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Abstract The problem of attitude stabilization of a rigid body exposed to a nonstationary perturbing torque
is investigated. The control torque consists of a restoring component and a dissipative one. Linear and non-
linear variants of restoring and perturbing torques are analyzed. Conditions of the asymptotic stability of the
programmed orientation of the body are found with the use of the Lyapunov direct method and the averaging
technique. The results of computer modeling, illustrating the conclusions obtained analytically, are presented.

List of symbols

Ay, Ay, A3 Satellite principal central moments of inertia with respect to body frame axes x1, x3, x3, kg - m?2

ai, a Positive constants

B Constant symmetric and negative definite matrix
b1, b Positive constants

c Positive constant

c1,...,co Positive constants

Di(1) Continuous and bounded matrix for ¢ € [0, +00)
D> (7) Continuous and bounded matrix for ¢ € [0, +00)
J Satellite inertia tensor in body frame xp, x, x3, kg - m?
h Positive parameter

ho Positive number

L Control torque vector in body frame, N-m

I;d Dissipative component of control torque, N-m
Ly Perturbing torque vector in body frame, N-m

L, Restoring component of control torque, N-m

t Time, s

\%4 Lyapunov function
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Lyapunov functions

Positive constant

Positive parameter

Positive parameter

Positive parameter such that ¢ € (0, 1)
, 72,13  Unit vectors of body-fixed frame
“Aircraft” angle

Auxiliary positive parameter

Positive number

Unit vectors of inertial frame
“Aircraft” angle

“Aircraft” angle

Angular velocity of satellite in inertial reference frame, rad/s
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1 Introduction

The art of mathematical modeling of mechanical systems is based on the correct estimation of the acting forces
and torques that affect the dynamics and provide qualitative and quantitative properties of motion. In those cases
where the acting forces can be considered known and time invariant, the estimations are based on calculating
the absolute values of forces and torques. In cases of time-varying forces and torques, such estimates are not
enough. Important quantitative characteristics of variable force factors are their mean values. A comparison
of the mean values of acting forces often reveals the main ones, and the rest can be classified as disturbances.
However, numerous well-known examples of the analysis of the mechanical systems behavior indicate that
disturbances with zero mean values are not necessarily insignificant. Therefore, neglecting such disturbances
is unacceptable in many problems. At the same time, their account often significantly complicates analytical
qualitative analysis of the mechanical system behavior [1-6]. Hence, on the one hand, there is a significant
interest of specialists in problems of the dynamics of systems subjected to perturbations with zero mean values,
and on the other hand, these complex problems are not well understood, and therefore the stream of publications
on this topic continues [7-12]. Attitude stabilization of a spacecraft is one of the typical nonlinear problems,
usually complicated by the presence of numerous nonstationary disturbances, including those with zero mean
values. This problem is relevant in many astronautical and engineering applications [1,12—16]. This article is
dedicated to this specific problem. It is worth mentioning that a similar problem was earlier considered in our
paper [17], but with other assumptions concerning disturbances and control torques.

2 Statement of the problem

Let a rigid body rotating around its mass center O with angular velocity @ be given. Denote by Oxjx)x3
the principal central axes of inertia of the body. The attitude motion of the body under a control torque L is
described by the Euler equations [1]

Jo+oxJo=L. (1)

Here, J = diag{A1, Ay, A3} is inertia tensor of the body in the axes 0x1x2x3

Consider two right triples of mutually orthogonal unit vectors 51 s &2, 53 and 71, 172, 1j3. Let vectors S 1, a}z, 53
be constant in the inertial frame, and vectors 71, 72, 7j3 be constant in the body fixed frame. Thus, vectors 51,
52 §3 rotate with respect to the system Oxjx,x3 with the angular velocity —a. Hence, we obtain the Poisson
kinematic equations

Eo=—oxE, i=123 )

It is worth noting that the systems (1), (2) may describe a wide variety of objects such as aircraft, satellite,
submarine, rmssﬂe and quadcopter (Fig. 1) [1,18-20].

Let torque L be the sum of a d1s31patlve component Z,d and a restormg one L L= Zd + Z,. We will
assume that the dissipative torque is linear with respect to @ [21,22] and it is defined by the formula

Ly = hBd, 3)
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Fig. 1 Quadcopter attitude motion and angles ¢, 6, ¥

where B is a constant symmetric and negative definite matrix, & is a positive parameter. The restoring torque

Z, should be chosen such that the torque L provides triaxial stabilization of the body, i.e., the system of Eqs.
(1), (2) should admit the asymptotically stable equilibrium position

=0, &=1;, i=12.73. (4)

It is known (for example, see [19]), that the torque Z, can be defined by the formula

Ly = —cf" &, &) (algl X i1 + axéy x '72)- ®)

Here, c, a1, ay are positive constants,
- o = L > L
FELB) = (alEs -l + aale> - l) /2,

v >0, and || - || is the Euclidean norm of a vector.
In the present paper, we consider the case where, along with the control torque L, a nonstationary perturbing
torque L, acts on the body.

3 Construction of a strict Lyapunov function for the unperturbed system

Consider the unperturbed system composed of the Poisson kinematic Eq. (2) and the Euler dynamic equations
Jo+dxJp=1Lyg+1L,, (6)

where dissipative and restoring torques are defined by the formulae (3) and (5), respectively.

Stability of the equilibrium position (4) for the system (2), (6) was proved in [19]. However, it is worth
mentioning that results of [19] are based on the construction of a weak Lyapunov function. The derivative of
this function along the solutions of the considered system is only nonnegative. Such Lyapunov functions are
not well applicable to robustness analysis of nonlinear systems, since their negative semi-definite derivatives
could become positive under arbitrarily small perturbations [23,24].

In [20,25], an approach was developed to transform the weak Lyapunov function constructed in [19] into
a strict one (a function with negative definite derivative) [26,27]. At the same time, it should be noted that the
approach of [20,25] can be used only for the case of linear restoring torque. Moreover, this approach is not
effective for the investigation of the problem studied in the present paper. Therefore, we will propose another
construction of a strict Lyapunov function for the system (2), (6).

Choose a Lyapunov function candidate as follows:

- 2 L a - -
V(@.81.8) = 5636+ S & — il + Z1E - il

1 - PR L
— (@1 x it + ok x i) B9, ™
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Here, A is an auxiliary positive parameter. Then,
- ai =z - a = >
rerll@) + - 1E =l + - l&2 — il
2 2
c3 > N - N L oo o
=0l (16 =il + 18 - l) < v (@51, &)
- ap .z - a .z - €3 2 - 2 -
< hallBIP + 1 — I + S 18 — il + 160 (1 =il + 18— ).

where c1, ¢, c3 are positive constants.
Differentiating the function (7) along the solutions of (2), (6), we obtain

V = ho B — ref' " (aE x it + aky x i)
1 L= - o = - =
(1@ x &) x i1 + ax@ x &) x ) "B
1 - > NT . .
+s (alél X 1M1+ a2y X 772) B~ (0 x (Jw))
Cov(, 2 o= =) pl (L= P
+Ef <a1$1 X 11 + axéy X 772) B <a1§1 X 1+ a6y X 772)-
The matrix B is negative definite. Therefore, the inequality

. cs5\ . c6 > R > P
V< = (rhes = ) 1BI7 = Y Jaids x i+ acka x|

C7 -2 - N - N N - N - N 2U+1
+T1BI (161 = il + 12 = all) + Acs 1G] (11 = 7l + 1E2 = ol

holds. Here, ¢; > 0,i =4, ...,8.
Choose a number ¢ € (0, 1). In [28], it was proved that there exists § > 0 such that

PN z = | 20E, =2 20E =2
&) x iy + axko x | = & (aFUE = 1P + @F1E — 72l

for I&r — 11> + &2 — 72lI* < 8% Hence,

. c6 N c9 - o - N v+1
V = = (dhes = ) 1617 = 2 (1 =12 + 182 — i)

7. 59 5 N 5 N N N N 5 N 2v+1
+ 0N (1 il + 18 = i) + esl@) (16 = dinll + 182 = ol

for &1 — 71 ]|% + 1& — 7i2]|* < 8%, where ¢o = const > 0. B
As a result, we obtain that there exist positive numbers A, &, § such that

1 -2 (25 3 az - _—

sactlloll® + — 1§ — + —l& —

ShelllBl + - IE = I + & — 7l

=V (8.5.8) = 2lBI + ey — i) + a2liE — il

€9

: 1 -
V < —shhelol” —
2 2h

- - o v+1

(1 =l + 18 — 2l
for & € B, 1§ — it + 12 — ii21* < 87

It is worth noting that, in the case where v = 0, value of A should be sufficiently small and the value of &
should be sufficiently large, whereas, in the case where v > 0, £ may be an arbitrary positive number and A
should be sufficiently large.

Thus, for an appropriate choice of A and %, (7) is a strict Lyapunov function for the unperturbed system
(2), (6).

In what follows, using the approach developed in [29-31] and taking into account structure and properties
of the nonstationary torque L ,, we will propose some modifications of the function (7) to derive conditions
ensuring asymptotic stability of the equilibrium position (4) of the perturbed system.
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4 Linear restoring and perturbing torques

Let v = 0 and Z,p =D ()&, — 7i1) + Da(t) (&, — 7i2). Here matrices Dy (7), D2(¢) € R3*3 are continuous
and bounded for ¢ € [0, +00). Then, the system (1) takes the form

J& + & x Jo = hBd — ar&) x i
—aE X i+ Di(0)(E — 1) + Do) (&2 — 7). (8)

Thus, we consider the case where restoring and perturbing torques are linear.
Let us determine conditions under which perturbations do not disturb asymptotic stability of the equilibrium
position (4). B
Consider the derivative of the Lyapunov function (7) with respect to the system (2), (8). If A and § are
sufficiently small and 4 is sufficiently large, then the inequalities

€9
2h

T 1, - U L
+iw Lp—E<a1§1Xm+a2%'2an) B™'L,

. 1 -
V = —5hhegllo]” ~

(1 = il + 1 - 7))

1 c9 - -
< —Z3h ~2__< =2 _ = 2)
=3 el i 11 — null” + 1162 — n2ll
L E < £ xi,) BIL 9
; 161 X 1+ a2 x o » )

hold for & € R, 1€ — i1 1|> + 1€ — ii2ll* < 82,
Theorem 1 Let the matrices
t

/Di(s)ds, i=1,2, (10)
0

be bounded for t € [0, +00). Then, there exists a number hg > 0 such that the equilibrium position (4) of the
system (2), (8) is uniformly asymptotically stable for any h > hy.

Proof Modify the Lyapunov function (7) as follows:
.z oz .z oz L=
Vi (f,ahél,&z) =V (w, 51,52) + E(algl X1
t

2
vaay x i) BY. [ Dits)ds G - .
i=1 0

Using the results of the previous Section and the inequalities (9), it is easy to verify that one can choose and fix
sufficiently small values of A and § and after that find ig > O such thatif & > ho, ||E — i1 11>+ |&2 — 721 < 82,

then the function V; (t, o, g? 1, §2> and its derivative with respect to the system (2), (8) satisfy the estimates
1 R ap - R a - o
.y 2, _ 2 %2 _ 2
3 cillo|l” + 4II«Sl mi~+ 4|I«Sz nl
by /- . > R
——L (1 =l + 18— l?) < Vi (r.@.51.5)
- > L > L by (2 . 2 o
< 2lBI + @l — 12+ axlléa — i)+ - (16—l + 12 = al)
. 1 c9 [ = -
Vi < ——ah a2__< =2 _ = 2)
1573 callol| 3 1§ — mill” + 152 — m2l
by _. (= - =
+ 2131 (18 — il + 1B = il )

where b1, by are positive constants.
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Hence, for sufficiently large values of A, the inequalities
1 -2 al g - 2 a2 bl = 2
—Act||lo]|” + — - + — -
Sretlell” + 2=l —ml” + ==&z — mall
=i (1.0.5.8) =2 (A2l @ + arlEy = i + a2l — iall?)

. 1 co / - -
Vi < ——ah ~2__< =2 _ = 2)
1= = prheallol” = 22 (18— mll” + 1182 — mll

hold for & > ho, t > 0,& € B3, & — i1 |12 + |1 — i |I? < 62,
Thus, all the assumptions of the theorem on the uniform asymptotic stability (see [32]) are fulfilled for the

function V| (t, &, &1, 52) H

Remark 1 For instance, the assumption of Theorem 1 on boundedness of the matrices (10) is fulfilled if entries
of these matrices are periodic functions with zero mean values.

The next theorem gives us stability conditions for a wider class of perturbed systems.

Theorem 2 Let
| +T
?/Di(s)ds—>0 as T — +o0, i=1,2, (11
t

uniformly with respect to t € [0, +00). Then, there exists a number ho > O such that the equilibrium position
(4) of the system (2), (8) is uniformly asymptotically stable for any h > hy.

Proof 1In this case, we will use the following modification of the Lyapunov function (7):
.oz oz .oz oz I, - .
v (r6.6.8) =V (0.6.5) + (@b x i

2 t
+arEy x i) B! Z/ea(sft)l)i(s)ds & — i),

=1y

where « is a positive parameter. _
Under an appropriate choice of A, g, §, we obtain

1 -2 al e > 2 a2 > 2
.y — — = —
Shetldl? + 1 — I+ 1E — il
by (= - £ o2 - £ Z
=2 (18 = P+ 1B = ial?) < V2 (16,61 6)
. - T N S S

< 2B I + @l = il +axllé — il + = (18 =il + 16 = i)

. 1 - cyg [ - - > R

v = —srheslal? = o (16 =il + 1 — il

by - R - R
+ 22130 (1E = il + 18 — ial)
ah
bs |
abs . > -
2| [ e i ds| (1 -7 lP + 1 - i),
i=1 |y
where b3, b4, bs are positive constants.
In [33], it was proved that

t
oz/e““‘”D,-(s)ds—)O as a—0, i=1,2,
0
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uniformly with respect to ¢ € [0, +-00). Therefore, there exists @ > 0 such that

6b5aZ / “STOD;(s) ds| < co

i=1

fort € [0, +00). B
Then, for fixed values of X, §, «, one can find a sufficiently large number % such that

1 -2 al - - 2 az - N 2
A ZE — ZLE, —
Shelldl? + IE — il + & — il
=V (rod k) < 2<)»62||67)||2 +arllé — il + a2l — i)
1
Vs = —ZheslBI” = o (1 = il + I i)

for h > ho,t > 0,& € R, & — 711> + & — ii2ll? < 82 O

Remark 2 The conditions (11) are fulfilled if entries of the matrices D (¢), D, (¢) are almost periodic functions
with zero mean values. It is known (see [34]), that, for such matrices, the integrals (10) may be unbounded.

Remark 3 1t is worth noting that Theorem 1 is a special case of Theorem 2. However, Theorem 1 possesses
own meaning, since the proof of the theorem gives us less conservative restrictions on the parameter /4 than
those in the proof of Theorem 2.

5 Purely nonlinear restoring and perturbing torques

Next, assume that v > 0 and the perturbing torque has the form L » =D@®) é(;? 1 — 11, g?z — 12), where the
matrix D(7) € R3*™ is continuous and bounded for 7 € [0, +00) and components of the vector G (i, v) € R”
are continuously differentiable for u, v € R3 homogeneous functions of the order 2v 4 1. Hence, we consider
the system

Joo+ & x Joo = —cf’ (1, &) (61151 X 71 4 az€y x ?72)
+hBd +D(1)G (&) — 71, & — 7ia). (12)

In this case, restoring and perturbing torques are purely nonlinear and homogeneous vector functions, and
the homogeneity order of L coincides with that of L

Remark 4 Tt is known (see [35-38]) that, in numerous models of mechanical systems, strong nonlinear restor-
ing forces with real-valued powers should be taken into consideration. Such forces can be related both to
physical configurations and purely nonlinear material properties [3,39]. In addition, power-law characteristics
of restoring forces provide smooth approximations of non-smooth forces [38].

The aim of the present Section is to show that, for purely nonlinear restoring and disturbing torques, the
asymptotic stability of the equilibrium position (4) can be guaranteed under less conservative conditions than
for linear torques. B

For an arbitrarily chosen 2 > 0, one can find Ay > 0 and § > 0 such that the derivative of the Lyapunov
function (7) with respect to the system (2), (12) satisfies for A > A, @ € R3, | — 711112 + |1& — i |? < 82
the inequality

) 1 _ 9 R . = R v+1
V = —3ahealal? = o (16 =il + 18 — i)

1 b - bed - T -1
% (0151 x N1 +axéy X 772) B L,.

Theorem 3 Let the matrix fot D(s) ds be bounded for t € [0, 400). Then the equilibrium position (4) of the
system (2), (12) is uniformly asymptotically stable for any h > O.
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Proof Choose and fix an arbitrary positive value of the parameter z. Construct a Lyapunov function by the
formula

V3 (t,i), 51,§2> =V (cT), 51,§2>
t
1, - . Tl S L
+E(“1“§1 x 71 + @k x 72) B 1/D(s>dsG<sl—m,§z—nz).
0

If A is sufficiently large and S is sufficiently small, then the function V; (t, o, 5 1, 52) and its derivative
with respect to the system (2), (8) satisfy the estimates

1 -2 al ¢ — a o > 2
—AC — — - —
SherllBI” + 1E — il + 1 — il
1 - - 2 > - 2 v+1 L oo -
e GREa GEEA R IERZ (t,w,sl,sz)

v+1
<2xe2|@1 + a1 & — il + a2ll& — ial® 4+ — (IISl — %+ 18 — il ) ,

1 v+l
Vs < —aheallal? - o (18 =l +1& - Ral?)’

v+l

by - -
F2 a0 (1~ il + 1~ 72l

fort >0, @ € R3, ||§1 —ml®+ |I§2 — 12||? < 82. Here by and b, are positive constants.
Using properties of homogeneous functions (see [40,41]), it can be proved the existence of a number §o > 0
such that the estimates

1 R a - R a - R
—rerl|@)* + < 16 =i 1>+ 5 18- iall*

2
=vs(ra6.8.8) <2 ()»02||67)||2 +arllé =il + a2l — ii2l?)
1
Vs < —ghhealdl? = 2 (1 -+ 18 - i)
hold for 1 > 0, @ € R?, [I§1 — it I” + 182 — 72l < 8o 0
Theorem 4 Let
t+T

1
7/D(s)ds—>0 as T — +o0

uniformly with respect to t € [0, +00). Then, the equilibrium position (4) of the system (2), (12) is uniformly
asymptotically stable for any h > 0.

Proof Let h be a fixed positive number. Consider the Lyapunov function
-7 2 -7 7 1, - .
Vi(r6.6.8) = v (0.6.5) + - (@b xii
t

il N — > > i -
+aréy x ij2) B I/ea(s DD(s)ds G(Er — 71, & — 1),
0

where o = const > 0.
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If A is sufficiently large and § is sufficiently small, then

1 S0 al > I - 0
ZA e _ e _
3 crloll” + 2 & —mll” + 2 162 — n2l

b3 - N 2 - N 2 U+1 S, - N
—=2 (16 =P+ 1 —inl?) = Vi(n6.E.E)

- > - > . b > . > . v+1
< 2calBI? + ar ) = il + aalé — il + = (1& =P + 1& - il?)

2
ah
€9

Vs < —<hh o) — — (II§ i + & — 7 IIZ)VJrl
—=Ahcs|o|” — - —
4= —ghicy 3, \Is1 = 2= 12

by . (= o N Lak
+ 2 1B1 (16— il + 18 — 2l )
ah

1
abs

o . N R v+1
22 [eeoneyas | (1 =l + 1B - 7alP)
0

Here, b3, bs, bs are positive constants.
Similarly to the proof of Theorem 2, choose @ > 0 such that

!
6bsa fe“(s_t)D(s)ds < c9
0

for ¢t € [0, 400). Then, for sufficiently small values of 8, we obtain

1 . ay - . a - N
SReIBI? + & = + I — )l

2
= Vi (r.3.8.&) <2 (heall@? + arlEr — 2 + a2lE — ial?)
. 1 o Cc9 - o > N v+1
Vs = —rhesBI” = 2 (16 =il + 16 - in)?)
fort = 0,0 € R, & — 71> + 152 — all” < 8°. 0

Remark 5 Theorem 3 is a special case of Theorem 4. However, the proof of Theorem 3 permits us to derive a
wider estimate of attraction domain of the equilibrium position than that which can be obtained with the aid
of the proof of Theorem 4.

Remark 6 Compared with Theorems 1 and 2, Theorems 3 and 4 guarantee the asymptotic stability of the
equilibrium position (4) for any z > 0.

6 Computer modeling and discussion

The aim of the present paper is to provide a constructive approach to robustness analysis in the problem of
attitude control for a rigid body subjected to nonstationary disturbing torques with zero mean values. It is
worth noting that the disturbing torques (linear and nonlinear) are not assumed to be small in magnitude. For
this reason, the obtained results seem to be attractive from the practical point of view.

The suggested approach is based on construction of a strict Lyapunov functions for the system governing
the rigid body attitude dynamics. Theorems 1—4 ensure conditions under which perturbations do not disturb
asymptotic stability of the programmed attitude motion.

In this Section, we illustrate Theorems 1—4 by means of a numerical simulation with the use of Maple-2019
tools for the numerical integration of differential equations.

Let the inertial parameters of a rigid body be given as: A} = 20, Ay = 24, A3 = 16. Here and in what
follows all parameters are taken in International System of Units. The programmed orientation (4) of the body
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Fig. 3 Angles time history, h = 0.4,v =0
0 100 200 300 400 500 600 700

Fig. 4 Angles time history, h = 0.1, v = 0.5

is such that “aircraft” angles ¢, 6, ¥ in the inertial coordinate system are all equal to zero. The disturbing
torque is taken in the form Lp =D(@) G(& -1, 52 — 12), where

D(r) = diag{sin 7 + cos(~/3 1), sin 2t + cos(v/21), sin 3t 4 cost},

GE — . &— i) = ((”gl — il + & - 172||2) /2)‘) E — 71 + & — 7).

Choose the matrix B of dissipative torque in the form B = —diag{l,1,1}. Leta; = 1, a» = 1,¢c = 1.
Consider the control process governed by the system (2), (12) for different values of 4 and v and the same
initial conditions ¢(0) = 0.4, 0(0) = 0.4, ¥ (0) = —0.4, ©1(0) = 02(0) = w3(0) = 0.2.

First, we take 7 = 0.1 and v = 0. In this case disturbing and control torques are linear, the dissipative
torque is small, and the process doesn’t converge to the programmed motion as can be seen from Fig. 2.

In accordance with Theorems 1 and 2, there exists a number /¢ > 0 such that the programmed motion is
uniformly asymptotically stable for any 2 > hg. In our case hg = 0.4 is appropriate as it can be seen from
Fig. 3. where the stabilization process is shown.
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At the same time, Theorems 3 and 4 give us the possibility to reach the goal of a stabilization process
without dissipative torque increasing. This possibility is based on applying the nonlinear restoring torque
(v > 0). As is shown in Fig. 4. asymptotic stability is achieved at v = 0.5 even for &z = 0.1.

We believe that our approach to the Lyapunov stability analysis in the problem of attitude control for a
rigid body subjected to nonstationary disturbing torques with zero mean values is rather effective, and it can
be exploited for the problem of satellite attitude stabilization with the use of electrodynamic attitude control
system [28,42,43]. As is known, a satellite that moves in the Earth’s gravitational and magnetic fields [44,45]
is subjected to a lot of disturbing torques [18,46—48]. From the mathematical point of view, the majority of
these torques can be modeled by almost periodic functions of time with zero mean values [49]. The magnitudes
of these torques are often close to each other, and, generally speaking, they are not negligibly small [1]. For
this reason, the usage of well-known perturbation methods faces difficulties in such problems, and the methods
based on the application of Lyapunov functions seem to be promising.
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