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Abstract A modified LSM is proposed by introducing an independent micro-rotational inertia, which may
help characterize the scale-dependent effect and avoid the Poisson’s ratio limitation of regular triangle lattices
in two dimensions. For this method, some factors may affect data pickup and modeling accuracy, but the
‘optimal’ inputs, like stiffness ratio, numerical damping, and micro-rotational inertia, could be obtained from
parameter identification by the Dakota toolkit (Adams et al., Tech Rep SAND2010–2183, 2009), when a
suitable excitation source function and lattice spacing are set up. By comparing with the modified couple
stress theory, we analyze the dispersion relationship of elastic waves for the estimation of the characteristic
material length. It shows that this modified LSM may provide an alternative and promising way to investigate
the size-dependent wave propagation in elastic media numerically.

1 Introduction

Conventional continuummechanics treats matter to be continuously distributed throughout a body [48]. It pro-
vides a reasonable assumption for analyzing the macroscale behavior of materials by ignoring size-dependent
effects [28]. However, experimental investigations imply a size-dependent mechanical behavior for microscale
structures [33,57]. Solid materials can be regarded as an assembly of microstructural elements that interact
with each other by microstructural forces. Generally, the modeling of the mechanical behaviors of such a
representation may be divided into two categories [48]. The former is based on the concepts of stress and
strain, where the governing equations are formulated by introducing extra elastic constants to characterize the
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size-dependent effects. The latter is a discrete-based model, for which equilibrium, kinematic, and constitutive
equations are generated for each microstructural element and the corresponding microstructural force [48].

Enhanced continuum theory, which considers the size-dependent effects, was first developed by the Cosser-
ats [5], but the concept of ‘couple stress’ was originally postulated by Voigt [51]. The Cosserat theory (or
micro-polar theory) is formulated by introducing extra rotational degrees of freedom, in order to analyze mate-
rials with couple stress [5]. Later, in Toupin’s view [50], the rotation in the classical micro-polar elasticity is
not independent but constrained to match the rotation of the deformation gradient. Then, with Mindlin and
Tiersten [38] and Koiter [26], the classical couple stress theory, also called the indeterminate couple stress the-
ory in the literature [10], is elaborated. This theory contains two extra higher-order characteristic coefficients
in addition to the two classical Lamé constants for isotropic elastic materials in its constitutive equation [16].
Yang et al. [60] proposed a modified couple stress theory, in which the couple stress material parameters for
linear isotropic elastic material are reduced from two to just one by introducing an equilibrium equation for the
moment of couples. This feature makes it unlike those in the classical couple stress theory. Subsequently, Park
and Gao [45] provided a variational formulation of this modified couple stress theory. This theory is widely
used to study bending, buckling, post-buckling, linear and nonlinear vibration problems related to microbeams
[34,44,53], rod [17,62], andmicroplates [11,35,54], to investigate the nonlocal longitudinal stress waves prop-
agation [15,45], and to characterize the size-dependent propagation of one-dimensional elastic stress waves
in a functionally graded nanoscale bar [25] and a shear deformable nanobeam [2].

Compared with the generalized continuum theories capable of capturing size-dependent effects, the
discrete-based approaches have a considerable advantage: inhomogeneous effects at the micro-level could
be captured [48]. Discrete-based methods, such as molecular dynamics (MD), the discrete element method
(DEM), and the lattice spring model (LSM), have been used to simulate wave propagation through a piece of
rocks by a particle-based model [49], Rayleigh waves by an elastic lattice model [9], and seismic waveforms
[27] in heterogeneous media. In particular, strong shock waves propagating in dense deuterium have been
simulated by molecular dynamics [30]. Between these different numerical methods, LSM attracts the most
interest, since it can bridge a gap between the continuous and discontinuous modeling by emulating the con-
tinuous materials in a discrete way [46]. LSM is based on the atomic lattice structure of materials, where the
material is represented by a system of discrete units interacting via springs or beams [41]. In some references
[19,41,46], LSM is called discrete element method as well, but different from the DEM derived by Cundall
[6], in which the material is modeled by rigid blocks connected by springs at their contact surfaces. In the
earlier LSMs, the lattice nodes are only composed of normal springs, and the Poisson’s ratio is fixed at 0.25
in three dimensions and 1

3 for the two-dimensional case [64] for triangular lattices. Later, some researchers
[7,13,24,66] introduced a non-central shear-type spring, which could emulate different Poisson’s ratios, but
with an upper bound of 0.25 for 3D, or 1

3 for 2D. Meanwhile, some other advanced models have been devel-
oped as well, like the multibody shear spring [39,42], the beam element model [23,29,31,47], the Born spring
model [3], the nonlocal potential spring model [20], and the distinct lattice spring model (DLSM) [22,65].
Those high-order LSMs are attempted to tackle the Poisson’s ratio limitation existing in conventional LSMs.

The LSMwith non-central shear springs not only introduces shear displacements but also rotational degrees
of freedom, which seems to be similar to the concepts of micro-polar medium. This may imply that this model
could be used to study the size-dependent effects and also to represent the material with a higher Poisson’s
ratio. Suiker et al. [48] studied the former by a comparison with the Cosserat continuum model, in which
the lattice nodes are seen as circular disks with a micro-rotational inertia of 1

8md2. As LSM differs from the
DEM proposed by Cundall [6], whose elements interact through the contact surfaces, we might be able to
regard the micro-rotational inertia as independent of lattice spacing. Therefore, we propose a modified LSM
by introducing an independent micro-rotational inertia. This coefficient as an input could be obtained by the
parameter identification process provided in the Dakota toolkit [1] for a given material.

The aim of this paper is to demonstrate that this modified LSM can be used to analyze and characterize the
size-dependent effect on wave propagation in an elastic medium with a higher Poisson’s ratio by comparison
with the modified couple stress theory. The remaining parts of this paper are organized as follows: In Sect.
2, the wave motion of the modified couple stress theory is reviewed and derived; in Sect. 3, the algorithm of
the modified LSM is briefly outlined, including the governing equations (Sect. 3.1); some factors may affect
data pickup and modeling accuracy, like source functions (Sect. 3.2), numerical damping (Sect. 3.3), lattice
spacing (Sect. 3.4), micro-rotational inertia (Sect. 3.5), and parameter identification for the ‘optimal’ inputs by
the Dakota toolkit (Sect. 3.6); in Sect. 4, the implementation of LSM for modeling elastic wave propagation
is validated and verified by a commercial finite element software (Nastran); in Sect. 5, we compare elastic
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wave dispersions between the modified LSM modeling and the corresponding theoretical predictions; the
conclusions and the future work are summarized in Sect. 6.

2 Wave equations of modified couple stress theory

2.1 Governing equations

Concerning themodified couple stress theory proposed byYang et al. [60], the elastic strain energyΠ occupying
a volume V is given by

Π =
∫

V

wdV = 1

2

∫

V

(σ : ε + m : χ)dV, (1)

wherew, σ, ε,m, and χ are the elastic energy density, the Cauchy stress tensor, the strain tensor, the symmetric
curvature tensor, and the deviatoric part of the couple stress tensor, respectively. In the Cartesian coordinate
system, for an isotropic linear elastic material, the constitutive and geometric equations can be written as

σ = λtr(ε)I + 2με, (2)

ε = 1

2

(∇u + (∇u)T
)
, (3)

and

m = 2l2μχ , (4)

χ = (∇θ + (∇θ)T
)
, (5)

where λ and μ are Lamé constants in the classical continuum theory and l is the square root of the ratio of the
curvaturemodulus to the shearmodulus as an additionalmaterial parameter to characterize the size dependence.
This characteristic material length can be determined from bending or torsion tests [4]. The rotation vector θ
is related to the displacement vector u defined as

θ = 1

2
curl(u). (6)

Summarily, there are two main differences between the modified couple stress theory and the classical
couple stress theory: The couple stress tensor of the former becomes symmetric by introducing an equilibrium
equation for the moment of couples, which reduces the number of the couple stress parameters in addition to
the conventional Lamé ’s constants from two to just one [34,44,52]. These features make the modified couple
stress theory easier to use.

2.2 Wave motion equations

Taking Eqs. (1–6) into the linear and angular equilibrium equations of an infinitesimal element of material,
based on the virtual work theorem and integrated with Newton’s second law, we obtain the linear equilibrium
equation [18]

(λ + μ + l2μ∇2)∇(∇u) + (μ − l2μ∇2)∇2u+ρF = ρ
∂2u
∂t2

, (7)

where F is the body force vector and ρ is the density. This relation has been derived previously by Mindlin and
Tiersten [38] within the context of the classical couple stress theory, while the Mindlin–Tiersten formulation
involved two couple stress parameters [18], instead of only one characteristic material length l in this modified
couple stress theory.
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In Eq. (7), the body force term consists of a gravity term and a source term. The gravity term is significant
at low frequencies in normal mode seismology. However, it can be neglected in the surface wave propagation.
Here, we don’t take the body force into consideration and could get the displacement equation of motion

(λ + μ + l2μ∇2)∇(∇u) + (μ − l2μ∇2)∇2u = ρ
∂2u
∂t2

. (8)

With reference to the vector field theory where any vector can be represented by a sum of a gradient of
scalar Φ and a curl of vector �, the displacement field u can be written as follows:

u = ∇Φ + ∇ × �, ∇� = 0. (9)

Substituting Eq. (9) into Eq. (8), we can obtain

ρ
∂2

∂t2
(∇Φ + ∇ × �) = (λ + μ + η∇2)∇ [∇(∇Φ + ∇ × �)] + (μ − η)∇2(∇Φ + ∇ × �), (10)

where

η = l2μ; (11)

∇ · (∇Φ) = ∇2Φ, (12)

∇ · (∇ × �) = 0, (13)

∂2

∂t2
(∇Φ) = ∇ ∂2Φ

∂t2
, (14)

∇2(∇Φ) = ∇(∇2Φ); (15)

and

∇2(∇ × �) = ∇ × (∇2�), (16)

∂2

∂t2
(∇ × �) = ∇ ×

(
∂2�

∂t2

)
. (17)

Then, Eq. (10) becomes

∇
((

λ + μ + η∇2 + μ − η∇2)∇2Φ − ρ
∂2Φ

∂t2

)
+ ∇ ×

((
μ − η∇2) ∇2� − ρ

∂2�

∂t2

)
= 0. (18)

Therefore, we obtain

(
λ + μ + η∇2 + μ − η∇2)∇2Φ = ρ

∂2Φ

∂t2
, (19)

namely

(λ + 2μ) ∇2Φ = ρ
∂2Φ

∂t2
; (20)

and

(
μ − η∇2) ∇2� = ρ

∂2�

∂t2
. (21)

Equation (20) denoted by the scalar potential is the wave motion equation of the irrotational field, the same as
that in the classical continuum theory. It maymean that the dilatation wave is non-dispersive. Equation (21) can
be named as the rotational wave motion equation represented by vector potential, which seems to be influenced
by couple stress.

We assume that Φ and � can be written in the form of plane harmonic waves with amplitudes and phases
varying in space and time,

(Φ, �) = (a,A) exp [ik (x − ct)] = (a,A) exp (ikx − iωt) , (22)
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where a,A, k, ω, and c are the amplitude of Φ, the amplitude vector of �, the wave vector, angular frequency,
and phase velocities, respectively. In Eq. (22),

k = kn, (23)

where k is thewave number andn is the unitwave normal. Thewave vectork is related to the vectorwavelengths
� by the scalar product

k� = 2π (24)

and is also related to the vector of phase velocities c by

kc = ω. (25)

Taking Eq. (22) into Eqs. (20) and (21), when a �= 0, we find

c1
2 = λ + 2μ

ρ
; (26)

(
μk2 + ηk4 − k2c2

2ρ
)
A = 0. (27)

Because A �= 0, we have

μk2 + ηk4 − k2c2
2ρ = 0. (28)

When k2 �= 0, we attain

c2
2 = μ + ηk2

ρ
= μ

ρ

(
1 + l2k2

)
. (29)

From this equation, we could see that c2 is related to the wave number k. It also can be given by

c2 = c2
0
√
1 + l2k2, (30)

where

c2
0 =

√
μ

ρ
. (31)

With

ω2 = k2
(
c2

0)2 (
1 + l2k2

)
, (32)

we solve Eq. (32) for k2 and get the two roots

k1
2 = 1

2
l−2

⎛
⎝

√√√√1 + 4l2ω2

(
c20

)2 − 1

⎞
⎠ (33)

and

k2
2 = −1

2
l−2

⎛
⎝

√√√√1 + 4l2ω2

(
c20

)2 + 1

⎞
⎠ . (34)

Because l is a real number, one of the two roots is a real, and the other is a pure imaginary. Hence, it could be
said that there are two rotational waves: One propagates, and the other does not. Both are related to the angular
frequency, suffering dispersion.

The wave with a real wave number is called as a real wave. Its group velocity is defined by

cg = dω

dk1
= c20

(
1 + 2l2k12

)
√
1 + l2k12

, (35)
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which increases monotonically with respect to lk1. Based on this phenomenon, it might make the couple stress
effect detectable in high-frequency vibrations. When the value of the characteristic material constant l is small
compared to that of the wavelength, the impact caused by couple stress could be ignored, and the group velocity
is approximately the same. The phase velocity of the real wave increases monotonically with increasing lk1.
When

lk1 =
√

λ + μ

μ
, (36)

the real wave velocity reaches that of the dilatational wave c1.

2.3 Elastic wave velocities

To simplify numerical analyses, the velocity of the real rotational wave is dimensionless; by dividing the
reference shear velocity, the classical shear velocity c20 becomes

c2
∗ = c2

c20
=

√
1 + l2k12. (37)

The dimensionless group velocity, the ratio of the original group velocity to that of classical shear velocity, is
written as

cg
∗ = 1 + 2l2k12√

1 + l2k12
. (38)

Figure1 shows log-log plots of the dimensionless phase and group velocities, showing the couple stress effect.
We could see that the velocities increase with increasing lk1, the product of the characteristic material constant
l and the real wave number k1. In the classical theory of elastic wave propagation, the compressional and shear
wave velocities, cP and cS, are given by

cP =
√

λ + 2μ

ρ
(39)

and

cS =
√

μ

ρ
. (40)
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Fig. 1 Dimensionless phase and group velocities changing with respect to lk1 on the logarithmic scale
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Thus, it would say that the shear wave is dispersive due to the couple stress effect from the size dependence.
Figure1b demonstrates the ratio of the group to the classical shear wave velocities varies with lk1. When the
characteristic material length is zero, it virtually indicates that the couple stress effect is neglected, and we
have

lk1 = 0. (41)

Then, the behavior of the wave propagation degrades into the classical continuum theory. For this situation,
the phase velocity has the following relation:

ω = ck. (42)

The group velocity is defined by

cg = dω

dk
, (43)

so we have

cg = c, (44)

for isotropic linear elasticmedia in the classical continuum theory. Based on the traditional continuumelasticity,
wave propagation is treated as non-dispersive even for largewave numbers or high vibration frequencies, which
differs from the experimental results and shows the limitation of the classical continuum theory. Therefore, it
is necessary to develop advanced theories in elasticity for a broader range of applications, e.g., couple stress
theory.

3 Elastic wave propagation by the modified LSM

3.1 Modified lattice spring modeling

Lattice spring modeling methods stem from the atomic lattice structure of materials, in which the object is
discretized into mass nodes, connecting with normal and shear springs. Assuming that these springs behave in
a linear elastic way, the interaction forces between two lattice nodes i and j , including normal force Fi j

n and
tangential force Fi j

s , can be written as

Fi j
n = Knu

i j
n (45)

and

Fi j
s = Ksu

i j
s , (46)

where Kn, Ks, u
i j
n , and ui js are the normal and shear spring stiffness and the distance increments in normal

and tangential directions, respectively. The relative displacements ui jn and ui js are calculated in a similar way
as expressed in Ref. [48],

ui jn = (
ui − u j

)
ni jn , (47)

ui js = (
ui − u j

)
ni js + d

2

(
θi + θ j

)
ni jo , (48)

ni jo = ni jn × ni js , (49)

where ui and u j are the coordinate vectors of nodes i and j ; θi and θ j are angular coordinate vectors; n
i j
n and

ni js are the normal and tangential unit vectors; d is the lattice spacing. Not only the tensile and shear forces
but also the torque act on the mass nodes which is represented by

Mi j = 1

2
Fi j
s · d, (50)
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where Mi j is the moment. The forces and moments acting on every node could be obtained, based on a central
difference scheme. The nodal motion [8,14] is computed as follows:

u̇

(
t+ 
t

2

)
i = u̇

(
t− 
t

2

)
i +

∑
Fi

(t)

t

m
, (51)

ui (t+
t) = ui (t) + u̇

(
t+ 
t

2

)
i 
t; (52)

and

ωi

(
t+ 
t

2

)
= ωi

(
t− 
t

2

)
+

∑
Mi

(t)

t

I
, (53)

θi
(t+
t) = θi

(t) + ωi

(
t+ 
t

2

)

t, (54)

where Fi and Mi are resultant force and moment acting on node i and I is a given micro-rotation inertia.
Notably, this parameter from inputs is independent of lattice spacing d , which makes our LSM distinct from
the existing LSMs. This modified LSM might be used to characterize the size-dependent effect and will be
discussed in the following sections.

In LSM, to ensure the stability of this explicit integration algorithm as displayed in Eqs. (51)–(54), the
time step satisfies


t ≤ 
tcr, (55)

with the critical time step


tcr = 2

ωmax
, (56)

where ωmax is the largest eigen frequency within the lattice spring network. To dissipate kinetic energy, a
non-viscous damping ζ is used to obtain quasi-static solutions [22]. The dissipated force 
Gdissipated of node
i could be written as follows:

(
G)idissipated

Gi
= −ζ sgn

(
ẋ

(
t− 
t

2

)
i + ẍi
t

2

)
(57)

with the generalized forces

G = (F M)T (58)

and the generalized displacements

x = (u θ)T . (59)

This dynamic relaxation scheme is proposed by Otter et al. [43] for quasi-static solutions, which is widely
used in discrete-based numerical methods, like molecular dynamics (MD) simulations, DEM developed by
Cundall [6], discrete lattice spring model (DLSM) [65], and other nonconventional LSM [55]. The entire
calculation process for this LSM modeling is illustrated in Fig. 2.

3.2 Source functions

Figure 3 shows a numerical model where a semicircle with the radius of 20mm represents a quasi-semi-infinite
half space. A vertical downward displacement excitation is applied to a lattice node located at the center of
the semicircle, with the receivers arranged along the horizontal direction with a spacing of 2.0mm. There are
two commonly used source functions [12,21,63]: the cosine function and a Gaussian second-order differential
function (namely Ricker wavelet), given by

uz = −A0 cos (2π f t) , 0 ≤ t ≤ T

2
, (60)
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Start

Generate mass nodes within the given domain

Compute the motion of nodes

Calculate force from displacement for each spring

Update nodal forces

Form spring networks

Stop?

Yes

End

No

Fig. 2 Flowchart for modified LSM modeling

Absorption 
boundary

Receivers

Source

Fig. 3 Numerical model and boundary conditions

and

uz = −A0

(
1 − 2π2 f 2

(
t − T

2

)2
)
exp

(
−π2 f 2

(
t − T

2

)2
)

, (61)

where A0, T , and f represent amplitude, period, and frequency, respectively.
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Fig. 4 Time-domain vertical displacements (a) by the cosine function source for the receivers located at 0, 5, and 10 mm from
the source and the displacement response spectrum (b) in the frequency domain for the source node at 0.0 mm
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Fig. 5 Time-domain vertical displacements (a) by the Ricker wavelet source for the receivers located at 0, 5, and 10 mm from
the source and the displacement response spectrum (b) in the frequency domain for the source node at 0.0 mm

Figure 4a shows the displacement versus time curves for the lattice nodes located at 0, 5, and 10 mm
away from the cosine function source within 0 ≤ t ≤ T

2 . We could see that responses at these nodes still
oscillate for a long time after the excitation stops with serious dispersions. These lattice nodes can’t maintain
initial waveforms well. Each harmonic component propagates at its phase velocity, causing a disordered
time-domain response and high-frequency oscillation. The compressional wave velocity is measured with the
distance divided by the first arrival time. However, it is difficult to accurately tell the travel time of the shear
wave and the corresponding amplitude. Figure 4b shows the fast Fourier transform (FFT) result of the time-
domain displacement response for the source node. The normalized spectrum changes largely in amplitude
with two sharp peaks.

Figure 5a displays the time-domain responses for these lattice nodes from the Ricker wavelet source, a
widely used artificial source of seismic waves. We see that the displacement response for the source node
at 0.0mm can keep the Ricker wavelet waveform well due to lack of the cutoff time. The displacement
responses from the other two receivers change with time largely, with some dispersions mainly caused by
lattice meshing, which will be discussed in detail in the next section. From the displacement spectra, it is easier
to distinguish between P- and S-waves. In Fig. 5b, the corresponding frequency spectrum for the source node
at 0.0mm demonstrates a smooth change in normalized amplitude. In general, the Ricker wavelet is suitable
as an artificial source in elastic wave modeling [49].
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Fig. 6 Vertical displacement responses at 10 mm from the excitation under different numerical damping

3.3 Numerical damping

To dissipate the residual kinetic energy over lattice nodes, a stable numerical solution to Eq. (57) requires
artificial numerical damping with optimal values. Figure 6 illustrates the time-domain vertical displacements
under different numerical damping for the surface lattice node at 10mm away from the excitation without
micro-rotation. We take a lattice spacing of 0.2 mm in the LSMmodeling. We see that the displacement signal
without numerical damping (ζ = 0) oscillates for a long time. It is difficult to distinguish these wave types and
determine their arrival times. For the dampingwith ζ =0.4–0.8, the resulting signals are attenuated significantly
to almost zero in a relatively short period, with the waveforms disordered severely. The corresponding arrival
times of P- or S-waves cannot be identified, either. The curve with the numerical damping of ζ = 1.0 indicates
that the nodal kinetic energy is completely dissipated, and the lattice node does not move. In conclusion, the
optimal numerical damping comes to ζ = 0.2, with the resulting signal stable at a positive value and the P- and
S-waveforms keeping well. The stabilized lattice node does not return to its original position. As a result, we
could roughly estimate the ideal range of numerical damping (e.g., 0–0.2 for Fig. 6). In general, the numerical
damping is not only influenced by time steps but also by lattice spacings. For two-dimensional lattice spring
models lack of the micro-polar effect, the optimal damping value is usually 0.1, calibrated by the Dakota
toolkit (short for design analysis kit for optimization and terascale applications). It is 0.2 for the models with
the given micro-rotational inertia. An identification process of damping values by the Dakota toolkit will be
described in detail below.

3.4 Lattice spacing

For the modified LSM, wave velocities depend on kd , the product of lattice spacing d , and wave number k,
which is called dispersion relation [48]. Therefore, the meshing sensitivity to the LSM simulation of elastic
waves has been discussed [40,48]. Equations (39) and (40) give the expressions of P- and S-wave velocities
in the classical theory without the nodal micro-rotation effect. According to the long-wave approximation,
kd ≈ 0, the P- and S-wave velocities could be defined by

cP =
√

λcell + 2μcell

ρcell
(62)
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and

cS =
√

μcell

ρcell
, (63)

where λcell, μcell, and ρcell are the corresponding two Lamé constants, and the material density in the lattice
unit cell is expressed as follows:

ρcell = mcell

Acell
, (64)

in which the equivalent mass of the lattice unit cell is equal to that of a lattice node, namely mcell = mnode.
The lattice node mass is calculated by

mnode = 1

4
ρinputπd

2, (65)

where ρinput is the input value of each lattice node. Based on the equivalence of strain energy stored in a lattice
unit cell, the two Lamé constants lead to [41]

λ =
√
3 (Kn − Ks)

4
(66)

and

μ =
√
3 (Kn + Ks)

4
. (67)

Inserting the expressions for λ and μ in Eqs. (62) and (63), we obtain

cP =
√
3 (3Kn + Ks)

2πρinput
, (68)

cS =
√
3 (Kn + Ks)

2πρinput
, (69)

where

ρcell = π

2
√
3
ρinput. (70)

The velocity ratio is
(
cP
cS

)2

= 3Kn + Ks

Kn + Ks
= 3 + ξ

1 + ξ
, (71)

where

ξ = Ks

Kn
(72)

is the ratio of the shear to the normal stiffness for all interactions, generally ranging from 0 to 1.0. Equation
71 also could be obtained by the formulation shown in Ref. [48]. Figure 7 shows in the classical LSM how
the stiffness ratio affects the velocity ratio. For the LSM without micro-rotation, we could see cP

cS
= √

3 when
Ks = 0 . For this case, the two classical Lamé constants are equal to each other, and Eqs. (66) and (67) are
same as those expressions in Ref. [41].

To discuss the influence of mesh sizes on the displacement response in the LSM, we choose Ricker wavelet
in Eq. (61) as the source function, with T = 0.5µs, f = 2MHz, and the time step 10.0 ns for a duration of
10µs. Figure 8 shows the vertical displacement responses under different mesh sizes for the node at 10mm
from the source. We see that for the lattice spacing d ≥ 1.0mm, there appear severe dispersions by the
influence of sparse meshing. On the other hand, for small lattice spacings, the stability condition shown in
Eqs. (55) and (56) is not easy to satisfy for a given time step. For the presented model, stable response curves
can be obtained with d = 0.08−0.5mm, and the P- and S-wave arrival times can be directly identified.
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3.5 Micro-rotation effect

For the lattice model without considering the micro-rotation effect, namely classical LSM, the ratio of P-
to S-wave velocities is up to

√
3 according to Eqs. (71) and (72) and Fig. 7, while many metallic materials

usually have a Poisson’s ratio higher than 2.0 [36,61]. The micro-rotation effect does affect equivalent elastic
parameters of a lattice unit cell. Figure 9 shows the displacement snapshots of LSM in the vertical direction
at t = 4.0µs for the classical and micro-polar media, respectively. Both models have similar inputs except
an extra rotational degree of freedom for the micro-polar medium. We see that velocity ratio of P- to S-waves
is about 1.63 for the model without rotation effect and raises to 1.93 (higher than the upper limit of velocity
ratio for classical LSM

√
3 by 6.13%) by introducing the micro-rotation. For this numerical example, the ratio

increases by about 18.41%.
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Fig. 9 Vertical displacement fields at t = 4.0µs: a classical medium; b micro-polar medium
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This velocity ratio is also related to Poisson’s ratio, and for a two-dimensional (2D) isotropic elastic
medium, we have

λ = Eν

1 − ν2
, (73)

μ = E

2 (1 + ν)
, (74)

and then
(
cP
cS

)2

= 2

1 − ν
, (75)

where E and ν are Young’s modulus and Poisson’s ratio. Figure 10 displays the variation in the Poisson’s ratio
with velocity ratio: The data obtained from classical LSM are about 0.247 (hollow square), and from modified
LSM the data are about 0.463 (solid square), which increases by nearly 87.45% and larger than the upper limit
1
3 for classical LSM in 2D by 39.03%. As shown in this figure, align with the available research [64], the nodal
rotation could expand the range of Poisson’s ratio. It illustrates the necessity of considering the rotation of
lattice nodes in the lattice model.

For a regularly arranged lattice model with the lattice node regarded as a uniformly distributed disk of
radius of d

2 , its moment of inertia about the perpendicular axis, the y axis, can be expressed as [37,48]

I 0y = 1

8
md2. (76)
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We take this value as the reference and compute dimensionless velocities of P- and S-waves regarding
different micro-rotational inertia. In Fig. 11, c0 means the minimum value for P- or S-wave velocity. As shown
in this figure, whether the rotation is considered or not, it makes little effect on the P-wave velocity, but a
considerable effect on that of the S-wave, which is consistent with the theoretical prediction of Eqs. (26) and
(30). With the micro-rotation inertia increasing up to 103 times that of the reference, the S-wave propagates
faster, with its velocity tending to be stable approximately at the value of classical LSM. The modified LSMs
show visible differences for the micro-rotation inertia falling within the range of 1 to 103.

3.6 Parameter identification

For this modified LSMwith a given lattice spacing d , numerical damping ζ andmicro-rotational inertia Iy may
influence the calculation precision as illustrated in Sects. 3.3–3.5. Additionally, Poisson’s ratio in this modified
LSM is not only related to stiffness ratio ξ , but also the independent micro-rotational inertia Iy , which might be
hardly represented by an exact expression. Thus, the Dakota toolkit [1,32] is used for parameter identification.

Parameter identification is a significant step in numerical simulations, especially for those based on discrete
concepts. Its essence is to solve the inverse problems. In this paper, the NL2SOL algorithm in Dakota analysis
toolkit is used to minimize the residual of the objective function for the ’optimal’ parameters. The objective
function can be written as the sum of the least squares of the relative errors between simulation results and the
given data as follows:

R (X) =
N∑
i=1

(
ai (X) − a0

a0

)2

+
N∑
i=1

(
bi (X) − b0

b0

)2

+ · · · , (77)

withXLower ≤ X ≤ XUpper, where N is the number of target values;X is the n-dimensional vector of the input
parameters; ai (X) and bi (X) are the numerical data over the relevant experimental constants a0 and b0. The
specific calibration procedure for parameter identification is shown in Fig. 12.

To obtain the inputs for the givenmaterial listed in Table 1, the objective function in the NL2SOL algorithm
is set to

R(X) =
i=1∑
N

⎛
⎜⎝

(
cp
cs

)
i
(X) − c0p

c0s
c0p
c0s

⎞
⎟⎠

2

, (78)
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Table 1 Material parameters

Material Elastic constants Density Theoretical velocities

C11/GPa C44/GPa ρ/kg/m3 cP/m/s cS/m/s

Cooper 221.1 59.3 8970 4965 2572

Table 2 Inputs of mass node

Input parameter d/mm mnode/mg Iy/mg · mm2 Kn/GPa·m Ks/GPa·m ζ

Input value 0.08 49.72 0.04 77.89 15.58 0.12

with X = (
ζ ξ Iy

)
, where c0P and c0S are the theoretical P-wave and S-wave velocities at a given frequency,

respectively.
In order to reduce the iterations, reasonable initial guess values and the lower and upper bounds should be

chosen. We set the initial values and bounds of elastic constants according to Eqs. (66) and (72). After multiple
iterations, the ‘best’ values under given objective functions for this modified LSM are obtained as displayed
in Table 2.

4 Validation and verification for the LSM

This section aims to validate the implementation of the LSM described in the paper. For this purpose, the
propagation problem of elastic waves in an isotropic medium is solved by the LSM without micro-rotation
(namely the classical LSM) and the commercial FEM software (Nastran) [56,58,59] and a comparison is made
between the two methods.

Firstly, we generate the lattice nodes within the domain as shown in Fig. 3 with the lattice spacing of
0.1mm, whereas the FEM meshing uses regular triangular elements by positioning mesh nodes according to
the LSM lattice nodes. Then, we can set the lattice node inertia to a significant value to implement the classical
LSM without the micro-rotation involved. The LSM uses input parameters shown in Table 2, with its optimal
numerical damping ζ set to 0.06. The resulting vertical displacement fields at t = 4.0µs are shown in Fig.
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Fig. 13 Vertical displacement fields at t = 4.0µs by FEM (a) and LSM (b)
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Fig. 14 Comparison of detailed variations between the vertical displacements at the same receiver with 10 mm from the source
by FEM and LSM

13. We see that the P- and S-wave fronts can be observed clearly in both the numerical simulations, which
indicates that the LSM scheme can simulate elastic wave propagation in an isotropic medium as well. Figure
14 compares detailed variations between the vertical displacements at the same receiver by these two methods.
We see a generally consistent change between these curves, with someminor departures observed in amplitude.
The waveforms by the LSM showmore obvious characteristics with easier identification. In addition, the wave
signal from the FEM has a long oscillation duration, which may affect the pickup of S-wave first arrivals.
This may be attributed to lack of an adaptive damping in this FEM model. However, the dependences of the
damping via FEM on the wave dispersion are beyond the scope of this paper, but would be an interesting topic
for future studies.

5 Comparison of wave dispersion relations

To demonstrate the applicability of the modified LSM, numerical experiments are conducted using Ricker
wavelets at various center frequencies for the model shown in Fig. 2 with the material parameters listed in
Table 2, with comparison to theoretical values based on the classical continuum and modified couple stress
theory [48].

Figure 15 shows angular frequencies changingwith respect to normalizedwave numbers of P- and S-waves,
calculated by different methods for given frequencies. We see that the relation between the normalized P-wave
number and the angular frequency could be fitted to a straight line for all the methods, modified LSM, and
two kinds of theoretical predictions. It means that the P-wave velocity does not change with frequencies as
expected theoretically. For the S-wave, the values calculated by classical continuum theory still exhibit a linear
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relationship, indicating a non-dispersive behavior, whereas the normalized numerical curve by the modified
LSM is nonlinear, with the relevant data fitted by Eq. (32). From these fitting parameters, we can estimate the
characteristic material length, approximately 71.32µm. This value is nearly one third the shear wavelength of
218.19µmatω = 20.65 rad/µs. It is worth stressing that much longer shear wavelengths make the normalized
wave number tend to zero, with the corresponding dispersion curve of the modified LSM reduced to that of
the classical continuum theory. This performance of the modified LSM agrees with the analytical prediction
mentioned in Sect. 2.2, where the couple stress effect could be ignored when the characteristic material length
l is small relative to the wavelength. From this figure, we can also see that the S-wave velocity calculated by
the modified LSM is higher than that of the classical continuum medium. Therefore, the S-wave velocity at
high frequencies is generally underestimated by the conventional theory.

6 Conclusions and remarks

In this paper, a modified LSM is proposed by introducing an independent micro-rotational inertia obtained
from a parameter identification process provided in the Dakota toolkit, which might help to characterize the
size-dependent effect and model an isotropic material with a Poisson ratio larger than 1

3 for 2D triangular
lattices. By comparing with the modified couple stress theory, we analyze the dispersion relationship of elastic
waves for the estimation of the characteristic material parameter. The main conclusions are summarized as
follows:

1. For this modified LSM approach, stiffness ratio, numerical damping, lattice spacing, and micro-rotational
inertia may influence the Poisson’s ratio. For a given Poisson’s ratio, the ‘optimal’ values could be obtained
by the Dakota toolkit, when parts of those parameters are given.

2. A comparison is made between our scheme and the modified couple stress theory, which shows that the
modified LSM could be used to emulate the size-dependent wave propagation and mimic the shear wave
dispersion under high-frequency vibration.

3. Different source functions might affect the dispersion relations of elastic waves. By modified LSM mod-
eling, it is verified that the Ricker wavelet is more suitable than the cosine function as a human-made
excitation source.

Although this method may provide an alternative and promising way to investigate the size-dependent
wave propagation in elastic media with a higher Poisson’s ratio numerically, it is undeniable that further study
is needed for emulating wave propagation in more complicated media.
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