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Abstract A shape memory alloy (SMA) is a temperature-dependent smart material that can be used to tune
the stiffness of structures in a thermal environment. In the present article, vibrations of hybrid laminated
composite plates reinforced with shape memory alloy fibers under temperature change are studied. Parametric
free vibration analysis is conducted to study the effect of the SMA volume fraction, SMA fibers prestrain, length-
to-width ratio, and thickness-to-length ratio on the fundamental natural frequency and critical thermal buckling
temperature of the hybrid plate subject to fully clamped and fully simply supported boundary conditions.
With the objective of maximizing the fundamental natural frequency of the hybrid plate, for the first time,
simultaneously, the optimum stacking sequence of the hybrid plate and the best layers to embed the shape
memory alloy fibers are found. Interestingly, the study shows that the notion of embedding SMA fibers in
the composite plate does not guarantee an increase in the fundamental natural frequency. Depending on the
stacking sequence and the layers in which the SMA fibers are embedded, adverse effects might happen. It
is shown that inserting the SMA fibers in layers close to the mid-plane maximizes the fundamental natural
frequency of the plate.

1 Introduction

Shape memory alloys (SMAs) have attracted the attention of many scientists due to their unique functional
properties. The two most well-known properties of SMAs are their shape memory effect and their super-
elasticity, which are regaining a predetermined shape after unloading and heating and exhibiting a large
amount of recoverable inelastic deformation after unloading, respectively [1-3].

Embedding SMA fibers in composites is one of the most promising advances in aerospace, marine, and civil
engineering [4]. The dynamic analysis of composite structures reinforced with SMA fibers has long attracted the
attention of researchers. Rogers et al. used SMA wires to control the frequency of a graphite/epoxy laminated
beam based on active strain energy tuning and active property tuning [5]. Birman [6] studied the effect of
composite and SMA stiffeners on the stability of composite cylindrical shells and rectangular plates subjected
to compressive load. It was concluded that in plates and long shallow shells, SMA stiffeners are more efficient
than composite ones. Finite element analysis was carried out by Lau [7] to obtain the vibrational characteristic
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of SMA composite beams with various boundary conditions. It was shown that the natural frequencies and
the damping ratio of smart composite beams with SMA fibers increase as the temperature rises. Park et al.
[8] studied the vibrational behavior of thermally buckled composite plates reinforced with SMA fibers. They
showed that using SMA fibers in composite plates increases their critical temperature. Zhang et al. [9] studied
the dynamic characteristics of a laminated composite plate containing a woven SMA layer and unidirectional
SMA wires both experimentally and theoretically. Using a finite element method, Kuo et al. [10] showed that
inserting SMA fibers in the mid-plane of a laminated composite plate improves its buckling load. Kim et al.
[11] numerically studied the low-velocity impact behavior of composite plates reinforced with thin films of
SMA. Asadi et al. [12,13] studied free vibration of a shape memory alloy hybrid composite (SMAHC) beam
and the thermal stability of a geometrically imperfect SMAHC plate reinforced with SMA. They showed that
by proper use of SMA fibers, the thermal bifurcation could be delayed and thermal post-buckling deflection can
be controlled. Dehkordi et al. [14] performed a nonlinear transient dynamic analysis on a sandwich plate with a
flexible core and laminated composite sheets with embedded SMA wires. They proposed a mixed layerwise and
equivalent single-layer model and used Brinson’s constitutive model for SMA fibers. Using the Ritz method,
Mahabadi et al. [15] studied the effect of the orientation of reinforcing SMA fibers on the fundamental natural
frequency of an SMAHC plate. Developing a meshless method, Nazari et al. [16] performed the free vibration
analysis of a hybrid sandwich composite plate consisting of shape memory alloy wires, functionally graded
face sheets, and fiber-reinforced composite core. They showed that the thickness of these layers and the angle
of the embedded SMA wires affect the fundamental natural frequency of this hybrid plate. Nekouei et al. [17]
presented a semi-analytical solution for the free vibration of SMAHC conical shells. They showed that using
SMA fibers has significant effect on increasing the fundamental natural frequency of SMAHC conical shells.
Although considerable research has been devoted to the dynamic analysis of structures reinforced by
SMA fibers, optimization of reinforced hybrid composite structures has not been studied extensively in the
literature. Shokuhfar et al. [18] used the response surface method and optimized an SMAHC plate under
low-velocity impact in order to minimize the maximum transverse deflection of the plate. Park et al. [19]
conducted the optimal design of a variable-twist proprotor by maximizing its twist actuation. They used an
SMAHC to change the built-in twist. They embedded SMA fibers neither in the outermost nor in the mid-
layers; the fibers were inserted in other layers. Salim et al. [20] studied the thermal buckling and free vibration
of an SMAHC cylindrical shell and used a genetic algorithm to find the optimum stacking sequence which
maximizes the shell’s fundamental natural frequency. Kamarian and Shakeri [21] used the first-order shear
deformation theory (FSDT), Brinson’s model, and generalized differential quadrature solution method to obtain
the critical buckling temperature of rectangular and skew SMAHC plates. They used the firefly algorithm to
find the optimum stacking sequence that leads to a maximum critical buckling temperature of the skew plate. In
[20,21], the SMA fibers were inserted in the outermost layers and only the best stacking sequence is obtained.
To the best of the authors’ knowledge, optimization of an SMAHC plate to maximize its natural frequency
has not been addressed in the available literature yet. In the present study, using a genetic algorithm based
on free vibration, optimization of nickel-titanium SMA fibers arrangements in an eight-layered rectangular
composite plate is carried out. The one-dimensional Brinson model [22] is used to simulate the behavior of
the SMA fibers. To obtain the free vibrational response of the SMAHC plate, the FSDT and the Ritz method
are utilized. In the first section of the numerical results, the effect of various parameters on the fundamental
natural frequency is studied. Using a genetic algorithm, the study is concluded by the optimization process.
With the aim of maximizing the fundamental natural frequency, for the first time and simultaneously the best
stacking sequence of the SMAHC plate and the best two layers to insert the SMA fibers are obtained.

2 Theoretical development
2.1 Problem description

Figure 1 shows an eight-layered SMAHC plate of length a, width b, and thickness & in the x-, y-, and z-
directions, respectively. The global Cartesian coordinate system (x, y, z) is located in the middle plane of the
plate. The angle between the fiber’s orientation and the x-axis is denoted by 8. The study is carried out for
two different boundary conditions of fully clamped (CCCC) and fully immovable simply supported (SSSS).
SMA fibers are inserted along the composite fibers. In the schematic Fig. 1, the SMA fibers are located in the
outermost layers, even though they can be inserted in any other layers.
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Fig. 1 Schematic of an SMAHC plate along with the coordinate system

2.2 Problem formulation
2.2.1 Brinson’s constitutive model

On the basis of the simplified one-dimensional Brinson model [22], the total martensitic fraction (¢) is the sum
of the stress-induced martensitic fraction () and the temperature-induced martensitic fractions (¢t) [23],

¢ =&+ (1)
According to the Reuss scheme, Young’s modulus of the SMA fibers, Eg, is defined as
Ea
T+ (2 -1)e

where E and Ey are Young’s modulus of the SMA in the pure austenite and pure martensitic phase, respec-
tively [23]. The recovery stress (o") can be calculated based on the strain (¢), the thermoelastic coefficient
(®), the difference in temperature from its reference value (AT), the maximum recoverable strain of the SMA
fibers (e.) and Young’s modulus of the SMA fibers as follows [24]:

Es(¢) = @)

o' = Eg(¢)(e —eLss) + O AT. (3)

Under the conditions of T > Ag and CA(T — Af) < o' < CA(T — Ay), the martensitic fractions during the
heating stage, phase transformation, can be approximated by the following kinetics cosine formulation

_ % T (A
C_Z[COS(Af—As (T As CA>)+1j|, 4)

¢

is = é“sog—o, %)
¢

it =iy —, (6)
o

where T is the temperature, the constant Cy is the gradient of the curve of critical stress for the reverse phase
transformation, and the subscript O stands for the initial state. Ag and A¢ are the austenitic start and finish
temperatures, respectively. During the heating stage for T > Ag and CA(T — Ar) < 0" < Ca(T — Ay),
recovery stress and martensitic fractions can be obtained by solving Eqs. (3)—-(6) simultaneously [22].

2.2.2 Laminated Composite plate

Considering the multicell mechanics approach [25], at a given martensitic fraction, the effective thermome-
chanical properties of an SMAHC plate, i.e., Young’s modulus (E), shear modulus (G), Poisson’s ratio (v),
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linear thermal expansion coefficient () and mass density (o), can be estimated by Eqs. (7)-(15):

En = Es()Vs + Eim(1 = V5), (7
vV

Ex = Em | (1-yVo) + — | ®)
1=V (1 )
Ve
Gr=Gi3=Gumx [ 1-VVi+ — |- ©)
1=V (1 - E)
G23
Go = G (10)
1 - \/Vs(l - Gs(())
Es(¢)
G = — 11
(6 2(1 4 vizg) (1)
vi2 = vi2s Vs + viom (1 — Vg), (12)
o = VsasEs(f) + - Vs)almElm’ (13)
Eyy
E Vs — Vi —
w0 = E2m o (1 — \/Vg) n O52m\/_s \/_S(OQEm o) ’ (14)
- 1_*/75(1 - Ef&"))
o = psVs+ pm(l — Vi), (15)

where the subscripts m and s stand for the composite and the SMA fibers, respectively, and Vs denotes the
volume fraction of SMA fibers.
Following the FSDT assumptions, the displacement components can be written as:

M(.X, y’ Za t) = ”O(Xa yv Za t) + Zd’x(xa yv t)a
v(x, y,z,1) = vo(x,y,z, 1) +2¢y(x, y, 1), (16)
w(x,y,z,t) = wolx,y, 1),

in which ug, vg, and wg are displacements of the mid-plane (z = 0) in the x-, y-, and z-directions, respectively.
Furthermore, ¢, and ¢, represent the rotations of the transverse normal of the mid-plane about the y- and
x-axes, respectively [26]. The linear strain—displacement relationships are

(0) ) Jug 3¢y
£ I
Exx ©) 0 f?aﬁ 384§Cy
A W I o »
yyz = )/yz +z ]/yZ = ¢y + B_yO +z 0 5 (17)
0 i 3
;xz y)fé) %gzl) ?x * % 20 ! 3¢
C C x y
© vy vy Tt A oy T ox

where ¢, and ¢y, are the normal strains and yy, ¥x;, and y,, are the shear strains. For an SMAHC plate
under thermal loading, the constitutive law can be written as [12]

Orx 0119212 0 0 Q6 Exx Olxx oy
Oyy 0120n 0 0 QO Eyy Oyy oy
Tyz = 0 0 Qu O O Vyz — AT 0 + Vs 0 , (18)
Txz 0 0 0 Qss O Yz 0 0
Txy Q1602 0 0 Qg Vxy 2oy Tay

where o, and oy, are the normal stresses, Ty, Tx;, and 7,y are the shear stresses, and Q;; are the components
of the transformed reduced stiffness matrix, relations for the computation of which are mentioned in Appendix
A.
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In view of the FSDT, multiplying the first, second, and fifth rows of Eq. (18) by (1, z) and integrating the
results in the z-direction leads to

— (0)_

p— T —
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Nyy A Ax Az B2 Bxn B o N,‘I'y Nyy
Ny | _ | A Az Aes Bis B Bes i NxTy n Nyy (19)
My | | Biu B2 Bis Dii D12 Dis g M, M, |’
My, Biz By By Diz Dy Da || (D) MT M3,
My Bis Bas Bes Dic D Des yy&) Mili My,
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where the resultant force (), the resultant moment (M), the thermal resultant force (NT), the thermal moment
resultant (M), the resultant force induced by the recovery stress (N*), and the moment resultant induced by
the recovery stress (M") of the kth layer with the fiber orientation of 6 with respect to the x —axis, as shown
in Fig. 1, can be written as

i Nyx M, ] NL Oxx
Ny t A Myt | =) / ayy ¢ (1,2) dz, (20)
L ny Mxy | kzlhk—l Txy
I N;;x ng T ™ T 0u Qi Qs
N}qu . Myly = Z / Q12 022 Q26
LU Nyy My, )1 k=1, [ Q16 Q26 Qo
00529k sin29k o
x | sin? 6y cos? Oy x[a”]AT(l,z)dz, (21)
2sin 6 cos 6 —2 sin 6 cos 6 2
N;x M)rcx NL ¢ C052 Qk
Nyt Y My o =3 / o™V | sin? 6 (1,7) dz. 22)
N;y M)‘;y k=1," sin 6 cos Oy

In the principal coordinates of the plate, the components of the extensional matrix (4;;), the coupling matrix
(Bij), and the bending stiffness matrix (D;;) are as follows [27]

NL _
Aij = Y (Qipilhk — hix—1] (i,j=1,2,6),
k=1
5 L~ 4 1
Aij =3 2 il —hy = 500 —hi_D=] G, j =4,5),
k=1
NL (23)
Bij =13 (Qipklh? —h} ] (i,j=1,2,6),
k=1
| NL
Dij =% > (Qipilhi —hi_,] (i,j=1,2,6),
k=1

where Ay is the distance of the kth layer upper surface from the mid-plane and NL is the number of layers.
It should be noted that to compensate for the inaccuracy of constant shear strain and shear stress across the
thickness, a shear correction factor of 5/6 is used in this study.

2.3 Solution method

The Ritz method is used to acquire the fundamental natural frequency of the SMAHC plate. Assuming an
undamped small amplitude periodic motion, the displacement field may be written as
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uo(x, y, 1) = 2,1,\;1 Z,,A;;l Umnel:wtum(x)un()’),

Vo (¥, ¥, 1) = 20Ty 3oy Vinn€ 0 ()0 (1),
wor, ¥, 1) = Xy g Wonn€ win ()wn (), (24)
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Gy, Y, ) =D 1 ot Y€ Y () yu (3),

where U,y Vi, Wiuns Xmn, and Yy, are unknown coefficients to be determined and u,,, u,, vy, Uy, Wh,
Wys Xm, Xn, Ym, and y, are the assumed functions which satisfy the geometric boundary conditions. The
displacement field must be substituted in the energy functions. The kinetic energy, K, is

h 2 2 2
1 ou av Jw
K== — — — ] |dz ¢ dxdy, 25
LG () + () Jeefono &
Q0 2
Substituting the displacement components from Eq. (16) into Eq. (25) and some mathematical manipulation
yields
1 3o \>  [96y)\* dug dpy vy Iy
K=—- I — I [ — -
2/|:2<<8t)+(8t 0 at 8t+8t ot
Q
duo 2 dvy 2 dwo 2
I — — — dxdy, 26
+0(<8t>+<3t>+ ot Y (26)

where the inertia terms Iy, /1, and I are defined as

[N

h
2 .
1,-:/ pzldz (i =0,1,2). 27)

[SES

The total strain energy due to bending, U, is

U-1/
2

Q0

(SIS

2
{ / [OxxExx + Oyy€yy + Oxy¥Yxy + OxzVxz + Gyzyyz]dz} dxdy. (28)

The work done by external forces, V, as presented by [28] is

V= 1/ o 2+N ow 2+21§7 0w W 1 jd (29)
=2 *\ ox Yoy > Bx By Y
Q0

N=N"—NT, (30)

where N stands for the resultant force induced by applying uniform thermal loads on the SMA fibers. The
CCCC and SSSS boundary conditions and their corresponding assumed displacement fields are as follows:

e Immovable simply supported plate
e Boundary conditions

ug(0,y) =0, upla,y) =0, uo(x,0) =0, up(x,b) =0;

v9(0,y) =0, vo(a,y) =0, vo(x,0) =0, vo(x,b) =0;

wo(0, y) =0, wola,y) =0, wo(x,0) =0, wo(x,b) =0; (3D
$y(0,y) =0, ¢y(a,y) =0, ¢x(x,0) =0, ¢(x,b) =0;

M:(0,y) =0, My(a,y) =0, My(x,0) =0, My(x,b) =0

e Assumed displacement field
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wo (x,y,1) = Zf@v:l 2=l Winne'®" sin ( (%) (32)
¢)C (X, Vs t) = Zrllv;l Zrﬂr:l;l aneiwt cos (Mx) sin (%
¢y (x,y,1) = Z,I,V:] Z,Ajzl Ymnelwt sin (m

e Clamped plate
e Boundary conditions

up(0,y) =0, upa,y) =0, up(x,0) =0, up(x,b) =0;
vo(0,y) =0, vola,y) =0, vo(x,0) =0, vo(x,d) =0;
wo(0, y) =0, wola,y) =0, wo(x,0) =0, wo(x,d) =0; (33)
$:(0,y) =0, ¢r(a,y) =0, ¢x(x,0) =0, ¢s(x,b) =0;
¢y(07 y) = O’ ¢y(a’ )’) = O? ¢y(x»0) = 07 ¢y(-va) = O

e Assumed displacement field

o, y, 1) = XN Y U,k (x — a)y" (y — b),
Wy ) = YN S Ve (x — a)y (v — b,
wolx, . 1) = 0 M Woe@xm (x — @)y (y — b), (34)
Be(ro 3, 1) = XN M X (x — @)y (y — b),

by, y, 1) =N Sy e (x — a)y™ (y — b)

To form the mass and stiffness matrices, the Lagrangian functional L := K — (U + V) is formed [29]. Taking
into consideration Eqgs. (17)—(23), the assumed displacement fields are substituted in the equations of the
strain energy, kinetic energy, and work done by external forces, namely Eqgs. (26), (28), and (29), respectively.
The stationary value of L is obtained by differentiating it with respect to the unknown coefficients of the
displacement field:

B(Kgl(]lri:-V)) —o.
B(Kg‘(/fi:-V)) —o.
HEFED = 0, m=1,2,., M:n=1,2, ... N), (35)
B(Kg}((z’-l&-V)) —o.
a(Kg(YZjV)) —o.

which yields a matrix eigenvalue problem in terms of the variable column vector X as follows:
[K1X = o’ [M]X, (36)
where
X = {Unn, Vins Winns Xinns Ymn}- (37
The detailed derivations of stiffness and mass matrices are provided in Appendix B. The approximate natural

frequencies are the square roots of the eigenvalues of [M 17L[K]. The coefficients of the Ritz expansion mode
shapes give the corresponding eigenvectors.
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2.4 Optimization procedure

A genetic algorithm is an optimization method that emanates from natural biological evolution. It operates on
the potential solutions, called population, to create better solutions at each generation by utilizing operators
that exist in nature, called crossover and mutation. These operators help in finding better-suited answers to the
problem than the initial solutions; this means an improvement in the approximated solutions. Each individual
of the population is called a chromosome.

In the present study, a genetic algorithm is utilized to find the best stacking sequence of the SMAHC plate
and the best two layers in which the SMA fibers should be inserted to maximize the fundamental natural
frequency of the SMAHC plate. The assumed chromosomes contain the angle of fibers in each layer and the
layer numbers with SMA fibers. In this study, the number of both population and generations is considered
to be 100. In the optimization process, fifty percent of the population is selected randomly for mutation. For
each one of these chromosomes, the mutation operator randomly picks two genes. Selected genes can be
either the angle or the layer number. In the former case, the angle of the layer is replaced by its complement,
and in the latter case, a new random number is reproduced. The crossover operator selects 70 percent of the
population based on a tournament selection and creates new chromosomes out of them. In each selection
stage, three chromosomes are picked, and the one with the highest fundamental natural frequency is chosen
as the first parent. By repeating the same procedure, the second parent is selected. By combining the selected
chromosomes, two new chromosomes are produced. The procedure of optimization is displayed in the flowchart
shown in Fig. 2.

3 Results and discussion
3.1 Comparative studies

The proposed method is verified by comparing the fundamental natural frequency of three cases with those
available in open literature studies [12,27-38].
Case 1) An SSSS rectangular laminated composite plate with the stacking sequence of [0/90/90/0].
The dimensionless material and geometric properties are

E E G G G
p = 1600 (kg/m’), — =40, =2 =1, -2 =B _g6, 22 —0.5,
E> E3 E> E> E>
a a
—us =3 =025 2 =1, £ =50
V12 V13 V23 b n

In Table 1, the dimensionless fundamental natural frequency, @ = w b>\/p/E,/ h, obtained from the present
study and those reported by [27-33] are listed.

Case 2) A CCCC square laminated composite plate with the stacking sequence of [0/90/0].

The dimensionless material and geometric properties are

E E G G G
p = 1586 (kg/m3), —L =40, 2 =1, 22 =B _06, 22 —0.5,
E> E3 E> E, E>
a a
Vi = Vi3 =13 P 5

The dimensionless fundamental natural frequency is defined as @ = @ x bz\/ 12p(1 — vi2v21)/E2h? /712.
The dimensionless fundamental natural frequencies obtained by the present and [34-36] studies are listed
in Table 2. RBF and 1D-IRBFN stand for the radial basis function and the one-dimensional integrated RBF
networks, respectively. Tables 1 and 2 show that the results of the present study are in good correlation with
the published data as the maximum discrepancy between the results reaches 0.36 % and 1.0% for SSSS and
CCCC plates, respectively.

Case 3) An eight-layered composite square plate under thermal loading with SSSS boundaries.

Using the material properties given in Table 3, the critical buckling temperatures are compared with
[12,37,38] in Table 4. The reference temperature is 20°C.
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Table 1 Comparison of the dimensionless fundamental natural frequency of an SSSS laminated composite plate

Reference Theory Solution method 3} Discrepancy (%)
Present FSDT Ritz 18.6702

[27] HSDT Navier 18.6718 0.009

[31] Modified HSDT Navier 18.7381 0.364

[32] Extended Mindlin Navier 18.6742 0.021

[33] Refined HSDT Navier 18.6713 0.006

Table 2 Comparison of the dimensionless fundamental natural frequency of a CCCC laminated composite plate

Reference Theory Solution method [} Discrepancy
Present FSDT Ritz 14.6658

[34] FSDT RBF-pseudospectral 14.8138 1.009

[35] Reissner/Mindlin p-Ritz 14.6655 0.002

[36] FSDT 1D-IRBEN 14.6722 0.043
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Table 3 Lamina material properties (G2 = G13 = G23) [37]

Temperature (°C)

Property 20 200 260 600 3316
E| (GPa) 141 141 141 141 141
E; (GPa) 13.1 10.3 0.138 0.0069 0.0069
G 12 (GPa) 9.31 7.45 0.0069 0.0034 0.0034
vi2 0.28 0.28 0.28 0.28 0.28
ol x 1079¢c—h 0.018 0.054 0.054 0.054 0.054
o x 1079¢Cc—h 21.8 37.8 37.8 37.8 37.8

Table 4 Comparison of the critical buckling temperature of two different stacking sequences (a/h = 100, a/b = 1)

Reference Theory Solution method Stacking sequence
[:l:45]47 [0/90]4v
T+ (°C) T (°C)
Present FSDT Ritz 80 60
[12] HSDT Galerkin 79.133 59.458
[37] Von Karman—Mindlin Nonlinear finite element 80.5 61
[38] Layer-wise Hermitian finite element 76.9 58.7

Table 5 Thermomechanical properties of graphite/epoxy and NiTi fibers

Graphite/epoxy [39] NiTi fibers [22]

Eim = 155(1 —3.53 x 107*AT) GPa Ex =67 GPa; Ey =263 GPa
Em =8.07(1 =427 x 107*AT) GPa Mg =184°C; My =9°C
Giom = Gi3m = 4.55(1 — 6.06 x 107*AT) GPa Ay =345°C; Ay =49°C
Ga3m = 3.25(1 — 6.06 x 107*AT) GPa ®=0.55 MLa. o =0.067
aim = —0.07 x 107°(1 — 1.25 x 1073AT) - Cv =8 ME4: Ccp =138 MLe
aom =30.1 x 1078(1 + 0.41 x 107*AT) o g =10.26 x 1076 &

Viom = 0.22

3.2 Parametric studies

In this section, the effects of various material and geometric parameters on the fundamental natural frequency
and critical buckling temperature of an eight-layered SMAHC plate are investigated. In the present study, a
NiTi/graphite/epoxy rectangular laminated plate with the total thickness, length, and width of 0.02 (m), 1 (m),
and 1(m), respectively, is studied. The symmetric stacking sequence of [0/90/90/0]s is considered. The
thermomechanical properties of graphite/epoxy and NiTi fibers are listed in Table 5. The default values for the
volume fraction and prestrain of SMA fibers are 0.15 and 0.01, respectively. SMA fibers are inserted uniformly
in layers 1 and 8, aligned with the graphite fibers. The reference temperature is considered 20 °C.

3.2.1 Effect of SMA fibers prestrain

The effects of prestrain on the fundamental natural frequency of the SMAHC plate are depicted in Fig. 3. Atlow
temperatures, the generated recovery stress of SMA fibers is not enough to increase the stiffness significantly.
On the other hand, since the SMA fibers have higher density compared with the original plate, the increase in
mass due to inserting the SMA fibers outweighs the increase in stiffness, which in turn decreases the frequency.
As the temperature increases above the austenite start temperature, the generated recovery stress of SMA fibers
rises significantly, which dramatically increases the stiffness of the plate. This stiffness rise outweighs the
increase in the mass, which results in increasing the natural frequency and postpones the buckling to higher
temperatures. This increasing trend for natural frequency continues up to the austenite finish temperature. After
that, the effect of rising the temperature on softening the plate dominates the stiffening effect of the recovery
stress. Hence, the fundamental natural frequency decreases.
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Fig. 3 Influence of SMA fibers prestrain and increasing temperature on the fundamental natural frequency of the a SSSS and b
CCCC rectangular plate

Table 6 Critical thermal buckling temperature of the rectangular SMAHC plate for different SMA

Boundary conditions eL(%) T Without SMA (o TYithSMA (o ) (W X 100)
SSSS 1 233 325 39.5
SSSS 2 233 423 81.5
SSSS 3 233 533 128.8
SSSS 4 233 657 182.0
SSSS 5 233 808 246.8
CCCC 1 708 823 16.2
CCCC 2 708 955 34.9
CCCC 3 708 1114 57.3
CCCC 4 708 1324 87.0
CCCC 5 708 1500 111.9

The critical thermal buckling temperatures of the SSSS and CCCC laminated composite plate for various
prestrains are listed in Table 6. It can be concluded that reinforcing a composite plate with SMA fibers
postpones critical thermal buckling of the plate to a higher temperature. Furthermore, increasing the SMA
prestrain dramatically increases both the fundamental natural frequency and the critical buckling temperature.
The increase in stiffness of a reinforced laminated composite plate with the SSSS boundary condition is more
than that of a similar plate with the CCCC support, which is due to higher structural stiffness of the clamped
supported plate in comparison with the simply supported one.

3.2.2 SMA fibers volume fraction

For three different values of SMA fibers volume fraction, the fundamental natural frequency and thermal
buckling temperature are illustrated in Fig. 4. It can be observed that increasing the volume fraction of the
SMA fibers affects the fundamental natural frequency and postpones the thermal buckling. The more SMA
fibers are inserted in the plate, the more the recovery stress is generated. On the other hand, this will increase
the mass of the plate, which is a limiting factor that affects the value of the natural frequency. Table 7 specifies
the critical thermal buckling temperature of the plate for four values of volume fractions of SMA fibers. It can
be observed that inserting the SMA fibers in the SSSS and CCCC plates is more effective in the former one.

3.2.3 Geometrical parameters

Variations in the fundamental natural frequency of the plate versus temperature for various length-to-width
ratios, a /b, are depicted in Fig. 5. For each aspect ratio, both the laminated composite and the SMAHC plates
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Fig. 4 Influence of SMA fibers volume fraction and increasing temperature on the fundamental natural frequency of the a SSSS
and b CCCC rectangular plate

Table 7 Influence of SMA fibers volume fraction on the critical thermal buckling temperature of the rectangular SMAHC plate

Boundary conditions oL Vs T Yithout SMA (o T SMA 0y (W X 100)
SSSS 0.01 0.05 233 262 12.4
SSSS 0.01 0.1 233 292 253
SSSS 0.01 0.15 233 325 39.5
CCCC 0.01 0.05 708 742 4.8
CCCC 0.01 0.1 708 779 10.0
CCCC 0.01 0.15 708 823 16.2

Table 8 Critical thermal buckling temperature (°C) of the laminated composite plate for different aspect ratios of plate

. . with SMA without SMA
Boundary conditions a/b T Yithout SMA (o TVith SMA (o (% X 100)
SSSS 1 233 325 39.5
SSSS 1.5 160 219 36.9
SSSS 2 154 194 26.0
CCcCC 1 708 823 16.2
CCCC 1.5 528 607 15.0
CCCC 2 510 576 12.9

are studied. In this section, the length is held constant. Keeping the length constant while decreasing the width is
equivalent to a fewer number of SMA fibers for the rectangular plate in comparison with the square one. Thus,
the generated recovery stress and mass of the rectangular plate are less than the square one with the same length.
Given the results of Fig. 5, it can be concluded that this decrease in stiffness has outweighed the reduction
in mass. The critical thermal buckling temperatures for different aspect ratios are presented in Table 8. For
either type of the boundary conditions, increasing the aspect ratio decreases the critical temperature, though
this effect is more pronounced for the SSSS plate. As the width of the rectangular plate grows, the percentage
change in the critical thermal buckling temperature due to embedding the SMA fibers further increases.

The fundamental natural frequency of the SMAHC plate is computed for various thickness-to-length ratios,
h/a. Figure 6 shows the variation in the fundamental natural frequency versus temperature for two cases of
the laminated composite and SMAHC plate. As the thickness decreases, the effect of embedding the SMA
fibers in the laminated composite plate becomes more noticeable. In the case that thermal buckling occurs at
a temperature below the austenitic start temperature, the SMA fibers do not affect the fundamental natural
frequency of the plate. For instance, the SSSS plate with the thickness-to-length ratio of 0.005 thermally



On the free vibration and design optimization 335

(a) (b)
700 1400
-L—ap=1
a/b=1SMA
600 P~ 1 2 a5 1200 _
T a/b=158SMA 1.5 SMA
500 [ - = ab=2 1000
—3— a=25MA N
=2 4 >
5 400 Z 800
S =
< =
3 300 3 600
200 400
100 200
0 - : ! 0 L L ! . .
Temperature (oC) Temperature (OC)

Fig. 5 Influence of aspect ratio and increasing temperature on the fundamental natural frequency of the a SSSS and b CCCC
plate (dash line: without SMA fibers, straight line: with SMA fibers)
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Fig. 6 Influence of thickness-to-length ratio and increasing temperature on the fundamental natural frequency of the a SSSS and
b CCCC plate (dash line: without SMA fibers, straight line: with SMA fibers)

buckles at 34 °C, which is before the activation of the SMA fibers. The results presented in Table 9 show that
for either type of boundary conditions, increasing the thickness postpones the thermal buckling to a higher
temperature, which is more noticeable for the SSSS plate.

3.3 Optimization
3.3.1 Comparative optimization study

In this section, to obtain the maximum fundamental natural frequency, the best stacking sequence and the best
two layers to embed the SMA fibers are generated using the genetic algorithm. To verify the optimization pro-
cess, for an eight-layered graphite epoxy composite square plate, the proposed stacking sequence is compared
with [40,41] which used the layerwise optimization approach and the complex method, respectively. To find
the best stacking sequence, the orientation angle varied between — 90° and 90° with an increment of 5°. The
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Table 9 Influence of inserting SMA fibers on the critical thermal buckling temperature of the rectangular plate with different
thickness-to-length ratios

Boundary conditions h/a T WithowSMA (o) TWithSMA (o) <w X 100)
SSSS 0.005 34 34 0

SSSS 0.008 55 140 154.5

SSSS 0.01 74 160 116.2

CCCC 0.005 65 138 112.3

CCCC 0.008 135 217 60.7

CCCC 0.01 198 283 429

Table 10 Optimization of stacking sequence for SSSS square plate

Stacking sequence @
Present [—45/45/45/45]s 56.31
[40] [45) — 45/ — 45/ — 45]s 56.32
[41] [45) — 45745/ — 45]s 55.30

mechanical properties of the graphite epoxy composite are given as

Er. = 138 (GPa), ET = 8.96 (GPa), Gt = 7.1 (GPa), vt = 0.3, % =1.
In Table 10, for a square plate with SSSS boundary conditions, the maximum dimensionless frequency, @ =

wa® (W) > , obtained by the present study is compared with [40,41]. Itis concluded that the maximum

fundamental natural frequency obtained by the genetic algorithm is close to the results of [40,41]. The stacking
sequences of the present study and [40] are essentially the same.

3.3.2 Optimization results

For square and rectangular eight-layered SMAHC plates with SSSS and CCCC boundary conditions, the best
and worst two layers to insert the SMA fibers and their corresponding stacking sequences are obtained. For
the optimization, like the comparative study, the orientation angle increment is 5°. The dimensions of the
square and rectangular plates are 1 (m) x 1 (m) x 0.02 (m), and 1.5 (m) x 1 (m) x 0.02 (m), respectively.
The mechanical properties of the SMAHC plate are listed in Table 5. The volume fraction and prestrain of the
SMA fibers are 0.15 and 0.05, respectively.

The results of the optimization study are provided in Figs. 7, 8, Tables 11 and 12. It can be observed that the
best layers to insert the SMA fibers are the closest ones to the mid-plane. The reason is embedding the SMA
fibers in layers with the highest stiffness; i.e., the vicinity of the mid-plane maximizes the fundamental natural
frequency since the plate’s mass is independent of the SMA fiber locations. Comparing the fundamental natural
frequency of the worst layup of the SMAHC plate and the best stacking sequence of the laminated composite
plate leads to a very important and unforeseen result: inserting the SMA fibers in a laminated composite plate
does not guaranty a higher fundamental natural frequency and might cause an adverse effect. Thus, optimizing
the stacking sequence and finding the best layers to insert the SMA fibers are essential.

As an example, for the CCCC rectangular plate, the fundamental natural frequency of the worst layup of
the SMAHC case is 920.3 rad/s, which is below the frequency of the best case of the laminated composite
plate without SMA fibers, which is 1152.1 rad/s.

The obtained results for both types of boundary conditions and shapes are compared in Table 13. Since the
optimization is intrinsically a random process, it is possible that the genetic algorithm sticks to a local optimum
which is still close to the global one. An apparent example is the obtained optimum stacking sequence for the
simply supported square plate with the optimum sequence of [45/45/45/40(SMA)]s; due to the symmetry
of the shape and boundary conditions, it is expected that the orientation of the middle layers be 45°. The
fundamental natural frequency of the [45/45/45/45(SMA)]s square plate is 806.3 rad/s, which is very close
to the 806.2 rad/s of the found local optimum solution.

As was discussed in the Introduction [20,21] embedded the SMA fibers in the outermost layers. Just for
the sake of comparison, for the same SSSS square plate, the stacking of [45(SMA)/45/45/45]s yields the
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Fig. 7 Genetic algorithm results for the square plate: a SSSS without SMA, b SSSS with SMA, ¢ CCCC without SMA, d CCCC
with SMA

Table 11 Best and worst combination of the stacking sequences and layers to insert the SMA fibers for the square plate

Boundary conditions SMA fibers Type w (rad/s) Stacking sequence

SSSS - Best 620.3 [45/45/45/45]s
Worst  357.6 [—90/ — 80/ — 90/25]s
SSSS v Best 806.2 [45/45/45/40(SMA)]s
Worst  639.5 [—85(SMA)/ — 90/ — 10/ — 50]s
ccce - Best 1152.1 [5/ — 85/90/50/65/5/0/ — 90]
Worst 6284 [—85/ — 85/90/50/65/5/0/0]
ccce v Best 1280.7 [—85/ — 10/35/40 (SMA)/50 (SMA)/25/ — 15/90]
Worst  920.3 [50 (SMA)/70/45/ — 40/ — 45/ — 5/ — 55 (SMA)/ — 35]

Table 12 Best and worst combination of the stacking sequences and layers to insert the SMA fibers for the rectangular plate

Boundary conditions ~ SMA fibers  Type w(rad/s)  Stacking sequence

SSSS - Best 439.9  [65/65/85/90]s
Worst 215 [—5/85/25/ — 40]s
SSSS v Best 689.3  [—65/70/85/90(SMA)]s
Worst 2389  [—5/10(SMA)/0/ — 45]s
ccce - Best 11223 [85/85/ —65/70/25/85/85/ — 85]
Worst  428.8  [—85/80/ — 70/60/45/5/ — 10/5]
ccce v Best  1239.8  [—85/80/85/55 (SMA)/45 (SMA)/75/90/90]

Worst 5549  [=5/— 10 (SMA)/ — 20/ — 75/85/ — 20/ — 45/ — 25 (SMA)]

fundamental natural frequency of 788.7 rad/s, which is smaller than the obtained optimum one. It can also be
observed that reinforcing the plate with SMA fibers increases the fundamental natural frequency of the simply
supported plates more than for the clamped ones. For the studied SMAHC rectangular simply supported
plate, using the optimum stacking sequences and optimum layers for inserting the SMA fibers increases the
fundamental natural frequency by approximately 57%.
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Fig. 8 Genetic algorithm results for the rectangular plate: a SSSS without SMA, b SSSS with SMA, ¢ CCCC without SMA, d)
CCCC with SMA

Table 13 Comparison of maximum fundamental frequency obtained by the genetic algorithm

Boundary conditions Plate geometry WwithoutSMA (rad/s) wwithsMa (rad/s) (W X 100)
SSSS Square 620.3 806.3 30.0
SSSS Rectangle 439.9 689.3 57.0
CCcccC Square 1152.1 1280.7 11.2
CCccC Rectangle 1122.3 1239.8 10.5

4 Conclusion

In the present study, vibrations of rectangular laminated composite plates reinforced with shape memory alloy
fibers under temperature change are studied. In order to simulate the behavior of the SMA fibers and account
for the generated recovery stress in the martensitic phase transformation, the one-dimensional Brinson model is
employed. Furthermore, to obtain the fundamental natural frequency of the hybrid laminated composite plate,
the first-order shear deformation theory and the Ritz method are used. Parametric studies on the influence of
the SMA fibers volume fraction and prestrain as well as the plate aspect and thickness-to-length ratios on the
structure’s fundamental natural frequency and critical thermal buckling temperature are carried out. After that,
a genetic algorithm is utilized to find, for the first time and simultaneously, the optimum stacking sequence
and the best layers to insert the SMA fibers, which maximize the fundamental natural frequency of the plate.
Through comparative studies, both the solution method, Ritz, and optimization procedure, genetic algorithm,
are validated. The main concluding remarks are summarized as follows:

e Increase in either the prestrain or volume fraction of the SMA fibers affects the fundamental natural
frequency and increases the critical buckling temperature dramatically.

e Reinforcing laminated composite plates with SMA fibers is more efficient in the simply supported plates
compared to the fully clamped ones.

e A square SMAHC plate has higher fundamental frequencies than a rectangular one with the same length.

e Decreasing the thickness-to-length ratio increases the effect of inserting SMA in the cases that their thermal
buckling occurs after the austenitic start temperature.
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e Inserting SMA fibers in a laminated composite plate does not necessarily increase the fundamental natural
frequency of the structure. Improper selection of the stacking sequence and the layers in which the SMA
fibers are embedded might reduce the natural frequency of the laminated composite plate.

e For the purpose of maximizing the fundamental natural frequency, the best layers to insert the SMA fibers
are the ones closest to the mid-plane.

Appendix A

The reduced stiffness matrix (Q;;) and the transformed reduced stiffness matrix (0; ;) of the kth layer with
the fiber orientation of 6 are

011 = L On = L Qun=0n= LI
1 —vipvo I —vpvy
Q44 = G23, QOs5 = G13, Qs = G12,
Q11 = 011 cos* O +2(012 + 2Qe6) sin? O cos? b + Q22 sin* Gy,
Q12 = (Q11 + 02 — 4Qe6) sin® O cos” O + Q1a(cos” 6 + sin* 6y),

02 = Q11 5in* 6 + 2(Q12 + 2Q66) sin’ b cos® 6 + Q2 cos” by,

1 —vipvp

Q16 = — cos bk sin’ 0 Q2 + cos> O sSin O, Q11,
— sin 6k cos Gk(cos2 Or — sin? 0r)(Q12 +2066),
026 = — cos> O sin 6 02 + cos O sin’ 6 011

+ cos O sin O (cos? O — sin® 6;) (12 + 2Q66).
Q66 = (Q11 + 02 — 2012) cos” b sin” O + Qs (cos” Oy sin” 6;)°,
Qus = Quacos’ b + Qss sin® b,
Q45 = (Qs5 — Qa4) cos Oy sin by,
QSS = QOss C052 Ok + Qua sin2 6. (A.1)

Appendix B

The detailed derivations of stiffness and mass matrices are as follows:
U
0 Umn

= %/[(Blleiwtum,xun + Bi6e" upmitn, ) (X i€ xg 1 X1)
Q0
+(3126iwtum,xun + B2()eiwtumun,y)(Ykleiwtykyl,y)
+(Bl6eiwtum,xun + B66eiwtumun,y)(Xkleiwtxkxl,y
+ Y€ yi i) + QAN U ug xup + A1a Vige' vy
+A16QQUKE" uguy,y + Vige" v xvr)
+B11 X' xi v x1 + BiaYiue' ™ yiviy
+Bi6(Xue' " xpxp,y + Yiee' e xy1) — Ny + Nt ctn)
+(A126iwtum,xun + A26eiwt”mun,y)(vkleiwt Uk Ul,y)
+QA16Ue " ug xus + AseViae' vguyy
+A66QUIE " ugusy + Vige' vg xv1)
+Bi16Xwe " xk x X1 + Bag Vi€ yiyi,y
+Beo (Xxre ™ xxr y + Yia€ ™ ye i) — NxTy + Niy)(ei‘”tumun,y)

+(A16€™ U xttn + A6 Uity y) (Vire' vi_xvp)1dxdy, (B.1)
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Using the above equations, the stiffness and mass matrices are computed as follows:
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