocal vibration of the FG porous nanobeams (it > 0).

More details on the effects of the nonlocal parameter on the high-frequency vibration of the FG porous
nanobeams are illustrated in Fig. 5. Again, it is found that the influence of the type of the porosity distribution is
low, while the effects of the nonlocal parameters on the vibration of the FG porous nanobeams are noteworthy,
especially for high frequencies of the FG porous nanobeams. For example, the local frequencies (© = 0)
of 200th modes are approximately 2000% greater than those of nonlocal frequencies with © = 0.1, and are
approximately 16,000% greater than those of nonlocal frequencies with p = 4.

Continuously, the variation of the non-dimensional frequencies of the FG porous nanobeams with different
values of the power-law index is demonstrated in Fig. 6. As shown in Fig. 6, the influence of the power-law
index on the free vibration behaviors of FG porous nanobeams is dependent on the kind of porosity distribution.
Because both porosity distribution and power-law index effect on the mass density and rigidity of the FG porous
nanobeams. Therefore, it should be noticed this couple-effects between the power-law index and the type of
the porosity distribution in design, testing and manufacture the FG porous nanodevices.

The influence of the porosity coefficient Py on the non-dimensional frequencies of the FG porous nanobeams
with four types of porosity distribution are investigated in Fig. 7 for 1st, 10th, 20th, and 100th modes. It is
obvious that the variation of the non-dimensional frequencies of the FG porous nanobeams not only depends
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Fig. 8 The variation of the non-dimensional frequency of the FG porous nanobeams versus k for L/h = 10, Pp = 0.5, u =2

on the variation of the porosity coefficient but also the mode of the vibration of the FG porous nanobeams.
For the 1st mode, when the porosity coefficient increases, the non-dimensional frequencies of the FG porous
nanobeams increase for type I and type III of the porosity distribution, while the non-dimensional frequencies
of the FG porous nanobeams decrease for type II and type IV of the porosity distribution. For the 10th mode,
when the porosity coefficient increases, the non-dimensional frequencies of the FG porous nanobeams of type
I increase, while the frequencies of the FG porous nanobeams of types II, III, and IV decrease. In the case
of the 20th mode, when the porosity coefficient increases, the non-dimensional frequencies of the FG porous
nanobeams of type I increase, the non-dimensional frequencies of type II and III decrease, while the non-
dimensional frequencies of type IV increase when the Py increases from 0 to 0.6, then the non-dimensional
frequencies decrease as the increase of Py from 0.6 to 0.8. In the cases of the 100th mode, when the coefficient
Py increase, the non-dimensional frequencies of types I and II increase, and the non-dimensional frequencies
of type IV decrease, but the non-dimensional frequencies of type III increase when Py increase from 0O to 0.4,
then the frequencies decrease as increase of Py from 0.4 to 0.8.

Figure 8 examines the influence of the power-law index k on the vibration behaviors of the FG porous
nanobeams. According to Fig. 8, it is found that the influences of the power-law index are complex, and it
depends on the mode numbers. When the & increases from 0O to 2, the non-dimensional fundamental frequencies
of the FG porous nanobeams decrease rapidly, then the non-dimensional fundamental frequencies increase
with the increase of the k from 2 to 10. Besides, the effects of the power-law index on the fundamental
frequencies of the FG porous nanobeams with four types of porosity distribution are approximated. For high-
frequency vibration, when the k increases, the non-dimensional frequencies of the FG porous nanobeams also
decrease and then increase; however, some maximum and minimum values appear. Additionally, the effects
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Fig. 9 The variation of the non-dimensional frequency of the FG porous nanobeams against u for L/h =10, Py = 0.5,k =1

of the power-law index on the high frequencies of the FG porous nanobeams depend significantly on the
porosity distributions. The reason is that when the power-law index increases, both effective mass density
and Young’s modulus decrease; therefore, the variation of the fundamental frequencies of the FG porous
nanobeams is more complex. Consequently, the vibration behaviors of the FG porous nanobeams undergoing
high-frequency conditions should be analyzed carefully. When k = 0, the FG porous nanobeams become the
homogeneous isotropic ones, and the non-dimensional frequencies of such beams of type I and II are identical.

Lastly, the influence of the nonlocal parameter on the behaviors of the FG porous nanobeams is studied for
some vibration modes and different types of porosity distribution in Fig. 9. For both low- and high-frequency
vibration of the FG porous nanobeams, the nonlocal parameter reduces the non-dimensional frequencies of
such beams. For low-frequency vibration, the non-dimensional frequencies of the FG porous nanobeams
decrease linearly as the increase of the nonlocal parameter. For high-frequency vibration, the non-dimensional
frequencies of the FG porous nanobeams decrease nonlinearly as the increase of the nonlocal parameter. When
the nonlocal parameter increases from 0 to 0.5, the non-dimensional frequencies of the FG porous nanobeams
decrease rapidly, and the speed of the decrease slowdown when the nonlocal parameter increase from 0.5 to 4.

5 Conclusions

This work presented a thorough examination of the free vibration behavior of FG porous nanobeams in low-
and high-frequency conditions. Higher-order shear deformation theory and nonlocal elasticity theory were
used to develop the governing equations. To solve the system of equations of motion, the Navier closed-form
solution was utilized, and the numerical results were compared to published data to check the correctness of
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the suggested approach. The computed program was then employed to generate the FG porous nanobeams’
low- and high-frequency vibration. Some major conclusions may be drawn from the numerical results, which
are as follows:

e When the nonlocal parameter is included, the non-dimensional frequencies of the FG porous nanobeams
are reduced, especially for high modes.

e The effects of the porosity depend on the type of the distribution and the power-law index, it can improve
or reduce the non-dimensional frequencies of the FG porous nanobeams and should be considered carefully
in practice.

e The effects of the power-law index on the high-frequency of the FG porous nanobeams are also more complex
than on the low-frequency vibration of such beams.

The current finding can serve as a benchmark result for the design, testing, optimization, and use of the
FG porous nanobeams as well as high-frequency behaviors of the structures with different geometries.
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