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Abstract This study presented an equivalent continuum modeling method for analysis of the transient response
of the large space truss structures with nonlinear elastic joints. Firstly, a two-node hybrid joint-beam element
model was established for a truss member with two nonlinear joints at its both ends based on the geometrical
relationship and equilibrium condition between the truss member and the nonlinear joints. Subsequently, an
equivalent 8-DOFs nonlinear beam element including the warping and distortional deformations was derived
for approximating the repeating element of the beam-like truss structure with rectangular cross-sections based
on the energy equivalence method, the external force vector and nonlinear restoring force vector of the truss
structure were transferred to the external force vector and nonlinear restoring force vector of the equivalent
beam element. The equation of motion of the equivalent nonlinear beam model was solved by the combination
of the Newmark-$ method and the Newton—Raphson iteration method. In the numerical studies, a cantilevered
truss structure and a spacecraft with a truss support structure were simulated by considering the joint have piece-
wise linear stiffness. The correctness and high efficiency of the presented modeling method was verified by
comparison of the results of the equivalent models with the original nonlinear finite element models established
by ANSYS.

1 Introduction

Large space truss structures (LSTS) are ideal support platforms in various space applications such as satellite
communication, earth observation and deep space exploration [1-3]. The high precision and high stability
of space missions put forward very high requirements on the dynamic performance of the LSTS. In order to
realize on-orbit deployment or assembly, a large number of mechanical joints are used in LSTS [4, 5]. These
joints inevitably have nonlinear factors such as clearance, contact, friction, and slip [6—8], which make the
overall structure possess the characteristics of high dimensionality, strong nonlinear and non-smooth [9-11],
and bring great challenges to the dynamic modeling, analysis, and control of the LSTS.

The finite element modeling (FEM) method can be used to establish the dynamic model of LSTS [12],
however, for LSTS with thousands of nonlinear joints, the models established directly using the FEM method
will be very high-dimensional, and needs a huge computational cost for nonlinear dynamic analysis. The
LSTS with nonlinear joints belong to the dynamical systems with local nonlinearities; in order to obtain low-
dimensional dynamic models for such systems, various model order reduction techniques have been proposed,
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such as the dynamic condensation technique [13], the component mode synthesis method [14], the hybrid
reduced order method [15], etc. However, these methods have not been applied in a complex system having
more than thousands of local nonlinearities such as the LSTS.

The LSTS are usually repetitive structures composed of repeating elements (or named “unit cells”). From
the point view of equivalence of dynamics, if the repetitive structure consists of a considerable number of
repeating elements, it may be convenient to approximate the dynamic behavior of the repetitive structure by a
continuum model via a suitable equivalent modeling method [16]. In the past decades, the use of equivalent
continuum modeling (ECM) method to establish low-dimensional equivalent model for the truss-like structures
was favored by many researchers [17-22]. In the early stage, these studies were carried out on truss-like
structures with ideal pin joints or rigid joints. For examples, Noor et al. [23] proposed an ECM method based
on the equivalence of energy. Sun and Liebbe [24] proposed an ECM method based on the equivalence of
static displacement. Stephen and Zhang [25] adopted the transfer matrix method to carry out the ECM for
ideal pin-jointed truss structures. Later, in order to consider the mechanical properties of the truss joints more
accurately, the stiffness and damping characteristics of the joints are considered in the process of ECM [26-30].
For example, Salehian and Inman [26] established an equivalent beam model for the planar repetitive truss
structure considering the torsional stiffness of the joint. Liu et al. [27, 28] presented an ECM method for the
truss structures considering the joint have both stiffness and damping characteristics in the directions of all six
degrees-of-freedom, and compared the accuracies of the equivalent classical beam model and the equivalent
micropolar beam model. All the above studies modelled the truss joints as linear spring/damping elements
without considering the complex nonlinear characteristics in the joints.

The modeling and identification of the nonlinear joints in structures have been well studied [31, 32],
and different simplified models are used to characterize the nonlinear stiffness and damping of the joints
such as the piecewise linear stiffness model [6, 33], the cubic stiffness model [34], the hysteresis model [10,
35], etc. However, the studies on ECM methods for repetitive truss structures with nonlinear joints are very
limited. Webster [33] first proposed a modeling method that considered joint nonlinearity in the equivalent
continuum model of space truss structures. He used the describing function method to equivalently linearize
the joint nonlinearity and established an equivalent nonlinear beam model for analyzing the harmonic motion
of the truss structure. Zhang et al. [34] considered the cubic stiffness characteristic of truss joint, obtained the
equivalent linearized stiffness coefficient of joint using the description function method, and established the
equivalent beam model of the truss structure based on the energy equivalence method. Liu et al. [35] established
the equivalent beam model of beam-like space truss structure considering the friction-slip nonlinearity of the
truss joint, and analyzed the amplitude-frequency characteristics of the truss structure. Li et al. [36] proposed
a multi-harmonic ECM method for steady-state response analysis of space truss structures by considering
higher-order harmonic components caused by the joint nonlinearity. However, all the above studies on ECM
of LSTS with nonlinear joints obtained equivalent continuum models in the frequency domain and can’t be
used for transient response analysis directly. Till now, an ECM method for transient dynamic analysis of LSTS
with nonlinear joints has not been established.

This study presented an ECM method for the transient dynamic analysis of repetitive truss structures with
nonlinear elastic joints. The organization of the paper is as follows: In Sect. 2, the equivalent continuum
modeling method for repetitive truss structure with nonlinear elastic joints is introduced. Section 3 gives the
solution method for the equivalent nonlinear beam model. Numerical examples including a cantilevered truss
structure and a spacecraft structure with piece-wise linear stiffness joints are given in Sect. 4 to verify the
correctness and high efficiency of the presented equivalent modeling method.

2 Equivalent continuum modeling of the space truss structure

Taking the repetitive truss structure shown in Fig. 1 as an example. Considering the nonlinearities of the joints,
the equation of motion of the truss structure can be established by using the FEM method as

Mii+ Cu+Ku+fy,(u,u)=F (1)

where M, C and K are the mass, damping and linear stiffness matrices of the truss structure, respectively, f 1,
is the nonlinear restoring force vector caused by the nonlinear joints, F is the external load vector, u, i and
ii are the displacement, velocity and acceleration vectors of the truss structure, respectively. The nonlinear
dynamic model established in Eq. (1) is extremely high-dimensional. Alternatively, an ECM method will be
proposed for this kind of truss structure in order to obtain a low-dimensional equivalent dynamic model.
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Fig. 2 Hybrid joint-beam element model of the truss member with two end nonlinear joints

2.1 Model condensation

Firstly, the truss member with nonlinear joints at its two ends was modelled using the FEM method as a hybrid
joint-beam element model, as shown in Fig. 2, where the truss member is modelled as a spatial beam element,
the joint is modelled as a six degrees-of-freedom (DOFs) nonlinear spring-damper element connected with a
rigid link element. The length of the rigid link element equals to the real length of the joint, and the length of
the spring-damper element is zero.

The equation of motion of this hybrid joint-beam element is

Myiiy + Cpug + Kpyuy +fy g(ug,uy) =Fy (2)
where My, Cy, Ky are the mass, damping and linear stiffness matrices of the hybrid joint-beam element

model, respectively, fyr g is the nonlinear restoring force vector, and Fpy is the vector of nodal internal forces
at the ends of the hybrid joint-beam element,

T
uy = {uiT,uZ,u,Tn,u,f,ulT,u}} (3a)
T T T
Fiu = [F.0,0,0,0,F] | (3b)
T
fvon = {0, — £, 8], —£5.£5.0} (o)

where u, (p =1, j, k, [, m, n) is the nodal displacement vector of node p, fy; and f; are the nonlinear restoring
force vectors caused by the left and right nonlinear joints, respectively.

T
. T T ) . . .
Denoting q :[uiT, uT.} , qa:{uz, ulT} , qb:{u;,, ug} , according to the geometric relationship, it be

J
obtained that

q.=I+E)q “4)
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where I is a 12 x 12 identity matrix, and

0000 0 0 0000 0 0
0000 0 e 0000 0 —e

[E o {0000 = 0 oo o0 e o

E—[o EJ’ Ei=1o000 o o ®loo0oo00 0 o] @
0000 0 0 0000 0 0
0000 0 0 0000 0 0

where e’ and €5’ (m = [, v, t, and d) are the eccentricities of the two joints connected with the member (the
superscripts /, v, t, andd represent the longitudinal, vertical, transverse, and diagonal members, respectively).
Denoting

T ,TT
XI= W — Uy, X=uW —u,, X={X],X;} (6)
where x; and x; represent the deformation vectors of the two nonlinear joints, then it can be obtained that

X=4q, — g (7

The member and the two end joints satisfy the following dynamic equilibrium relationship

Kx + Cx + £(x, X) =Mpdp + Cpqp + Kpqp ®)
where
K = diag([Kuxi» Kuyis kuzis koxis Koyis kozis Kuxjs kuyjs kuzj koxj Koyj, kozj]) (%a)
C; = diag([cuxis Cuyis Cuzis Coxis Coyis Cozis Cuxjr Cuyjs Cuzj» Coxj Coyjs Cozj |) (9b)
£ = {-£h.eh})' %)

My, Kj and Cp, are the mass, stiffness and the damping matrices of the member, respectively, the coefficients
in Egs. (9a) and (9b) are the linear stiffness and damping coefficients in six directions of the two joints.

Considering the nonlinearity of the joint is elastic, the nonlinear restoring force vector of the two end joints
can be approximated by using the tangent stiffness of the nonlinear joint as [37, 38]

f;(x) ~ Ky (x)x (10
where
K7 = diag([iuxiaiuyi,iuz[’ééxi’i@yi’%ezi,éuxj’Euyj,iuzj’iexj,iﬂyj,E?zj]) (11)

The coefficients in Eq. (11) are the tangent stiffness coefficients in six directions of the two joints.

Considering that the fundamental frequencies of large space truss structures are usually very low, the
inertial force and damping force in Eq. (8) will be neglected when the low frequency vibration of the truss
structure is considered, which yields

[Ks + Ksr(0)]x = Kpqp, (12)
Combining Egs. (4), (7) and (12) yields
@ = @+Gp)g, x=8q, =Gsq (13)
where
S=[K, +K;7(x) +K;]7'K;, G,=—-S+E—SE, G, =SI+E) (14)

Utilizing Eq. (13), the nodal displacement vector q; of the member and the deformation vector x of the
joints can be expressed with the displacement vector q. Afterwards, a new two-node condensed hybrid joint-
beam element can be derived by using the condensation method in [27, 37], with the mass, stiffness, and
damping matrices of

Kuc = Ky + (G K, + K;,Gp, + G K, Gp) + G K G, (15a)
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Fig. 3 Condensed model of the repeating element of the truss structure
Kucr = Ky + (G Ky, + KpGp, + GLK,G)p) + G! [K; + K,7(X)]Gy (15b)
Mpc = My + (GEM,, + MGy, + GEM,G) (15¢)
Crc = Cp +(G.Cp + C,Gyp, + GLCpGp) + G C; G, (15d)

where Ky is the linear stiffness matrix of the condensed hybrid joint-beam element, Kgcr is the tangent
stiffness matrix of the condensed hybrid joint-beam element including both linear and nonlinear stiffnesses of
the joints.

The equation of the motion of the condensed hybrid joint-beam element is

Mpyciigc + Cucupgc +Kpcupe +fypuc(gc,ugc) = Fuc (16)

where
T T T
Uye = {ulTu}} , fnLHCe = {_fsTl’f;rZ} » Fue = {F’TF” a7

Utilizing the above condensed hybrid joint-beam element, the condensed model of the repeating element
can be assembled, as shown in Fig. 3, with the mass matrix Mpc, the damping matrix Cpc, the linear
stiffness matrix Kpc, and the nonlinear restoring force vector fi7 pc. The tangent stiffness matrix Kpcr of
the condensed repeating element can be obtained by assembling the tangent stiffness matrix Kyc7 of the
condensed hybrid joint-beam element.

The displacement vector of the condensed repeating element is
_f.T . T . T . T .. T . T .T ..T T
upc = {U¢y,Uc), Ucs, Ugy, Ues, Ugg, Ucy, Ucs | (18)
where

T
uck = {ucxr ucyk, uczk, Ok Ocyk, Ock ) (k =1,2, ...,8) (19)
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2.2 Equivalent continuum modeling of the truss structure

Considering the geometrical feature of the truss structure in Fig. 1, it can be equivalently modelled as a thin-
walled box beam. So, the displacement functions of an arbitrary point on the cross section of the truss structure
can be written using the deformation assumption of the thin-walled box beam [35, 39]. Making a Taylor series
expansion for the displacement functions, the nodal displacement vector of the condensed repeating element
can be expressed with the displacement and strain components at the center of the repeating element [35]

upc ~ Tpceso (20)

where

So = {MXO’ Uy0, Uz0, 0, ¢y0, 205 £x0, Vxy0s ¥xz05 Kx0, Ky0, K70, Tx0> Ox @0, Vyz0, Ox Vyz0>
T
€30, €20, B0, 20 } (21

in which uyq, uy0, u;0, $x0, Pyo and ¢, are the displacements and rotations of the cross section at the center of
the repeating element, £x0, £y0, £70, ¥xy0, Vxz0 and yy0 are the extensional strain and shear strains at the center
of the repeating element, @ is the warping of the cross section, o and @ denote the in-plane bending of
the cross section, 9,(-) = 9(-) / 0x, Tpc is a 48 x 20 transformation matrix.

As a result, the kinetic energy, strain energy and Rayleigh dissipation function of the repeating element
can be evaluated as

1. . 1, )
Tpc = EU};CMBCUBC = ESgMOSO (22a)
l 1 p
UpcL = EUBCKBCUBC = ESOKOSO (22b)
1 ¢ I p
Upc ~ EUBCKBCTUBC = ESOKOTSO (22¢)
1. ) L.
Rpc = EugcchuBc = ESECOSO (22d)
where
My = Ty MpcTpe, Ko =T KpcTpe (23a)
Kor = TycKpcrTse, Co=ThCpcTae (23b)

Upcr and Upc are the strain energies of the linear part and the whole of the repeating element, respectively.
Since the classical beam theory does not consider the in-plane extension and bending of the cross section,

so the strain components &y, €0, @yo and @ in s¢ should be eliminated to obtain an equivalent beam model.

The static condensation method [40, 41] can be used for this purpose, after condensation, Eq. (22) becomes

| 1 r 1 r Lo
Tpc ~ EslMlsl, UpcL ~ ESlKlsl, Ugc = ElelTsl, Rpc ~ §S1Clsl (24)

where M|, Ki, K7 and C; are the condensed matrices of My, Ko, Ko7 and Cy, respectively, s; is the vector
contains the first 16 variables in sg.

Considering the generalized warping displacement (@ o) and the generalized distortional displacement
(¥yz0) of the cross section of the truss structure, an equivalent 8-DOFs spatial beam element is proposed for
the repeating element, whose nodal displacement vector is

T
une = ufy b} 2s)
where
T .
ug; = {UExi, UEyi, UEzi, PExi, PEyir PEzis TExi» VEyzi ) » (0 = 1,2) (26)

Using the Taylor series expansion method, the nodal displacement vector of the equivalent beam element
can also be expressed with the vector s as [35]

uge ~ TpEes; 27
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where Tpr is a 16 x 16 transformation matrix.
Then, the kinetic energy, strain energy and Rayleigh dissipation function of the equivalent beam element
can be evaluated as

1 . T . 1-T T &
Tgr = EuBEMBEuBE = 551 TBEMBETBES] (28a)
Unrr — 10T K _ LT KueT 28b
BEL = 2uBE BEUBE = 251 BEWMBELBESI ( )
I 1 I tor
Upp ~ EuBEKBETuBE = ESITBEKBETTBESI (28¢)
l.r . | :
Rpr = EUBECBEUBE = ES]TBECBETBESI (28d)

where Mg, Cpe, Kpg and K pgr are the mass, damping, linear stiffness and tangent stiffness matrices of
the equivalent beam element, respectively.

According to the energy equivalence between the repeating element and the equivalent beam element, it
can be obtained that

Mgg = (Thp) "M Ty (29a)
Kpe = (Tpp) 'K Ty (29b)
Kper = (Thp) ' Kir Ty (29¢)
Cpe = (Th) ' C 1Ty} (29d)

2.3 Equivalence of the external loads and the nonlinear restoring forces

Considering that the external loads are applied on the joints of the truss structures, the nodal load vector of the
condensed repeating element will be transferred to the nodal load vector of the equivalent beam element here.
Taking the case that three concentrate loads F, Fy; and F';; acting on node 1 of the condensed repeating
element as an example, as shown in Fig. 4.
The equivalent nodal loads on the equivalent beam element produced by the load F; are

Fgx1 = Fx1, Mgy = Fr1z1, Mgz = —Fx1y1, Bex1 = Fr1y121 (30)

the equivalent nodal loads produced by the loads Fy; andF are
21

Fgy1 = Fy1, Mgy = —Fy1z1, By = Fyl? 31
and
Y1
Fp;1 = Fp1, MEgx1 = Fuy1, BEeyz :Fd? (32)

where Fgy1, Fgy1 and Fg;; are the equivalent nodal forces, Mgy, Mgy and Mg, are the equivalent nodal
moments, Bgy| and By, are the equivalent warping bimoment and distortional bimoment.
Denoting the external load vector of the condensed repeating element as

T
Fpc = {FE,,FEZ,F&,F&,FES,F&,FE%F&} (33)
where
T
Fci = { Fuk, Fyk, Fo, 00,0}, (k= 1,2, ...,8) (34)

According to Egs. (30), (31) and (32), the external load vector of the equivalent beam element can be
written as

T
Fpp = {Fp.Fp} = TrFpc (35)
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Fig. 4 Equivalence of the external loads on the truss structure

where

T .
Fei = {Fexi, Feyio FEzio MExi MEyi, ME2i, BExi, BEyzi} (i =1,2) (36)

Trr Trpz Trz Trs 0 0 0 0
Ty = (37)
0 0 0 0 Trs Tre Tr7 Trg

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 -z 0 0 0
Tre=| Ok y(;‘ 0 0 ol G=12_.8 (38)
) 0 0 0 0
Vi Zk 0 0 0 0 0
0 z/2 w/2 0 0 0]

Similar to the equivalence of the external loads, the nonlinear restoring force vector of the repeating element
can be transfer to the nonlinear restoring force vector of the equivalent beam element

fviee = TrfyraC (39)

At last, the equation of motion of the equivalent nonlinear beam model of the truss structure can be obtained
as

MEﬁE+CEﬁE+KEuE +fNLE :FE (40)
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and the global tangent stiffness matrix Kgr of the equivalent beam model can be assembled by the tangent
stiffness matrix Kpgr of the equivalent beam element.

3 Solution of the equivalent nonlinear beam model

The equation of motion (40) of the equivalent beam model can be solved by the combination of the Newmark- 3
method and the Newton—Raphson iteration method [42]. Assuming the result at time ¢; is known, in order to
solve the result at time #;41, rewrite Eq. (40) in the quasi-static form

feGen = Feisn 41)
where
fE(i+1) = Mgiigi+1) + Crugi+) + Keugis) +fvieisn (42)

Using the Newton—Raphson iteration method to solve Eq. (41), in the (j + 1)th iteration step

af, )
s+ () E () _ .
feavy = TEGen + (_8u ) Ay = FEn (43)
EJ i+1)
where
A ) .. () . (@) )
of aug \Y oug \Y of Y
T RS [RCE
dug (i+1) E / 1) g /) NE ) i41)
) _ D )
AUy = Ugiyt) = Ugge) 45)

Making use of the Newmark-8 method
PPN 1 -\ @)
<_“E> ST, (_“C> Y (46)

where B and y are parameters of the Newmark-8 method, At is the time step. Then, Eq. (44) can be rewritten
as

A )

ofg ) ~ ()

(E) :KET(i+l)+COME+C1CE+KE EKET(i+1) (47)
(i+1)

i : @)
where K. . = (fvLe is the global tangent stiffness matrix of the equivalent beam model in the jth
ET(@+1) Jug (i+1)

iteration step at timet;.
Substituting Eq. (47) into (43) yields

A

>(J) () _ . (J) _pW)
KeraenAUgiey = Feay —fgin) = R (48)
where lAlElJJZ 1 is the residual force vector. Substituting Eq. (42) into (48) yields
() . () () - (/) )
Ry = Feavy =ty gy — MElgG) — CEUgG,) — Keugg,) (49)
According to the Newmark-8 method

ﬁ(E]()iH) =<0 (“(EJ()M) - “E(i)) — C2UE() — C3UEG) (50)

a1y = 1 (“E’()m) - “E(z’)) — calig() — esigq) (D



3508 F. Liu et al.

where
: Ly Y Y _1)as (52)
o=—, 3=—-—1, a==-1, ¢cs=|=——
2T par U T 2B 7B >~ \28
Substituting Eqgs. (50) and (51) into (49) yields
R&-ﬁ)l) = FE(HI) - fz(\{zE(m) — (coME + ClCE)“(b{()m) (33)
where
Fris1) = Frien + ME(cuEG) + c2lig) + c3iigq) + Ce(crugq) + calipg + cstiga)) (54)
From Eq. (48), it can be solve that
) - (J) 150U
Aul:!(i+1) = (KE/T(i+1)) R (55)

At last, the solution of the j + 1 iteration step can be obtained as

G+ _ () )
Uigivn) = UEGen) T AULG,) (56)
After each iteration the solution is checked and the iterative process is terminated when the convergency
criteria is satisfied. The convergency criteria can be chosen as
)
‘AuE(Hl)

G+
Upivy — UEG)

€ (57)

where ¢ is a specified tolerance.

The flowchart of the above solving process of the equivalent beam model is shown in Fig. 5.

In each iteration step the nonlinear restoring force and the tangent stiffness of each nonlinear joint need to
be updated, which can be evaluated by the following procedures: Firstly, evaluate the displacement vector of
the condensed repeating element from the displacement vector of the equivalent beam element,

ugc = TBC1T1_;};UBE (58)

where Tpc is a 48 x 16 matrix that obtained by dropping the last 4 columns of matrix Tpc. Then, extract the
nodal displacement vector q of each condensed hybrid joint-beam element from the displacement vector ugc
of the condensed repeating element, and evaluate the deformation vector x of the two joints in the condensed
hybrid joint-beam element using Eq. (13). At last, the nonlinear restoring force and the tangent stiffness of the
nonlinear joint can be obtained.

4 Numerical examples
4.1 Example 1: A cantilevered truss structure

A cantilevered truss structure as shown in Fig. 6a is firstly used as a numerical example to verify the presented
modeling method. This truss structure consists of 20 repeating elements, the size of the repeating element
is L; = L, = Ly = 1.5 m. The truss members are made of carbon fiber tubes with the outer diameter d, =
40 mm and the inner diameter d; = 34 mm. The material properties of the carbon fiber cube are: Young’s
modulus E = 205 GPa, density p = 1720 kg/m?, and Poison ratio v = 0.3. Considering the vertical and
transverse members are rigid connected, and the longitudinal and diagonal members are connected with them
by nonlinear joints. The eccentricities of the joints connected with the longitudinal and the diagonal members
are el1 = elz = 20 mm and ef = eg = 30 mm, respectively. The linear stiffness and damping coefficients of
the joints are listed in Table 1.

Furthermore, considering the joint has additional piece-wise linear stiffness in axial direction, as shown
Fig. 7, the restoring force of this nonlinearity can be written as

sign(|x|—xy) + 1

5 (59)

INL(x) = kix + ki(a — D)(|x|—xy)sign(x)
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Fig. 5 Flowchart of the solution process of the nonlinear equivalent beam model
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Fig. 7 Piece-wise linear stiffness model
Table 1 Linear stiffness and damping coefficients of the joint in six directions
Stiffness coefficients Values Damping coefficients Values
ke (N/m) 1x10° Cur (N s/m) 1x103
kuy (N/m) 2 x 107 cuy (N s/m) 2x 10
kuz (N/m) 3% 107 Cuz (N s/m) 3x103
kox (N m/rad) 1 x 10* cox (N m s/rad) 1x 10!
kgy (N m/rad) 2% 10% cpy (N m s/rad) 2% 10!

k- (N m/rad) 3x10% cg- (N m s/rad) 3 x 10!
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Fig. 8 Displacement response of the cantilevered truss model under the sweep-sine excitation
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Fig. 9 Triangular impulse excitation

where k| is the initial stiffness coefficient, « is the stiffness ratio between the branches, o > 1 represents the
stiffness-hardening nonlinearity ando <1 represents the stiffness-hardening nonlinearity, x is the deformation
of the joint, xy is the critical deformation for which a change of stiffness occurs, sign(-) is the signum function.
In this example, the parameters of the nonlinear model are set as k| = 5 X 10° N/m, xy = 10 pwm, and different
values of & from 0.4 to 4 are used for consideration of the joints with stiffness-hardening or stiffness-softening
nonlinearity.

The equivalent beam model of the cantilever truss structure is shown in Fig. 6b, which consists of 20
equivalent beam elements and 21 nodes. In order to verify the accuracy of the equivalent beam model, the
commercial FEM software ANSYS is used to established a full finite element model for the original truss
structure, in which, the truss member is modeled by spatial beam element (Beam4 element), the joint is
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Fig. 10 Displacement response of the cantilevered truss model under the triangular impulse excitation

modelled by spring elements (Combin14 element for linear stiffness and damping and Combin39 element for
nonlinear stiffness) and rigid constraint element (MPC184 element). The full finite element model of the truss
structure consists of 2804 elements.

At first, a sweep-sine excitation is used to excite the first resonance mode of the structure, the excitation is
applied at node A at the free end of the truss in the Z-axis direction with the magnitude of

. Wy —

F7 = Fzosin| ot + u—ltz (60)
2T

where Fy is the excitation amplitude, w; and w,, are the lower and upper limits of the excitation frequency, T

is the duration of the excitation. The equivalent loads on node 21 of the equivalent beam model are

FzL, FzL,

) B = -
D) EYZ 4

Fpz = Fz, Mgx = — (61)

The displacements in the Z-axis direction of node A evaluated by the equivalent beam model and the
ANSYS FEM model under the sweep-sine excitation with Fzg = 50 N and 7 = 500 s are compared in Fig. 8.
It can be found that for the truss structure with stiffness-softening nonlinear joints (¢ = 0.2 and 0.4) the results
of the two models are almost the same, for the truss structure with stiffness-hardening nonlinear joint (o =
1.6 and 4.0), the resonant frequency obtained by the equivalent beam model is a little bigger than that of the
ANSYS model, but the error doesn’t increase with the increasement of the stiffness ratio . This error maybe
caused by the approximation used in the derivation of the condensed hybrid joint-beam element, which uses
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Fig. 11 The spacecraft structure and its equivalent dynamic model

the static equilibrium relationship [Eq. (12)] instead of the real dynamic equilibrium relationship [Eq. (8)].
This phenomenon is also observed in the Guyan reduction method, which is also a static reduction method,
the natural frequencies obtained by the Guyan reduced model are also a little bigger than those of the original
structures [43]. From Fig. 8, it also can be found that the resonant frequency of the truss structure increases with
the increasement of the stiffness ratio «, the equivalent beam model can also accurately predict the resonant
frequency for the for the truss structure.

Next, a triangular impulse load as shown in Fig. 9 is applied at node A in the Z-axis direction to excite
multiple modes of vibration of the truss structure. The peak value and duration of the excitation are Fzg =
1000 N and T = 0.1 s, respectively. The displacements of node A in the Z-axis direction evaluated by the
equivalent beam model and the ANSY S model for this excitation are shown in Fig. 10. It can be found that joint
nonlinearity has an obvious influence on the displacement response of the truss structure, and the equivalent
beam model predicts the response accurately for truss structure with both stiffness-softening nonlinear joints
and stiffness-hardening nonlinear joints under the impulse load.

It is worth to remark that the proposed method requires only 20 elements for modeling this truss structure
instead of 2804 elements in the original FEM model, which brings a very high promotion on the computational
efficiency.

4.2 Example 2: a spacecraft structure

The second example is a spacecraft structure as shown in Fig. 11a, which consists of a satellite, a payload and
a supported truss structure. The truss structure is assumed the same as in the first example, one end of the truss
is attached to the satellite, and the other end is connected with the payload. For simplicity, the satellite and the
payload are all assumed to be a cube with side length of 1.5 m, the equivalent densities of the satellite and the
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Fig. 12 Displacement response of the spacecraft model under the triangular impulse excitation

payload are assumed as p; = 50 kg/m® and p, = 10 kg/m?, respectively. The mass centers of the satellite and
the payload are all assumed on the central axis of the truss structure.

The equivalent dynamic model of the spacecraft is shown in Fig. 11b, where the satellite and the payload
are modelled as mass elements on the end nodes of the equivalent beam model of the truss structure. Since the
mass elements are not on the mass centers of the satellite and the payload, the effect of eccentricity should be
considered, which yields the mass matrices of the satellite and the payload as

and

|
cocococo

|
coococod

_m]

\S]

0 0 0 0
mi 0 0 0
0 mi 0 mienm
0 0 I 0

0 mien; 0O 1y
—miem1 0 0 0
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(63)
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Fig. 13 Acceleration response of the spacecraft model under the triangular impulse excitation

where m; and m» are the masses of the satellite and the payload, respectively, e;,1 and ey, are the distances
from the truss ends to the mass centers of the satellite and the payload, respectively,
1 5 5
Ixi = gmia?, Iy,' = Em,-a,-z, Izi = Emiaiz, (i = 1,2) (64)
aj and a; are the side lengths of the satellite and the payload, respectively.

A triangular impulse moment M is applied on the satellite for simulating the attitude maneuvering of the
spacecraft. The peak value and duration of the impulse moment are M zg = 5000 N m and 7 = 0.1 s, respectively.
The displacement and acceleration in the Y-axis direction of node A on the truss structure evaluated by the
ANSYS model and the equivalent dynamic model are shown in Figs. 12 and 13, respectively. It can be found
that the presented ECM method can also produce accurate transient dynamic response when used in modeling
of the spacecraft structure with repetitive truss structure.

5 Conclusions

In this study, an equivalent continuum modeling method for analysis of the transient response of the large
space truss structures with nonlinear elastic joints was presented. A two-node condensed hybrid joint-beam
element model for a truss member with nonlinear joints at its two ends was obtained, and an equivalent 8-
DOFs nonlinear beam element was derived for the repeating element of the truss structure with rectangular



3516 F. Liu et al.

cross-sections based on the energy equivalence method. The equation of motion of the nonlinear equivalent
beam model of the whole truss structure was solved by the combination of the Newmark-8 method and the
Newton—Raphson iteration method. The numerical example of a cantilevered truss structure with joints having
piece-wise linear extensional stiffnesses under sweep-sine excitation and impulse excitation demonstrated that
the presented modeling method could accurately predict the transient response of the truss structure with a very
high computational efficiency. The applicability of the presented equivalent modeling method on spacecraft
with repetitive truss structure was also validated.
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