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Abstract Propagation characteristics of Love waves in a layered structure composed of a piezomagnetic layer
attached to an elastic substrate exposed to a magnetic field and compressive stress are investigated theoretically
in this article. The effective elastic, piezomagnetic and magnetic permeability constants of a piezomagnetic
material can affect by a magnetic field and compressive stress. The effects of magnetic field and compressive
stress on the phase velocity, group velocity, mode shape, andmagnetic potential of the Love wave are discussed
in detail. It is found that the number of modes increases as the intensity of magnetic field increases while this
tendency is reverse when applying compressive stress. As the intensity of magnetic field increases, the group
velocity decreases but the magnitude of surface displacement of a piezomagnetic layer increases. The findings
presented in this article are useful for improving the performance of surface acoustic wave (SAW) devices.

1 Introduction

SAWdevices have been widely used in various electronic systems such as sensors, transducers, and delay lines.
The advantage of these devices is the high sensitivity to external disturbances because the acoustic energy is
concentrated near the surface within a few wavelengths [1]. Shear Horizontal (SH) waves, which include Love
waves [2] and Bleustein–Gulyaev (BG) waves [3], appear usually as surface acoustic waves (SAWs) in signal-
processing devices due to their high performance and simple particlemotion [4]. To improve the performance of
SAW devices, researchers devote themselves to search various methods to tune the propagation characteristics
of SH waves in device structures.

Li [5] studied the optical effect on the velocity of BG waves and provided accurate formulas to evaluate the
acousto-optic interaction due to the piezoelectricity of the substrate. Jin et al. [6] investigated the propagation
of BG waves in layered piezoelectric structures. He found that the mechanical perturbation of the particles
only takes place in the layer and does not penetrate into substrate when the piezoelectric, dielectric constants
of the structures and the thickness of the layer satisfy a certain relationship. The advantage of this method
is to increase the sensitivity and performance of the SAW devices. Li et al. [7, 8] studied systematically the
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propagation of BG waves in the layered piezoelectric structure and functionally graded transversely isotropic
electro-magneto-elastic half-space. The effects of the imperfect interface between the layer and substrate as
well as the effect of the gradient coefficient in the half-space on the dispersion relation of BG waves were
discussed. They found that the electromechanical coupling factor of BG waves was substantially increased
improved efficiently by the imperfect interface and the gradient coefficient.

Compared with the BG waves, there are multiple modes of the Love waves at a certain wavelength [9].
This makes the Love waves to have potential advantages in SAW devices. In general, Love waves do not exist
in a homogeneous substrate. However, this existence condition is changed by designing the homogeneous
substrate as a functionally graded infinite half-space [10–12]. This provided an efficient approach to improve
the propagation characteristics of Love waves by tuning the gradient coefficient of the infinite half-space. By
depositing the waveguide layers on a substrate, the mechanical energy of Love waves could be trapped in the
layers [13] and the propagation characteristics could be tuned by additional parameters such as the thickness
and material properties of the layer [14–19] and the interface conditions between the layer and substrate
[20–22]. Besides the waveguide layer and interface conditions can affect the wave behavior, the propagation
characteristics of SH waves can also be tuned by applying external bias fields such as an initial stress and
electric field. These methods are easier to implement than changing the devices’ structures. Su et al. [23]
studied the propagation of Love waves in the layered piezoelectric media with inhomogeneous initial stresses
by the method of transfer matrix. It was found that both the middle layer and the initial stress in layers affect
the phase velocity, group velocity and electromechanical coupling coefficient obviously. Qian [24–26] and
Du [27, 28] systematically investigated the effects of the homogeneous and inhomogeneous initial stress on
the propagation of Love waves in layered piezoelectric/piezomagnetic structures. These studies demonstrated
that the initial stress not only increases the magneto-electric coupling factor but also decreases the penetration
depth of Love waves and stress concentration at the interface between the layer and substrate. Based on the
theory of nonlinear continuum mechanics, theoretical analysis of BG surface acoustic wave propagation in a
prestressed layered piezoelectric structure were described and an almost linear behavior of the relative change
in phase velocity versus the initial stress was obtained [29]. The phase velocity of BG waves in piezoelectric
semiconductors can be increased by applying the electric field along the propagation direction [30–34].

According to the authors’ best knowledge, there are few researches on the propagation characteristics
of SAWs affected by the external magnetic field. In order to improve the performance of SAW devices, the
effects of the magnetic field and compressive stress on the propagation characteristics of Love waves in the
layered piezomagnetic structure have been investigated in this article. The advantage of this method is that it
is convenient to apply and the significant change of the wave characteristics can be achieved by applying a
small external stimulation without changing the whole devices’ structure.

2 Statement of the problem

A layered piezomagnetic structure is shown in Fig. 1. The elastic substrate occupies the region x>0. A
piezomagnetic layer with the thickness h is deposited on the surface of the substrate. Love waves propagate
along the positive direction of the y-axis. The magnetic field and compressive stress are applied in the layer
are along z direction. The nonlinear constitutive relation of the piezomagnetic material is [35]:
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where εij and σ ij are the strain and the stress tensors, E and ν are Young’s modulus and Poisson’s ratio, Hi
is the magnetic field intensity along the i-axis direction, λs, Ms and σ s are the saturation magnetostriction,
magnetization and stress, respectively. kr � 3χm

/
Ms is the relaxation factor, where χm is the susceptibility in

the initial linear region. δij is the Kronecker delta. M � √
MkMk denotes the magnitude of the magnetization

vector M. I2σ − 3IIσ � 2σ̃ijσ̃ij
/
3, where σ̃ij � 3σij

/
2− σkkδij

/
2 is 3/2 times as much as the deviatoric stress

of σ ij. f (x) � coth(x)−1
/
x is the Langevin function and μ0 � 4π ×10−7 H/m is the vacuum permeability.
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Fig. 1 Layered piezomagnetic structure

Using the engineering shear strain, the matrix forms of Eq. (1) shown in Appendix A can be put into the
linear forms of the constitutive relations in the piezomagnetic material [36]:

σij � cijkl(H , σ )εkl − qmij(H , σ )Hm,

Bn � qnkl(H , σ )εkl + μnm(H , σ )Hm,
(2)

where σ ij and Bn are the components of the stress and magnetic induction, cijkl(H , σ ), qmij(H , σ ) and
μnm(H , σ ) are the effective elastic constants, piezomagnetic constants and magnetic permeability constants,
respectively. H and σ are applied magnetic field vector and stress vector. The expressions of these material
constants are shown in Appendix B for brevity.

From Eq. (2) and parameters shown in Appendix B, the effective elastic constant c44, piezomagnetic
constant q15 and magnetic permeability constant μ11 are obtained:
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/
2, σ̃y � −σz

/
2, σ̃z � σz, and σt � −(σz + σ 2

z

/
σs
)
.



5104 F. Lei et al.

For Love waves propagation in the proposed structure shown in Fig. 1, the mechanical displacement
components and magnetic potential are described as follows

u � v � 0, w � w(x, y, t), ϕ � ϕ(x, y, t), (4)

where u, ν, and w are the displacement components of Love waves along the x-axis, y-axis, and z-axis,
respectively, and ϕ is the magnetic potential. Because the matrix forms of the effective material constants in
the piezomagnetic material are the same as those in [36, 37], the governing equations of Love waves can be
expressed as [37]:

c44∇2w + q15∇2ϕ � ρẅ,

q15∇2w − μ11∇2ϕ � 0,
(5)

where c44, q15 and μ11 are the elastic, piezomagnetic and magnetic permeability constants, respectively, ρ is
the mass density, ∇2�∂2

/
∂x2 + ∂2

/
∂y2 is the two-dimensional Laplacian operator, and the dot refers to time

differentiation. Following the Ref. [3], Eq. (5) can be written as the following form

∇2w −
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1
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)
ẅ � 0,
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/
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)
w
] � 0,

(6)

where cp � [(
c44 + q215

/
μ11

)/
ρ
]1/ 2 is the bulk shear wave speed in the piezomagnetic material.

For a metal substrate, let w′ denote the mechanical displacement in the z direction. The governing equation
for w′ is [38]

∇2w′ − (
1
/
c2m
)
ẅ′ � 0, (7)

where cm � (
c′
44

/
ρ′)1/ 2 is the bulk shear wave speed in the metal material, with c′

44 and ρ′ representing the
shear modulus and mass density, respectively.

The wave propagation problem specified by Eqs. (6) and (7) should satisfy the following boundary and
continuity conditions:

Mechanical boundary condition:

σxz � 0 at x � −h; (8a)

Magnetic closed boundary condition:

Bx � 0 at x � −h; (8b)

The continuity conditions at the interface between the layer and substrate at x � 0

w � w′, σxz � σ ′
xz, ϕ � 0, (8c)

The attenuation condition

w′ → 0 as x → +∞. (8d)

3 Solution of the problem

Based on the earlier researches [38, 39], the solutions of Love waves propagation in the piezomagnetic layer
and metal substrate can be expressed as:

w(x, y, t) � (
A1e

−bkx + A2e
bkx) exp

[
ik(y − ct)

]
,

ϕ(x, y, t) �
[
A3e

−kx + A4e
kx +

q15
μ11

(
A1e

−bkx + A2e
bkx)

]
· exp[ik(y − ct)

]
,

(9a)
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w′ � A5e
−b′kx · exp[ik(y − ct)

]
, (9b)

where A1, A2, A3, A4 and A5 are undetermined constants, k (� 2π/λ, λ is the wavelength) is the wavenumber,
i2 � −1 and t is the time, c is the phase velocity of the Love wave. Equations (6) and (7) should be satisfied
by Eqs. (9a) and (9b), then

b � ib1 � i
√
c2/c2p − 1, b′ �

√
1 − c2/c2m (10)

The stress component and magnetic induction needed for the boundary and continuity conditions are [39]:

σxz(x, y, t) � [
c̄44bk

(−A1e
−bkx + A2e

bkx) + q15k
(−A3e

−kx + A4e
kx)] · exp[ik(y − ct)

]
, (11a)
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, (11b)
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where c44 � c44 + q215
/

μ11 is the piezomagnetically stiffened elastic constant.
Equations (9a) and (9b) and (11a), (11b), (11c) are substituted into Eq. (8) to yields five linear homogeneous

algebraic equations for five unknown coefficients A1, A2, A3, A4 and A5:

A1 + A2 � A5,

A3 + A4 + (A1 + A2)q15/μ11 � 0,

c̄44b(A2 − A1) + q15(A4 − A3) � −c′
44b

′A5,

c̄44b
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bkh) + q15
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−A3e
kh + A4e

−kh � 0

(12)

To obtain the non-trivial solutions, the determinant of the coefficient matrix in Eq. (12) must be equal to
zero, which yields the dispersion equation of Love waves propagation in the layered piezomagnetic structure

k2p tanh(2πH) + b1 tanh(b12πH) − c′
44b

′/c̄44 � 0, (13)

where k2p � q215
/

μ11c44 is the piezomagnetic coupling factor in the piezomagnetic layer, H � h/λ is the
dimensionless wavenumber.

From Eq. (12) the unknown constants A1–A4 can be written in terms of A5 as follows

A1 � 1

1 + e2kbh
A5, A2 � e2kbh

1 + e2kbh
A5, A3 � −q15

/
μ11

1 + e2kh
A5, A4 � −q15

/
μ11e2kh

1 + e2kh
A5 (14)

Substituting Eq. (14) into Eq. (9a) and (9b), the mode shapes for displacement and magnetic potential in
the thickness direction (the x-axis direction) of the piezomagnetic layer can be obtained as shown below

w(x, y, t) � A5
e−kbx + ekbx+2kbh

1 + e2kbh
exp
[
ik(y − ct)

]
, (15a)

ϕ(x, y, t) � A5

(
e−kbx + ekbx+2kbh

1 + e2kbh
− e−kx + ekx+2kh

1 + e2kh

)
· q15
μ11

exp
[
ik(y − ct)

]
(15b)

4 Numerical results and discussion

For the numerical calculation, Terfenol − D and metallic nickel are separately selected as the piezomagnetic
layer and elastic substrate. The material constants used for calculation are summarized in Table 1 [40, 41]. A
method to find the absolute minimum of the determinant of the coefficient matrix [42] is applied to solve the
dispersion equation of the Love waves.
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Table 1 Material constants of Terfenol–D [40] and Ni [41]

Terfenol–D Ni

ρ (kg/m3) 9200 χm 20.4 ρ′ (kg/m3) 8905
E (GPa) 60 σ s (MPa) 200 c’44 (GPa) 80
ν 0.3 μ0Ms (T) 0.96
λs (ppm) 1950

4.1 Effects of the magnetic field and compressive stress on the phase velocity of Love waves

Figure 2 shows the effect of the magnetic field Hz on the dispersion relation of Love waves propagation in the
layered piezomagnetic structure when the compressive stress is σ z/σ s � 0. The vertical coordinate c* � c/cm
is the dimensionless phase velocity of a particular mode of the Love wave. The cp and cp′ in each figure are
the bulk shear wave speeds under the different magnetic field Hz. For example: cp and cp′ in Fig. 2a are under
Hz � 0 and 0.1 kOe respectively; cp and cp′ in Fig. 2b are under Hz � 0.1 and 1 kOe respectively; cp and cp′
in Fig. 2c are under Hz � 1 and 6 kOe respectively. The reason for choosing "Oersted" (Oe) not the SI unit
(A/m) as the unit of the magnetic field strength is that a very large magnetic field strength should be applied
on the magnetic material to reach the saturation magnetization state. So, "kOe" is adopted as the unit of the
magnetic field strength is more convenient than "A/m" in the article (1Oe � 80 A /m, 1 kOe � 1000 Oe). As
can be seen, the phase velocity of the Love waves c* (first mode) decreases from the bulk shear wave speed
in the substrate to that in the piezomagnetic layer. This is the typical phenomenon of Love waves propagation
in a layered structure [37], and so the numerical results obtained in the article are verified to a certain extent.
It is seen from Fig. 2a that the phase velocity c* decreases as the magnetic field increases. This is because the
piezomagnetically stiffened elastic constant c44 decreases with an increasing magnetic field, which decreases
the bulk shear wave speed in the piezomagnetic layer. As the magnetic field increases from 0.1 kOe to 1 kOe,
the phase velocity c* decreases greatly, and a new mode (The sixth mode) appears in the dispersion curves
shown in Fig. 2b. As can be seen, the phase velocities c* of the first five modes decrease obviously when
the magnetic field increases from 0.1 kOe to 1 kOe. This phenomenon explains that a great change of the
dispersion relation is caused by the small external magnetic field. As the magnetic field increases form 1 kOe
to 6 kOe as shown in Fig. 2c, the phase velocity c* decreases further. As seen in the Fig. 2, the propagation
characteristics of Love waves can be improved substantially by increasing the magnetic field form 0.1 kOe to
6 kOe.

The effect of the compressive stress on the dispersion relation of Love waves at Hz � 1kOe is shown in
Fig. 3. The cp, cp′ , and cp* are the bulk shear wave speeds in the piezomagnetic layer (at Hz � 1 kOe) under
the compressive stress σ z/σ s � 0, σ z/σ s � −0.1, and σ z/σ s � −0.5, respectively. As can be seen from Fig. 3,
the number of Love wave modes decrease as the compressive stress increases because the initial compressive
stress makes the magnetic domain to rotate to the hard magnetization direction, i.e., the magnetic field strength
is weakened by the compressive stress.

4.2 Effect of the magnetic field on the group velocity of Love waves

Figure 4 shows the phase velocity (c∗) and group velocity
(
c∗
g � c∗ + Hdc∗/dH

)
of Love waves under

different magnetic fields when the compressive stress is σ z/σ s � 0. As can be seen, the phase velocity c∗ is
always greater than the group velocity c∗

g of a Love wave mode. This illustrates that the phase velocity of a
Love wave mode is always greater than the velocity of the mechanical energy carried by a particular mode.
It should be noted that the starting point of the group velocity (the initial velocity of energy transport) of the
high order mode is lower than that of the low order mode.

The effect of the magnetic field on the group velocity c∗
g of the Love waves at σ z/σ s � 0 is shown in Fig. 5.

It is seen that the group velocity c∗
g decreases as the magnetic field increases at the same wavelength. In other

words, the magnetic field can prevent the energy from radiating into the surrounding medium. Consequently,
more energy is trapped in the piezomagnetic layer by applying the magnetic field. This result is extremely
important for the application of SAW devices.
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Fig. 2 Effect of the magnetic field on the dispersion relation of Love waves propagation in the layered piezomagnetic structure
when the compressive stress is σ z/σ s � 0: a Hz � 0 and 0.1 kOe; b Hz � 0.1 and 1 kOe; c Hz � 1 and 6 kOe

Fig. 3 Effect of the compressive stress on the dispersion relation of Lovewaves propagation in the layered piezomagnetic structure
at Hz � 1kOe
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Fig. 4 Phase velocity (c∗) and group velocity (c∗
g) of Love waves under different magnetic fields when the compressive stress is

σ z/σ s � 0: a Hz � 0; b Hz � 0.1 kOe; c Hz � 1 kOe;

Fig. 5 Effect of the magnetic field on the group velocity c∗
g of the Love waves at σ z/σ s � 0
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Fig. 6 Distributionof the displacement of thefirst ordermode in the piezomagnetic layer,a for selecteddimensionlesswavenumber
H at Hz � 0; b for selected magnetic field Hz at H � 0.2

Fig. 7 Distribution of the magnetic potential of the first order mode in the piezomagnetic layer, a for selected dimensionless
wavenumber H at Hz � 0.1 kOe; b for selected magnetic field Hz at H � 0.2

4.3 Effect of the magnetic field on the mode shapes of the displacement and magnetic potential

The displacementw of the first ordermode of Lovewaves in the piezomagnetic layer for selected dimensionless
wavenumber H and magnetic field Hz is shown in Fig. 6. It can be seen from Fig. 6a that the displacement
w increases from the layer surface to the interface between the layer and substrate. As the dimensionless
wavenumber H increases, the displacement w decreases. Near the layer surface, there is a great difference
among the displacements w at different wavenumbers H but this difference is reduced in the region near the
interface. It can be seen fromFig. 6b that, as themagnetic fieldHz increases from 0 to 0.2 kOe, the displacement
increases significantly. There is no obvious change of the displacementwwhen the magnetic fieldHz increases
from 0.2 kOe to 0.3 kOe. As can be seen, the displacement w at the layer surface can be increased by the
magnetic field Hz, this is desirable in the SAW devices with high performance.

The magnetic potential ϕ of the first order mode of Love waves in the piezomagnetic layer for selected
dimensionless wavenumberH andmagnetic fieldHz is shown in Fig. 7. It is seen from Fig. 7a that themagnetic
potential ϕ decreases firstly then increases with the dimensionless wavenumber H. The absolute value of the
magnetic potential ϕ at the layer surface is maximum and this value equals to 0 at the interface between the
layer and substrate. This is determined by the interfacial continuity conditions shown in Eq. (8c). The magnetic
potential ϕ increases with the magnetic field Hz shown in Fig. 7b. The amplitude of the magnetic potential ϕ
at the layer surface increases rapidly as the magnetic fieldHz increases. The increase of the magnetic potential
ϕ at the layer surface make the SAW devices suitable for designing sensors and transducers.
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5 Conclusion

Effects of themagnetic field and compressive stress on propagation characteristics of Lovewaves in the layered
piezomagnetic structure have been investigated theoretically in the article. The effective elastic, piezomagnetic
and magnetic permeability constants in the piezomagnetic material are changed efficiently by the magnetic
field and compressive stress. Numerical results show that the number of the modes increases as the magnetic
field increase and the strength of themagnetic field is weakened by the compressive stress. As themagnetic field
increases, the group velocity decreases but both the displacement and magnetic potential at the layer surface
increase. The advantages of the method for tuning the propagation characteristics of Love waves proposed in
the article are that the operation is easy and the device structure is not changed. The results obtained in the
article are of great significance for designing high performance magneto-elastic SAW devices
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Appendix 1

The matrix forms of Eq. (1)

The matrix forms of Eq. (1) are described as follows (using the engineering shear strain, i.e., γ xy � 2εxy;
G � E

2(1+ν)
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Appendix 2

The effective material constants

The effective material constants of the piezomagnetic material can be expressed as follows:

cijkl(H , σ ) � S−1
ijkl

(H , σ ),

qmij(H , σ ) � cijkl(H , σ )qmkl(H , σ ),

μnm(H , σ ) � μnm(H , σ ) − qnkl(H , σ )Sijkl(H , σ )qmij(H , σ ),

(B1)

where
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