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Abstract The nonlinear forced vibration characteristics of functionally graded carbon nanotube reinforced
composite (FG-CNTRC) circular cylindrical shells are investigated. On the basis of Reddy’s first-order shear
deformation theory, von Kdrman geometric nonlinearity and Hamilton’s principle, the equations of motion are
derived. The Galerkin technique is applied to discretize the partial differential equations into nonlinear ordinary
differential equations, which are reduced by using Volmir’s assumption and the static condensation method. The
incremental harmonic balance method is applied to analyze the dynamic response of FG-CNTRC cylindrical
shells. A convergence study on the mode expansions is conducted by considering both axisymmetric and
asymmetric modes. The natural frequencies and the resonance responses are compared with existing studies to
examine the validity of this study. The effects of distribution and volume fraction of carbon nanotube, thickness-
to-radius ratio, length-to-radius ratio, dimensionless radial excitation amplitude and damping ratio on the
resonance responses of FG-CNTRC cylindrical shells are discussed. The results show that the reduced model
of the system is reasonable. The frequency responses of FG-CNTRC cylindrical shells show both hardening and
softening types of nonlinearities, and they are greatly influenced by the change of the fundamental vibrational
mode.

1 Introduction

Carbon nanotubes (CNTs) possess outstanding mechanical, electrical and thermodynamic performance, and
they have become an ideal reinforcing material for advanced composites [1-3]. Many investigations related
to carbon nanotube reinforced composites (CNTRCs) implied that the percentage and alignment of CNTs
can remarkably affect the mechanical behavior of CNTRCs [4—6]. Adopting the notion of functionally graded
materials and using CNTs as reinforcements in the matrix produce new emerging advanced composites, namely
functionally graded carbon nanotube reinforced composites (FG-CNTRCs). It was reported that Kwon et al.
[7] successfully implemented the fabrication of FG-CNTRCs in the laboratory. A variety of studies on the
mechanical characteristic of FG-CNTRC structures have been conducted recently.

Shen et al. [8,9] explored the large and small amplitude vibrations, thermal postbuckling and bending
of thermally postbuckled CNTRC beams in the conditions of elastic foundations and thermal environments,
considering the foundation-beam interaction and initial deformation resulting from thermal postbuckling. Their
studies illustrated that the thermal postbuckling path of beams with asymmetric CNT distributions is no longer
bifurcated. Lin and Xiang [10] and Ke et al. [11] researched the free vibration of FG-CNTRC beams in a
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linear and nonlinear field, respectively. Both their studies imply that beams with symmetric CNT distribution
possess greater frequencies than those with uniform or asymmetric CNT distribution. Using several shear
deformation theories, Wattanasakulpong and Ungbhakorn [12] studied the vibration and bending behavior of
CNTRC beams under uniform and sinusoidal loads. Ansari et al. [13,14] investigated the nonlinear primary
resonance responses of perfect and geometrically imperfect FG-CNTRC beams. Wu etal. [15, 16] also reported
the important influences of the initial geometric imperfections on the vibrational properties of FG-CNTRC
beams. Mirzaei and Kiani [17] researched the large amplitude nonlinear free vibrations of sandwich beams
with FG-CNTRC face sheets and stiff cores. Recently, Wu et al. [18] investigated the nonlinear primary and
superharmonic resonances of FG-CNTRC beams utilizing the incremental harmonic balance (IHB) method.
They found that only in FG-CNTRC beams possessing asymmetric CNT distribution can the 2 superharmonic
resonance Occur.

Several investigations on FG-CNTRC plates can be found in published works. Among those, Shen et al.
[19-21] carried out a number of studies on the nonlinear bending characteristics, dynamic response, buckling
and postbuckling behavior of FG-CNTRC plates. By using the element-free method, Zhang et al. [22-24]
explored the free vibrations of FG-CNTRC triangular, quadrilateral and rectangular plates. Considering four
different loadings, including uniform, linear, sinusoidal and exponential distributions, Sobhy [25] researched
the bending characteristics and stresses of FG-CNTRC plates. Kiani et al. [26,27] examined the free vibration
and shear buckling of FG-CNTRC skew plates by using the FSDT and Ritz method. Kiani [28] also obtained the
buckling loads and buckling mode shape of FG-CNTRC rectangular plates subjected to uniaxial compressive
parabolic loading.

Some reports about FG-CNTRC shell structures are available in the literature. Shen and Xiang [29] inves-
tigated the free vibrations of FG-CNTRC cylindrical shells under thermal loading. Shen [30,31] analyzed
the postbuckling of FG-CNTRC cylindrical shells in different conditions, including uniform temperature rise,
axial compression and external pressure. These two studies illustrated the remarkable influences of volume
fraction and distribution of CNTs on the postbuckling behavior of FG-CNTRC cylindrical shells, such as the
buckling load, buckling temperature, postbuckling strength postbuckling equilibrium path. Thang et al. [32]
proposed an exact solution to explore the influences of imperfection parameters and material properties on the
buckling characteristics of FG-CNTRC cylindrical shells under axial compressive force. Qin et al. [33] estab-
lished a general model via artificial spring approach and Ritz method to examine the vibrations of FG-CNTRC
cylindrical shells under arbitrary boundary conditions. Using the linear model, Song et al. [34,35] studied the
vibrational characteristics and impact response and active vibration control of FG-CNTRC cylindrical shells
via the assumed mode method. Thomas and Roy [36] presented the finite element modeling and vibration
analysis of FG-CNTRC shell structures, including spherical, ellipsoidal, doubly curved and cylindrical shells.
Ansari et al. [37,38] also studied the free vibration of FG-CNTRC cylindrical, conical and spherical shells. By
means of the Galerkin technique combined with the Runge—Kutta method, Due et al. [39,40] gave the vibration
responses of shear deformable FG-CNTRC cylindrical and double curved shallow shells. Shojaee et al. [41]
studied the free vibration behavior of FG-CNTRC skewed cylindrical shell panels based on FSDT. Considering
various boundary and loading conditions, the vibrational and postbuckling properties of FG-CNTRC cylindri-
cal shell panels were studied by Chakraborty et al. [42] using a semi-analytical approach. Pouresmaeeli and
Fazelzadeh [43] investigated the vibrational characteristics of moderately thick doubly curved FG-CNTRC
cylindrical, spherical and hyperbolic paraboloid shell panels.

As mentioned above, numerous researches have been presented about the vibration analysis of FG-CNTRC
structures. The aforementioned studies related to FG-CNTRC cylindrical shells mainly focus on the linear or
nonlinear free vibrations and postbuckling behaviors. At present, there are few studies on the nonlinear forced
vibrations of FG-CNTRC cylindrical shells under resonance conditions, which prompts us to carry out this
work. The nonlinear resonance of engineering structures should be avoided, which is worth studying through
forced vibration analysis. The equations of motion are derived from FSDT and von Kdrmén geometric non-
linearity and discretized by the Galerkin technique. By using Volmir’s assumption and the static condensation
method, two reduced models are established and compared with the full-order system. A convergence study
on the mode expansions is conducted considering both asymmetric and axisymmetric modes. The incremental
harmonic balance method [44] is utilized to calculate the nonlinear dynamic response of FG-CNTRC cylin-
drical shells under radial harmonic excitation. The effects of some key factors such as the distributions and
volume fraction of CNTs, geometric and excitation parameters on the resonance responses of the system are
revealed with numerical examples.
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Fig. 1 Sketch of the FG-CNTRC cylindrical shell with different CNT distribution patterns: a geometry and cylindrical coordinate
system of shell and b CNT distribution patterns in the thickness direction of shell

2 Functionally graded carbon nanotube reinforced composite cylindrical shells

As shown in Fig. la, a simply supported FG-CNTRC cylindrical shell with length L, mean radius L and
thickness /% is considered. The origin of cylindrical coordinate system is at the center of the left end of the
shell. x, 6 and z axes are along the axial, circumferential and radial directions, respectively. In the present
study, the FG-CNTRC cylindrical shell is under an external excitation F (x, 6) cos(£2t) in the radial direction.
The FG-CNTRC cylindrical shell is composed of an isotropic matrix and CNTs. The CNTs are used as
reinforcement and are dispersed in the form of uniform distribution (UD) or functionally graded distributions
(FGA, FGV, FGO, FGX) along the shell’s thickness direction, as plotted in Fig. 1b. The inner surface of the
FGA-CNTRC shell and the outer surface of the FGV-CNTRC shell are CNT-rich. Besides, both the outer and
inner surfaces of the FGX-CNTRC shell are CNT-rich, and the mid-plane is CNT-rich for the FGO-CNTRC
shell.
The material properties of FG-CNTRCs can be computed by the extended rule of mixture [19]

En = nlvcntElcr]lt + VmE™, (1a)

\% V
M2 Vent + 0 (1b)
Ey Eggt Em

1% v,
B e (lc)
Gip G12 G

where E ‘frllt, Egrzlt and G{' signify the Young’s and shear modulus of the CNTs, E™ and G™ are the properties
of the matrix, and n; (j = 1, 2, 3) denote the CNT efficiency parameters. Vi, and V¢ signify the volume
fractions of matrix and CNTs, which are linear functions of z for each type of CNT distribution:

Vent (UD)
(1-F) Vi  (FGA)
Vo= 4 I+ F)Vae  EFGY) y _j_y 2)
2 (1 - %) Vi, (FGO)
4y (FGX)
where
VE = Acnt 3)

et Acnt + (Iocnt/pm) - (pcnt/pm) Acni’
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where Acp is the CNT mass fraction, and p" and p™ signify the densities of CNT and matrix.
Besides, the Poisson’s ratio and density are obtained as

Vi2 = Vcntvfgt + VV™, p= chpcm + Vmp™, 4

where vfrzlt and v™ signify the Poisson’s ratios of CNT and matrix.

3 Equations of motion

On basis of the FSDT, the displacement at an any position of the cylindrical shell is defined by

ui1(x,0,z,t) =u(x,0,t) + z¢(x,0,1), (5a)
vi(x,0,z,t) =v(x,0,1) 4+ z¢e(x,0,1), (5b)
wi(x,0,z,1) = w(x,0,t), (5¢)

where u(x,0,1), v(x,0,t) and w(x, 6, t) signify the axial, circumferential and radial displacements in the
mid-plane; ¢ (x, 8, t) and ¢y (x, 6, t) signify the rotations of transverse normal around x and 6 axes.

In accordance with von Kdrmén geometric nonlinearity with Donnell’s shell theory, the strain—displacement
relations are

0
e
&x * Kx &0
0 & Xz
g9 (=19 % +zq Ko . {SZZ}={ o (6)
€ 0 K z €62
x0 £ x6
in which the normal strains and shear strains in the mid-plane are
0 du o 1 (6_w)2
€x ax 2 \ox 0 Jw
0 2 €z bx + 5¢
& — li’_v+ﬂ+l(l3_) — (7)
O (=YR9 TRT2\R30 ) e [T Ve[
0 ) 0z 0 T Roo
€0 1 9u + v + 1 0w dw
* R dx T Rox 9
and the changes of curvature and torsion are
e
Kx ax
— d¢e
= R00 : ®)
Kxo 10¢: | 34p
Ra0 T ax

The normal stress and shear stress can be expressed from Hooke’s law as

Ox 011 Q2 0 0 O Ex
ol Oi20» 0 0 0 g
op: =] 0 0 Qua 0 O oz ¢ )
O 0 0 0 Qss 0 Exs
ox0 0 0 0 0 Qe £x0

where the effective elasticity coefficients are

En Ex w1 En
On=———, On=——"7"—, Qin=7—"—"—, 0u=0G3, 0s55=G13, Q¢ = G2
1 — v I —vpvy 1 — v

(10)

The force and moment expressions could be acquired by integrating the stress components and their
moments over the thickness of the shell

Ny /2 | ox M, 2 | 0xz 0 2
N@ :/ op dZ, Mg :/ 0pZ dZ, {Q;}Z/ { XZ }dZ, (11)

o]
Nxg —h/2 | oxg Mg —h/2 | oxez —h/2 (702



Nonlinear forced vibration

2501

Substituting Eqgs. (68, 10) into Eq. (9) and then substituting the results into Eq. (11) gives rise to the

constitutive relations as

Ny Ay A, 0 By B 0 7| &
No Aip Ay 0 B Bn 0 &)
N | | 0 0 A 0 0 Bes | | & {QQ}_[AM 0 ”ggz}
M, o Bii1 Bl 0 Dy D O Ky ’ Ox| | 0 Ass ggz ’
My Bip B 0 Dip Dy 0O Kg
Mg | 0 0 Be6 O O Des | | kyp
where the stiffness coefficients are defined by
h/2
(Aij, Bij, Dij) = Ql,(l z,2dz (i, j=1, 2, 6),
h/2 h/2
Asg = ks Quaadz, Ass = ks ) Qssd z,

in which kg = 5/6 is the shear correction factor.
The potential energy V and kinetic energy T of the shell are

2w ph/2 Ju 3¢x 2 90 a¢9 9w )
/ / /h/zp(Z)[( M 81‘) +(8t+ W) +(¥> Rdzd6dux,

20 ph)2
/ / / (oxex + 0g&g + OxpExe + OxzEx; + 0980, )RdzdO d x.
h)2

The virtual work done by the radial excitation can be expressed as
L p2m
Wr = / / F(x,0)cos(£2t)6wRdOdx.
0o Jo
Substituting Egs. (14)—(16) into Hamilton’s principle
t n
/ QT —8V)dt +/ dWrdt = 0,
1 1

the equations of motion in terms of the force and moment can be obtained:

aN. 1 dN 92 92
u: X Tt O

ax R 090 312 312
dNy 1 9Ny 9%v 9%y
Sv LAy Ak A 4
Vi oy TRee T2 T e
3 19 Ny 9 3 Ny 0
Sw - Qx+_ Qo 9+ Nx—w xo 0w
0x R 00 dx ox R 06
9 (Npdw Ny dw + F(x. ) cos(@1) = Ia2w
— | —=— X, COS =
360 \RZ 96 ' R ox 02
M, 1 3dMy a2u 3%,
Syt X — —Q, = I ,
Ot YR e ST hgp T
1 oMy My 3%y 3¢
Sy i ——2 — Q= L2
% R o0 ox Qo= hga thos

in which the inertia terms are

h/2
I, L, I3} =/ p(2){1,z,2%}dz.
—h/2

(12)

(13a)

(13b)

(14)

15)

(16)

7)

(18a)

(18b)

(18¢)

(18d)

(18e)

(19)
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Substituting the results obtained from Eq. (12) into Eq. (18), the nonlinear equations of motion in terms of
displacements and rotations can be obtained. The dimensionless parameters are introduced as follows:

( 6" ) (XQZ) N L N h N h ( ) (u, v, w) (202)
X 9 sy Us 77 = 7> = —, == —, u v , W E—— a
¢ L' n 1Tk MPTR BTL I
An I FL?
= — L r=oL |2 pro , (20b)
L 110 Ao hAi10
(ai1, a12, a, asa, ass, aee) = (A” A An  Au  Ass A66) (20c¢)
e e Ao’ Ao’ Ao’ Ao’ Ao Ao
B11 B, Bx» B
(b11, b12, b2, bes) = ( , , , ) (20d)
Arioh Arioh Anoh Avnoh
D1y D> Dy Degg
(d11, d12, d2, des) = ( , , , > (20e)
Ar10h?” Aj10h®” Apoh? Aqioh?
LI I I3
1*7[*71 = B S Y 20f
(1 1. 15) (110 Lioh 110h2> (200

where Ajjg and /1o the values of Ay and /; for a homogeneous cylindrical shell made of polymer matrix
material.

Omitting the asterisk for brevity, the resulting dimensionless partial differential equations (PDEs) of motion
are given as

5 82u+ 5 8%u (@1 + age) A 3% a w
u: a a a a —_—
152 662 18 3 127 de6) Mooy 12A1 25
2 2 2
¢> 202y 9o
+hn—— =+ beshi—> sz + (b2 +bes) ko —2

dw 9%w 9%u 3%,

dw 3w 3w
+ r (mﬁ»sa +a66)»1)»2m) + (a2 + age) MAr— 39 3200 =1 157 + Izv, (21a)
Sv: (a2 +aes) M—— Pu + as6—> o +ani}— 2% +anrt— 20w
dx06 ax2 902 0x
52 52
+ (b12 + bee) A1 o (gg + b66 ¢0 + byat 88;29
dw 32w aw 9w ,. 3w 9%v BRI
t (@ tac) b oo + o0 <a66)»2 g2 T a2Ah 892> =hoz+h—Hy, (@b
Sw: — algkl—u — azzk%a—v + as55—~ G +a44A 82 azz)»zw
dx a6 9x2 Tapz 7M1
+ (%5 - blz?»l) 38<iix + (6144% - bzzﬁ) %
dw 8%u 3%u dw d%u
+ x (an)@a +6166)»1)»289 ) + (a2 +066))»1)»2¥8 59
ou 9w 92w
+to <a11A3 ox2 +aniiiz 892)
+2a66)»1)»28—u w + (a12 + aee) Xza—w (i + 8—w< 66227 (s +a22)» A2 a%)
060 dx00 dx dxd6 a0 9x2 902
+2ageA 2@ O
dx dx06

Lo ov 9w 4 a2 9w +a12A Jw 2_|_6122)¥2)L aw\ >
a a — — — —
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97w 97w
+ (6112)»2 512 +aniii; 892)

dw 92 BRI w 3%
+— (b11k38—¢ +b66)~1}\2W) +(b12+b66))»1?~2— o

ax a6 dx06
a¢x 9w 92w
b1 bioir—
ax<1]382+]212892
dpy 0w dw 3¢y dw RR 32¢9
2b — b b — b b —
+ 661289889+(12+ 66) A 255 889+80 66282+ 2ATA 2557
dpg 9w
2bgghy —
+ 2beg 2a 9x00
3¢ 9%w 5. 02w 3air ,0%w  ap +2ae6 07w (dw)?
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0 Tl ) (= 2 4
+( 7 Mgty Mhagg ) (Gg) Qe tas) By aa gt
92w
+F(x,9)COS(Qt)211W, (210)
3%u 5 3%u 3%v 55\ dw
8oy 1 by besh? + (b bes) A biph — — )| —
bx 153 T heshioos + (b12 + beo) 18x89+(121 A3)8x
52
¢x 28 Ox ass
+d11 + deeA i ——5- 502 ¥ —5 b«
52 2 2
0“¢g ow d“w 0“w
d des) A — | b11A begA 1A
+ (d12 + des) 1339+a nisog +6612892
dw 92w 9%u BRI
b bes) AMAr— h— 4+ I ——, 21d
+ (b + 66)1289889 257 T 50 (21d)
Sh0 - (b + beo) - b a2 (yyi2 — gy ) 22
: —a —_— —
0 12+ beo) Mg+ be6 3 + b 1302 2A — a5
9%, 9%y
d des) A dee—
+ (d12 + des) 155 89+ 66752
92 o  ass dw 92w
dni} -~ b12 + beo) A
tdndi—or A2¢0+(12+ 66)2a 5730
dw 9w 92w 9%y BRI
— ( besr bpria Lh—s 4+ —5. 21
+89<66282+ 22 2892) 8t2+38t2 (21e)
4 Solution procedure
4.1 Model reduction
The mathematical expressions of simply supported boundary conditions are [45]
v=w=¢g =Ny =M, =0 (x=0 and L). (22)

The Galerkin procedure is utilized to discretize PDEs. Considering both the asymmetric and axisymmetric
modes, the approximate displacement functions to satisfy the boundary conditions can be written as [45,46]

My J

U(x,0.1) =YY, ju(t) cos(mmx) cos(jnd) + Z U@m—1).0(t) cos((2m — 1)mx), (23a)

m=1 j=I m=1
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My J
v(x,0,1) = Z Z U, jn(£) sin(mmx) sin(jné), (23b)
m=1 j=I
My J My
W, 0.1) = > Y wy jn(t) sin(mrx) cos(jnd) + Y wam—1),0() sin(2m — D), (23¢)
m=1 j=I m=1
My J M,
$e(x,0,0) = " Gum, jn(t) cos(mmx) cos(jnd) + Y bram—1,0(1) cos((2m — Hxx), (23d)
m=1 j=1 m=1
My J
Go(x,0,0) =Y > Gom. ju(t) sin(mmx) sin(jnb), (23e)

m=1 j=1

where m and n, respectively, denotes the axial half wave number and circumferential wave number, u,, j, (¢),
U, jn (1), Wi, jn(t), dxm,jn(t) and ¢y, jn(t) are generalized coordinates of asymmetric modes (n > 0),
UQm—1),0, W2m—1),0 and ¢y 2m—1),0(¢) are generalized coordinates of axisymmetric modes (n = 0).

The external radial modal excitation is defined as F (x, 6, t) = f sin(mmx) cos(nf) cos(§2t). Introducing
Eq. (23) into Eq. (21) and executing the Galerkin integration yields the nonlinear ordinary differential equations
(ODESs) in matrix-vector form as

T T 4T

M + (K + K@ + K®)q = Fcos(£21),

(24)

where q = [q,,q,.4,, qu, qgg]T and F = [0, 0,F,, 0, 0]T, respectively, represent the generalized

coordinate and force vectors, 2 is the frequency of radial harmonic excitation, and M, K, K® and K® are
the mass, linear stiffness, quadratic and cubic nonlinear stiffness matrices, which, respectively, take the form

K® =

M;; 0

0 My 0
0 My, 0 0 Moys
0 0 Mz 0 O

Msyi 0 0 My O
0 M5 0 0 Mss

@ 7
0 0 K% o o

0 0 K3 0 o0

@ K@ KO K@ K@
K31 K32 K33 K34 K

35
0 0 K3 0 o0
0 0 K? o0 o

Ko K22 Koz Kog Kos
K31 K32 K33 K34 K3s
K41 Ky Ky3 Kygq Kys
Ks1 Ks2 Ksz Kss Kss

700 0 007
00 0 00
00K 00
00 0 00
00 0 00

K® =

The elements of the above matrices are defined in Appendix A.
To reduce the degrees of freedom, the nonlinear dynamic model is simplified by using Volmir’s assumption
and the static condensation method, respectively. First, the equations of motion can be rewritten as

K19, + Ki2qy + Ki3qu + Kiaqy, + Kisqg, + K%)qw =-Mpj g, — M4,
K21qu + Knqy + Kazqy + Kaaqe, + Kosqg, + K%)Qw = —Mn2{y — Masqg,,

M33qw + K319, + K32qy + K33qy + K34qg, + K35q4,
2 2 2 2 2 3
Kgl)q” + Kéz)qv + K§3)‘1w +KZ gy, + Kgs) qg + Kg;‘lw =Fy,

2 .. ..
K41qu + Ka2qy + Ka3qy + Kag@, + Kysqp, + K4(13)qw = —Mu1q, — Mysdy,
Ks1q, + Ks2qy + Ksaqu + Ksaqyp, + Kssqg, + K%)qw = M52y + Mssqg, -

K1 Ki2 Ki3 Ki4 Kj57]

; (25a)

(25b)

(26a)
(26b)

(26¢)
(264)
(26e)
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According to Volmir’s assumption [47], the in-plane displacements (u,,,, Vp,,) and the rotations (@xm.n, Pom.n)
are much smaller than the radial displacement w,, ,. Neglecting the in-plane inertias and rotational inertias in
Egs. (26a-b) and (26d—¢), one can write

Kii Ki2 K4 Kis qu Kis K%) ]

Koi Kop Koy Kos Qv Kos K%)

Ky Kip Kyg Kas | [ qp, |~ 7 | Kag |07 K.Y o @7
K51 K5z Ksg Kss gy Ks;3 K%)

Solving Eq. (27) with regard to the generalized coordinates of in-plane displacements and rotations (q,,,
4y, 94, and qg, ), and then introducing the results into Eq. (26¢), the equations of motion are converted into a
reduced equation with regard to the generalized coordinates of radial displacement (q,)

Maziy + (K + K? + KP)q,, = F,, (28)

where K, ng) and KS) are the generalized linear, quadratic and cubic nonlinear stiffness matrices.

In addition, the static condensation method [48] is also a technique to simplify the model. Solving Eq. (27)
with respect to qy, qu, ¢, and qg,, and then introducing the results into the right hand side of Egs. (26a-b)
and (26d—e) yields

K1 Ki2 Kis K5 qu Ki3 _K%)- M,

K21 K2 Ky Kos Q K23 K M |

Ko Ko KuKis || as | | K v K ot My [ @
K51 K5z Ksy Kss Ay Ks3 _Kg? | My

where M; (i = 1, 2, 3, 4) are matrices obtained from Eq. (27).
Repeating the procedure to calculate q, qv, g4, and qg, by solving Eq. (29) and then introducing the
results into Eq. (26¢), the equation of motion is converted into another reduced equation with regard to qy,:

Mdy + Cq,, + Ks + K? + KP)q,, = F,, (30)

where the generalized mass matrix Mg is a complicated function of the in-plane, radial direction and rotary
inertias. Besides, the damping matrix is introduced as C = 2cw,,, M, where wy, , and ¢ represent the natural
frequency and the damping ratio, respectively. In Sect. 5.1, the results of vibration analysis for FG-CNTRC
cylindrical shells from these two reduced models are compared with those from the full-order system.

4.2 Incremental harmonic balance method

The process of calculating the dynamic response of nonlinear vibrational system by IHB method is briefly
introduced. Introducing a new dimensionless time scale T = §2¢ and omitting the subscripts for brevity, Eq.
(28) or Eq. (30) can be rewritten as

2°M{ + 2Cq+ K+ K® + K®)q = Fcos(r). 31)

The incremental process is performed firstly. A certain vibration state is denoted in terms of g jo and wg, and
adding the corresponding small increments to them gives the adjacent state

gi=qj0+Aq;, (j=12,..N), 2=aw+Aw. (32)

Substituting Eq. (32) into Eq. (31) and omitting the higher-order terms of increments, the linearized incremental
equation can be obtained:

WgMA{ 4+ 0oCAqQ + (K + 2K? + 3KP)Aq = Re — 2woMi, + Cdo) Aw, (33a)
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Re = Fy cos(t) — [ Mijo + w0 Cio + (K + K + K¥)qo (33b)

where qo = [¢10, ¢20, ..., gnolT and Aq = [Ag1, Aga, ..., Agn]T, Re is the residual error and will become
zero when qq approaches the exact solution.

Secondly, the harmonic balance process is executed. The periodic solution and increment are assumed to
be truncated Fourier series

Np Np

1
qjozEajo—l—Zajkcoskr—i-ijksinkt=CSA,~, (34a)
k=1 k=1
1 Nh Nh
Agjo = 5 Aajo+ > Aajicoskt + Y Abjsinkt = CiAA;, (34b)
k=1 k=1
where
Cs =[1,cost,cos2t, ...,co8s Ny, sin T, sin 27, ..., sin Ny 7], (34¢)
1 T
Aj = I:EajO,aj],ajZ’ v AjNgs b1, b2, ---,ijh] , (34d)
1 T
AA; = EAajo,Aajl,Aajz,...,AajNh,Abjl,Abjz,...,Aijh . (34e)

Ny, is the number of harmonic terms, which is determined by the required computational accuracy. The solution
is a periodic function of T with a period T = 2.
The unknown periodic solution qg and increment Aq can be written as
qo =SA, Aq=SAA, (35)

where A = [A1, Az, ..., A, 1T, AA = [AA|, AAy, ..., AA,]T and S = diag . [C;, Cs, ..., Cql.
Substituting Eq. (33) into Eq. (31) and executing the Galerkin averaging process yields

2
/ 5(Aq)T [a)gMAq + wpCAG + (K +2K@ + 3K<3>)Aq]d .
0
21
= / 8(AQ)" [Re — 2woMip + Cdo) Aw]d 7. (36)
0

Then, the linear equations with respect to increments AA and Aw are obtained as

K cAA =R — R, Aw, (37)
where
2” . .
Kine = / sT [ngs + woCS + (K +2K@ + 3K<3>)s]d T, (38a)
0
27[ . .
R — [ ST {FO cos(t) — [a)ng + woCS + (K +K? + K(3))S] A}d z, (38b)
0
27[ . .
R = / ST2woMS + CS)Ad 7. (38¢)
0

The initial value used in solving Eq. (37) is assumed to be a guess solution or a known linear solution.
Combined with the incremental arc-length method [44], the complicated frequency response curve for FG-
CNTRC cylindrical shells can be automatically constructed.
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Table 1 Comparisons of natural frequency (Hz) for an isotropic cylindrical shell (L = 410 mm, R = 301.5mm, 2 = 1 mm,
E =210GPa, v = 0.3, p = 7850kg/m?)

Mode (m, n) Ref. [29] Ref. [34] Present results
Full Eq. (24) Reduced Eq. (28) Reduced Eq. (30)

1,7 306.73 303.34 303.3356 306.7347 303.3366
(1, 8) 283.30 280.92 280.9182 283.3065 280.9187
(1,9) 290.59 288.68 288.6767 290.6001 288.6770
(1, 10) 320.04 318.35 318.3473 320.0549 318.3476
(1, 11) 364.83 363.26 363.2485 364.8527 363.2487
(1, 12) 420.59 419.08 419.0642 420.6174 419.0645
(1, 13) 484.84 483.37 483.3472 484.8757 483.3475
(1, 14) 556.24 554.80 554.7730 556.2917 554.7733
(1, 15) 634.08 632.66 632.6251 634.1438 632.6255

5 Results and discussion

The nonlinear resonant responses of FG-CNTRC cylindrical shells are numerically simulated, and parameter
studies are carried out in this section. Poly methyl methacrylate (PMMA) is chosen as the matrix with E™ =
2.5Gpa, p™ = 1190kg/m® and v™ = 0.3. The (10, 10) single-walled carbon nanotubes are chosen as
reinforcements with [29] ESt = 5.6466 Tpa, ESSt = 7.0800 Tpa, GS5t = 1.9445 Tpa, p°™ = 1400 kg/m* and
V{5t = 0.175. The CNT efficiency parameters are: 1 = 0.137, 1 = 1.022 and n3 = 0.715 for V%, = 0.12,
n = 0.142, np = 1.626 and 3 = 1.138 for Vi, = 0.17, and n; = 0.141, n2 = 1.585 and n3 = 1.109 for
v, =0.28.

cnt T

5.1 Validation and convergence studies

To examine the validity of the structural dynamic model and solution method, comparison studies with results
in the literature are conducted. Firstly, the natural frequencies of an isotropic cylindrical shell are computed
by using the full-order system Eq. (24), reduced model Eq. (28) and reduced model Eq. (30), and they are
compared with those of Shen and Xiang [29] and Song et al. [34] in Table 1. It is obvious that the present
natural frequencies are consistent with those in the literature. The natural frequencies from the reduced model
Eq. (30) (static condensation method) are very close to those from the full-order system, while the results from
the reduced model Eq. (28) (Volmir’s assumption) are slightly larger than those from the full-order system.

Secondly, the dimensionless natural frequencies §2 = w(R?/h)«/pm/Em of FG-CNTRC cylindrical shells
are computed in Table 2. As can be seen, the results from the reduced model equation (28) (Volmir’s assumption)
are in accordance with those of Shen and Xiang [29] and Ansari et al. [37]. The natural frequencies from the
reduced model equation (28) (Volmir’s assumption) are much larger than those from the full-order system.
Ignoring the in-plane and rotational inertias will reduce the generalized mass and make the natural frequency
larger. Therefore, the reduced model equation (30) using the static condensation method can describe the
natural characteristics of FG-CNTRC cylindrical shells with more reasonable accuracy.

The convergence on the mode expansions of Eq. (23) is tested for the frequency responses of FG-CNTRC
cylindrical shells. Due to quadratic and cubic nonlinearities, the resonant mode (m, n) directly driven by
modal harmonic excitation is coupled with asymmetric modes (k x m, j x n)(k = 1, 3, j = 1, 2, 3) and
axisymmetric modes (m, 0) (m = 1, 3, 5, 7) [45,46]. Because of the symmetry of system and external
excitation distribution, only modes having odd m axial half waves are considered. Therefore, the convergence
is examined though introducing these additional modes to the mode expansions, and the following models
with different degrees of freedom are established:

(a) 2 dofs, modes (m, n) and (m, 0) for axial and radial displacements u, w and rotation ¢,; modes (m, n)
and (m, 2n) for circumferential v and rotation ¢y;

(b) 3 dofs, modes (m, n), (m, 0) and (3m, 0) for u, w and ¢, ; modes (m, n), (m, 2n) and (3m, 2n) for v and
®o;

(c) 4 dofs, modes (m, n), 3m, n), (m, 0) and (3m, 0) for u, w and ¢, ; modes (m, 2n), (m, 2,)), 3m, n) and
(3m, 2n) for v and ¢p;
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Table 2 Comparisons of the dimensionless natural frequency £2 = w(R?/h)</pm/Em for a FG-CNTRC circular cylindrical
shell (h =0.005m, R/h =10, L = +/500Rh)

Vi Distribution Ref. [29] Ref. [37] Present results
Full Eq. (24) Reduced Eq. (28) Reduced Eq. (30)
0.12 UD 1.7231 1.7020 1.54277 1.72522 1.54357
FGV 1.7595 - 1.57358 1.76145 1.57443
FGA 1.6652 1.6614 1.50912 1.68598 1.50985
FGX 1.7814 1.6977 1.58857 1.77653 1.58943
0.17 UD 2.2106 2.1900 1.97889 221317 1.97991
FGV 2.2619 - 2.02191 2.26531 2.02299
FGA 2.1477 2.1486 1.95022 2.17738 1.95116
FGX 2.3121 2.1913 2.06218 2.30648 2.06330
0.28 UD 2.3548 2.3178 2.10889 2.35785 2.11000
FGV 2.4196 - 2.16716 2.43333 2.16834
FGA 2.3306 2.3228 2.12079 2.36142 2.12183
FGX 2.5651 2.3675 2.29833 2.56999 2.29969
(a) (b 1
0.8
= = o6f
2 2
g g O 4 -
= =
0.2
0 . : . . 0 . . - .
0.98 0.99 1 1.01 1.02 1.03 0.98 0.99 1 1.01 1.02 1.03
Frequency ratio (2/w; ) Frequency ratio (2/w; )

Fig. 2 Convergence analysis of frequency response curve of FGA-CNTRC cylindrical shells: a hardening behavior with V, =
0.17, L/R = 2, h/R = 0.005, ¢ = 0.001, f = 0.00025; b softening behavior with V;, = 0.17, L/R = 20, h/R = 0.01,
¢ =0.001, f =0015

(d) 5 dofs, modes (m, n), 3m, n), (m, 0), 3m, 0) and (5m, 0) for u, w and ¢,; modes (m, n), (m, 2n),
(m, 3n), Bm, n) and (3m, 2n) for v and ¢y;

(e) 6 dofs, modes (m, n), 3m, n), (m, 0), B3m, 0), (5m, 0) and (7m, 0) for u, w and ¢,; modes (m, n),
(m, 2n), (m, 3n), 3m, n), Bm, 2n) and (3m, 3n) for v and ¢y.

Figure 2 presents the frequency responses of FGA-CNTRC cylindrical shells under primary resonance (at
§2 near wy, ,) by using different mode expansions. The mode (m = 1, n = 6) is considered. From Fig. 2a, the
hardening nonlinear behavior is expected for a short and very thin shell (V}, = 0.17, L/R = 2,h/R = 0.005),
and the 2 dof model shows a more strongly but inaccurate hardening behavior. For a long and moderately thin
shell (V}, = 0.17, L/R = 20, h/R = 0.01) in Fig. 2b, the 2 dof model with only the first axisymmetric
mode used in the expansion gives a strongly hardening behavior. However, the 3 dof model gives a softening
behavior and the higher-order expansions (5 dof and 6 dof models) converge to a more strongly softening
behavior. False hardening behavior is obtained when the number of mode expansions is insufficient, which
indicates that the axisymmetric modes play a key role in predicting the actual nonlinear behaviors of the shell.
The above convergence study illustrates that the 5 dof model can gives accurate results and the corresponding
computational time is reasonable. Consequently, the 5 dof model will be used in the subsequent numerical
analysis.

As an example of verifying the nonlinear dynamic model and the accuracy of the solution procedure, the
frequency responses of an isotropic cylindrical shell under the external modal excitation are calculated from the
reduced model, and compared with those of Pellicano et al. [46] in Fig. 3. The material and geometric properties
of the considered isotropic cylindrical shell are: E™ = 71.02Gpa, p™ = 2796kg/m> and v™ = 0.31; L =
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Fig. 3 Comparison of frequency responses of isotropic cylindrical shells

0.2m, R = 0.1 m, & = 0.000247 m. The amplitude of external modal excitation is f;.» = 0.0012h%p™w?, ,
and the damping ratio is &, , = 0.0005. The mode studied is (;m = 1, n = 6). Good consistency with the
results in the literature can be seen from Fig. 3, which verifies the correctness of present nonlinear reduced
model and solution procedure.

In this subsequent numerical simulation, the nonlinear primary resonance responses of the fundamental
mode (with the lowest natural frequency w,, ,) of FG-CNTRC cylindrical shells are analyzed. Figure 4 plots the
frequency responses of different asymmetric and axisymmetric modes for FGA-CNTRC cylindrical shells in
the softening case (V3 = 0.17, L/R = 20, h/R = 0.01). The amplitudes of those additional modes are much
smaller than that of the first asymmetric mode w; ¢ (driven mode). Besides, the first and fifth axisymmetric
modes (w10 and ws ) show negative amplitude. This is because the displacements of wi o and ws o are
always negative and the minimum amplitudes are used in the frequency response curves. The first and fifth
axisymmetric modes contribute to the axisymmetric shell contraction, and they are important in predicting the
softening or weakly hardening behaviors of cylindrical shells.

5.2 Effect of CNT distributions on the system response

Figure 5 depicts the frequency responses of the fundamental mode of CNTRC cylindrical shells with the
five distributions of CNTSs. It be seen from Fig. 5a, for the long and thick shells (VZ, = 0.17, L/R = 16,
h/R = 0.1) with the five considered CNT distributions, the fundamental modes of the shells are all (m = 1,
n = 1) and the their nonlinearities are hardening. The FGA-CNTRC shell has the lowest dimensionless
fundamental natural frequency and highest peak amplitude. On the contrary, the FGV-CNTRC shell possesses
the highest dimensionless fundamental natural frequency and lowest peak amplitude.

In Fig. 5b, a thin shell (VZ, = 0.17, L/R = 4, h/R = 0.005) with softening behavior is studied. Similarly,
the CNT distributions do not change the fundamental mode shape (m = 1, n = 6) and its nonlinearity. The
highest fundamental natural frequency and lowest peak amplitude correspond to FGX-CNTRC shell. The
lowest fundamental natural frequency and the largest peak amplitude belong to FGO-CNTRC shells.

5.3 Effect of CNT volume fraction on the system response

The influence of CNT volume fraction on the dynamic resonance responses of FGA-CNTRC cylindrical shells
is analyzed in Fig. 6. With the increase in CNT volume fraction, the fundamental natural frequency increases
and the peak amplitude decreases, whether the nonlinearity is hardening or softening. For both the thick and thin
shells, the variations of CNT volume fraction do not change the fundamental mode shape and the nonlinearity
(hardening or softening). The lower the CNT volume fraction, the stronger the hardening or softening nonlinear
behavior becomes, and the wider the resonant region. For the thin shell with softening behavior, the unstable
solution branch disappears when V, = 0.28. Consequently, the FGA-CNTRC cylindrical shell having higher
CNT volume fraction are more stable and safer.
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Fig. 4 Frequency response curve of different modes of FGA-CNTRC cylindrical shells (V, = 0.17, L/R = 20, h/R = 0.01,
¢ =0.001, f = 0.0015). Solid and dashed lines represent the stable and unstable solutions, respectively

5.4 Effect of thickness-to-radius ratio on the system response

The linear natural frequencies of FGA-CNTRC cylindrical shells with various thickness-to-radius 7/ R ratios
form = 1 are given in Fig. 7. As the ratio 2/ R is increasing, the circumferential wave number n corresponding
to the fundamental mode decreases, n = 6 for i/R = 0.002; n = 5for h/R = 0.004; n = 4 for h/R = 0.006
and 0.008; n = 3 for A/R = 0.01 and 0.02; and n = 2 for /R = 0.04, 0.06, 0.08 and 0.1.

Figure 8 illustrates the influence of the ratio 2/ R on the frequency responses of the fundamental mode of
FGA-CNTRC cylindrical shells. Increasing the ratio 4/ R will enlarge the stiffness and fundamental natural
frequency of the shell. For thin shells with smaller /2 / R in Fig. 8a, the resonance response curves show softening
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Fig. 5 Frequency response curves of the fundamental mode of CNTRC cylindrical shells with different CNT distributions: a
hardening behavior with ch]t =0.17, L/R = 16, h/R = 0.1, ¢ = 0.001, f = 0.01; b softening behavior with VC";]t = 0.17,
L/R=4,h/R =0.005,c=0.001, f = 0.0004
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Fig. 6 Frequency response curves of the fundamental mode of FGA-CNTRC cylindrical shells with different CNT volume
fractions: a hardening behavior with L/R = 16, h/R = 0.1, ¢ = 0.001, f = 0.008; b softening behavior with L/R = 4,
h/R = 0.005, c = 0.001, f = 0.0004
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Fig.7 Variation of natural frequencies of FGA-CNTRC cylindrical shells with the circumferential wave number n under different
h/R ratios (VZ, =0.17,L/R=8,m=1)
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Fig. 8 Frequency response curves of the fundamental mode of FGA-CNTRC cylindrical shells with different /R ratios: a thin
shell with f = 0.001; b thick shell with f = 0.003 (V, =0.17, L/R =8, ¢ = 0.001)
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Fig. 9 Variation of natural frequencies of FGA-CNTRC cylindrical shells with the circumferential wave number n under different
L/R ratios (V% =0.17, h/R =0.01,m = 1)

nonlinear behavior. The peak amplitude decreases markedly with increasing 4 /R ratio. It is noteworthy that
for the case /R = 0.004 which has the highest peak amplitude, the resonance response curve displays a
softening behavior initially and then tends to a hardening behavior at the higher vibration amplitudes.

With the i/R ratio increasing further, the thickness of shell is moderate and the nonlinearity tends from
softening to hardening, as depicted in Fig. 8b. The fundamental mode of the shell with softening behavior is
obtained for n = 3 in the case of /R = 0.02, while the fundamental modes (n = 2) for #/R = 0.04, 0.06
and 0.08 have hardening behavior.

5.5 Effect of length-to-radius ratio on the system response

Figure 9 shows the natural frequencies of FGA-CNTRC cylindrical thin shells with various length-to-radius
ratios L/R for m = 1. The circumferential wave number n of the fundamental mode decreases as the L/R
ratio increases n = 7for L/R = 1;n = 6for L/R =2;n =5for L/R =3;n =4 for L/R = 4,5 and 6;
n=3forL/R=8,12and 16; and n = 2 for L/R = 20.

Figure 10 demonstrates the effect of L/R on the resonance responses of the fundamental mode of FGA-
CNTRC cylindrical shells. With increasing L/R ratio for moderately long shells (L/R = 4—7), the fun-
damental natural frequency wi 4 increases, while for long shells (L/R = 8—16), the fundamental natural
frequency w13 first decreases slightly and then increases. Accordingly, the peak amplitude w4 of the shell
is reduced by increasing the length-to-radius ratio, while wy 3 is enlarged first and then reduced. Hardening
behavior only shows in the short shells (L/R = 3—5) and generally softening behavior is shown in long shells
(L/R = 6-20).
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Fig. 10 Frequency response curves of the fundamental mode of FGA-CNTRC cylindrical shells with different L/R ratios: a
moderately long shell and b long shell (V. = 0.17, #/R = 0.01, ¢ = 0.001, f = 0.0015)
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Fig. 11 Frequency response curves of the fundamental mode of FGA-CNTRC cylindrical shells with different excitation ampli-
tudes: a hardening behavior with V5, = 0.17, L/R = 16, h/R = 0.1, ¢ = 0.001; b softening behavior with V} = 0.17,
L/R=4,h/R =0.005,c=0.001

5.6 Effects of excitation amplitude and damping ratio on the system response

The influences of excitation amplitude and damping ratio on the dynamic responses of the fundamental mode
of a FGA-CNTRC cylindrical shell are, respectively, analyzed in Figs. 11 and 12.

Figure 11 indicates that the increase in radial excitation amplitude can enlarge the resonant responses of
the shell. The unstable solution branches appear and become broader with increasing the radial excitation
amplitude. As the resonance response can be suppressed effectively by the damping, increasing the damping
ratio can reduce the peak amplitudes. As shown in Fig. 12, with the damping ratio increasing, the unstable
solution branches in both the hardening and softening frequency response curves are narrowed, and vanish
when ¢ = 0.0015.

6 Conclusion

The nonlinear forced vibration characteristics of FG-CNTRC cylindrical shells under radial harmonic excitation
are analyzed in view of FSDT and von Kdrman geometric nonlinearity. Two reduced models are established by
Volmir’s assumption and the static condensation method, and compared with the full-order system and previous
studies in the literature. A convergence study on the mode expansions is conducted by introducing different
asymmetric and axisymmetric modes. The dynamic responses of the fundamental mode of FG-CNTRC shells
are calculated using the IHB method. The effects of distribution and volume fraction of CNT, geometric and
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Fig. 12 Frequency response curves of the fundamental mode of FGA-CNTRC cylindrical shells with different damping ratios:
a hardening behavior with V%, = 0.17, L/R = 16, h/R = 0.1, f = 0.01; b softening behavior with V3 = 0.17, L/R = 4,
h/R = 0.005, f = 0.0004

excitation parameters on the nonlinear dynamic behaviors are discussed. The following conclusions can be
drawn:

1. The variations of distribution and volume fraction of CNTs do not transform the fundamental mode shape
of FG-CNTRC shells and its nonlinearity. The FGA-CNTRC shell has the lowest fundamental natural fre-
quency and the highest peak amplitude for thick shell with hardening behavior, whereas these characteristics
belong to the FGO type for thin shell with softening behavior.

2. The increase in CNT volume fraction results in enlarging the fundamental natural frequency and a decrease
in the peak amplitude. The hardening or softening nonlinear behavior of the FGA-CNTRC shell becomes
stronger and the unstable solution region is broader with the CNT volume fraction decreasing. The FG-
CNTRC cylindrical shells having higher CNT volume fraction are more stable and safer.

3. The circumferential wave number n corresponding to the fundamental mode with increasing thickness-to-
radius ratio and length-to-radius ratio. The increase in thickness-to-radius ratio causes the enhancements
of stiffness and fundamental natural frequency of FG-CNTRC shells, and enables the nonlinearity of
fundamental mode tend from softening to hardening.

4. Asthe length-to-radius ratio increases, the fundamental natural frequency increases and the peak amplitude
of the fundamental mode of the shell decreases. Hardening nonlinear behavior only shows in short or thick
shells and softening behavior is generally displayed in long shells. Increasing the excitation amplitude and
decreasing the damping ratio will amplify the resonance response and broaden the unstable solution region.

The present study can be instructive for the nonlinear forced vibration analysis of FG-CNTRC cylindrical
shells.
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Appendix A

Rewrite Eq. (23) in vector form as

u(x,0,1) =UT(x,0)qu(t), v(x,0,1) =V(x,0)q,1), wx,0,1) =W (x,0)qy,{),
Gx(x,0,1) = ®L(x,0)q4, (1), ¢o(x,6,1) = ®L(x, 0)qq, (1),
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where Uy, jn(x,0) = Py, jn(x,0) = cos(mmx) cos(jnb), Vi jn(x,0) = o, ju(x,0) = sin(mmx) sin(jnd)
and W, jn(x,0) = sin(mmx) cos(jnb).
The elements of the matrix M are

L 2 L 2
M11=/ / IHUUTd 6 d x, M14=f / LU®Tdod x;
0 0 0 0
L 2w L 2w
M22=/ / IoVVIdodx, Moys =/ / LV®,dodx,
0 0 0 0
L 2
Ms; = / / IoWWTd 6 d x;
0 0
L 2 L 2
M41=/ / L@, UTdodx, M44=/ f L®, ®Tdodx;
0 0 0 0

L 2 L 2
Ms, =/ / L ®VTdodx, Mss =/ / L®®ldodx.
0 0 0 0

The elements of the matrix K are

2w BZUT 1 2 32VT
K = / f (allU +a66)n U—— >d9 dx, Kij» = —(ap + ase) )»1/ / U dodux,

962 0x00

2 T 2
BW
K3 = —sz/ / d9dx Ky = / / (

<I>
>d9dx,
2 82
K15=—(b12+b66)mf/ U Qdedx;
o Jo dx
12 42T 2 92vT
K21=—(012+a66)11// V d9dx Ky =— // (a66V +a22)L2V 302 )dedX,

2w T 2 2 T
8W 8
_022)‘1/ / dodx, Koy =-— (b12+b66)k1f f xd@d
2 5 9 <I>T
Kys = / / b66V +b22)~ V—~+ 502 dfdx
2 21 3VT
K31=a12k1// W—dedx K32—a22/\2f/ W—dedx
2
Ks3 = f / (
21 T
0P
K34=—(ai—b12k1>f f Wotdodx

by 5 a<1>g
Kjs = — a44— — bnAj W<I>9—d9 dx;
A3 0o Jo a0

1 p2n 21T 271T
9*U , 92U
K4] = —/(; /(; (b”(I)xW +b66)\,lq)xw>d9dx,

K>3

6122)\ WW >d9 dx,

1 21 82vT
K42=_(b12+b66))L1/ / ®, dodux,
dxd6
2w 8WT
Ky3 = biph — — / / dodx,

2 2 T 5 3 <I>T ('155 T
Ky = — di P, +d66)‘« b, —— =P, ‘I’ dodx,
ox? 902 52
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2 82(I>T
Kys = (d12+d66)?»1/ / 9d9dx
2
Ks; = — (b12 +b66))~1/ / <I>9 d9 dx,
0x00
2w 32VT
Ks; = / / (b66<1>9 +b22)»2<1>9 52 )d@ dx,
2 T
A%
K=—bA2——1//<1> dodx,
53 <22 1 6144)%) ) Gy X
1 op2r 28T
K54:_(d12+d66))\1f f $y—2dodx,
dxd0
2 8 <I>
Ks5 = / / (d66(1>9 +d22A2<D9 PYE 6 _ 4 <I>9<1>T>d9 dx.
The elements of the matrix K@ are
2 T 2w T
3 92WT 0-W
K%) = / / qu | a1123 + ageriry——— |dOdx
9x2 00
2 awT 82WT
— AMA U—— dod
(a12 + agp) A 2/0 /0 05 Wy ag X;
1 pon T 23w T
A% 0°W
K§23) = — (a12 + aep) ?»2/ / V dodx
dx00
/ / 90 —7 qw <a66)~2 922 +a22)» A —— 542 )d@dx;
o T 201T 201T
BW 0-U 0-U
ngl) = / / qQu (all)LS %) + ageh 1Ay —=— 592 )d@dx
2 T 82UT
AMA —ded
— (a12 + age) M 2/ / vy ag x
2 23w T T
W ou
/ / (all)":') 8 +Cl]2)\,1)\,2 892 )qudedx
2 2w T T
W U
— 2066)\.])\.2/ / W quw——dOdx,
o Jo dxa0 00
1 p2n wT 2vT
2) IW 0°V
Ky =— A W—m—q,——d6od
3 (@12 + aee) 2/ /(; PPl Uewers X
2 awT 82VT 32VT
/ / qu | ase)2 —i—azz)» AM——— |dOdx
9x2 062
2 23T T
8 \% BV
—26166)»2/ / ——d6édx
8x80 Yo ox
2 2wT PWT\  9vT
f / (6112)»2 ™ +a22)» Ay——— 392 )qw—a dodx,
2 T T 2 T T
3W oW oW
K@ = —aﬁx / f ——dodx ‘mx%\z/ / —ododx

27‘[ W aZW T
apir—si— ) +a22)» Ay——— 592 qQuwW dodux,

2 T 28T 26T
A"\ 0°P, 0°P,
4 = / / W qu <b11l3 P = + boch1r2 592 )d@dx
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2 T 82(I>T
- (b12+b66))\1)\.2/ / Wa—eqw Ldodx

0x00
2 2wT T
?WT 0-W 0P
// (bn)»3 + bpiiAz 552 )qw —Xdodx
2 82WT aq)T
—21966)»1)»2/ / 8)639 89xd9 dx,
2 awT 82
K(z) — (b12 + bes) )»2/ f Pl axagde dx

2 T 28T 286 T
3W 0°P 0°P
/ / qQu <b66)\.2 3)620 +b22)\.%)\2 3929>d9 dx

2w 2wT T
wow a<1>
—2b66A2/ / 9d9d

8x80
2w 2wT T
*WT 5. 0°W 0P,
biaA b A dod
// (1228 + 022 2892)%89 X3
2 wT 2wT 2wT
0-W 0-W
‘(12%)_ / / (b]l)g;, 952 + beeA1 A2 Ve )d@dx
2 T 2wT
oW 0-W
— (b bee) M A b, —— dodx;
(b12 + beo) 12/0/0 Sy ey X
@ 1 2 awT 82wT
Ksy = —(b12+b66))»2/ / 4’0—% 8x89d6dx
o T 2wT 2wT
oW 0°W 5. 0°W
0] besh b A dodx.
// 99(]11)(6628 + b2 2892) X

The elements of the matrix K are

bpm (3an ,0°WT +2 *WTY  9WT - ow?
3) airy ap + 2de6 .
K,§3 = / / W( 5 )L3 ax 5 ) )\.2 392 )qw ax quw X dédx
2 2 ?wWT 3 9ZWT aWT  awT
/ / 12 + “""’x% 4 2922,2,2 Qo 40 dx
9x2 2 962 96 90
2 T T 2w T
awT  awT 32w
- dage) A2 / f w dodx.
(2a17 + dage) A5 o ox qQu Y. qQu 9530 X
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