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Abstract The present study, for the first time, investigates the vibration and flutter analyses of a doubly curved
panel composed of functionally graded porous material contained by piezoelectric layers in supersonic flow.
In this regard, the first-order piston theory for aerodynamic loading and Reddy’s third-order shear deforma-
tion theory for doubly curved panel analysis is used. The governing equations of motion are obtained using
Hamilton’s principle and Maxwell’s equation. The Galerkin method is used to discretize the equations of
motion. Three types of piezoelectric layers are used, in both open-circuit and closed-circuit electrical bound-
ary conditions. The FG porous material with three types of porosity structure is investigated, including uniform
distribution, X-shaped distribution, and V-shaped distribution. Also, the effect of the power of the FG porous
material and the porosity coefficient on the frequencies and the flutter boundaries of spherical, cylindrical,
doubly curved shell with Ry � −Rx and plate structures are investigated. The comparison of the spherical
panel, doubly curved panel, cylindrical panel, and plate shows that the spherical panel has the highest and the
plate has the lowest stability regions. Also, as the radius to length of the panel increases, the critical flutter
aerodynamic pressure increases and the flutter frequency decreases. Furthermore, the effects of piezoelectric-
ity, electrical and mechanical boundary conditions, geometric parameters, and the radii of curvatures on the
flutter boundaries and flutter frequencies of FG porous doubly curved panels are investigated in detail.

1 Introduction

Aeroelastic instability can occur in both static and dynamic cases. One of the phenomena of dynamic instability
discussed here is called flutter. Flutter is a type of dynamic instability of flying objects that results from the
interaction of elastic, inertial, and aerodynamic forces. This phenomenon is a type of unstable vibrations of
self-stimulation in which the structure receives its required energy from airflow and usually leads to accidental
failure of the structure. The Flutter occurs when the aerodynamic forces of two vibration modes combine to
give rise to this phenomenon. The vibration and instability characteristics of structures in supersonic flow have
been analyzed in numerous studies. Krumhaar [1] studied the use of linear piston theory for cylindrical shells.
The aeroelastic stability of the plates and shells was investigated by Dowell [2]. Pidaparti [3] performed the
flutter analysis of the cantilevered curved composite panels. Cunningham et al. [4] studied the effects of various
parameters such as ply orientation, geometric parameters, and boundary conditions on the dynamic behaviour of
doubly curved composite panels. Kumar et al. [5] investigated the dynamic instability of the composite doubly
curved panels. Zhang et al. [6] studied the flutter analysis of airfoils in supersonic flow using a local piston
theory. Oh and Kim [7] investigated the dynamic instability of the cylindrical composite panels in supersonic
flow. Hadadpour et al. [8] inspected the flutter characteristics for plates made of functionally graded material
(FGM) in supersonic flow. Chorfi and Houmat [9] analyzed the nonlinear vibrations of the doubly curved shell.
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Hosseini and Fazelzadeh [10] investigated the aerothermoelastic and free vibration analysis of FGM panels.
The vibration analysis of doubly curved panelswas researched byKiani et al. [11].Aeroelastic characteristics of
panelswith different boundary conditions andneglecting and considering the shear deformation are investigated
by Li and song [12]. Shen et al. [13] inspected the Nonlinear dynamic behaviour of a doubly curved panel.
Wattanasakulpong and Chaikittiratana [14] investigated the vibration analysis of FGM doubly curved shell.
Ganji and Dowell [15] predicted the flutter boundaries for two-dimensional flow. Graver et al. [16] studied
the flutter behaviour of composite plates subjected to yawed supersonic flow. The flutter of composite doubly
curved sandwich panels was investigated by Malekzadehfard et al. [17]. Sankar et al. [18] explored the flutter
boundaries of doubly curved sandwich panels with carbon nanotube (CNT) reinforced face sheets.

Song et al. [19] researched the vibration characteristics of composite plates. Zare Jouneghani et al. [20]
performed the vibration analysis of FG porous doubly curved panels. Rezaei et al. [21] investigated the
vibration behaviour of plates composed of functionally graded porous materials. The vibration behaviour of
doubly curved panels composed of functionally graded composite and carbon nanotube (CNT) was performed
by Pouresmaeeli et al. [22]. Lie et al. [23] researched the dynamic stability of cylindrical panels reinforced
with carbon nanotubes. Shahverdi et al. [24] investigated the aerothermoelastic analysis of functionally graded
plates. Navazi and Haddadpour [25] performed the aeroelastic stability of panels composed of functionally
graded materials. Kiani et al. [26] inspected the vibration analysis of composite conical panels reinforced with
functionally graded carbon nanotubes. Mehar et al. [27] inspected the vibration characteristics of composite
curved panels reinforced by carbon nanotubes. The aeroelastic analysis of curved composite panels was
inspected by Zhou et al. [28]. Lin et al. [29] studied the nonlinear aeroelastic behaviour of the composite plate
surrounded by a piezoelectric material layer. The aeroelastic behaviour of plates made of porous materials was
inspected by Saidi et al. [30]. The flutter characteristics of thick porous plates were investigated by Bahaadini
et al. [31]. Muc et al. [32] inspected the flutter of plate and shell structures. Arani et al. [33] studied the
aeroelastic stability analysis of cylindrical panels reinforced with carbon nanotubes.

The flutter behavior of curved panels composed of porous material was investigated by Aditya et al. [34].
They studied the influences of parameters such as material properties, boundary conditions, and geometric
properties on the stability of the system. Bahaadini et al. [35] inspected the dynamic stability of fluid-conveying
thin-walled rotating pipes. Majidi et al. [36] studied the flutter analysis of trapezoidal plates reinforced by
carbon nanotubes. Esmaeili et al. [37] performed the vibration analysis of composite laminated doubly curved
shells reinforced by graphene platelets. An and Sun [38] researched the aeroelastic behaviours of cylindrical
composite panels. Ye et al. [39] inspected the aeroelastic analysis of the viscoelastic panel. Rahmanian and
Javadi [40] studied the dynamic instability of cylindrical shells made of FG porous material. Adamian et al.
[41] investigated the vibration characteristics of a doubly curved panel reinforced by graphene nanoplatelets.
The flutter behaviour of cylindrical panels reinforced by the graphene platelets was researched by Zhou et al.
[42]. The parameter studies are carried out, revealing the influences of the pore, and graphene platelets on
the flutter behaviour of the cylindrical panels. The dynamic instability of doubly curved shells reinforced
with functionally graded carbon nanotubes was researched by Amin Yazdi [43]. He showed that the influence
of panel imperfection on flutter aerodynamic pressure is more considerable than functionally graded carbon
nanotube volume fractions and distributions. Subramani et al. [44] performed the dynamic characteristics of the
spherical sandwich shell panel with carbon nanotubes reinforced. Majidi et al. [45] investigated the aeroelastic
behaviour of spinning cylindrical shells composed of functionally graded material reinforced with graphene
nanoplatelets using the first-order shear deformation theory. Abdollahi et al. [46] performed the aeroelastic
analysis of trapezoidal sandwich plates with functionally graded porous face sheets and honeycomb cores in
supersonic airflow.Merdaci et al. [47] studied the dynamic response of plateswith various porosity distributions.
Houshangi et al. [48] studied the flutter analysis of sandwich conical shells. Chen et al. [49] inspected the
aeroelastic behaviour of composite plates surrounded by a piezoelectric layer. Arani et al. [50] researched the
supersonic flutter behaviour of sandwich plates. Khorshidi et al. [51] investigated the vibration and stability
of rectangular plates in contact with sloshing fluid on one side and under supersonic aeroelastic load on the
other side.

Piezoelectric materials are the best choice for use in intelligent mechanical structures in the future due to
their coupling mechanical and electrical properties. This is because there is a coupling between the mechanical
and electrical properties of the piezoelectric material. In addition, lightweight and ductility are also special
properties of these materials. Many researchers have studied the use of these materials in structures under fluid
flow. Crawley and Luis [52] investigated the use of piezoelectric materials in intelligent structures. Zhou et al.
[53] derived the flutter aerodynamics pressure for isotropic plates with piezoelectric layers. Song et al. [54]
studied the flutter boundaries of the composite laminated plateswith the piezoelectric layer. Li. [55] investigated



Vibration and dynamic instability analyses of functionally graded porous doubly curved panels 6133

Fig. 1 Coordinate system and geometry of a doubly curved panel and schematic of three types of porosity distribution

the influences of piezoelectric materials to improve the flutter characteristics of the plates. Tsushima and Su
[56] investigated the aeroelastic instability of highly flexible piezoelectric wings. Li et al. [57] showed that the
use of piezoelectric materials increases the flutter velocities of the supersonic beams. Xue et al. [58] inspected
the flutter characteristics of plates made of functionally graded piezoelectric material (FGPM) in supersonic
airflow. Wang et al. [59] studied the vibration of a plate surrounded by two piezoelectric layers. The vibration
behaviour of FGM plates with piezoelectric layers was performed by Farsangi et al. [60]. Almedia et al.
[61] studied the aeroelastic stability boundary of composite panels caused by the piezoelectric actuator. Zhang
et al. [62] investigated the aerothermoelastic characteristics of composite panels with piezoelectric layers. Tian
et al. [63] performed the nonlinear aeroelastic characteristics of a functionally graded piezoelectric material
(FGPM)plate. Thamet al. [64] studied the vibration analysis of functionally graded carbon nanotube-reinforced
composite (FG-CNTRC) doubly curved shallow shells surrounded by piezoelectric layers.

To the best of the author’s knowledge, the piezoelectricity effects on the flutter analysis of the doubly
curved panels have not been studied, yet. In this study, for the first time, the flutter boundaries for a doubly
curved panelmade of FG porousmaterials surrounded by piezoelectric layers subjected to supersonic flow have
been investigated. The doubly curved shell analysis has the feature that by changing the radius of curvature,
analyses of cylindrical shell, spherical shell, and plate can be performed. In this regard, considering Reddy’s
third-order shear deformation theory and first-order piston theory, the governing equations of motion are
obtained using Hamilton’s principle and Maxwell’s equation. The Galerkin method is used to discretize the
equations of motion. To study the effects of piezoelectricity, three types of piezoelectric layers are investigated
in both open-circuit and closed-circuit electrical boundary conditions. Also, the FG porous material with three
types of porosity structure including uniform distribution, X-shaped distribution, and V-shaped distribution
is investigated. Moreover, the effect of the power of the FG porous material and the porosity coefficient
on the frequencies and the flutter boundaries are investigated. Flutter frequencies and flutter boundaries are
compared for spherical, cylindrical, doubly curved shell with Ry � −Rx and plate. Finally, the effects of
mechanical boundary conditions, geometric parameters, and radii of curvatures of the middle surface on
the flutter boundaries and flutter frequencies of FG porous doubly curved panels are investigated in detail.
The results show that increasing the porosity coefficient reduces the stable range. Furthermore, open circuit
electrical conditions cover a larger stable range. Also, using PZ4 piezoelectric layers results in the highest
flutter boundaries and frequencies.

2 Mathematical formulation

Figure 1, shows the FG porous doubly curved panel with length a, width b, and total thickness H � 2
(
h + h p

)

where 2h and h p are thickness of FG porous core and the thickness of each piezoelectric layers, respectively.
The radii of principal curvatures of the middle surface are assumed to be Rx and Ry . The Cartesian coor-

dinate system is used. Based on Reddy’s third-order shear deformation theory assumptions for doubly curved
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panels, consistent the mid-surface displacements (u, v, w), mid-surface rotations
(
ψx , ψy

)
, and displacements

on a generic point of the panel
(
ux , uy , uz

)
are the association as (Reddy [65]):

ux (x , y, z, t) �
(
1 +

z

Rx

)
u(x , y, t) + zψx (x , y, t) − cz3

(
ψx (x , y, t) +

∂w(x , y, t)

∂x

)

uy(x , y, z, t) �
(
1 +

z

Ry

)
v(x , y, t) + zψy(x , y, t) − cz3

(
ψy(x , y, t) +

∂w(x , y, t)

∂y

)

uz(x , y, z, t) � w(x , y, t) (1)

where t stands for the time variable. The constant c is given by c �
(

4
3H2

)
, which is obtained by satisfying the

shear-free boundary conditions on the top and bottom surfaces of the shell as follows: (Reddy. [65], Murakami
[70], Sciuva [71]).

σxz |z�± H
2

� 0, σyz
∣
∣
z�± H

2
� 0 (2)

The linear strain–displacement relations are obtained as follows:

εxx �
(

∂u

∂x
+

w

Rx

)
+ z

∂ψx

∂x
− cz3

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x

)

εyy �
(

∂v

∂y
+

w

Ry

)
+ z

∂ψy

∂y
− cz3

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)

εzz � 0

γxy � 2εxy �
(

∂u

∂y
+

∂v

∂x

)
+ z

(
∂ψx

∂y
+

∂ψy

∂x

)

− cz3
(

∂ψx

∂y
+

∂ψy

∂x
+ 2

∂2w

∂x∂y
− ∂u

Rx∂x
− ∂v

Ry∂y

)

γxz � 2εxz � (
1 − βz2

)(
ψx +

∂w

∂x
− u

Rx

)

γyz � 2εyz � (
1 − βz2

)
(

ψy +
∂w

∂y
− v

Ry

)
(3)

Here, εxx and εyy are the normal strains; γxy , γxz and γyz are the shear strains and the constant β is defined
as:

β � 3c � 4

H2 (4)

The stress components are expressed as:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σxx
σyy
σxy
σxz
σyz

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

�

⎡

⎢
⎢⎢
⎣

Q11 Q12 0 0 0
Q12 Q22 0 0 0
0 0 Q66 0 0
0 0 0 Q55 0
0 0 0 0 Q44

⎤

⎥
⎥⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

εxx
εyy
2εxy
2εxz
2εyz

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(5)

These are defined as:

Q11 � Q22 � E(z)

1 − υ2

Q12 � Q21 � υE(z)

1 − υ2

Q44 � Q55 � Q66 � 1

2
(Q11 − Q12) � E(z)

2(1 + υ)
(6)
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The properties of FG porous layers can be written as:

P � Pb + (Pt − Pb)

(
z + h

2h

)n

− e

2
(Pt + Pb) homogeneous distribution (7.a)

P � Pb + (Pt − Pb)

(
z + h

2h

)n

− e

2
(Pt + Pb)

(∣∣
∣∣
h − 2z

2h

∣∣
∣∣

)
V distribution (7.b)

P � Pb + (Pt − Pb)

(
z + h

2h

)n

− e

2
(Pt + Pb)

(∣∣
∣∣
2z

h

∣∣
∣∣

)
X distribution (7.c)

The forms of porosity distribution for homogeneous, V andX distribution are given in Fig. 1. Equation (7.a)
shows the homogeneous distribution of porosity, Eq. (7.b) shows that the porosity distribution is V type, and
Eq. (7.c) shows that the porosity distribution is X type. In Eq. (7), P represents the property of the material,
e, and n represents the porosity and power law index.

Also, Pb and Pt represent the material properties on the bottom and top surfaces of the panel, respectively.
(Ebrahimi and Jafari [66], Wattanasakulpong and Ungbhakorn [68]). In the present research, the materials on
the bottom and top surfaces of the shell are ceramics and metal, respectively.

The constitutive equation for the piezoelectric materials is expressed as Eq. (8). (Wang et al. [59]).

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σxx
σyy
σyz
σxz
σxy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

�

⎡

⎢⎢
⎢
⎣

c11
c12
0
0
0

c12
c11
0
0
0

0
0
c55
0
0

0
0
0
c55
0

0
0
0
0
(c11 − c12)/2

⎤

⎥⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

εxx
εyy
γyz
γxz
γxy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

−

⎡

⎢⎢
⎢
⎣

0 0 e31
0 0 e31
0
e15
0

e15
0
0

0
0
0

⎤

⎥⎥
⎥
⎦

⎧
⎨

⎩

Ex
Ey
Ez

⎫
⎬

⎭
(8)

⎧
⎨

⎩

Dx
Dy
Dz

⎫
⎬

⎭
�
⎡

⎣
0
0
e31

0
0
e31

0
e15
0

e15
0
0

0
0
0

⎤

⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

εxx
εyy
γyz
γxz
γxy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+

⎡

⎣
	11
0
0

0
	11
0

0
0
	33

⎤

⎦

⎧
⎨

⎩

Ex
Ey
Ez

⎫
⎬

⎭
(9)

In which

c11 � c11 − c213
c33

, c12 � c12 − c213
c33

e31 � e31 − c13
c33

e33, 	33 � 	33 +
e233
c33

(10)

In Eq. (9), the electrical displacement and electric field in the piezoelectric layer are denoted by Di and Ei
(i � x , y, z) respectively. Besides, c11, c12, c13, c33 and c55 are piezoelectric elastic moduli; e31, e33 and e15
are piezoelectric constant and 	11, and 	33 are dielectric permittivity.

The electric field can be expressed as Eq. (11). So that 
 is the electric potential.

Ex � −∂


∂x
, Ey � −∂


∂y
, Ez � −∂


∂z
(11)

In Eq. (12), 
 is defined for closed circuit conditions where φ(x , y, t) is the electric potential in the
mid-surface of piezoelectric layers.


(x , y, z, t) �

⎧
⎪⎪⎨

⎪⎪⎩

φ(x , y, t)

[
1 −

(
z−h−h p/2

h p/2

)2] (
h ≤ z ≤ h + h p

)

φ(x , y, t)

[
1 −

(−z−h−h p/2
h p/2

)2] (−h − h p ≤ z ≤ −h
) (12)
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The electric potential function for open circuit condition is expressed as


 (x , y, z, t) �

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ (x , y, t)

[

1 −
(
z − h − h p/2

h p/2

)2

+
4 (z − h)

h p

]

+
e31
	33

{
∂u
∂x + w

Rx
+ ∂v

∂y + w
Ry

+
[
h + h p − c

(
h + h p

)3] ( ∂ψx
∂x − ∂u

Rx ∂x
+ ∂ψy

∂y − ∂v
Ry∂y

)

−c
(
h + h p

)3 ∇2w

}

(z − h)

(
h ≤ z ≤ h + h p

)

φ (x , y, t)

[

1 −
(−z − h − h p/2

h p/2

)2

− 4 (z + h)

h p

]

+
e31
	33

{
∂u
∂x + w

Rx
+ ∂v

∂y + w
Ry

−
[
h + h p − c

(
h + h p

)3] ( ∂ψx
∂x − ∂u

Rx ∂x
+ ∂ψy

∂y − ∂v
Ry∂y

)

+c
(
h + h p

)3 ∇2w

}

(z + h)

(−h − h p ≤ z ≤ −h
)

(13)

According to the first-order piston theory, the aerodynamic pressure load is expressed as (Dowell. [67])

�P � − ρ∞U 2∞√
M2∞ − 1

(
∂w(x , y, t)

∂x
+
M2∞ − 2

M2∞ − 1

1

U∞
∂w(x , y, t)

∂t

)
(14)

where, M∞, U∞ and ρ∞ represent the Mach number, velocity, and density of airflow, respectively. The
following simplification for high Mach numbers is utilized: (Dowell [67])

M2∞ − 2

M2∞ − 1

(
μ

λ
√
M2∞ − 1

)1/2

�
(

μ

λM∞

)1/2

(15.a)

λ � ρ∞U 2∞a3

Dm
√
M2∞ − 1

,μ � ρ∞a

2ρt h
(15.b)

where, λ is the non-dimension aerodynamic pressure.
Based on Hamilton’s principle, the governing equations are obtained as

t2∫

t1

(δT − δU − δV )dt � 0 (16)

In Eq. (16), the variational form of strain energy, kinetic energy, and virtual work of an aeroelastic force is
demonstrated by δU , δT and δV , respectively. So that, they can be expressed as

δU �
¨

A

h+h p∫

−h−h p

{
σxxδεxx + σyyδεyy + σzzδεzz + σxyδγxy + σxzδγxz + σyzδγyz

}
d Adz (17)

∫ t2

t1
δTdt � −

∫ t2

t1

¨

A

{
[(

I0 +
2

Rx
I1 +

1

Rx
2 I2

)
∂2u

∂t2
+

(
I1 +

1

Rx
I2 − c

(
I3 +

1

Rx
I4

))
∂2ψx

∂t2
− c

(
I3 +

1

Rx
I4

)
∂3w

∂x∂t2

]
δu

+

[(

I0 +
2

Ry
I1 +

1

Ry
2 I2

)
∂2v

∂t2
+

(
I1 +

1

Ry
I2 − c

(
I3 +

1

Ry
I4

))
∂2ψy

∂t2
− c

(
I3 +

1

Ry
I4

)
∂3w

∂y∂t2

]

δv

+

[(
I1 +

1

Rx
I2 − cI3 − c

Rx
I4

)
∂2u

∂t2
+
(
I2 − 2cI4 + c2 I6

) ∂2ψx

∂t2
+
(−cI4 + c2 I6

) ∂3w

∂x∂t2

]
δψx

+

[(
I1 +

I2
Ry

− cI3 − c
I4
Ry

)
∂2v

∂t2
+
(
I2 − 2cI4 + c2 I6

) ∂2ψy

∂t2
+
(−cI4 + c2 I6

) ∂3w

∂y∂t2

]
δψy

+

[
I0

∂2w

∂t2
− c

[(
I3 +

I4
Rx

)(
∂3u

∂x∂t2

)
+

(
I3 +

I4
Ry

)(
∂3v

∂y∂t2

)
+ (I4 − cI6)

(
∂3ψx

∂x∂t2

)

+(I4 − cI6)

(
∂3ψy

∂y∂t2

)
− cI6

(
∂4w

∂x2∂t2
+

∂4w

∂y2∂t2

)]]
δw}d A (18)
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The virtual work of aeroelastic forces (δV ) can be represented as:

δV �
h+h p∫

−h−h p

�Pδwdz (19)

Substituting Eqs. (17), (18) and (19) into Hamilton’s principle, the governing equations of motion are
derived as:

δu :
∂Nxx

∂x
+

∂Nxy

∂y
+

c

Rx

(
∂Sxx
∂x

+
∂Sxy
∂y

)
+

β

Rx
Px − 1

Rx
Qx

�
(
I0 +

2

Rx
I1 +

1

R2
x
I2

)
∂2u

∂t2
+

(
I1 +

1

Rx
I2 − c

(
I3 +

1

Rx
I4

))
∂2ψx

∂t2
− c

(
I3 +

1

Rx
I4

)
∂3w

∂x∂t2
(20.a)

δv :
∂Nyy

∂y
+

∂Nxy

∂x
+

c

Ry

(
∂Syy
∂y

+
∂Sxy
∂x

)
+

β

Ry
Py − 1

Ry
Qy

�
(

I0 +
2

Ry
I1 +

1

R2
y
I2

)
∂2v

∂t2
+

(
I1 +

1

Ry
I2 − c

(
I3 +

1

Ry
I4

))
∂2ψy

∂t2
− c

(
I3 +

1

Ry
I4

)
∂3w

∂y∂t2
(20.b)

δψx :
∂Mxx

∂x
+

∂Mxy

∂y
− c

(
∂Sxx
∂x

+
∂Sxy
∂y

)
+ Qx − βPx

�
(
I1 +

1

Rx
I2 − cI3 − c

Rx
I4

)
∂2u

∂t2
+
(
I2 − 2cI4 + c2 I6

)∂2ψx

∂t2
+
(−cI4 + c2 I6

) ∂3w

∂x∂t2
(20.c)

δψy :
∂Mxy

∂x
+

∂Myy

∂y
− c

(
∂Sxy
∂x

+
∂Syy
∂y

)
+ Qy − βPy

�
(
I1 +

I2
Ry

− cI3 − c
I4
Ry

)
∂2v

∂t2
+
(
I2 − 2cI4 + c2 I6

)∂2ψy

∂t2
+
(−cI4 + c2 I6

) ∂3w

∂y∂t2
(20.d)

δw :
∂Qx

∂x
+

∂Qy

∂y
+
Nxx

Rx
+
Nyy

Ry
− c

(
∂2Sxx
∂x2

+
∂2Syy
∂y2

+ 2
∂2Sxy
∂x∂y

)
− β

(
∂Px
∂x

+
∂Py
∂y

)
+ �P

� I0
∂2w

∂t2
− c

[(
I3 +

I4
Rx

)(
∂3u

∂x∂t2

)
+

(
I3 +

I4
Ry

)(
∂3v

∂y∂t2

)

+(I4 − cI6)

(
∂3ψx

∂x∂t2

)
+ (I4 − cI6)

(
∂3ψy

∂y∂t2

)
− cI6

(
∂4w

∂x2∂t2
+

∂4w

∂y2∂t2

)]
(20.e)

In Eq. (20), the forces and moments resultants can be defined as

Nxx � A11

(
∂u

∂x
+

w

Rx

)
+ A12

(
∂v

∂y
+

w

Ry

)
+ B11

∂ψx

∂x
+ B12

∂ψy

∂y

− cF11

(
∂ψx

∂y
+

∂2w

∂x2
− ∂u

Rx∂x

)
− cF11

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
+ T1ϕ

Nyy � A21

(
∂u

∂x
+

w

Rx

)
+ A22

(
∂v

∂y
+

w

Ry

)
+ B21

∂ψx

∂x
+ B22

∂ψy

∂y

− cF21

(
∂ψx

∂y
+

∂2w

∂x2
− ∂u

Rx∂x

)
− cF22

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
+ T1ϕ

Nxy � A66

(
∂u

∂y
+

∂v

∂x

)
+ B66

(
∂ψx

∂y
+

∂ψy

∂x

)
− cF66

(
∂ψx

∂y
+

∂ψy

∂x
+ 2

∂2w

∂x∂y
− ∂u

Rx∂y
− ∂v

Ry∂x

)

Mxx � B11

(
∂u

∂x
+

w

Rx

)
+ B12

(
∂v

∂y
+

w

Ry

)
+ D11

∂ψx

∂x
+ D12

∂ψy

∂y

− cG11

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x

)
− cG12

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
+ T̄1ϕ
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Myy � B11

(
∂u

∂x
+

w

Rx

)
+ B12

(
∂v

∂y
+

w

Ry

)
+ D11

∂ψx

∂x
+ D12

∂ψy

∂y

− cG11

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x

)
− cG12

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
+ T̄1ϕ

Mxy � B66

(
∂u

∂y
+

∂v

∂x

)
+ D66

(
∂ψx

∂y
+

∂ψy

∂x

)
− cG66

(
∂ψx

∂y
+

∂ψy

∂x
+ 2

∂2w

∂x∂y
− ∂u

Rx∂y
− ∂v

Ry∂x

)

Qx � A55

(
ψx +

∂w

∂x
− u

Rx

)
+ T5

∂φ

∂x

Qy � A44

(
ψy +

∂w

∂y
− v

Ry

)
+ T5

∂φ

∂y

Sxx � F11

(
∂u

∂x
+

w

Rx

)
+ F12

(
∂v

∂y
+

w

Ry

)
+ G11

∂ψx

∂x
+ G12

∂ψy

∂y

− cH11

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x

)
− cH12

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
− T̄1φ

Syy � F21

(
∂u

∂x
+

w

Rx

)
+ F22

(
∂v

∂y
+

w

Ry

)
+ G21

∂ψx

∂x
+ G22

∂ψy

∂y

− cH21

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x

)
− cH22

(
∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
− T̄1φ

Sxy � F66

(
∂u

∂y
+

∂v

∂x

)
+ G66

(
∂ψx

∂y
+

∂ψy

∂x

)
− cH66

(
∂ψx

∂y
+

∂ψy

∂x
+ 2

∂2w

∂x∂y
− ∂u

Rx∂y
− ∂v

Ry∂x

)

Px � −β

(
D55

(
ψx +

∂w

∂x
− u

Rx

)
+ T̄5φ

)

Py � −β

(
D44

(
ψy +

∂w

∂y
− v

Ry

)
+ T̄5φ

)
(21)

Substituting Eq. (21) into Eq. (20), the governing equations can be presented as

δu : ab1
∂2u

∂x2
+ ab2

∂2u

∂y2
+ ab3u + ab4

∂2v

∂x∂y
+ ab5

∂2ψx

∂x2
+ ab6

∂2ψx

∂y2
+ ab7ψx + ab8

∂2ψy

∂x∂y

+ ab9
∂3w

∂x3
+ ab10

∂3w

∂x∂y2
+ ab11

∂w

∂x
+ T2

((
∂2u

∂x2
+

∂w

Rx∂x

)
+

(
∂2v

∂x∂y
+

∂w

Ry∂x

))

+
1

Rx

(
T5

∂φ

∂x
+ T7

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+ T8

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

)

−β

(
T5z2

∂φ

∂x
+T7z2

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+T8z2

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

)))

+
c

Rx

(
T1z3

∂φ

∂x
+T3z3

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+T4z3

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

))

�
(
I0 +

2

Rx
I1 +

1

Rx
2 I2

)
∂2u

∂t2
+

(
I1 +

1

Rx
I2 − c

(
I3 +

1

Rx
I4

))
∂2ψx

∂t2
− c

(
I3 +

1

Rx
I4

)
∂3w

∂x∂t2

(22.a)
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δv : ac1
∂2u

∂x∂y
+ ac2

∂2v

∂x2
+ ac3

∂2v

∂y2
+ ac4v + ac5

∂2ψx

∂x∂y
+ ac6

∂2ψy

∂x2
+ ac7

∂2ψy

∂y2
+ ac8ψy

+ ac9
∂3w

∂x2∂y
+ ac10

∂3w

∂y3
+ ac11

∂w

∂y
+ T2

((
∂2u

∂x∂y
+

∂w

Rx∂y

)
+

(
∂2v

∂y2
+

∂w

Ry∂y

))

+
1

Ry

(
T5

∂φ

∂y
+ T7

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+ T8

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

)

−β

(
T5z2

∂φ

∂y
+T7z2

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+T8z2

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

)))

+
c

Ry

(
T1z3

∂φ

∂y
+T3z3

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+T4z3

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

))

�
(

I0 +
2

Ry
I1 +

1

Ry
2 I2

)
∂2v

∂t2
+

(
I1 +

1

Ry
I2 − c

(
I3 +

1

Ry
I4

))
∂2ψy

∂t2
− c

(
I3 +

1

Ry
I4

)
∂3w

∂y∂t2

(22.b)

δψx : ad1
∂2u

∂x2
+ ad2

∂2u

∂y2
+ ad3u + ad4

∂2v

∂x∂y
+ ad5

∂2ψx

∂x2
+ ad6ψx

+ ad7
∂2ψx

∂y2
+ ad8

∂2ψy

∂x∂y
+ ad9

∂3w

∂x3
+ ad10

∂3w

∂x∂y2
+ ad11

∂w

∂x

+

(
T1z

∂φ

∂x
+ T3z

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+ T4z

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

)

−
(
T5

∂φ

∂x
+ T7

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+ T8

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

)))

−β

(
T5z2

∂φ

∂x
+T7z2

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+T8z2

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

))

− c

(
T1z3

∂φ

∂x
+ T3z3

(
∂2ψx

∂x2
+

∂2ψy

∂x∂y

)
+ T4z3

(
∂2ψx

∂x2
+

∂3w

∂x3
− ∂2u

Rx∂x2
+

∂2ψy

∂x∂y
+

∂3w

∂x∂y2
− ∂2v

Ry∂x∂y

))

�
(
I1 +

1

Rx
I2 − cI3 − c

Rx
I4

)
∂2u

∂t2
+
(
I2 − 2cI4 + c2 I6

) ∂2ψx

∂t2
+
(−cI4 + c2 I6

) ∂3w

∂x∂t2

(22.c)

δψy : a f 1
∂2u

∂x∂y
+ a f 2

∂2v

∂x2
+ a f 3

∂2v

∂y2
+ a f 4v + a f 5

∂2ψx

∂x∂y
+ a f 6

∂2ψy

∂x2

+ a f 7
∂2ψy

∂y2
+ a f 8ψy + a f 9

∂3w

∂x2∂y
+ a f 10

∂3w

∂y3
+ a f 11

∂w

∂y

+

(
T1z

∂φ

∂y
+ T3z

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+ T4z

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

)

−c

(
T1z3

∂φ

∂y
+T3z3

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+T4z3

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

)))

−
(
T5

∂φ

∂y
+ T7

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+ T8

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

))

−β

(
T5z2

∂φ

∂y
+T7z2

(
∂2ψx

∂x∂y
+

∂2ψy

∂y2

)
+T8z2

(
∂2ψx

∂x∂y
+

∂3w

∂x2∂y
− ∂2u

Rx∂x∂y
+

∂2ψy

∂y2
+

∂3w

∂y3
− ∂2v

Ry∂y2

))

�
(
I1 +

I2
Ry

− cI3 − c
I4
Ry

)
∂2v

∂t2
+
(
I2 − 2cI4 + c2 I6

) ∂2ψy

∂t2
+
(−cI4 + c2 I6

) ∂3w

∂y∂t2

(22.d)
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δw :ag1
∂u

∂x
+ ag2

∂3u

∂x3
+ ag3

∂3u

∂x∂y2
+ ag4

∂v

∂y
+ ag5

∂3v

∂x2∂y
+ ag6

∂3v

∂y3
+ ag7

∂ψx

∂x
+ ag8

∂3ψ x

∂x3

+ ag9
∂3ψ x

∂x2∂y
+ ag10

∂ψy

∂y
+ ag11

∂3ψ y

∂y3
+ ag12

∂3ψ y

∂x2∂y
+ ag13

∂4w

∂x4
+ ag14

∂4w

∂y4

+ ag15
∂4w

∂x2∂y2
+ ag16

∂2w

∂x2
+ ag17

∂2w

∂y2
+ ag18w + T5

∂2φ

∂x2
+ T7

(
∂3ψx

∂x3
+

∂3ψy

∂x2∂y

)

+ T8

(
∂3ψx

∂x3
+

∂4w

∂x4
− ∂3u

Rx∂x3
+

∂3ψy

∂x2∂y
+

∂4w

∂x2∂y2
− ∂3v

Ry∂x2∂y

)
− β

(
T5z2

∂2φ

∂x2
+ T

7z2

(
∂3ψx

∂x3
+

∂3ψy

∂x2∂y

)

+ T8z2

(
∂3ψx

∂x3
+

∂4w

∂x4
− ∂3u

Rx∂x3
+

∂3ψy

∂x2∂y
+

∂4w

∂x2∂y2
− ∂3v

Ry∂x2∂y

))
+ T5

∂2φ

∂y2

+ T7

(
∂3ψx

∂x∂y2
+

∂3ψy

∂y3

)
+ T8

(
∂3ψy

∂y3
+

∂4w

∂y4
− ∂3v

Ry∂y3
+

∂3ψx

∂x∂y2
+

∂4w

∂x2∂y2
− ∂3u

Rx∂x∂y2

)
− β

(
T5z2

∂2φ

∂y2

+ T7z2

(
∂3ψx

∂x∂y2
+

∂3ψy

∂y3

)
+ T8z2

(
∂3ψy

∂y3
+

∂4w

∂y4
− ∂3v

Ry∂y3
+

∂3ψx

∂x∂y2
+

∂4w

∂x2∂y2
− ∂3u

Rx∂x∂y2

))

+ c

(
T1z3

(
∂2φ

∂x2
+

∂2φ

∂y2

)
+ T3z3

(
∂3ψx

∂x3
+

∂3ψy

∂x2∂y
+

∂3ψx

∂x∂y2
+

∂3ψy

∂y3

)
+ T4z3

(
∂3ψx

∂x3
+

∂4w

∂x4
− ∂3u

Rx∂x3

+
∂3ψy

∂x2∂y
+

∂4w

∂x2∂y2
− ∂3v

Ry∂x2∂y

∂3ψy

∂y3
+

∂4w

∂y4
− ∂3v

Ry∂y3
+

∂3ψx

∂x∂y2
+

∂4w

∂x2∂y2
− ∂3u

Rx∂x∂y2

))

− T2
Rx

((
∂u

∂x
+

w

Rx

)
+

(
∂v

∂y
+

w

Ry

))
− T2

Ry

((
∂u

∂x
+

w

Rx

)
+

(
∂v

∂y
+

w

Ry

))
+ �P

� I0
∂2w

∂t2
− c

[(
I3 +

I4
Rx

)(
∂3u

∂x∂t2

)
+

(
I3 +

I4
Ry

)(
∂3v

∂y∂t2

)
+

(
I4 − cI6

)(
∂3ψx

∂x∂t2

)

+

(
I4 − cI6

)(
∂3ψy

∂y∂t2

)
− cI6

(
∂4w

∂x2∂t2
+

∂4w

∂y2∂t2

)]
(22.e)

The constant quantities in Eq. (22), have been defined in “Appendix A”.
The mechanical boundary conditions can be expressed as
Simply supported boundary conditions (S)

at x � 0, a

u � 0, v � 0,ψy � 0,Mxx − cPxx � 0,w � 0, Pxx � 0 (23.a)

at y � 0, b

u � 0, v � 0,ψx � 0,Myy − cPyy � 0,w � 0, Pyy � 0 (23.b)

Clamped boundary conditions (C)

at x � 0, a

u � 0, v � 0,ψx � 0,ψy � 0,w � 0,
∂w

∂x
� 0 (24.a)

at y � 0, b

u � 0, v � 0,ψx � 0,ψy � 0,w � 0,
∂w

∂x
� 0 (24.b)

The variables have to satisfy Maxwell’s equation (Farsangi et al. [69])

−h∫

−h−h p

�∇ · �Ddz +

h+h p∫

h

�∇ · �Ddz � 0 (25)
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Substituting Eq. (3) and (9), into Eq. (25) yields

(26)

δφS1

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x
+

∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
− S2

(
∂2φ

∂x2
+

∂2φ

∂y2

)

− S6

(
u

∂x3
+

∂2w

Rx∂x2
+

∂3v

∂x2∂y
+

∂2w

Ry∂x2
+

∂3u

∂x∂y2
+

∂2w

Rx∂y2
+

∂3v

∂y3
+

∂2w

Ry∂y2

)

+ S7

(
∂3ψx

∂x3
+

∂3ψy

∂x2∂y
+

∂3ψx

∂x∂y2
+

∂3ψy

∂y3

)
+ S8

(
∂3ψx

∂x3
+

∂4w

∂x4
− ∂3u

Rx∂x3
+

∂3ψy

∂x2∂y

+
∂4w

∂x2∂y2
− ∂3v

Ry∂x2∂y
+

∂3ψx

∂x∂y2
+

∂4w

∂x2∂y2
− ∂3u

Rx∂x∂y2
+

∂3ψy

∂y3
+

∂4w

∂y4
− ∂3v

Ry∂y3

)

+ S3

(
∂ψx

∂x
+

∂ψy

∂y

)
− S4

(
∂ψx

∂x
+

∂2w

∂x2
− ∂u

Rx∂x
+

∂ψy

∂y
+

∂2w

∂y2
− ∂v

Ry∂y

)
− S5φ � 0

The electrical boundary conditions at x � 0, a, y � ± b
2 are:

φ(0, y, t) � φ(a, y, t) � 0 (27)

and

−h∫

−h−h p

Dy(x , y, z, t)dz +

h∫

h+h p

Dy(x , y, z, t)dz � 0 (28)

In "Appendix B", the definitions of constant quantities in Eq. (26) have been presented.

3 Solution technique

The Galerkin method is used to discretize the partial differential equations into ordinary equations. The modal
expansions are assumed to approximate the aeroelastic stability analysis of a doubly curved panel made of FG
porous as follows. (Fung [75])

u(x , y, t) � �T
u qu , v(x , y, t) � �T

v qv , ψx (x , y, t) � �T
ψx
qψx

,

ψy(x , y, t) � �T
ψy
qψy

, w(x , y, t) � �T
wqw, φ(x , y, t) � �T

φ qφ

(29)

where qu , qv , qψx
, qψy

, qw and qφ denote the generalized coordinates; �u , �v , �ψx , �ψy , �w and
�φ expressed the unknown displacements that satisfy boundary conditions. The unknown displacements(
u, v, ψx , ψy , w, φ

)
can be represented as

u(x , y, t) � ΦT
u qu �

n′∑

n�1

m′∑

m�1

qumn(t)ϕum(x)ψun(y)

v(x , y, t) � ΦT
v qv �

n′∑

n�1

m′∑

m�1

qvmn(t)ϕvm(x)ψvn(y)

ψx (x , y, t) � ΦT
ψx
qψx

�
n′∑

n�1

m′∑

m�1

qxmn(t)ϕxm(x)ψxn(y)

ψy(x , y, t) � ΦT
ψy
qψy

�
n′∑

n�1

m′∑

m�1

qymn(t)ϕym(x)ψyn(y)

w(x , y, t) � ΦT
wqw �

n′∑

n�1

m′∑

m�1

qwmn(t)ϕwm(x)ψwn(y)
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φ(x , y, t) � ΦT
φ qφ �

n′∑

n�1

m′∑

m�1

qφmn(t)ϕφm(x)ψφn(y) (30)

where m′ and n′ are the truncation of the Galerkin expansion (or the number of modes). It is shown in Table.
2 that Eq. (30) converges in the sixth mode. So,

m′ � n′ � 6 (31)

The unknown displacements that satisfy appropriate simply supported (S) and clamped (C) boundary
conditions can be written as

Simply supported (S):

ϕrs(x , y) � sin
(
r
πx

L

)
sin
(
s
πy

L

)
(32)

Clamped (C):

ϕrs(x , y) � (cosh(ki x) − cos(ki x))

− Di (sinh(ki x) − sin(ki x))(cosh(ki y) − cos(ki y))

− Di (sinh(ki y) − sin(ki y)) (33)

where

Di � sinh(ki ) − sin(ki )

cosh(ki ) − cos(ki )
k1 � 4.7300, k2 � 7.8532, k3 � 10.9956, k4 � 14.1316,

k5 � 17.2887, i > 5 ⇒ ki � (2i + 1)
π

2

The Galerkin method is used to discretize form of governing equations which can be given as

Mq̈(t) + Cq̇(t) + Keq(t) � 0 (34)

In Eq. (34), the overall vector of generalized coordinates is expressed by q �[
qTu qTv qTψx

qTψy
qTw qTφ

]T
. Furthermore, Ke, M and C represent the stiffness, mass and damp-

ing matrices, respectively. So, the stiffness matrix can be represented as
⎡

⎢
⎢⎢
⎢⎢
⎣

K 11 K 12 K 13 K 14 K 15 K 16
K 21 K 22 K 23 K 24 K 25 K 26
K 31
K 41
K 51
K 61

K 32
K 42
K 52
K 62

K 33
K 43
K 53
K 63

K 34
K 44
K 54
K 64

K 35 K 36
K 45 K 46
K 55
K 65

K 56
K 66

⎤

⎥
⎥⎥
⎥⎥
⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

qu
qv

qψx
qψx
qw

qφ

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 0 (35)

The above equation can be rewritten as

K 11q + K 12qφ � 0

K 21q + K 66qφ � 0
(36)

K 11 �

⎡

⎢⎢
⎢⎢
⎢
⎣

K 11 K 12 K 13 K 14 K 15
K 21 K 22 K 23 K 24 K 25
K 31 K 32 K 33 K 34 K 35
K 41
K 51
K 61

K 42
K 52
K 62

K 43
K 53
K 63

K 44
K 54
K 64

K 45
K 55
K 65

⎤

⎥⎥
⎥⎥
⎥
⎦
, q �

{
qu qv qψx

qψy
qw

}T
(37a)

K 12 � [K 16 K 26 K 36 K 46 K 56]
T (37b)

K 21 � [K 61 K 62 K 63 K 64 K 65] (37c)
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where

Ke � K 11 − K 12K
−1
66 K 21 (38)

The state vector Z(t) � {q(t), q̇(t)}T is defined and the Eq. (34) can be rewritten as

Ż(t) � DZ(t), (39)

where

D �
[

0 I
−M−1Ke −M−1C

]
, (40)

I is the identity matrix.
Finally, substituting the state vector Z(t) � Ze(ωt) into Eq. (39) yields

(D − iωI)Z � 0. (41)

From Eq. (41), the eigenvalues ω’s are obtained which are generally complex quantities and written
as a form, ω � ωR + iωI . So ωI represents the natural frequency of the system and ωR is a real part.
Dynamic instability occurs when the real part of the eigenvalue sign becomes positive. The aerodynamic
pressure associated with this signal change is represented by the critical flutter aerodynamic pressure, λcr .
This phenomenon is caused by the merging of two modes of torsion and bending, which is known as the flutter
frequency, ωcr (Saidi et al. [30]).

4 Numerical results

The dimensionless parameters can be defined as

� � ω

(√
Dm

2ρt ha4

)

, Dm � 2Eth3

3
(
1 − v2t

) (42)

To evaluate the accuracy of the results obtained for vibration and dynamic instability analyses of FG Porous
doubly curved Panels, a comparison has been made with some published results (e.g. [9, 21, 31, 72–74]). In
Table 1, a comparison between the obtained results and those reported in the references (Matsunaga. [72], Chorfi
and Houmat [9]) for FGM curved shells under simply supported boundary conditions has been made. For this
validation, the material of the shell is considered according to the mentioned references, (Al/Al2O3). The
thickness of the piezoelectric layers and porosity coefficient is considered

(
h p � 10−10m

)
and

(
e � 10−10

)

in order to obtain a curved shell similar to the mentioned references with a very good approximation. As it can
be found from Table 1, good correlation between the results of the present analysis and the results obtained in
the previous references can be seen. Also, the flutter aerodynamic pressure λcr and flutter frequency (ωcr ) for
an isotropic square plate have been compared with the results presented by Prakash and Ganapathi [74] and
Akbari et al. [73] in Table 2. It should be mentioned that Akbari et al. [73] used the generalized differential
quadrature method (GDQM) and Prakash and Ganapathi [74] used the finite element method (FEM) for flutter
analysis.

The non-dimensional frequencies ω � ωh
√

ρm/Em of an SCSC and SSSS FG porous plate for
power-law indices, porosity distributions, thickness-side ratios, various aspect ratios and porosity parame-
ters have been compared with the results have been provided by Rezaei et al. [21], in Table 3. In Table
4, the flutter frequency ωcr and flutter aerodynamic pressure λcr of SSSS, CSCS and CCCC porous plate(
b/a � 1, h p/2h � 0.05 and 2h/a � 0.1

)
have been compared with the results have been presented by

Bahaadini et al. [31]. As can be seen from these tables, there is a good agreement between the presented
results and the results of previous research. The material properties of FG porous core and piezoelectric layers
are prepared in Tables 5 and 6. Then the flutter boundaries for this system are studied using the Galerkin
method. Table 7 shows the influence of different types of porosity coefficients and power-law index on the
flutter aerodynamic pressure and flutter frequency. The effects of various piezoelectric layers, radii of principal
curvatures of the middle surface

(
Rx , Ry

)
, FG porous distributions, power-law index, porosity coefficient,

doubly curved panel thickness, electrical conditions (open condition and closed condition) and mechanical
boundary conditions on the flutter boundaries of FG porous doubly curved panel are studied in Figs. 2, 3, 4,
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Table 1 The comparison of the natural frequency, for a FGM (Al/Al2O3) shell
(
ω∗ � ωh

√
ρ
E , , a/h � 10, a/b � 1

)

b/Ry a/Rx k Matsunaga. [72] Chorfi and Houmat. [9] Present study

Spherical shell 0.5 0.5 0 0.0751 0.0762 0.07586
0.5 0.0657 0.0664 0.06602
1 0.0601 0.0607 0.06052
4 0.0503 0.0509 0.05061
10 0.0464 0.0471 0.04676

Cylindrical shell 0 0.5 0 0.0622 0.0629 0.06227
0.5 0.0535 0.0540 0.05372
1 0.0485 0.0490 0.04860
4 0.0413 0.0419 0.04160
10 0.0390 0.0395 0.03930

Hyperbolic paraboloid shell − 0.5 0.5 0 0.0563 0.0580 0.05661
0.5 0.0479 0.0493 0.04810
1 0.0432 0.0445 0.04393
4 0.0372 0.0385 0.03791
10 0.0355 0.0368 0.03598

Plate 0 0 0 0.0578 0.0577 0.05777
0.5 0.0492 0.0490 0.04916
1 0.0443 0.0442 0.04430
4 0.0381 0.0383 0.03826
10 0.0364 0.0366 0.03657

Table 2 The comparison of the flutter aerodynamic pressure λcr and flutter frequency (ωcr ) for an isotropic square plate

SSSS CCCC

λcr ωcr λcr ωcr

Prakash and Ganapathi. [74] (FEM) 511.11 42.90 852.34 65.38
Akbari et al. [73](GDQM) 511.15 43.29 851.27 65.73
Present study m′ � n′ � 7 511.1881 42.8496 851.3446 65.4805

m′ � n′ � 6 511.1753 42.8371 851.3283 65.4770
m′ � n′ � 5 512.9601 43.7523 852.8126 64.6348
m′ � n′ � 4 503.1282 39.9621 843.7691 59.8216
m′ � n′ � 3 550.3125 41.1745 890.1642 62.3678
m′ � n′ � 2 373.7461 36.5123 713.8873 57.4896

Table 3 The comparison of the non-dimensional frequency, ω � ωh
√

ρm/Em , ha � 0.05, a
b � 1

Boundary conditions e n � 0 n � 0.5 n � 1

Even Uneven Even Uneven n Even Uneven

SSSS 0 Rezaei et al. [21] 0.029119 0.029119 0.024673 0.024673 0.022237 0.022237
Present study 0.029108 0.029108 0.024661 0.024661 0.022232 0.022232

0.2 Rezaei et al. [21] 0.030033 0.029989 0.024558 0.025237 0.021038 0.022473
Present study 0.030011 0.029971 0.024532 0.025225 0.021022 0.022451

0.4 Rezaei et al. [21] 0.031371 0.031006 0.024230 0.025896 0.0187173 0.022694
Present study 0.031342 0.031003 0.024227 0.025882 0.018764 0.022681

CSCS 0 Rezaei et al. [21] 0.042402 0.042402 0.035954 0.035954 0.032414 0.032414
Present study 0.042401 0.04201 0.035932 0.035932 0.032402 0.032402

0.2 Rezaei et al. [21] 0.043732 0.043659 0.035796 0.036768 0.030686 0.032754
Present study 0.043715 0.043647 0.035783 0.036752 0.030675 0.032741

0.4 Rezaei et al. [21] 0.045681 0.045127 0.035333 0.037719 0.026542 0.033073
Present study 0.045673 0.045112 0.035321 0.037701 0.026531 0.033061
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Table 4 The comparison of flutter aerodynamic pressure and flutter frequency of symmetric porous plate
(e0 � 0.35, 2h/a � 0.15)

Boundary condition
h p
2h Condition λcr ωcr

CCCC 0 – Bahaadini et al. [31] 432.730 48.814
Present study 432.730 48.814

0.05 Closed Bahaadini et al. [31] 570.572 49.066
Present study 570.572 49.066

Open Bahaadini et al. [31] 614.08 51.385
Present study 614.08 51.385

0.1 Closed Bahaadini et al. [31] 720.224 49.795
Present study 720.224 49.795

Open Bahaadini et al. [31] 859.860 56.195
Present study 859.860 56.195

CSCS 0 – Bahaadini et al. [31] 392.376 43.252
Present study 392.376 43.252

0.05 Closed Bahaadini et al. [31] 521.270 43.456
Present study 521.270 43.456

Open Bahaadini et al. [31] 557.692 45.165
Present study 557.692 45.165

0.1 Closed Bahaadini et al. [31] 665.675 44.147
Present study 665.675 44.147

Open Bahaadini et al. [31] 755.854 47.710
Present study 755.854 47.710

SSSS 0 – Bahaadini et al. [31] 349.715 38.601
Present study 349.715 38.601

0.05 Closed Bahaadini et al. [31] 466.580 38.915
Present study 466.580 38.915

Open Bahaadini et al. [31] 496.104 40.290
Present study 496.104 40.290

0.1 Closed Bahaadini et al. [31] 596.875 39.620
Present study 596.875 39.620

Open Bahaadini et al. [31] 651.492 41.865
Present study 651.492 41.865

Table 5 The material properties of the piezoelectric layer

Property Piezoelectric layer

(PZT-4) (PZT-5A) (PZT-5H)

c11 (GPa) 132 121 151
c12 (GPa) 71 75.4 98
c33 (GPa) 115 111 124
c13 (GPa) 73 75.2 96
c55 (GPa) 26 21.1 26.5
e31

(
cm−2

)
− 4.1 − 5.4 − 5.1

e33
(
cm−2

)
14.1 15.8 27

e15
(
cm−2

)
10.5 12.3 17

	11
(
nFm−1

)
7.124 8.107 15

	33
(
nFm−1

)
5.841 7.346 13.27

ρ
(
kgm−3

)
7500 7700 7400

Table 6 Material properties of FG material

E (GPa) ρ
(
Kg/m3

)
v

Al 70 2702 0.3
Al2O3 380 3800 0.3
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Fig. 2 Flutter boundary versus Rx/a for different circuit conditions for (PZT − 4, b/a � 1, h p/2h � 0.05, n � 1, e � 0.1)
a critical aerodynamic pressure, b critical frequency

5, 6, 7, 8, 9, 10, 11. In Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. The diagrams show the boundary between dynamic
stability and instability. In a stable area, these vibrations are dumped, ie the air acts as a damper, while in an
unstable region, the oscillations grow exponentially, leading to a flutter phenomenon.

In these figures, the effects of various piezoelectric layers, radii of principal curvatures of themiddle surface(
Rx , Ry

)
, FG porous distributions and power-law index on the flutter boundaries of FG porous doubly curved

panels are investigated.
In Fig. 2 The influences of open circuit conditions and closed circuit conditions on the flutter boundaries

of FG porous doubly curved panels in supersonic flow are performed. It can be seen from Fig. 2 that the open
circuit condition predicts a higher stability boundary than the closed circuit condition. The effects of different
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Fig. 3 Flutter boundary versus Rx/a for different Piezoelectric layers for (b/a � 1, h p/2h � 0.05, n � 1, e � 0.1) a critical
aerodynamic pressure, b critical frequency

piezoelectric layers on the flutter boundaries of FG porous doubly curved panels are studied in Fig. 3. From
Fig. 3, can be observed that the PZT – 4 predicts the highest flutter boundaries for the FG porous doubly
curved panel. In Fig. 4, the effects of mechanical boundary conditions on the flutter boundaries of the system
are investigated. It can be seen from Fig. 4 that the clamped boundary conditions predict the highest stability
boundaries. It also has the least stability with simply supported boundary conditions. Figure 5 shows the
effects of the power-law index on the flutter boundaries. It can be seen from Fig. 5 that increasing the power-
law index reduces the stability. Figure 6 shows the influences of porosity coefficient on the flutter boundaries.
It can be observed from Fig. 6 that increasing the porosity coefficient reduces the stability. The effects of panel
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Fig. 4 Flutter boundary versus Rx/a for different mechanical boundary conditions for (b/a � 1, h p/2h � 0.05, n � 1,
e � 0.1) a critical aerodynamic pressure, b critical frequency

dimensions on the flutter boundaries of FG porous doubly curved panels have been investigated in Figs. 7, 8, 9.
Figure 7 indicates the variation of flutter boundaries for different aspect ratios. The results show that increasing
the aspect ratios reduces the stability boundary. In Fig. 8, the influences of the core panel’s thickness on the
stability of the system are studied. It can be observed from Fig. 8 that increasing the thickness-length ratios
decreases the stability. Figure 9, shows the effects of piezoelectric layer thickness on the flutter boundaries.
Examination of the results shows that increasing the thickness of the piezoelectric layer increases the stability
of the system. The effects of different FG porous materials on the flutter boundaries of FG porous doubly
curved panels are studied in Fig. 10. It is clear from Fig. 10 that the use of V distribution raises the flutter
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Fig. 5 Flutter boundary versus Rx/a for the different power-law index for (b/a � 1, h p/2h � 0.05, e � 0.1) a critical
aerodynamic pressure, b critical frequency

boundaries. Figure 11, shows the influences of a different curved panel on the flutter boundaries. A comparison
of the curves in Fig. 11 shows that the spherical panel has the highest stability. Figure 10 shows that the stability
boundary of the spherical panel is higher than that of the doubly curved panel

(
Ry � 2Rx

)
, cylindrical panel,(

Ry � −Rx
)
and plate.
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Fig. 6 Flutter boundary versus Rx/a for different porosity for (b/a � 1, h p/2h � 0.05, e � 0.1) a critical aerodynamic pressure,
b critical frequency
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Fig. 7 Flutter boundary versus Rx/a for different FG porous panels for (h p/2h � 0.05, e � 0.1) a critical aerodynamic pressure,
b critical frequency



6152 M. Abbaslou et al.

Fig. 8 Flutter boundary versus Rx/a for different (b/a) for (h p/2h � 0.05, e � 0.1) a critical aerodynamic pressure, b critical
frequency
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Fig. 9 Flutter boundary versus Rx/a for different piezoelectric layer thickness for (b/a � 1, n � 1, e � 0.1) a flutter
aerodynamic pressure, b flutter frequency
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Fig. 10 Flutter boundary versus Rx/a for different piezoelectric layer thickness for (b/a � 1, n � 1, e � 0.1) a flutter
aerodynamic pressure, b flutter frequency
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Fig. 11 Flutter boundary versus e for a different curved panel for (b/a � 1, h p/2h � 0.05, n � 1, Rx/a � 10) a critical
aerodynamic pressure, b critical frequency
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Table 7 The influence of different types of porosity coefficient and power-law index on the flutter aerodynamic pressure and
flutter frequency of SSSS FG porous doubly curved panels (b/a � 1, hp/2h� 0.05 and 2h/a � 0.1)

Condition Aero-elastic parameter e � 0 e � 0.1 e � 0.2

Spherical panel Closed λcr 890.465 630.212 344.843
ωcr 55.387 48.072 36.452

Open λcr 943.785 685.124 403.867
ωcr 56.947 50.0615 40.546

Doubly curved panel (Ry � 2Rx ) Closed λcr 886.175 626.346 341.912
ωcr 54.841 47.56 36.115

Open λcr 939.243 682.158 400.011
ωcr 56.442 49.832 39.151

Cylindrical panel Closed λcr 881.875 622.317 338.134
ωcr 54.412 47.033 35.971

Open λcr 934.012 677.312 395.883
ωcr 56.143 49.567 38.911

Ry � −Rx Closed λcr 871.965 613.754 330.915
ωcr 54.143 46.934 35.841

Open λcr 923.233 666.932 387.331
ωcr 56.021 49.382 38.781

Plate Closed λcr 846.226 591.843 315.872
ωcr 53.924 46.128 35.447

Open λcr 897.756 645.146 371.688
ωcr 55.817 49.113 38.142

5 Conclusion

In this study, the flutter boundaries for a doubly curved panel made of FG porous materials surrounded by
piezoelectric layers subjected to supersonic flow have been investigated. The governing equations of motion
are obtained from Hamilton’s principle and Maxwell’s equation. In this regard, first-order piston theory and
Reddy’s third-order shear deformation theory are used. The Galerkin method is used to discretize the equations
of motion. Based on the present research, the following results have been obtained:

1. A comparison of the spherical panel, doubly curved panel with Ry � 2Rx and Ry � −Rx , cylindrical
panel, and plate shows that the spherical panel has the highest and the plate has the lowest stability regions.

2. As the radius to length of the panel increases, the critical flutter aerodynamic pressure increases and the
flutter frequency decreases.

3. The open-circuit electrical boundary condition predicts a higher flutter boundary as well as a higher flutter
frequency than the closed-circuit electrical boundary condition. Also, the highest and lowest critical flutter
aerodynamic pressure andflutter frequency are related toCCCCandSSSSmechanical boundary conditions,
respectively.

4. By examining three piezoelectric materials, the PZT-4 type has the highest flutter boundary and flutter
frequency, and the PZT-5A type has the lowest critical flutter aerodynamic pressure and flutter frequency.
Also, increasing the ratio of piezoelectric layer thickness to panel thickness increases the critical flutter
aerodynamic pressure and flutter frequency.

5. The stability of the system decreases by increasing the thickness to length, the width-length ratio, the power
law index and the porosity coefficient.

6. Examination of different material distributions shows that V-distribution predicts the highest flutter bound-
ary and flutter frequency.
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Appendix A

In Eq. (20), the terms expressing inertia and the resulting forces and moments are expressed as follows:

(I0, I1, I2, I3, I4, I6) �
h+h p∫

−h−h p

ρ(z)
(
1, z, z2, z3, z4, z6

)
dz (A.1)

(
Nxx , Nxy , Nyy

) �
h+h p∫

−h−h p

(
σxx , σxy , σyy

)
dz

(
Mxx ,Mxy ,Myy

) �
h+h p∫

−h−h p

(
σxx , σxy , σyy

)
zdz

(
Qx , Qy

) �
h+h p∫

−h−h p

(
σxz , σyz

)
dz

(
Sxx , Sxy , Syy

) �
h+h p∫

−h−h p

(
σxx , σxy , σyy

)
z3dz

(
Px , Py

) �
h+h p∫

−h−h p

(
σxz , σyz

)
z2dz (A.2)

The stiffness coefficients are presented in Eq. (21) as follows:

(A11, A12) �
−h∫

−h

(Q11, Q12)dz + 2

h+h p∫

h

(c11, c12)dz

A66 �
−h∫

−h

Q66dz + 2

h+h p∫

h

(c11 − c12)dz

(B11, B12, B66) �
−h∫

−h

(Q11, Q12, Q66)zdz

(C11,C12,C66) �
−h∫

−h

(Q11, Q12, Q66)cz
3dz

(D11, D12, D66) �
−h∫

−h

(Q11, Q12, Q66)z
2dz + 2

h+h p∫

h

(c11, c12, (c11 − c12))z
2dz

(E11, E12) �
−h∫

−h

(Q11, Q12)
(
z2 − cz4

)
dz + 2

h+h p∫

h

(c11, c12)
(
z2 − cz4

)
dz

E66 �
−h∫

−h

(
Q66

)(
z2 − cz4

)
dz + 2

h+h p∫

h

(c11 − c12)
(
z2 − cz4

)
dz
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(F11, F12) �
−h∫

−h

(Q11, Q12)cz
4dz + 2

h+h p∫

h

(c11, c12)cz
4dz + η3

F66 � 2

−h∫

−h

(
Q66

)
cz4dz + 2

h+h p∫

h

(c11 − c12)cz
4dz

A55 �
−h∫

−h

(
Q66

)(
1 − βz2

)
dz + +2

h+h p∫

h

c55
(
1 − βz2

)
dz

(G11,G12,G66) �
−h∫

−h

(Q11, Q12, Q66)z
3dz

(H11, H12) �
−h∫

−h

(Q11, Q12)
(
z4 − cz6

)
dz + 2

h+h p∫

h

(c11, c12)
(
z4 − cz6

)
dz

H66 �
−h∫

−h

(
Q66

)(
z4 − cz6

)
dz + 2

h+h p∫

h

(c11 − c12)
(
z4 − cz6

)
dz

(L11, L12) �
−h∫

−h

(Q11, Q12)cz
6dz + 2

h+h p∫

h

(c11, c12)cz
6dz

L66 � 2

−h∫

−h

(
Q66

)
cz6dz + 2

h+h p∫

h

(c11 − c12)cz
6dz

S55 �
−h∫

−h

(
Qb

66

)(
z2 − βz4

)
dz + 2

h+h p∫

h

c55
(
z2 − βz4

)
dz (A.3)

The constant quantities in Eq. (22), can be expressed as follow:

ab1 � A11 + 2c
F11
Rx

+ c2
H11

R2
x
+ T2 − T8

R2
x
+ β

T8z2
R2
x

− c
T4z3
R2
x

ab2 � A66 + 2c
F66
Rx

+ c2
H66

R2
x

ab3 � 1

R2
x
(βD55 − A55)

ab4 � A12 + A66 +
c

Ry
(F12 + F66)

+
c

Rx
(F12 + F66) +

c2

Rx Ry
(H12 + H66) + T2 +

1

Rx Ry
(−T8 + βT8z2 − cT4z3)

ab5 � B11 − cF11 + c
G11

Rx
− c2

H11

Rx
+

1

Rx
(T7 + T8) − β

Rx
(T7z2 + T8z2) +

c

Rx
(T3z3 + T4z3)

ab6 � B66 − c

(
F66 − G66

Rx

)
− c2

H66

Rx

ab7 � 1

Rx
(A55 − βD55)
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ab8 � B12 + B66 − c(F12 + F66) +
c

Rx
(G12 + G66)

− c2

Rx
(H12 + H66) +

1

Rx
(T7 + T8) − β

Rx
(T7z2 + T8z2) +

c

Rx
(T3z3 + T4z3)

ab9 � −c

(
F11 +

c

Rx
H11

)
+

1

Rx
(T8 − βT8z2 + cT4z3)

ab10 � −c

(
F12 + 2F66 +

c

Rx
(H12 + 2H66)

)
+

1

Rx
(T8 − βT8z2 + cT4z3)

ab11 � 1

Rx

(
A11 + A55 − βD55 +

cF11
Rx

+
A12Rx

Ry
+
cF12
Ry

)
+ T2

(
1

Rx
+

1

Ry

)

ac1 � A21 + A66 +
c

Rx
(F21 + F66) +

c

Ry
(F21 + F66)

+
c2

Rx Ry
(H21 + H66) + T2 +

1

Rx Ry
(−T8 + βT8z2 − cT4z3)

ac2 � A66 + 2c
F66
Ry

+ c2
H66

R2
y

ac3 � A22 + 2c
F22
Ry

+ c2
H22

R2
y
+ T2 +

1

R2
y
(−T8 + βT8z2 − cT4z3)

ac4 � 1

R2
y
(βD44 − A44)

ac5 � B21 + B66 − c(F21 + F66) +
c

Ry
(G21 + G66)

+
1

Ry
(T7 + T8) − c2

Ry
(H21 + H66) +

1

Ry
(−β(T8z2 + T7z2) + c(T4z3 + T3z3))

ac6 � B66 − cF66 + c
G66

Ry
− c2

H66

Ry

ac7 � B22 − cF22 + c
G22

Ry
− c2

H22

Ry
+

1

Ry
(T7 + T8)

+
1

Ry
(−β(T8z2 + T7z2) + c(T4z3 + T3z3))

ac8 � 1

Ry
(A44 − βD44)

ac9 � −c

(
2F66 + F21 + 2

c

Ry
H66 +

c

Ry
H21

)
+

1

Ry
(T8 − βT8z2 + cT4z3)

ac10 � −c

(
F22 +

c

Ry
H22

)
+

1

Rx
(T8 − βT8z2 + cT4z3)

ac11 � 1

Ry

(
A21

Ry

Rx
+ A22 + A44 − βD44 +

cF21
Rx

+
cF22
Ry

)
+ T2

(
1

Rx
+

1

Ry

)

ad1 � B11 +
c

Rx
G11 − cF11 − c2

Rx
H11 +

1

Rx
(−T8 + βT8z2 − cT4z3)A66

+ 2c
F11
Rx

+ c2
H11

R2
x
+ T2 − T8

R2
x
+ β

T8z2
R2
x

− c
T4z3
R2
x

ad2 � A66 + 2c
F66
Rx

+ c2
H66

R2
x
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ad3 � 1

R2
x
(βD55 − A55)

ad4 � A12 + A66 +
c

Ry
(F12 + F66) +

c

Rx
(F12 + F66)

+
c2

Rx Ry
(H12 + H66) + T2 +

1

Rx Ry
(−T8 + βT8z2 − cT4z3)

ad5 � B11 − cF11 + c
G11

Rx
− c2

H11

Rx
+

1

Rx
(T7 + T8) − β

Rx
(T7z2 + T8z2) +

c

Rx
(T3z3 + T4z3)

ad6 � B66 − c

(
F66 − G66

Rx

)
− c2

H66

Rx

ad7 � 1

Rx
(A55 − βD55)

ad8 � B12 + B66 − c(F12 + F66) +
c

Rx
(G12 + G66) − c2

Rx
(H12 + H66)

+
1

Rx
(T7 + T8) − β

Rx
(T7z2 + T8z2) +

c

Rx
(T3z3 + T4z3)

ad9 � −c

(
F11 +

c

Rx
H11

)
+

1

Rx
(T8 − βT8z2 + cT4z3)

ad10 � −c

(
F12 + 2F66 +

c

Rx
(H12 + 2H66)

)
+

1

Rx
(T8 − βT8z2 + cT4z3)

ad11 � 1

Rx

(
A11 + A55 − βD55 +

cF11
Rx

+
A12Rx

Ry
+
cF12
Ry

)
+ T2

(
1

Rx
+

1

Ry

)

a f1 � A21 + A66 +
c

Rx
(F21 + F66) +

c

Ry
(F12 + F66) +

c2

Rx Ry
(H12 + H66)

+ T2 +
1

Rx Ry
(−T8 + βT8z2 − cT4z3)A66 + 2c

F11
Rx

+ c2
H11

R2
x
+ T2 − T8

R2
x
+ β

T8z2
R2
x

− c
T4z3
R2
x

a f2 � A66 + 2c
F66
Rx

+ c2
H66

R2
x

a f3 � 1

R2
x
(βD55 − A55)

a f4 � A12 + A66 +
c

Ry
(F12 + F66) +

c

Rx
(F12 + F66) +

c2

Rx Ry
(H12 + H66) + T2 +

1

Rx Ry
(−T8 + βT8z2 − cT4z3)

a f5 � B11 − cF11 + c
G11

Rx
− c2

H11

Rx
+

1

Rx
(T7 + T8) − β

Rx
(T7z2 + T8z2) +

c

Rx
(T3z3 + T4z3)

a f6 � B66 − c

(
F66 − G66

Rx

)
− c2

H66

Rx

a f7 � 1

Rx
(A55 − βD55)

a f8 � B12 + B66 − c(F12 + F66) +
c

Rx
(G12 + G66) − c2

Rx
(H12 + H66)

+
1

Rx
(T7 + T8) − β

Rx
(T7z2 + T8z2) +

c

Rx
(T3z3 + T4z3)

a f9 � −c

(
F11 +

c

Rx
H11

)
+

1

Rx
(T8 − βT8z2 + cT4z3)

a f10 � −c

(
F12 + 2F66 +

c

Rx
(H12 + 2H66)

)
+

1

Rx
(T8 − βT8z2 + cT4z3)
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a f11 � 1

Rx

(
A11 + A55 − βD55 +

cF11
Rx

+
A12Rx

Ry
+
cF12
Ry

)
+ T2

(
1

Rx
+

1

Ry

)

ag1 � 1

Rx

(
−A55 + βD55 − A11 − c

Rx
F11 − Rx

Ry
A21 − c

Ry
F21

)
− T2

(
1

Rx
+

1

Ry

)

ag2 � c

(
F11 +

c

Rx
H11

)
+

1

Rx
(−T8 + βT8z2 − cT4z3)

ag3 � c

(
2F66 + 2

c

Rx
H66 + F21 +

c

Rx
H21

)
+

1

Rx
(−T8 + βT8z2 − cT4z3)

ag4 � 1

Ry

(
−A44 + βD44 − A22 − c

Rx
F12 − Ry

Rx
A12 − c

Ry
F22

)
− T2

(
1

Rx
+

1

Ry

)

ag5 � c

(
F12 +

c

Ry
H12 + 2F66 + 2

c

Ry
H66

)
+

1

Ry
(−T8 + βT8z2 − cT4z3)

ag6 � c

(
F22 +

c

Ry
H22

)
+

1

Ry
(−T8 + βT8z2 − cT4z3)

ag7 � A55 − βD55 − B11

Rx
+

c

Rx
F11 − B21

Ry
+

c

Ry
F21

ag8 � c(G12 − cH11) + T7 + T8 − β(T8z2 + T7z2) + c(T3z3 + T4z3)

ag9 � c(2G66 − 2cH66 + G21 − cH21) + T7 + T8 − β(T8z2 + T7z2) + c(T3z3 + T4z3)

ag10 � A44 − βD44 − B12

Rx
+

c

Rx
F12 − B22

Ry
+

c

Ry
F22

ag11 � c(G22 − cH22) + T7 + T8 − β(T8z2 + T7z2) + c(T3z3 + T4z3)

ag12 � c(2G66 − 2cH66 + G12 − cH12) + T7 + T8 − β(T8z2 + T7z2) + c(T3z3 + T4z3)

ag13 � −c2H11 + T8 − βT8z2 + cT4z3

ag14 � −c2H22 + T8 − βT8z2 + cT4z3

ag15 � −c2(4H66 + H21 + H12) + 2T8 − 2βT8z2 + 2cT4z3

ag16 � A55 − βD55 + 2
c

Rx
F11 +

c

Ry
(F21 + F12)

ag17 � A44 − βD44 + 2
c

Ry
F22 +

c

Rx
(F21 + F12)

ag18 � −
(
A11

R2
x
+

1

Rx Ry
(A12 + A21) +

A22

R2
y

)

− T2

(
1

R2
x
+

1

Rx Ry

)
− T2

(
1

R2
y
+

1

Rx Ry

)

(A.4)

For open-circuit condition:

T1 � ē31

⎛

⎜
⎝

h+h p∫

h

∂ϕt

∂z
dz +

−h∫

−h−h p

∂ϕb

∂z
dz

⎞

⎟
⎠

T2 �
h+h p∫

h

ē231
	̄33

dz +

−h∫

−h−h p

ē231
	̄33

dz

T3 �
h+h p∫

h

ē231
	̄33

(h + h p) dz −
−h∫

−h−h p

ē231
	̄33

(h + h p) dz
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T4 � −
h+h p∫

h

ē231
	̄33

c(h + h p)
3 dz +

−h∫

−h−h p

ē231
	̄33

c(h + h p)
3 dz

T5 � e15

⎛

⎜
⎝

h+h p∫

h

ϕt dz +

−h∫

−h−h p

ϕb dz

⎞

⎟
⎠

T6 � e15ē31
	̄33

⎛

⎜
⎝

h+h p∫

h

(z − h)dz +

−h∫

−h−h p

(z + h)dz

⎞

⎟
⎠

T7 � e15ē31
	̄33

(
h + h p

)

⎛

⎜
⎝

h+h p∫

h

(z − h)dz −
−h∫

−h−h p

(z + h)dz

⎞

⎟
⎠

T8 � c
e15ē31
	̄33

(
h + h p

)3

⎛

⎜
⎝−

h+h p∫

h

(z − h)dz +

−h∫

−h−h p

(z + h)dz

⎞

⎟
⎠

T1z � ē31

⎛

⎜
⎝

h+h p∫

h

∂ϕt

∂z
z dz +

−h∫

−h−h p

∂ϕb

∂z
z dz

⎞

⎟
⎠

T2z �
h+h p∫

h

ē231
	̄33

z dz +

−h∫

−h−h p

ē231
	̄33

z dz

T3z �
h+h p∫

h

ē231
	̄33

(h + h p)z dz −
−h∫

−h−h p

ē231
	̄33

(h + h p)z dz

T4z � −
h+h p∫

h

ē231
	̄33

cz(h + h p)
3 dz +

−h∫

−h−h p

ē231
	̄33

cz(h + h p)
3 dz

T1z3 � ē31

⎛

⎜
⎝

h+h p∫

h

∂ϕt

∂z
z3 dz +

−h∫

−h−h p

∂ϕb

∂z
z3 dz

⎞

⎟
⎠

T2z3 �
h+h p∫

h

ē231
	̄33

z3 dz +

−h∫

−h−h p

ē231
	̄33

z3 dz

T3z3 �
h+h p∫

h

ē231
	̄33

(h + h p)z
3 dz −

−h∫

−h−h p

ē231
	̄33

(h + h p)z
3 dz

T4z3 � −
h+h p∫

h

ē231
	̄33

cz3(h + h p)
3 dz +

−h∫

−h−h p

ē231
	̄33

cz3(h + h p)
3 dz
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T5z2 � e15

⎛

⎜
⎝

h+h p∫

h

z2ϕt dz +

−h∫

−h−h p

z2ϕb dz

⎞

⎟
⎠

T6z2 � e15ē31
	̄33

⎛

⎜
⎝

h+h p∫

h

(z − h)z2dz +

−h∫

−h−h p

(z + h)z2dz

⎞

⎟
⎠

T7z2 � e15ē31
	̄33

(
h + h p

)

⎛

⎜
⎝

h+h p∫

h

(z − h)z2dz −
−h∫

−h−h p

(z + h)z2dz

⎞

⎟
⎠

T8z2 � c
e15ē31
	̄33

(
h + h p

)3

⎛

⎜
⎝−

h+h p∫

h

(z − h)z2dz +

−h∫

−h−h p

(z + h)z2dz

⎞

⎟
⎠ (A.5)

and for closed-circuit condition:

T1 � e31

⎛

⎜
⎝

h+h p∫

h

∂ϕt

∂z
dz +

−h∫

−h−h p

∂ϕb

∂z
dz

⎞

⎟
⎠,

T5 � e15

⎛

⎜
⎝

h+h p∫

h

ϕt dz +

−h∫

−h−h p

ϕbdz

⎞

⎟
⎠,

T1z � e31

⎛

⎜
⎝

h+h p∫

h

∂ϕt

∂z
zdz +

−h∫

−h−h p

∂ϕb

∂z
zdz

⎞

⎟
⎠,

T1z3 � e31

⎛

⎜
⎝

h+h p∫

h

∂ϕt

∂z
z3dz +

−h∫

−h−h p

∂ϕb

∂z
z3dz

⎞

⎟
⎠,

T5z2 � e15

⎛

⎜
⎝

h+h p∫

h

z2ϕt dz +

−h∫

−h−h p

z2ϕbdz

⎞

⎟
⎠

T2 � T3 � T4 � T6 � T7 � T8 � T2z � T3z � T4z � T2z3 � T3z3 � T4z3 � T6z2 � T7z2 � T8z2 � 0,
(A.6)

Appendix B

In Eq. (26), the definitions of constant quantities are expressed as follows:
For open-circuit condition:

ϕt � 1 −
(
z − h − h p/2

h p/2

)2

,ϕb � 1 −
(−z − h − h p/2

h p/2

)2

S1 �
h+h p∫

h

e15
(
1 − βz2

)
dz +

−h∫

−h−h p

e15
(
1 − βz2

)
dz
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S2 � 	11

⎛

⎜
⎝

h+h p∫

h

ϕt dz +

−h∫

−h−h p

ϕbdz

⎞

⎟
⎠

S3 �
h+h p∫

h

e31dz +

−h∫

−h−h p

e31dz

S4 �
h+h p∫

h

e31βz
2dz +

−h∫

−h−h p

e31βz
2dz

S5 � 	33

⎛

⎜
⎝

h+h p∫

h

d2ϕt

dz2
dz +

−h∫

−h−h p

d2ϕb

dz2
dz

⎞

⎟
⎠

S6 � S7 � S8 � 0 (B.1)

and for closed-circuit condition:

ϕt � 1 +
4(z − h)

h p
−
(
z − h − h p/2

h p/2

)2

ϕb � 1 − 4(z + h)

h p
−
(−z − h − h p/2

h p/2

)2

S1 �
h+h p∫

h

e15
(
1 − βz2

)
dz +

−h∫

−h−h p

e15
(
1 − βz2

)
dz

S2 � 	11

⎛

⎜
⎝

h+h p∫

h

ϕt dz +

−h∫

−h−h p

ϕbdz

⎞

⎟
⎠

S3 �
h+h p∫

h

e31dz +

−h∫

−h−h p

e31dz

S4 �
h+h p∫

h
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