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Abstract This paper presents the free vibration analysis of combined composite laminated conical–cylindrical
shells with varying thickness using the Haar wavelet method (HWM). The displacement field of the combined
shell is set based on the first-order shear deformation theory (FSDT), the displacement components, and rotation
of individual shells including boundary conditions that are expanded by the Haar wavelet and Fourier series in
the meridional and the circumferential direction. By solving the vibration characteristic equation discretized
by the Haar wavelet, the vibrational results of combined shells are obtained. Then, the results of the proposed
method are compared with those of published literature and finite element analysis (FEA). The results show
that HWM has high convergence and high accuracy for the free vibration analysis of the combined composite
laminated conical–cylindrical shellswith varying thickness.Also, the effects of the parameters such as thickness
variation parameters, material properties, geometrical dimensions, and different boundary conditions, on the
vibrational behavior of the combined shells are investigated. Finally, new numerical results are provided to
illustrate the free vibration behavior of the combined composite laminated conical–cylindrical shells with
varying thickness.

1 Introduction

As is well known, shell structures such as conical shells and cylindrical shells are widely used in aerospace,
marine, civil, chemical industry, and mechanical engineering as important elements of structures. In addition,
with the development of science and technology, composite materials are actively used for these structural
elements. In actual processes, the combined conical–cylindrical structures are often applied, and many studies
on these combined structures are in progress.
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Irie et al. [1] applied the transfer matrix method to investigate the vibration characteristics of coupled cylin-
drical–conical shells. By using the multi-segmental numerical integration technique, Hu and Raney [2] carried
out vibration analyses of a coupled cylindrical–conical shell and confirmed the accuracy of the analytical results
by experiments. Benjeddou [3] proposed the local–global B-spline finite elementmethod for themodal analysis
of the coupled shell structure. Caresta and Kessissoglou [4] studied the vibration characteristics of the coupled
isotropic cylindrical–conical shell using the classical approach. In order to obtain the total governing equation
of a coupled shell, the wave solution has been adopted for the cylindrical shell, and the power series solution
has been adopted. Then, these two solutions are coupled by the continuity condition at the interface of two
shells. EI Damatty et al. [5] used the three-dimensional finite element method for the numerical analysis of the
dynamic behavior of the coupled cylindrical–conical shell. Qu et al. [6–10] analyzed the dynamic behaviors of
the different coupled shells such as the ring-stiffened conical–cylindrical shell, cylindrical–conical–spherical
shell, and spherical–cylindrical–spherical shell using a modified variational approach. Based on the modi-
fied Fourier–Ritz method, Ma et al. [11, 12] analyzed the vibrational characteristics of a coupled isotropic
conical–cylindrical shell with general boundary conditions. Bagheri et al. investigated the free vibration char-
acteristics of a coupled conical–cylindrical–conical shell [13] and conical–conical shell [14] made of isotropic
material using the generalized differential quadrature (GDQ) method. Su et al. [15] analyzed the vibration
characteristics of a coupled conical–cylindrical–spherical shell with general boundary conditions using the
Fourier spectrum element method (FSEM). Cheng et al. [16] applied the variation method to investigate the
vibration characteristics of a coupled conical–cylindrical shell. Chen et al. [17] proposed an analytic method
to analyze free and forced vibration characteristics of ring-stiffened combined conical–cylindrical shells with
arbitrary boundary conditions. By using a power series solution, Efraim and Eisenberger [18] investigated
the free vibration characteristics of segmented axisymmetric shells and obtained relatively accurate natural
frequencies.

Although many studies have been performed for free vibration analysis of conical–cylindrical coupling
shells, it can be seen that most of them relate to coupled shell structures with uniform thickness. Kang [19]
performed an analysis of the free vibration of a combined conical–cylindrical shell structure in which a conical
shell with varying thickness and a cylindrical shell are combined. However, in this study, the coupled shell
structure is made of an isotropic material. As can be seen from the literature review, there are few studies
on the free vibration of the composite laminated combined conical–cylindrical shell structure of varying
thickness. Therefore, this study focuses on the free vibration analysis of combined composite laminated
conical–cylindrical shells of varying thicknesses.

Recently, the Carrera unified formulation (CUF) [20], proposed in 1995 by Italian scientist Carrera, has
attracted the attention of scientists who are trying to solve the vibration problems of structural elements.
Carrera et al. [21–25] made a great contribution to the static and dynamic analysis of structural elements such
as beams, plates, and shells using CUF. The CUF is a technique that permits one to handle a large variety of
shell models in a unified manner. The FSDT shell theories can also be obtained as particular cases of CUF.
Therefore, in this study, the FSDT is introduced as a theoretical model for the analysis of free vibration of the
combined composite laminated conical–cylindrical shells with varying thicknesses. HWM is applied to solve
the equation of motion of the combined conical–cylindrical shell. It has already been verified that HWM is
an efficient and accurate solution method not only for the free vibration analysis of cylindrical shells [26–29],
conical shells [28, 30, 31], and doubly curved shells of revolution [32], but also for free vibration analysis of
coupled shell structures [33]. All displacements and their derivatives in the motion equation are expressed by
the Haar wavelet and their integrals in the axis direction and by Fourier series in the circumferential direction.
The integral constant is determined by the boundary condition. New results to verify the accuracy and reliability
of this method are performed by parametric studies and numerical examples.

2 Theoretical formulations

2.1 Description of the model

Figure 1 shows the geometric structure of a combined composite laminated conical–cylindrical shell with the
semi-vertex angle ϕ of the cone, length Lco and the small radius Rco of the conical shell, and the radius Rcy
and length Lcy of the cylindrical shell. The thickness hcy of the cylindrical shell is constant while the thickness
hco of the conical shell varies according to a constant rule in the x-axis direction.

The conical shell is defined by the coordinate system (xco, θco, zco), in which xco and θco are the coordinates
of axial and circumferential direction, and zco is the coordinate in the direction perpendicular to the middle



Free vibration analysis of combined composite laminated conical–cylindrical shells 1569

(b)

φ

xco

R1

R2

θ

ku

kv

kθ

kφ

kw
h1

h2

h

Middle surface

(a)

θ

x

z

uv
w

zco

xcy

zcy

Oco

Ocy

Fig. 1 Coordinate system and geometric relations of a combined composite laminated conical–cylindrical shell: a cross section
and boundary condition, b geometric relations of the combined shell

surface, respectively. The displacements of the conical shell in the xco, θco, and zco directions are denoted by
uco, vco, wco.

The radius at any point of the conical shell can be written as Rco(xco) � R0,co + xco sinϕ. The cylindrical
shell is represented by the xcy, θcy, zcy coordinate system, in which xcy, θcy, and zcy mean axial, circumferential
and radial directions, respectively. The displacements of the cylindrical shell in the xcy, θcy, and zcy directions
are denoted by uc, vc, and wc respectively. In all expressions of this work, the subscripts co and cy denote the
conical and cylindrical shell, respectively.

The thicknesses at origin and end of the conical shell are represented by h0,co and h1,co, respectively, and
the generalized equation of thickness depends on the following as:

hco(xco) � h0,co

[
1 − α

(
xco
Lco

)β
]

(1)

where α and β are thickness variation parameters.

2.2 Kinematic relations

FSDT is employed to represent the motion equations of the shell, and the displacement field for the shell based
on the FSDT is expressed as follows [11, 29, 32, 33]:

uζ (x, θ, z, t) � u0ζ (x, θ, t) + zψx,ζ (x, θ, t),

vζ (x, θ, z, t) � v0ζ (x, θ, t) + zψθ,ζ (x, θ, t),

wζ (x, θ, z, t) � w0
ζ (x, θ, t)

(2)

where the subscript ζ (� co, cy) denotes the conical and cylindrical shell, respectively, u, v, and w are the
displacements in x, θ , and z directions, andψx andψθ represent the rotations of transverse normal with respect
to the θ - and x-axis.

The strain–displacement relations at the middle surface can be written as follows:
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Conical shell:

ε0x,co � ∂u0co
∂xco

, ε0θ,co � ∂v0co

Rco∂θco
+
u0co
Rco

cosϕ +
w0
co

Rco
sin ϕ,

γ 0
xθ,co � ∂v0co

∂xco
+

∂u0co
Rco∂θco

− v0co

Rco
cosϕ, χx,co � ∂ψx,c0

∂xco
,

χθ,co � ∂ψθ,c0

Rco∂θco
+

ψx,c0

Rco
cosϕ, χxθ,co � ∂ψx,c0

Rco∂θco
+

∂ψθ,c0

∂xco
− ψθ,c0

Rco
cosϕ,

γxz,co � ∂w0
co

∂xco
+ ψx,c0, γθ z,co � ∂w0

co

Rco∂θco
− v0co

Rco
+ ψθ,c0;

(3)

Cylindrical shell:

ε0x,cy � ∂u0cy
∂xcy

, ε0θ,cy � ∂v0cy

Rcy∂θcy
+

w0
cy

Rcy
, γ 0

xθ,cy � ∂v0cy

∂xcy
+

∂u0cy
Rcy∂θcy

,

χx,cy � ∂ψx,cy

∂xcy
, χθ,cy � ∂ψθ,cy

Rcy∂θcy
, χxθ,cy � ∂ψθ,cy

∂xcy
+

∂ψx,cy

Rcy∂θcy
,

γ 0
xz,cy � ∂w0

cy

∂xcy
+ ψx,cy, γ 0

θ z,cy � ∂w0
cy

Rcy∂θcy
− v0cy

Rcy
+ ψθ,cy

(4)

where ε0x,ζ , ε0θ,ζ , γ 0
xθ,ζ represent the normal and shear strains in the middle surface, χx,ζ , χθ,ζ , and χxθ,ζ are

curvature and twist changes, and γxz,ζ , γθ z,ζ are transverse shear strains [11, 32, 37].
The relations between the force and moment resultants with the strain and curvature changes of the middle

surface are expressed in matrix form as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Nx,ζ

Nθ,ζ

Nxθ,ζ

Mx,ζ

Mθ,ζ

Mxθ,ζ

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

�

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11,ζ A12,ζ A16,ζ

A12,ζ A22,ζ A26,ζ

A16,ζ A26,ζ A66,ζ

B11,ζ B12,ζ B16,ζ

B12,ζ B22,ζ B26,ζ

B16,ζ B26,ζ B66,ζ

B11,ζ B12,ζ B16,ζ

B12,ζ B22,ζ B26,ζ

B16,ζ B26,ζ B66,ζ

D11,ζ D12,ζ D16,ζ

D12,ζ D22,ζ D26,ζ

D16,ζ D26,ζ D66,ζ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε0x,ζ

ε0θ,ζ

γ 0
xθ,ζ

kx,ζ
kθ,ζ

kxθ,ζ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

{
Qx,ζ

Qθ,ζ

}
� κ

[
A55,ζ A45,ζ

A45,ζ A44,ζ

]{
γxz,ζ

γθ z,ζ

}
(5)

whereNx,ζ ,Nθ ,ζ ,Nxθ ,ζ ,Qθ ,ζ ,Qx,ζ andMx,ζ ,Mθ ,ζ ,Mxθ ,ζ are the in-plane force and twistingmoment resultants.
In Eq. (5), κ denotes the shear coefficient and is given as 5/6 in this paper. Aij,ζ , Bij,ζ , and Dij,ζ represent
extensional, extensional–bending, and bending stiffness, respectively, and they are expressed as:

Ai j,ζ �
Nk∑
k�1

Q
k
i j,ζ

(
Zk+1,ζ − Zk,ζ

)
, (i, j � 1, 2, 6),

Ai j,ζ � κ

Nk∑
k�1

Q
k
i j,ζ

(
Zk+1,ζ − Zk,ζ

)
, (i, j � 4, 5),

Bi j,ζ � 1

2

Nk∑
k�1

Q
k
i j,ζ

(
Z2
k+1,ζ − Z2

k,ζ

)
, (i, j � 1, 2, 6),

Di j,ζ � 1

3

Nk∑
k�1

Q
k
i j,ζ

(
Z3
k+1,ζ − Z3

k,ζ

)
, (i, j � 1, 2, 6)

(6)
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where Nk denotes the number of total layers of the laminated shell, and Zk and Zk+1 are the distances between
the kth or k + 1th layer and the middle surface. The coordinate Zk of the bottom surface of the kth layer is
expressed as a function of x,

zk(x) �
(

−1

2
+
k − 1

Nk

)
h(x). (7)

Q
k
i j,ζ (i, j � 1, 2, 4, 5, 6) are transformed elastic coefficients of kth layers and are defined as [11, 28, 33]:

Q
k
11,ζ � Qk

11,ζ cos
4 φk

f iber + 2
(
Qk
12,ζ + 2Qk

66,ζ

)
cos2 φk

f iber sin
2 φk

f iber + Qk
22,ζ sin

4 φk
f iber ,

Q
k
12,ζ �

(
Qk
11,ζ + Qk

22,ζ − 4Qk
66,ζ

)
cos2 φk

f iber sin
2 φk

f iber + Qk
12,ζ

(
cos4 φk

f iber + sin4 φk
f iber

)
,

Q
k
22,ζ � Qk

11,ζ sin
4 φk

f iber + 2
(
Qk
12,ζ + 2Qk

66,ζ

)
cos2 φk

f iber sin
2 φk

f iber + Qk
22,ζ cos

4 φk
f iber ,

Q
k
16,ζ �

(
Qk
11,ζ − Qk

12,ζ − 2Qk
66,ζ

)
cos3 φk

f iber sin φk
f iber +

(
Qk
12,ζ − Qk

22,ζ + 2Qk
66,ζ

)
cosφk

f iber sin
3 φk

f iber ,

Q
k
26,ζ �

(
Qk
11,ζ − Qk

12,ζ − 2Qk
66,ζ

)
cosφk

f iber sin
3 φk

f iber +
(
Qk
12,ζ − Qk

22,ζ + 2Qk
66,ζ

)
cos3 φk

f iber sin φk
f iber ,

Q
k
66,ζ �

(
Qk
11,ζ + Qk

22,ζ − 2Qk
12,ζ − 2Qk

66,ζ

)
cos2 φk

f iber sin
2 φk

f iber + Qk
66,ζ

(
cos4 φk

f iber + sin4 φk
f iber

)
,

Q
k
44,ζ � Qk

44,ζ cos
2 φk

f iber + Qk
55,ζ sin

2 φk
f iber ,

Q
k
45,ζ �

(
Qk
55,ζ − Qk

44,ζ

)
cosφk

f iber sin φk
f iber ,

Q
k
55,ζ � Qk

55,ζ cos
2 φk

f iber + Qk
44,ζ sin

2 φk
f iber

(8)

where φk
f iber indicates the angle between the principal material directions and the x-axis in the kth layer. Qk

i j,ζ

are the reduced elasticity coefficient at the kth layer and expressed as follows [11, 28, 33]:

Qk
11,ζ � Ek

1,ζ

1 − μk
12,ζ μ

k
21,ζ

, Qk
22,ζ � Ek

2,ζ

1 − μk
12,ζ μ

k
21,ζ

, Qk
12,ζ � μk

12,ζ E
k
2,ζ

1 − μk
12,ζ μ

k
21,ζ

Qk
44,ζ � Gk

23,ζ , Qk
55,ζ � Gk

13,ζ , Qk
66,ζ � Gk

12,ζ

(9)

where Ek
1,ζ and Ek

2,ζ represent Young’s moduli, and Gk
12,ζ ,G

k
13,ζ , and Gk

23,ζ are the shear moduli. μk
12,ζ , and

μk
21,ζ are Poisson’s ratios.
Since the thickness of the conical shell is changed in the xco-axis direction, the stiffness coefficients Aij,co,

Bij,co, and Dij,co are functions of xco, therefore, partial derivatives of the stiffness coefficients are appearing,
and can be written as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Ai j,co

∂xco
�

Nk∑
k�1

Qk
i j,co

(
∂zk+1,co

∂xco
− ∂zk,co

∂xco

)
i, j � 1, 2, 6 ,

∂Ai j,co

∂xco
� κ

Nk∑
k�1

Qk
i j,co

(
∂zk+1,co

∂xco
− ∂zk,co

∂xco

)
i, j � 4, 5,

∂Bi j,co
∂xco

�
Nk∑
k�1

Qk
i j,co

(
zk+1,co

∂zk+1,co
∂xco

− zk,co
∂zk,co
∂xco

)
i, j � 1, 2, 6,

∂Di j,c0

∂xco
�

Nk∑
k�1

Qk
i j,co

(
z2k+1,co

∂zk+1,co
∂xco

− z2k,co
∂zk,co
∂xco

)
i, j � 1, 2, 6.

(10)

From Eq. (6),

∂zk,co
∂xco

�
(

−0.5 +
k − 1

Nk

)
∂hco
∂xco

, (11)
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where ∂h
/
∂x can be obtained from Eq. (1),

∂hco
∂xco

� −h1,coαλ

xco

(
xco
Lco

)β−1

. (12)

2.3 Governing equations, boundary and connecting condition

In the current study, Hamilton’s principle is applied for obtaining the equilibrium equations of motion of the
laminated composite conical shell with varying thickness and of the cylindrical shell. The equations of motion
of the laminated composite conical shell with varying thickness and the cylindrical shell for free vibration
analysis of coupled structure can be written as follows:

For the conical shell:

∂Nx,co

∂xco
+

1

Rco

∂Nxθ,co

∂θco
+
(
Nx,co − Nθ,co

)cosϕ

Rco
� I0,co

∂2u0co
∂t2

+ I1,co
∂2ψx,co

∂t2
,

∂Nxθ,co

∂xco
+

1

Rco

∂Nθ,co

∂θco
+ Qθ,co

sin ϕ

Rco
+ 2Nxθ,co

cosϕ

Rco
� I0,co

∂2v0co

∂t2
+ I1,co

∂2ψθ,co

∂t2
,

∂Mx,co

∂xco
+

1

Rco

∂Mxθ,co

∂θco
+
(
Mx,co − Mθ,co

)cosϕ

Rco
− Qx,co � I1,co

∂2u0co
∂t2

+ I2,co
∂2ψx,co

∂t2
,

∂Mxθ,co

∂xco
+

1

Rco

∂Mθ,co

∂θco
+ 2Mxθ,co

cosϕ

Rco
− Qθ,co � I1,co

∂2v0co

∂t2
+ I2,co

∂2ψθ,co

∂t2
.

(13)

For the cylindrical shell:

∂Nx,cy

∂xcy
+

1

Rcy

∂Nxθ,cy

∂θcy
� I0,cy

∂2u0cy
∂t2

+ I1,cy
∂2ψx,cy

∂t2
,

∂Nxθ,cy

∂xcy
+

1

Rcy

∂Nθ,cy

∂θcy
+
Qθ,cy

Rcy
� I0,cy

∂2v0cy

∂t2
+ I1,cy

∂2ψθ,cy

∂t2
,

−Nθ,cy

Rcy
+

∂Qx,cy

∂xcy
+

1

Rcy

∂Qθ,cy

∂θcy
� I0,cy

∂2w0
cy

∂t2
,

∂Mx,cy

∂xcy
+

1

Rcy

∂Mxθ,cy

∂θcy
− Qx,cy � I1,cy

∂2u0cy
∂t2

+ I2,cy
∂2ψx,cy

∂t2
,

∂Mxθ,cy

∂xcy
+

1

Rcy

∂Mθ,cy

∂θcy
− Qθ,cy � I1,cy

∂2v0cy

∂t2
+ I2,cy

∂2ψθ,cy

∂t2

(14)

where I0,ζ , I1,ζ , I2,ζ are the inertia terms and defined as follows:

(
I0,ζ , I1,ζ , I2,ζ

) �
Nk∑
k�1

zk+1∫
zk

ρk(1, zζ , z2ζ )dz. (15)

ρk is the mass of the kth layer per unit middle surface area.
By substituting Eqs. (4)–(6) into Eqs. (13) and (14), the equations of motion of the individual shells (i.e.,

conical shell with varying thickness and cylindrical shell) are written in matrix form as follows:⎡
⎢⎢⎢⎢⎢⎣

L11,ζ L12,ζ L13,ζ L14,ζ L15,ζ

L21,ζ L22,ζ L23,ζ L24,ζ L25,ζ

L31,ζ L32,ζ L33,ζ L34,ζ L35,ζ

L41,ζ L42,ζ L43,ζ L44,ζ L45,ζ

L51,ζ L52,ζ L53,ζ L54,ζ L55,ζ

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

u

v

w

φα

φβ

⎤
⎥⎥⎥⎥⎥⎦ � 0 (16)

where the detailed expression formulas of the coefficients Lij,ζ can be found in Appendix 1.
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Table 1 Corresponding values of the spring stiffness for general boundary conditions

Corresponding spring stiffness values

BC ku kv kw kϕ kθ

F 0 0 0 0 0
C 1014 1014 1014 1014 1014

SS 1014 1014 1014 0 1014

SD 0 1014 1014 0 1014

E1 108 108 108 1014 1014

E2 1014 1014 1014 108 108

E3 108 108 108 108 108

Choosing reasonable boundary conditions in vibration problems has always been one of the most important
issues. Therefore, a consistent and useful approach is specified for handling boundary conditions. One of the
advantages of this method is its good compatibility with boundary condition equations. In this paper, we
simulated boundary conditions using artificial springs. Therefore, generalized elastic boundary conditions are
well modeled using three kinds of linear springs (ku, kv, kw) and two kinds of rotational springs (kφ, kθ ). In
other words, arbitrary boundary conditions can be modeled by selecting the appropriate stiffness values of
these springs. For simplicity of representation, we denote fully clamped, free, simply supported, and shear
diaphragm boundary conditions as C, F, SS, SD, respectively. In addition, in this study, three kinds of elastic
boundary conditions, expressed as E1, E2, and E3, are investigated. Then, the simulated boundary condition
equations at the start edge of the conical shell and the end edge of the cylindrical shell can be expressed as

xco � 0 ⇒
{
kcoubuco � Nx,co, kcovbvco � Nxθ,co, kcowbwco � Qx,co,

kcoxb,0ψx,co � Mx,co, kcoθbψθ,co � Mxθ,co,

xcy � Lcy ⇒
{
kcyubucy � −Nx,cy, kcyvbvcy � −Nxθ,cy, kcywbwcy � −Qx,cy,

kcyxbψx,cy � −Mx,cy, kcyθbψθ,cy � −Mxθ,cy .

(17)

The boundary conditions considered along with the corresponding values of spring stiffness are given in Table
1.

Taking into account the change in curvature, the coupling conditions at the interface between the conical
shell and the cylindrical shell can be given as [11]

uco � ucy cosϕ − uco sin ϕ, vco � vcy,

wco � ucy sin ϕ + wco cosϕ, ψx,co � ψx,cy, ψθ,co � ψθ,cy ;

Nx,co � Ncy cosϕ − Qx,cy sin ϕ, Nxθ,co � Nxθ,cy,

Qx,co � Nx,cy sin ϕ + Qx,cy cosϕ, Mx,co � Mx,cy, Mxθ,co � Mxθ,cy

(18)

where ϕ is the angle of difference between conical shell and cylindrical shell in the meridian direction. Since
different coordinate directions are used on both sides of the coupling interface, the transformation relationship
in Eq. (18) ensures continuity of displacements, forces, and moments. The force and moment resultants at the
junction of a combined conical–cylindrical shell are given in accordance with the sign convention shown in
Fig. 2.

As shown in Eqs. (13) and (14), since the equations of motion of the conical shell and the cylindrical shell
are partial differential equations, it is necessary to convert them into a set of ordinary differential equations.
Considering that the shell discussed in this paper is a perfectly rotating shell, if we proceed with variable
separation using the Haar wavelet series in the meridian direction and the Fourier series in the circumferential
direction, the displacement and rotation components can be written as follows:

u0ζ (x, θ, t) � Uζ (x) cos(nθ ) eiωt ,

v0ζ (x, θ, t) � Vζ (x) sin(nθ ) eiωt ,

w0
ζ (x, θ, t) � Wζ (x) cos(nθ ) eiωt ,

ψx,ζ (x, θ, t) � �ζ (x) cos(nθ ) eiωt ,

ψθ,ζ (x, θ, t) � �ζ (x) sin(nθ ) eiωt

(19)
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φ

Nxθ,co

Nx,c Qx,c

Mx,co

Mθ,co

Qx,cy

Mx,cy

Nxθ,cy

Mθ,cy Nx,cy

Fig. 2 Force and moment resultants at interface of the combined composite laminated conical–cylindrical shell

where ω is the angular frequency, and the nonnegative integer n is the number of waves of the corresponding
mode. U(x), V (x), W (x), Φ(x), and Θ(x) are unknown functions to be determined. Substituting Eq. (19) into
Eq. (16) and carrying out several algebraic operations, the governing equations of the individual shells can be
written in the following unified form:

L0
11,ζUζ + L1

11,ζ
dUζ

dxζ

+ L2
11,ζ

d2Uζ

dx2ζ
+ L0

12,ζVζ + L1
12,ζ

dVζ

dxζ

+ L0
13,ζWζ + L1

13,ζ
dWζ

dxζ

+L0
14,ζ �ζ + L1

14,ζ
d�ζ

dxζ

+ L2
14,ζ

d2�ζ

dα2 + L0
15,ζ �ζ + L1

15,ζ
d�ζ

dxζ

+ I0,ζ ω
2R2

ζUζ + I1,ζ ω
2R2

ζ �ζ � 0,

(20.1)

L0
31,ζUζ + L1

31,ζ
dUζ

dxζ

+ L0
32,ζVζ + L0

33,ζWζ + L1
33,ζ

dWζ

dxζ

+ L2
33,ζ

d2Wζ

dx2ζ

+L0
34,ζ �ζ + L1

34,ζ
d�ζ

dxζ

+ L0
35,ζ �ζ + I0,ζ ω

2R2
ζWζ � 0,

(20.2)

L0
31,ζUζ + L1

31,ζ
dUζ

dxζ

+ L0
32,ζVζ + L0

33,ζWζ + L1
33,ζ

dWζ

dxζ

+ L2
33,ζ

d2Wζ

dx2ζ

+L0
34,ζ �ζ + L1

34,ζ
d�ζ

dxζ

+ L0
35,ζ �ζ + I0,ζ ω

2R2
ζWζ � 0,

(20.3)

L0
41,ζUζ + L1

41,ζ
dUζ

dxζ

+ L2
41,ζ

d2Uζ

dx2ζ
+ L0

42,ζVζ + L1
42,ζ

dVζ

dxζ

+ L0
43,ζWζ + L1

43,ζ
dWζ

dxζ

+L0
44,ζ �ζ + L1

44,ζ
d�ζ

dxζ

+ L2
44,ζ

d2�ζ

dx2ζ
+ L0

45,ζ �ζ + L1
45,ζ

d�ζ

dxζ

+ I1,ζ ω
2R2

ζUζ + I2,ζ ω
2R2

ζ �ζ � 0,

(20.4)

L0
51,ζUζ + L1

51,ζ
dUζ

dxζ

+ L0
52,ζVζ + L1

52,ζ
dVζ

dxζ

+ L2
52,ζ

d2Vζ

dx2ζ
+ L0

53,ζWζ

+L0
54,ζ �ζ + L1

54,ζ
d�ζ

dxζ

+ L0
55,ζ �ζ + L1

55,ζ
d�ζ

dxζ

+ L2
55,ζ

d2�ζ

dx2ζ
+ I1,ζ ω

2R2
ζVζ + I2,ζ ω

2R2
ζ �ζ � 0

(20.5)

where the detailed expressions of the coefficients Lk
i j,ζ can be found in Appendix 2.

The boundary condition equations can be obtained in a similar way to Eq. (20) and can be written as
follows.
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At the left boundary:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A11,coRco
dUco

dxco
+
(
A12,co sin ϕ − kcoubRco

)
Uco + A12,conVco + A12,co cosϕWco

+B11,coRco
d�c

dxco
+ B12,co sin ϕ�co + B12,co�co � 0,

−A66,conUco + A66,coRco
dVco
dxco

− (
A66,co sin ϕ + kcovbRco

)
Vco

−B66,con�co + B66,coRco
d�co

dxco
− B66,co sin ϕ�co � 0,

κA55,coRco
dWco

dxco
− kcowbRcoWco + κA55,coRco�co � 0,

B11,coRco
dUco

dxco
+ B12,co sin ϕUco + B12,conVco + B12,co cosϕWco

+D11,coRco
d�co

dxco
+
(
D12,co sin ϕ − kcoxbRco

)
�co + D12,con�co � 0,

−B66,conUco + B66,coRco
dVco
dxco

− B66,co sin ϕVco − D66,con�co

+D66,coRco
d�c

dxco
− (

D66,co sin ϕ + kcoθbRc
)
�co � 0;

(21.1)

At the right boundary:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A11,cy Rcy
dUcy

dxcy
+ kcyubRcyUcy + A12,cynVcy + A12,cyWcy + B11,cy Rcy

d�l

dxcy
+ B12,cyn�cy � 0

−A66,cynUcy + A66,cy Rcy
dVcy
dxcy

+ kcyvbRcyVcy − B66,cyn�cy + B66,cy Rcy�cy � 0,

κA55,cy Rcy
dWcy

dxcy
+ kcywbRcyWcy + κA55,cy Rcy�cy � 0,

B11,cy Rcy
dUcy

dxcy
+ B12,cynVcy + B12,cyWcy + D11,cy Rcy

d�cy

dxcy
+ kcyxbRcy�cy + D12,cyn�cy � 0,

−B66,cynUcy + B66,cy Rcy
dVcy
dxcy

− D66,cyn�cy + D66,cy Rcy
d�cy

dxcy
+ kcyθbRcy�cy � 0.

(21.2)

2.4 Haar wavelet series and discretization

The Haar wavelet function hi(x) for x ∈ [0, 1] is defined as [26, 27, 32, 33]

hi (x) �
⎧⎨
⎩
1 x ∈ [x1, x2]

−1 x ∈ [x2, x3]

0 elsewhere
(22)

In Eq. (22), notations x1 � k/m, and x2 � (k + 0.5)/m, x3 � (k + 1)/m are introduced, in which the integer
m � 2j (j � 0, 1,…,J) is the scale factor, and the maximal level of resolution determined by the integer J; k �
0, 1,…, m-1 is the delay factor.

Any function f (x), which is square integrable in the interval [0, 1], can be expanded into Haar wavelet
series of infinite terms. If f (x) is piecewise constant by itself, or may be approximated as piecewise constant
during each subinterval, then f (x) will be truncated with finite terms, that is,

f (x) �
2M∑
i�1

aihi (x) (23)
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where ai(i� 1, 2,…, 2M) is the unknownwavelet coefficient. The interval [0, 1] is divided into 2Msubintervals
of equal length �x � 1/2M; the collocation points are given as:

xl � (l − 0.5)

2M
, l � 1, 2, ..., 2M. (24)

In order to solve an nth-order PDE, the integrals of the wavelets

pn,i (x) �
∫ x

0

∫ x

0
· · ·

∫ x

0
hi (t)dt

n

︸ ︷︷ ︸
n−times

� 1

(n − 1)!

∫ x

0
(x − t)n−1hi (t)dt (25)

are required. In Eq. (25), i � 1,2,…,2M. The case n � 0 corresponds to function hi(t). These integrals can be
calculated analytically. In case of i � 1, the integral of the wavelet is pn,1(x) � xn/n!, and in case i >1 it is

pn,i (x) �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 x < x1,

1

n!
(x − x1)

n x1 < x < x2,

1

n!

[
(x − x1)

n − 2(x − x2)
n] x2 < x < x3,

1

n!

[
(x − x1)

n − 2(x − x2)
n + (x − x3)

n] x > x3.

(26)

For solving boundary value problems, the values pn,i(0) and pn,i(1) should be calculated in order to satisfy
the boundary conditions. Substituting the collocation points in Eq. (24) into Eq. (26) yields

p(n)(i, l) � pn,i (x) (27)

where P(n) is a 2 M×2 Mmatrix. It should be noted that calculations of the matrices H(i, l) and P(n)(i, l) must
be carried out only once.

The Haar wavelet series is defined in the interval [0, 1]; therefore, to apply the HWM, the linear transfor-
mation statute is used for the coordinate conversion from length interval [0, L] of the shell to the interval [0,
1] of the Haar wavelet series, that is,

ξ � x

L
. (28)

In the HWM, the highest order derivatives of the displacements are expressed using the Haar wavelet
series, and the lower-order derivatives can be obtained by integrating the Haar wavelet series. The highest order
derivative of the displacements in the governing equations of motion and boundary condition expressions is
second order, which can be obtained by means of the Haar wavelet series as follows:

d2U (ξ )

dξ2
�

2M∑
i�1

aihi (ξ),
d2V (ξ )

dξ2
�

2M∑
i�1

bihi (ξ),
d2W (ξ )

dξ2
�

2M∑
i�1

ci hi (ξ),

d2�(ξ )

dξ2
�

2M∑
i�1

dihi (ξ),
d2�(ξ )

dξ2
�

2M∑
i�1

ei hi (ξ),

(29)
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where ai, bi, ci, and di are unknown coefficients of the Haar wavelets. The first-order derivatives of displace-
ments are obtained by integrating Eq. (29), and the displacements and rotations can be calculated by integrating
the above result again. The first-order derivatives of displacements and rotations are written as follows:

dU (ξ )

dξ
�

2M∑
i�1

ai P1,i (ξ) +
dU (0)

dξ
, U (ξ ) �

2M∑
i�1

ai P2,i (ξ) + ξ
dU (0)

dξ
+U (0),

dV (ξ )

dξ
�

2M∑
i�1

ai P1,i (ξ) +
dV (0)

dξ
, V (ξ ) �

2M∑
i�1

bi P2,i (ξ) + ξ
dV (0)

dξ
+ V (0),

dW (ξ )

dξ
�

2M∑
i�1

ci P1,i (ξ) +
dW (0)

dξ
, W (ξ ) �

2M∑
i�1

ci P2,i (ξ) + ξ
dW (0)

dξ
+W (0),

d�(ξ )

dξ
�

2M∑
i�1

di P1,i (ξ) +
d�(0)

dξ
, �(ξ ) �

2M∑
i�1

di P2,i (ξ) + ξ
d�(0)

dξ
+ �(0),

d�(ξ )

dξ
�

2M∑
i�1

ei P1,i (ξ) +
d�(0)

dξ
, �(ξ ) �

2M∑
i�1

ei P2,i (ξ) + ξ
d�(0)

dξ
+ �(0).

(30)

Equations (29) and (30) can be expressed in the discretized matrix form as follows:

d2U
dξ2

� Ha + H11 f , dU
dξ

� P1a + P11 f , U � P2a + P22 f ,

d2V
dξ2

� Hb + H11g, dV
dξ

� P1b + P11g, V � P2b + P22g,

d2W
dξ2

� Hc + H11h, dW
dξ

� P1c + P11h, W � P2c + P22h,

d28
dξ2

� Hd + H11k, d8
dξ

� P1d + P11k, 8 � P2d + P22k,

d22
dξ2

� He + H11l, d2
dξ

� P1e + P11l, 2 � P2e + P22l,

(31)

where H and P1, P2 are the Haar wavelet and its integrals, and are defined as

H1 �

⎡
⎢⎢⎢⎢⎢⎣

h1(ξ1) h2(ξ1) · · · hn(ξ1)
h1(ξ2) h2(ξ2) · · · hn(ξ2)
...

...
. . .

...

h1(ξn) h2(ξn) · · · hn(ξn)

⎤
⎥⎥⎥⎥⎥⎦, H11 �

⎡
⎢⎢⎢⎢⎢⎣

0 0

0 0
...
...

0 0

⎤
⎥⎥⎥⎥⎥⎦, (32)

P1 �

⎡
⎢⎢⎢⎢⎢⎣

P1,1(ξ1) P1,2(ξ1) · · · P1,n(ξ1)
P1,1(ξ2) P1,2(ξ2) · · · P1,n(ξ2)

...
...

. . .
...

P1,1(ξn) P1,2(ξn) · · · P1,n(ξn)

⎤
⎥⎥⎥⎥⎥⎦, P11 �

⎡
⎢⎢⎢⎢⎢⎣

1 0

1 0
...
...

1 0

⎤
⎥⎥⎥⎥⎥⎦, (33)

P2 �

⎡
⎢⎢⎢⎢⎢⎣

P2,1(ξ1) P2,2(ξ1) · · · P2,n(ξ1)
P2,1(ξ2) P2,2(ξ2) · · · P2,n(ξ2)

...
...

. . .
...

P2,1(ξn) P2,2(ξn) · · · P2,n(ξn)

⎤
⎥⎥⎥⎥⎥⎦, P22 �

⎡
⎢⎢⎢⎢⎢⎣

ξ1 1

ξ2 1
...

...

ξn 1

⎤
⎥⎥⎥⎥⎥⎦, (34)
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Fig. 3 Convergence of frequency parameters for a combined composite laminated conical–cylindrical shell with varying thickness
according to the maximal level of resolution J: a-mode1; b-mode2; c-mode3

and the notations are defined as follows:

U � [U (ξ1),U (ξ2), . . . ,U (ξn)]
T , a � [a1, a2, . . . , an]

T , f �
[
dU (ξ0)

dξ
,U (ξ0)

]T
,

V � [V (ξ1), V (ξ2), · · · , V (ξn)]
T , b � [b1, b2, · · · , bn]T , g �

[
dV (ξ0)

dξ
, V (ξ0)

]T
,

W � [W (ξ1),W (ξ2), · · · ,W (ξn)]
T , c � [c1, c2, · · · , cn]T , h �

[
dW (ξ0)

dξ
,W (ξ0)

]T
,

� � [�(ξ1), �(ξ2), · · · , �(ξn)]
T , d � [d1, d2, · · · , dn]T , k �

[
d�(ξ0)

dξ
,�(ξ0)

]T
,

� � [�(ξ1), �(ξ2), · · · ,�(ξn)]
T , e � [e1, e2, · · · , en]T , l �

[
d�(ξ0)

dξ
, �(ξ0)

]T

(35)

where f , g,h, k, and l indicate the integral constants, which can be obtained by applying the boundary condition.
The highest order of the displacements of the boundary condition equations is first order, and the first-order
derivatives and displacements in Eq. (30) are calculated when ξ � 0 and ξ � 1. The discretization of the
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Table 2 Comparison of frequency parameters � for an isotropic combined conical–cylindrical shell with uniform thickness

n m Ma et al. [12] Irie et al. [1] Efraim and
Eisenberger [18]

Caresta and Kessissoglou [4] Present

ANSYS Reissner Flugge Reissner–Naghdi Donnell–Mushtari Flugge FSDT

0 1 0.501989 0.503792 0.5047 0.503779 0.503752 0.505354 0.503707
T 0.609866 0.609854 – 0.609852 0.609855 0.609816 0.60985
2 0.929602 0.93089 0.9312 0.930942 0.930916 0.930904 0.930965
3 0.953238 0.953124 0.9566 0.956379 0.956315 0.956292 0.956474
4 0.968473 0.969493 0.9718 0.971634 0.971596 0.971538 0.971757
5 1.006064 1.009102 1.0122 1.01209 1.011884 1.011873 1.012376

1 1 0.292689 0.292873 0.293 0.292875 0.292908 0.293357 0.292864
2 0.633491 0.63581 0.6368 0.635834 0.635819 0.636844 0.635836
3 0.8111 0.811231 0.8116 0.811454 0.811446 0.811434 0.811439
4 0.929372 0.930879 0.9316 0.931565 0.931481 0.931458 0.931567
5 0.947084 0.948502 0.9528 0.952178 0.952189 0.95212 0.952356
6 0.983178 0.991452 0.9922 0.992175 0.991959 0.991936 0.992376

2 1 0.09981 0.099915 0.101 0.099968 0.102034 0.100087 0.099981
2 0.501471 0.502641 0.5032 0.502701 0.502899 0.502819 0.502609
3 0.690708 0.691144 0.6916 0.691305 0.691479 0.691353 0.69131
4 0.857243 0.858632 0.8592 0.859114 0.858901 0.858971 0.85911
5 0.912869 0.906351 0.9164 0.91587 0.916072 0.915877 0.916054
6 0.955633 0.960521 0.9608 0.960702 0.960475 0.960429 0.960877

3 1 0.087406 0.087584 0.09076 0.087603 0.093771 0.08733 0.087508
2 0.390717 0.391539 0.3921 0.391569 0.392199 0.39145 0.391456
3 0.514212 0.514379 0.5148 0.514478 0.515184 0.514424 0.51441
4 0.751608 0.750903 0.7537 0.753402 0.753593 0.753295 0.753383
5 0.794909 0.79208 0.797 0.79659 0.796983 0.796557 0.796624
6 0.915186 0.919605 0.9197 0.919635 0.919391 0.919369 0.919797

4 1 0.144547 0.144599 0.1477 0.144619 0.150574 0.144478 0.144439
2 0.32975 0.330337 0.3312 0.330354 0.331698 0.330177 0.330175
3 0.39538 0.395622 0.3965 0.395649 0.397604 0.395495 0.395413
4 0.645119 0.644582 0.6473 0.646678 0.6477 0.646548 0.6465
5 0.691826 0.691144 0.6932 0.692805 0.693197 0.69269 0.692734
6 0.871991 0.871938 0.872 0.871812 0.871555 0.871532 0.871922

5 1 0.199367 0.199464 0.2021 0.199546 0.203896 0.19954 0.199375
2 0.295743 0.295989 0.2966 0.29602 0.29633 0.295939 0.295926
3 0.370626 0.370866 0.373 0.370901 0.376227 0.370707 0.370203
4 0.578509 0.57849 0.5805 0.57975 0.581667 0.579581 0.579258
5 0.61269 0.612703 0.6138 0.613363 0.614222 0.613231 0.61313
6 0.815318 0.816743 0.8187 0.817951 0.819801 0.818014 0.817532

boundary condition equation can be manipulated in the same way as that of the displacement, and it can be
written in the matrix form as follows:

dUb

dξ
� Pbc1a + Pbc11 f,

dVb

dξ
� Pbc1b + Pbc11g,

dWb

dξ
� Pbc1c + Pbc11h,

d�b

dξ
� Pbc1d + Pbc11k,

d�b

dξ
� Pbc1e + Pbc11l,

(36)

Ub � Pbc2a + Pbc22 f, Vb � Pbc2b + Pbc22g, Wb � Pbc2c + Pbc22h,

�b � Pbc2d + Pbc22k, �b � Pbc2e + Pbc22l
(37)

where
Left boundary:

Pbc1 �
[
p1,1(0) p1,2(0) · · · p1,n(0)

]
, Pbc11 �

[
1 1

]
,

Pbc2 �
[
p2,1(0) p2,2(0) · · · p2,n(0)

]
, Pbc22 �

[
ξ (0) 1

]
;

(38)
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Fig. 4 Variation of frequency parameters of a combined composite laminated conical–cylindrical coupled shell with varying
thickness according to the increase in the boundary spring stiffness

Right boundary:

Pbc1 �
[
p1,1(1) p1,2(1) · · · p1,n(1)

]
, Pbc11 �

[
1 1

]
,

Pbc2 �
[
p2,1(1) p2,2(1) · · · p2,n(1)

]
, Pbc22 �

[
ξ (1) 1

]
.

(39)

With respect to the continuity condition, the equations can be expressed in a similar way as the boundary
condition. Therefore, the entire systems of the combined composite laminated conical–cylindrical shell includ-
ing boundary conditions are discretized using the HWM, and the entire governing equations can be expressed
in matrix form as follows:

⎡
⎣Kdd Kdb

Kbb Kbd

⎤
⎦[

Ad

Ab

]
− ω2

⎡
⎣ Mdd Mdb

0 0

⎤
⎦[

Ad

Ab

]
� 0, (40)

Ad � [a, b, c, d, e, ]T , Ab � [ f , g, h, k, l, ]T . (41)

Ab at both sides of Eq. (40) can be eliminated by performing some algebraicmanipulations, and the standard
characteristic equation is expressed as follows:

[
Kdd − KdbK−1

bd Kbb

]
Ad � ω2

[
Mdd − MdbK−1

bd Kbb

]
Ad . (42)

By the further simplification of the above equation, the following matrix expressions can be obtained:

(
K − ω2M

)
Ad � 0 (43)

where K �
[
Kdd − KdbK−1

bd Kbb

]
and M �

[
Mdd − MdbM−1

bd Mbb

]
are stiffness and mass matrices of the

structure, respectively.
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Fig. 5 Variation of frequency parameters of the combined composite laminated conical–cylindrical shells with varying thickness
as thickness variation parameters changes

Fig. 6 First six frequency parameters of a combined composite laminated conical–cylindrical shell with varying thickness accord-
ing to lamination schemes
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Fig. 7 Frequency parameters of a [0°/90°]k combined shell with different thickness variation parameters: a n � 1, m � 1, b n �
2, m � 2, c n � 3, m � 3

3 Numerical results and discussions

In this Section, the convergence, accuracy, and reliability of the proposedHWMfor the free vibration analysis of
a combined composite laminated conical–cylindrical shell with a varying thickness are presented by numerical
examples. First, the convergence and verification study of the presented method is performed. Then, the
parametric studies including the thickness variation parameters, material properties, geometrical dimensions,
and different boundary conditions are carried out. In order to express the boundary conditions, expressions
such as C–SS are used, which denotes that both end boundaries of the combined shell are clamped and simply
supported, respectively. Also, it is assumed that the conical and the cylindrical shell are made of the same
laminated composite material, and unless otherwise stated, the material properties in the numerical examples
below are as follows: E2 � 10Gpa, E1/E2 � open, μ12 � 0.25, G12 � G13 � 0.6E22, G23 � 0.5E22, ρ �
1500 kg/m3.

In addition, the natural frequency of the combined composite laminated conical–cylindrical shell is

expressed with the frequency parameter � � ωRcy

√
ρ(1 − μ2

12)/E2.
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3.1 Convergence and verification study

As given in Sect. 2.4, theoretically, the Haar wavelet series can be extended to infinity. However, for the
actual numerical calculation, it should be truncated into appropriate finite number terms in consideration of the
accuracy of the solution and the calculation cost. Therefore, a convergence study is required to determine the
appropriate number of series terms. Figure 3 shows the change of the frequency parameter of the composite
laminated conical–cylindrical shell laminatedwith 3 layers [0°/90°/0°] according to the increase in themaximal
level of resolution J. The geometric dimensions of the combined shell are as follows: hco � 0.05 m, Lco �
2 m, R0,co � 1 m, ϕ � 30°, Lcy � 5 m. In addition, the thickness variation parameters are α � − 1, β � 1, and
the C–C boundary condition, which is completely clamped at both ends of the combined shell, is considered.
As shown in Fig. 3, as the maximal level of resolution J increases, the frequency parameters of the combined
shell are converged to a constant value regardless of the circumferential wave number and mode sequence. In
particular, when J is less than 5, the frequency parameters are decreased rapidly, and when J is larger than 7,
it converges to a constant value with little change. Based on the convergence results, it can be concluded that
a relatively accurate solution for the free vibration of the combined shell can be obtained when J is 7 or more.
In this paper, considering the calculation cost, J � 8 is set in all numerical examples.

Then, the verification studies are performed to verify whether an accurate solution can be obtained for
the vibration analysis of combined composite laminated conical–cylindrical shells of varying thickness using
HWM. First, the frequency parameters of a combined conical–cylindrical coupling of uniform thickness by
the proposed method are compared with the results of the previous literature. Table 2 shows the frequency
parameters of the combined isotropic conical–cylindrical shell according to different shell theories in compar-
ison with the results of the proposed method. As shown in Table 2, the frequency parameters of the combined
isotropic conical–cylindrical shell with uniform thickness by HWM are in good agreement with the results of
the previous literature.

Since this study is about the free vibration analysis of combined composite laminated conical–cylindrical
shells with varying thickness, the accuracy of the proposed method for the structure to be considered should
be verified.

Due to the lack of published literature on the free vibration analysis of this structure, in this verification
study, the accuracy of HWM is verified by comparison with the FEA results. For the FEA, the finite element
analysis softwareABAQUS is used. Thematerial properties and thickness variation parameters of the combined
shell considered in this comparison study are the same as in the case of Fig. 3, and the geometric dimensions

Fig. 8 Variation of the frequency parameters of the combined composite laminated conical–cylindrical shells with different elastic
modulus ratios
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are as follows: hco � 0.03 m, Lco � 2 m, R0,co � 1 m, ϕ � 30°, Lcy � 3 m. For FEA, the element type S4R
is selected. The calculation accuracy and efficiency of the proposed method in Table 3 are compared with the
results of FEA.

As shown in Table 3, when the number of elements is 41224, it is the most similar to the result of the
proposed method, and at this time, the required calculation time is about 30 s, although there is a slight
difference depending on the boundary conditions. In the case of the proposed method, the calculation time is
about 0.6 s (in the case of J � 8), and it can be seen that the calculation time is much shorter than that of the
FEA. Thus, by the verification studies, it is confirmed that the proposed method is an efficient and accurate
method for free vibration analysis of combined composite laminated conical–cylindrical shells with varying
thicknesses.

3.2 Parametric studies and new results

In this Subsection, the influence of parameters such as thickness variation parameters, material properties,
geometric dimensions, and various boundary conditions on the natural frequencies of combined composite
laminated conical–cylindrical shells with varying thicknesses is reported by numerical examples.

As mentioned in the previous Section, one of the advantages of the proposed method is to model arbitrary
boundary conditionswith the introduction of the artificial spring technique. That is, the boundary conditions are
changed according to the change of the stiffness values of the artificial spring, and consequently, the frequencies
of combined shells are changed. Therefore, the effect of artificial spring stiffness on the free vibration of the
combined shell is investigated. The variation of the first frequency parameters of the combined composite
laminated conical–cylindrical shell according to different artificial springs (i.e., ku, kv, kw, kϕ , kθ ) is shown in
Fig. 5. The material properties and geometrical dimensions are the same as in Fig. 3. To investigate the effect of
ku, the spring stiffness values are changed from 104 to 1016. At this time, the other spring stiffness values (kv,
kw, kϕ , kθ ) are set to infinite values (1020). In the same way, the influences of different spring stiffness values
on the frequency parameters of the combined shell are investigated. As shown in Fig. 4, the effect of individual
spring stiffness values on the frequency parameters is different depending on the circumferential wave number
and the mode sequence. However, the common point is that, in all cases, when the spring stiffness values are
less than 105, the frequency parameters hardly change, but when it exceeds 105, the frequency parameters are
increased rapidly. In addition, when the spring stiffness value is 1013 or more, the frequency parameters are
hardly changed.

The change characteristics of the frequency parameters (n� 1,m� 1) of the combined shells with different
boundary conditions for different thickness variation parameters are investigated byFig. 5. The individual shells
are laminated in three layers [90°/0°/90°], and the geometric dimensions of the combined shells are as follows:
hco � 0.05 m, Lco � 1 m, R0,co � 1 m, ϕ � 30°, Lcy � 1 m. As shown in Fig. 5, the thickness variation
parameters have a great influence on the frequency parameters of the combined shell. In particular, in the case
of α � 1, the frequency parameters are changed very severely, unlike other cases.

Also, Fig. 5 shows that the boundary conditions have a very significant effect on the same thickness variation
parameters.

The effects of the fiber angle on the frequency parameters (n � 1) of combined shells with different
lamination schemes ([0°/φ°], [φ°/0°], [0°/φ°/0°], [φ°/0°/φ°]) are investigated. The geometric dimensions of
the combined shell are: hco � 0.05 m, Lco � 2 m, R0,co � 1 m, ϕ � 30°, Lcy � 3 m, and the thickness variation
parameters are α � − 1, β � 1. In addition, the fiber angle φ changes from 0° to 180° by setting the calculation
interval equal to 5°.

As shown in Fig. 6, the frequency parameters are symmetrical with respect to φ � 90°, and the frequency
parameter of the combined shell about the fiber angle is variedwith the lamination schemes andmode sequence.

Figure 7 shows the variations of the frequency parameters for a [0°/90°]k combined shell with several
thickness variation parameters against the number of layers k. Except for the length of the cylindrical shell
Lcy � 1 m, other geometrical dimensions are the same as in Fig. 6. As clearly shown in Fig. 7, the frequency
parameters of the combined shell increase rapidly with increasing layers and may reach their crest around k
� 5 (i.e. the number of layers is 10), and beyond this range, the frequency parameters are hardly changed.

Figure 8 shows the frequency parameters of the four-layered [0°/90°/0°/90°] combined shell according to
the E1/E2 ratio. The geometric dimensions are: hco � 0.05 m, Lco � 2 m, R0,co � 1 m, ϕ � 30°, Lcy � 3 m,
and thickness variation parameter β � 1. Figure 8 shows that as the ratio of E1/E2 increases, the frequency
parameter of the combined shell increases for all boundary conditions and for different thickness variation
parameters.
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Table 7 Frequency parameters of a combined composite laminated conical–cylindrical shell with different circumferential wave
numbers

n m Boundary conditions

C–C C–F SS–SS C–SS SD–SD C–SD C–E1 C–E2 C–E3 E1–E1 E2–E2 E3–E3

1 1 1.62114 0.04848 1.57863 1.57869 1.3197 1.33539 0.54553 1.56774 0.54438 0.56546 1.56783 0.56391
2 2.01506 1.43474 1.9632 1.97903 1.56278 1.56306 1.54348 1.79982 1.54189 1.56084 1.79925 1.5593
3 2.28993 1.43474 2.08831 2.10339 2.0099 2.02786 1.54348 2.06312 1.54189 1.56084 2.04321 1.5593

2 1 1.64146 0.10322 1.62894 1.63731 1.41933 1.47802 0.67591 1.61189 0.66955 0.69623 1.60046 0.69
2 2.16202 1.49245 1.96661 1.97455 1.96289 1.97561 1.52896 1.82407 1.52812 1.41498 1.82267 1.41045
3 2.4273 1.81424 2.392 2.40091 2.19194 2.20412 1.98348 2.39098 1.97748 1.96719 2.38443 1.95854

3 1 1.36066 0.32633 1.32556 1.35026 1.18396 1.27702 0.92002 1.33539 0.89808 0.91511 1.29623 0.89387
2 2.39882 1.32388 2.21363 2.21358 2.20043 2.20017 1.38086 1.9922 1.37649 1.26705 1.99066 1.25162
3 2.53626 2.33285 2.44462 2.48297 2.43911 2.48 2.38945 2.4636 2.38718 2.09139 2.41164 2.05862

4 1 1.29045 0.59094 1.2623 1.28491 1.19151 1.25803 1.144 1.27712 1.1182 1.11238 1.23431 1.08814
2 2.47399 1.30029 2.29975 2.31297 2.25497 2.29838 1.4217 2.04846 1.39903 1.3673 2.0331 1.32935
3 2.64256 2.48889 2.5425 2.58218 2.50162 2.5515 2.51776 2.56791 2.51604 2.20162 2.47288 2.14602

5 1 1.45396 0.87245 1.43573 1.45002 1.40269 1.43458 1.37632 1.44202 1.35516 1.34924 1.40923 1.32639
2 2.495 1.47795 2.35776 2.37582 2.26571 2.31376 1.66938 2.10549 1.62427 1.643 2.08444 1.58662
3 2.85236 2.58949 2.73596 2.77395 2.70658 2.77128 2.64128 2.71028 2.63675 2.41121 2.57916 2.34803

Next, the effect of geometrical parameters on the frequencies of the combined composite laminated con-
ical–cylindrical shell with varying thickness is presented with the new numerical results. Table 4 shows the
frequency parameters of the combined shell for different thicknesses hco of the conical shell according to the
boundary conditions. The combined shell has been laminated in 4 layers [30°/− 30°/30°/− 30°], the geometric
dimensions are: Lco � 2 m, R0,co � 1 m, ϕ � 30°, Lcy � 1 m, and the thickness variation parameters are α � −
1, β � 1. As shown in Table 4, as the thickness hco of the conical shell increases, the frequency parameters are
increased for all boundary conditions except for the C–F boundary condition. Also, under the C–F boundary
condition, the frequency parameters are varied irregularly when the thickness of the conical shell increases.

Table 5 presents the frequency parameters of the combined shell for the different semi-vertex angles of
the conical shell. The combined shell has been laminated in 4 layers [30°/60°/30°/60°], and the geometric
dimensions and thickness variation parameters are the same as in Table 4 except hco � 0.05 m. Table 5 shows
that the frequency parameters of the combined shell increase as the semi-vertex angle of the conical shell
increases when other geometric dimensions are the same.

The frequency parameters of the combined shell according to the increase in the lengthLcy of the cylindrical
shell are presented in Table 6 for various boundary conditions. The combined shell has been laminated in 4
layers [15°/− 15°/15°/− 15°], and the geometric dimensions and thickness variation parameters are the same
as in Table 4. As the length of the cylindrical shell increases, the frequency parameters of the combined shell
decrease for all boundary conditions. This is related to a decrease in the stiffness of the combined shell as the
length increases.

As the last numerical example of this study, Table 7 shows the change of the frequency parameters of
the combined shell for different circumferential wave numbers. The combined shell has been laminated in 4
layers [45°/− 45°/45°/− 45°], and the geometric dimensions and thickness variation parameters are the same
as in Table 4. As shown in Table 7, the frequency parameters of the combined shell vary depending on the
circumferential wave number and the mode sequence.

In order to help the reader understand the free vibration of the combined composite laminated shell with
varying thickness, Figs. 8, 9, 10 show the mode shapes of the combined shell with the classical boundary
conditions (C–C and C–F of Figs. 9 and 10) and the elastic boundary condition (Fig. 11). The combined shell
has been laminated in 3 layers [0°/90°/0°], and the geometric dimensions of the combined shell are as follows:
hco � 0.05 m, Lco � 2 m, R0,co � 1 m, ϕ � 30°, Lcy � 2 m. In addition, the thickness variation parameters are
β � 1, the circumferential wave number is n � 3. As shown in Figs. 8, 9, 10, it can be intuitively seen that the
mode shapes in the case where the thickness does not change (α � 0) for all boundary conditions are different
from the mode shapes in the case where the thickness changes.



1590 K. Kim et al.

Fig. 9 Mode shapes of the combined composite laminated conical–cylindrical shell with varying thickness and C–C boundary
condition, a: α � − 0.5, b: α � 0, c: α � 0.5

4 Conclusions

This paper presents an effective solution method based on the Haar wavelet for the free vibration analysis of
combined composite laminated conical–cylindrical shells with varying thickness. The FSDT is employed to
formulate the theoreticalmodel of combined shells, and theHWMis applied to discretize the governing equation
of the combined shell. That is, displacement and rotation components of the combined shell are extended by
the Haar wavelet series in the axis direction and by the Fourier series in the circumferential direction. The
integral constant is satisfied by the boundary condition. The boundary conditions are generalized by using
the artificial spring technique. The efficiency, reliability, and accuracy of this method are verified in the free
vibration analysis of the combined shell with varying thickness by convergence, verification, and parametric
studies. The advantages of the present method are its simplicity, fast convergence, and good accuracy. Several
new results on the combined composite laminated conical–cylindrical shell with varying thickness which can
be used as benchmark materials in this field are presented.
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Fig. 10 Mode shapes of the combined composite laminated conical–cylindrical shell with varying thickness and C–F boundary
condition, a: α � − 0.5, b: α � 0, c: α � 0.5
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Fig. 11 Mode shapes of the combined composite laminated conical–cylindrical shell with varying thickness and E1–E1 boundary
condition, a: α � − 0.5, b: α � 0, c: α � 0.5
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∂xco

− A22,co
cos2 ϕ

R2
co

+
∂A55,co

∂xco

∂

∂xco
+

1

Rco

∂A45,co

∂xco

∂

∂θco
− I0,co

∂2

∂t2
,

L34,co �
(
A55,co − B12,co

cosϕ

Rco

)
∂

∂xco
+

(
A45,co

Rco
− B26,co

cosϕ

R2
co

)
∂

∂θco

+

(
A55,co

sin ϕ

Rco
− B22,co

sin ϕ cosϕ

R2
co

)
+

∂A55,co

∂xco
,

L35,co �
(
A45,co − B26,co

cosϕ

Rco

)
∂

∂xco
+

(
A44,co

Rco
− B22,co

cosϕ

R2
co

)
∂

∂θco

+

(
A45,co

sin ϕ

Rco
+ B26,co

sin ϕ cosϕ

R2
co

)
+

∂A45,co

∂xco
,
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L41,co � B11,co
∂2

∂x2co
+
2B16,co

Rco

∂2

∂xco∂θco
+ B66,co

1

R2
co

∂2

∂θ2co
+ B11,co

sin ϕ

Rco

∂

∂xco
− B22,co

sin2 ϕ

R2
co

+
B11,co

∂xco

∂

∂xco
+

1

Rco

B16,co

∂xco

∂

∂θco
+
B12,co

∂xco

sin ϕ

Rco
− I1,co

∂2

∂t2
,

L42,co � B16,co
∂2

∂x2co
+
B12,co + B66,co

Rco

∂2

∂xco∂θco
+
B26,co

R2
co

∂2v

∂θ2co

− B26,co
sin ϕ

Rco

∂

∂xco
− (

B22,co + B66,co
) sin ϕ

R2
co

∂

∂θco

+

(
B26,co

sin2 ϕ

R2
co

+ A45,co
cosϕ

Rco

)
+

1

Rco

B12,co

∂xco

∂

∂θco
+
B16,co

∂xco

∂

∂xco
− B16,co

∂xco

sin ϕ

Rco
,

L43,co �
(
B12,co

cosϕ

Rco
− A55,co

)
∂

∂xco
+

(
B26,co

cosϕ

R2
co

− A45,co
1

Rco

)
∂

∂θco
− B22,co

sin ϕ cosϕ

R2
co

+
B12,co
∂xco

cosϕ

Rco
,

L44,co � D11,co
∂2

∂x2co
+
2D16,co

Rco

∂2

∂x∂θ
+
D66,co

R2
co

∂2

∂θ2co
+ D11,co

sin ϕ

Rco

∂

∂xco
−

(
D22,co

sin2 ϕ

R2
co

+ A55,co

)

+
D11,co

∂xco

∂

∂xco
+
D12,co

∂xco

sin ϕ

Rco
+

1

Rco

D16,co

∂xco

∂

∂θco
− I2,co

∂2

∂t2
,

L45,co � D16,co
∂2

∂x2co
+
D12,co + D66,co

Rco

∂2

∂xco∂θco
+
D26,co

R2
co

∂2

∂θ2co
− D26,co

sin ϕ

Rco

∂

∂xco

− (
D22,co + D66,co

) sin ϕ

R2
co

∂

∂θco
+

(
D26,co

sin2 ϕ

R2
co

− A45,co

)

+
D12,co

∂xco

1

Rco

∂

∂θco
+
D16,co

∂xco

∂

∂xco
− D16,co

∂xco

sin ϕ

Rco
,

L51,co � B16,co
∂2

∂x2co
+
B12,co + B66,co

Rco

∂2

∂xco∂θco
+
B26,co

R2
co

∂2

∂θ2co
+
(
2B16,co + B26,co

) sin ϕ

Rco

∂

∂xco

+
(
B22,co + B66,co

) sin ϕ

R2
co

∂

∂θco
+ B26,co

sin2 ϕ

R2
co

+
B16,co

∂xco

∂

∂xco
+
B66,co

∂xco

1

Rco

∂

∂θco
+
B26,co

∂xco

sin ϕ

Rco
,

L52,co � B66,co
∂2

∂x2co
+
2B26,co

Rco

∂2

∂xco∂θco
+
B22,co

R2
co

∂2

∂θ2co
+ B66,co

sin ϕ

Rco

∂

∂xco
+

(
A44,co

cosϕ

Rco
− B66,co

sin2 ϕ

R2
co

)

+
B66,co

∂xco

∂

∂xco
+
B26,co

∂xco

1

Rco

∂

∂θco
− B66,co

∂xco

sin ϕ

Rco
− I1,co

∂2

∂t2
,

L53,co �
(
B26,co

cosϕ

Rco
− A45,co

)
∂

∂xco
+

(
B22,co

cosϕ

R2
co

− A44,co
1

Rco

)
∂

∂θco
+ B26,co

sin ϕ cosϕ

R2
co

+
B26,co
∂xco

cosϕ

Rco
,

L54,co � D16,co
∂2

∂x2co
+
D12,co + D66,co

Rco

∂2

∂xco∂θco
+
D26,co

R2
co

∂2

∂θ2co
+
(
2D16,co + D26,co

) sin ϕ

Rco

∂

∂xco

+
(
D22,co + D66,co

) sin ϕ

R2
co

∂

∂θco
+

(
D26,co

sin2 ϕ

R2
co

− A45,co

)

+
D16,co

∂xco

∂

∂xco
+

1

Rco

D66,co

∂xco

∂

∂θco
+
D26,co

∂xco

sin ϕ

Rco
,

L55,co � D66,co
∂2

∂x2co
+
2D26,co

Rco

∂2

∂x∂θ
+
D22,co

R2
co

∂2

∂θ2co
+ D66,co

sin ϕ

Rco

∂

∂xco
−

(
D66,co

sin2 ϕ

R2
co

− A44,co

)

+
D26,co

∂xco

1

Rco

∂

∂θco
+
D66,co

∂xco

∂

∂xco
− D66,co

∂xco

sin ϕ

Rco
,

For the cylindrical shell:
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L11,cy � A11,cy
∂2

∂x2cy
+
2A16,cy

Rcy

∂2

∂xcy∂θcy
+

A66,cy

R2
cy

∂2

∂θ2cy
− I0,cy

∂2

∂t2
,

L12,cy � A16,cy
∂2

∂x2cy
+

(
A12,cy

Rcy
+

A66,cy

Rcy

)
∂2

∂xcy∂θcy
+

A26,cy

R2
cy

∂2

∂θ2cy
, L13,cy �

(
A12,cy

Rcy

∂

∂xcy
+

A26,cy

R2
cy

∂

∂θcy

)
,

L14,cy � B11,cy
∂2

∂x2cy
+
2B16,cy

Rcy

∂2

∂xcy∂θcy
+
B66,cy

R2
cy

∂2

∂θ2cy
− I1,cy

∂2

∂t2
,

L15,cy � B16,cy
∂2

∂x2cy
+

(
B12,cy

Rcy
+
B66,cy

Rcy

)
∂2

∂xcy∂θcy
+
B26,cy

R2
cy

∂2

∂θ2cy
,

L21,cy � L12,cy, L22,cy � A66,cy
∂2

∂x2cy
+
2A26,cy

Rcy

∂2

∂xcy∂θcy
+

A22,cy

R2
cy

∂2

∂θ2cy
− κA44,cy

R2
cy

− I0,cy
∂2

∂t2
,

L23,cy �
(
A26,cy

Rcy
+

κA45,cy

Rcy

)
∂

∂xcy
+

(
A22

R2
cy

+
κA44,cy

R2
cy

)
∂

∂θcy
,

L24,cy � B16
∂2

∂x2cy
+

(
B12,cy

Rcy
+
B66,cy

Rcy

)
∂2

∂xcy∂θcy
+
B26,cy

R2
cy

∂2

∂θ2cy
+

κA45

Rcy
,

L25,cy � B66,cy
∂2

∂x2cy
+
2B26,cy

R

∂2

∂x∂θ
+
B22,cy

R2
cy

∂2

∂θ2cy
+

κA44,cy

R
− I1,cy

∂2

∂t2
,

L31,cy � L13,cy, L32,cy � L23,cy,

L33,cy � A22,cy

R2
cy

−
(

κA55,cy
∂2

∂x2cy
+
2κA45,cy

Rcy

∂2

∂xcy∂θcy
+

κA44,cy

R2
cy

∂2

∂θ2cy

)
− I0,cy

∂2

∂t2
,

L34,cy �
(
B12,cy

Rcy
− κA55,cy

)
∂

∂xcy
+

(
B26,cy

R2
cy

− κA45,cy

Rcy

)
∂

∂θcy
,

L35,cy �
(
B26,cy

Rcy
− κA45,cy

)
∂

∂xcy
+

(
B22,cy

R2
cy

− κA44,cy

R

)
∂

∂θcy
,

L41,cy � L14,cy, L42,cy � L24,cy, L43,cy � L34,cy,

L44,cy � D11,cy
∂2

∂x2cy
+
2D16,cy

Rcy

∂2

∂xcy∂θcy
+
D66,cy

R2
cy

∂2

∂θ2cy
− κA55,cy − I2,cy

∂2

∂t2
,

L45,cy � D16,cy
∂2

∂x2cy
+

(
D12,cy

Rcy
+
D66,cy

Rcy

)
∂2

∂xcy∂θcy
+
D26,cy

R2
cy

∂2

∂θ2cy
− κA45,cy,

L51,cy � L15,cy, L52,cy � L25,cy, L53,cy � L35,cy, L54,cy � L45,cy,

L55,cy � D66,cy
∂2

∂x2cy
+
2D26,cy

Rcy

∂2

∂xcy∂θcy
+
D22,cy

R2
cy

∂2

∂θ2cy
− κA44,cy − I2,cy

∂2

∂t2
.

Appendix 2

Conical shell:

L0
11,co � −A22,co sin

2 ϕ − A66,con
2, L1

11,co � A11,coRco sin ϕ, L2
11,co � A11,coR

2
co,

L0
12,co � −(

A66,co + A22,co
)
n sin ϕ, L1

12,co � (
A12,co + A66,co

)
nRco,

L0
13,co � −A22,co cosϕ sin ϕ, L1

13,co � A12,coRcy cosϕ,

L0
14,co � −B22,co sin

2 ϕ − B66,con
2, L1

14,co � B11,coRco sin ϕ, L2
14,co � B11,coR

2
co,

L0
15,co � −(

B22,co + B66,co
)
n sin ϕ, L1

15,co � (
B12,co + B66,co

)
nRco,
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L021,co � −(
A22,co + A66,co

)
n sin ϕ, L121,co � −(

A12,co + A66,co
)
nRco,

L022,co � −A22,con
2 − A66,co sin

2 ϕ − κA44,co cos
2 ϕ, L122,co � A66,coRco sin ϕ, L222,co � A66R

2
co,

L023,co � −A22,con cosϕ − κA44,con cosϕ,

L024,co � −(
B22,co + B66,co

)
n sin ϕ, L124,co � −(

B12,co + B66,co
)
nRco,

L025,co � κA55,conRco cosϕ − B66,co sin ϕ − B22,con
2, L125,co � B66,coRco sin ϕ, L225,co � B66,coR

2
co,

L0
31,co � −A22,co sin ϕ cosϕ, L1

31,co � −A12,coRco cosϕ, L0
32,co � −(

A22,co + κA44,co
)
n cosϕ,

L0
33,co � −κA44,con

2 − A22,co cos
2 ϕ, L1

33,co � κA55,coRco sin ϕ, L2
33,co � κA55,coR

2
co,

L0
34,co � κA55,coRco sin ϕ − B22,co sin ϕ cosϕ, L1

34,co � κA55,coR
2
co − B12,co cosϕ,

L0
35,co � κA44,coRco − B22,con cosϕ,

L0
41,co � −B22,co sin

2 ϕ − B66,con
2, L1

41,co � B11,coRco sin ϕ, L2
41,co � B11,coR

2
co,

L0
42,co � −(

B22,co + B66,co
)
n sin ϕ, L1

42,co � (
B12,co + B66,co

)
nRco,

L0
43,co � −B22,co sin ϕ cosϕ, L1

43,co � B12,coRco cosϕ − κA55,coR
2
co,

L0
44,co � −D22,co sin

2 ϕ − D66,con
2 − κA55,coR

2
co, L1

44,co � D11,coRco sin ϕ, L2
44,co � D11,coR

2
co,

L0
45,co � −(

D22,co + D66,co
)
n sin ϕ, L1

45,co � (
D12,co + D66,co

)
nRco,

L0
51,co � −(

B22,co + B66,co
)
n sin ϕ, L1

51,co � −(
B12,co + B66,co

)
nRco,

L0
52,co � κA44,coRco cosϕ − B22,con

2 − 2B66,co sin
2 ϕ, L1

52,co � B66,coRco sin ϕ, L2
52,co � B66,coR

2
co,

L0
53,co � κA44,conRco − B22,con cosϕ, L0

54,co � −(
D22,co + D66,co

)
n sin ϕ,

L1
54,co � −(

D12,co + D66,co
)
nRco, L0

55,co � −D66,co sin
2 ϕ − κA44,coR

2
co − D22,con

2,

L1
55,co � D66,coRco sin ϕ, L2

55,co � D66,coR
2
co.

Cylindrical shell:

L0
11,cy � −A66,cyn

2, L2
11,,cy � A11,cy R

2
cy, L1

12,,cy � (
A12,cy + A66,cy

)
nRcy, L1

13,,cy � A12,cy Rcy,

L0
14,,cy � −B66,cyn

2, L2
14,,cy � B11R

2
cy, L1

15,cy � (
B12,cy + B66,cy

)
nRcy,

L1
21,cy � −(

A12,cy + A66,cy
)
nRcy, L0

22,cy � −A22,cyn
2 − κA44,cy, L2

22,cy � A66,cy R
2
cy,

L0
23,cy � −A22,cyn − κA44,cyn, L1

24,cy � −(
B12,cy + B66,cy

)
nRcy,

L0
25,cy � κA44,cynRcy − B22,cyn

2, L2
25,cy � B66,cy R

2
cy,

L131,cy � −A12,cy Rl , L032,cy � (
A22,cy + κA44,cy

)
n, L033,cy � κA44,cyn

2 − A22,cy,

L233,cy � −κA55,cy R
2
cy , L134,cy � B12Rcy − κA55,cy R

2
cy , L035,cy � B22,cyn − κA44,cynRcy ,

L0
41,cy � −B66,cyn

2, L2
41,cy � B11,cy R

2
cy, L

1
42,cy � (

B12,cy + B66,cy
)
nRcy, L

1
43,cy � B12,cy Rcy − κA55,cy R

2
cy,

L0
44,cy � −D66,cyn

2 − κA55,cy R
2
cy, L2

44,cy � D11,cy R
2
cy, L1

45,cy � (
D12,cy + D66,cy

)
nRcy,

L1
51,cy � −(

B12,cy + B66,cy
)
nRcy, L0

52,cy � κA44,cy Rcy − B22,cyn
2, L2

52,cy � B66,cy R
2
cy,

L0
53,cy � κA44,cynRcy − B22,cyn,

L1
54,cy � −(

D12,cy + D66,cy
)
nRcy, L0

55,cy � −κA44,cy R
2
cy − D22,cyn

2, L2
55,cy � D66,cy R

2
cy .
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