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Abstract Time-scale dynamics integrates the differential equations of continuous systems and the difference
equations of discrete systems. It can not only reveal the similarities and differences between continuous and
discrete systems, but also describe the physical nature of continuous and discrete systems and other complex
dynamical systems more clearly and accurately. Therefore, it has been widely used in many fields of science
and engineering in recent years. In this paper, we investigate Lie symmetries and invariants of nonholonomic
systems of non-Chetaev type on time scales. First, we present and prove the Lie symmetry theorem for
undisturbed nonholonomic systems of non-Chetaev type on time scales. The study shows that if the Lie
symmetry satisfies the structural equation, it will lead to the conserved quantity, which is the exact invariant of
the system. Secondly, considering that the system is subjected to small disturbance, we present and prove the
adiabatic invariant theorem of Lie symmetry for nonholonomic systems of non-Chetaev type on time scales.
Due to the arbitrariness of the time scale, the method and results of this paper are of universal significance.
An example is given to illustrate the validity of the results.

1 Introduction

Symmetry is a very important and universal property of dynamical systems. The invariants of dynamical
systems are intrinsically related to the symmetries. For a complex dynamical system, one of the effective ways
to find invariants is to study its symmetries. Lie symmetry is the invariance of differential equations under
an infinitesimal transformation [1]. Since Lutzky [2] introduced the Lie method into dynamical systems and
established the relationship between the invariance of the differential equations of motion under infinitesimal
transformations and the invariants of the systems, important progress has been made in the study of Lie
symmetry of constrained mechanical systems [3-9].

Under the action of small disturbance, the change in symmetry and its invariant are closely related to the
integrability of dynamical systems. Therefore, it is important to study the perturbation of symmetries and
adiabatic invariants of the systems. The classical adiabatic invariant refers to a physical quantity that changes
slower compared to the slow change in a parameter of the system [10]. In fact, slow change in parameters
is equivalent to small disturbance. Some results have been presented in the studies on the perturbation of
symmetries and adiabatic invariants of constrained mechanical systems [11-16].

The time scale is any nonempty closed subset of the real number set. Time-scale calculus integrates
continuous analysis, discrete analysis and quantum analysis into a whole, and provides a powerful mathematical
tool for the study of complex dynamical systems [17-20]. Bartosiewicz and Torres [21] first studied and proved
the Noether theorem on time scales. In recent years, the study of Noether theorems and integral methods of
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constrained mechanical systems on time scales has attracted great attention, including Lagrange systems,
Hamilton systems, nonholonomic systems, Birkhoff systems, etc., and some results have been obtained [22—
29]. Recently, we proposed and studied Lie symmetries of Lagrange systems and Hamilton systems on time
scales [30]. However, up to now, there are few studies on Lie symmetries of nonholonomic systems on
time scales, and perturbation of Lie symmetries under small disturbance and adiabatic invariants. This is the
motivation of the research to be carried out in this paper.

2 Differential equations of motion for nonholonomic systems of non-Chetaev type on time scales

On time scales, the d’ Alembert—Lagrange principle can be expressed as [31]

0, - 22T L I Y500 o (1)
*Taragr T agr )" T

where T =T (r,q7 (1), g2 (1)) is the kinetic energy, Qs = Qy (t. ¢ (1), qf* (1)) are the generalized forces,
and ¢g; (s = 1,2, ..., n) are the generalized coordinates. The time scales calculus and its basic properties
involved here and later can be found in [17].

Let the system be subjected to g ideal two-sided nonholonomic constraints of non-Chetaev type

fp=1fp(t.af @, M) =0, (B=12,....¢:5=12,....n). 2)
The restriction conditions imposed on the virtual displacements by the nonholonomic constraints (2) are
fBs (t,q,f (t),qkA(t))Sqf =0, B=1,2,...,g;5,k=1,2,...,n), 3)

Generally speaking, there is no relation between fgs and dfg/ aqu. If we take fg; = (8 18/ BqSA)U, then
non-Chetaev constraints become Chetaev constraints [31].
According to the principle (1) and the restriction conditions (3), we can easily obtain
A 0L oL
Atdgd  9q7
by using the Lagrange multiplier method. Equations (4) are called the differential equations of motion for
nonholonomic systems of non-Chetaev type on time scales. Here, L = T — V is the Lagrangian, Q] =
oy (t, qp (), qkA (t)) the non-potential generalized forces, Ag are the constraint multipliers. Suppose that the
system is non-singular, i.e., D = det (As) = det (32L/(3g2 Agf)) # 0, from Egs. (2) and (4), we can find
Ag = Ag (t.q7 (1), qf (1)). Thus, Eq. (4) can be expressed as

A 0L L Q”—i—A ( 12 ) 5)
—_— = s Ss=1,2,...,n),
Atdgh  9qg 707

= Q! +rpfss, (s=1,2,...,n) (4)

where Ay = Ag (t, qp (), qkA (t)) = Mg fps- Equation (5) are called the equations of the corresponding
holonomic system of the nonholonomic system (2) and (4) on time scales. If the initial values of generalized
coordinates gso and generalized velocities qSAO on time scales satisfy the constraint equations (2), i.e.,

fp(to.a%.a%) =0, B=12,....g:5s=12,....n), (6)

then the solution of Eq. (5) gives the motion of the nonholonomic system (2) and (4). Expanding Eq. (5), we
can find all the generalized accelerations, that is

g5 = h (t.qf . q). =1.2.....n). @)
If the system is subjected to the small disturbance forces v F§, then Eq. (5) becomes
A oL aL .
=0, +A;+vF, (s=1,2,...,n), ()

Atdgd  dq7
where v is a small parameter. Equation (8) is the differential equations of disturbed motion for the nonholonomic
system of non-Chetaev type on time scales. Expanding Eq. (8), we get

M,
g2 = hy (t,qg,qkA) +uv DS

Fi, (€))

where M,y is the cofactor of the element A, of determinant D.
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3 Lie symmetries of nonholonomic systems of non-Chetaev on time scales
Let us consider a one-parameter Lie group of infinitesimal transformations as follows:

f=t+et(t,q0),qs (1) =qs () +e& (tqr), (s=1,2,....n), (10)

where ¢ is an infinitesimal parameter, T and &; are the infinitesimal generators.
The criterion equations of Lie symmetry of Eq. (7) are

EM —2h et — g =XV (hy), (s=1.2.....n), (1n
where [30]
d 0
xO = _
T8t +$k q
(1) 0 A_A 0
XV =1— +$k—+(§ —qr T )_A~ (12)
Jt aq;,

The invariance of nonholonomic constraints (2) under the infinitesimal transformations (10) is reduced to
the restriction equations of Lie symmetry as follows:

XD fp(t.q2.q2)] =0, (B=1.2.....9). (13)

Substituting 8¢7 = ¢ (£7 — ¢ 17) into conditions (3), we get

fﬁs(ga_quU G)=Ov (ﬁzlazvvg) (14)

Equation (14) are the additional restriction equations of non-Chetaev nonholonomic constraint (2) on infinites-
imal generators. So, we have

Definition 1 If the infinitesimal generators t and & satisfy the criterion equation (11) and the restriction
equation (13), as well as the additional restriction equation (14), then the invariance is called the Lie symmetry
of the nonholonomic mechanical system (2) and (4) of non-Chetaev type on time scales.

When the system is subjected to small disturbance forces v Fj, the original Lie symmetry will be changed.
It is assumed that the infinitesimal generators of the disturbed system are the small perturbation on the basis
of the generators of the undisturbed system. For convenience, the generators of the undisturbed system are
denoted as 70 and 5‘?, and the disturbed generators are denoted as T and &s; then, we get

r=1" ot Uit g =E0 g ol (15)

The disturbed infinitesimal generator vector X () and its first expansion XV are

9 9

TaerSk 0qx v ( T 36]k> " (16)

9 9 9

XU =1 45— —4t®) —x

at+§k + (&S —qft )aqkA

9
_ Um{ g 6 — i) Ai| = "X, 1n
at q

The criterion equations of Lie symmetry of Eq. (9) are

M, M,
gSM—zhsrA—zuT”‘Fkr — g2t = XD (hg) + vx® <T“"Fk), (s=1,2,....n). (18)
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Substituting Egs. (15) and (17) into Egs. (13), (14) and (18), and making the coefficients of v equal to each
other, we get

m—1

M M
e = 2 < 22 () < g ems x4 x(L, (PR

(s=1,2,....n; m=0,1,2,..), (19)
X [fs(tq7,92)] =0, B=1,2,....9), (20)
fps (€7 —q°t"7) =0, (B=1,2,....,8). 1)

When m = 0, we specify that 7! = & . ' = 0. Equations (19-21) are the criterion equation and the restriction
equation, and additional restriction equation, respectively, of the disturbed nonholonomic system of non-
Chetaev type on time scales.

Definition 2 If the infinitesimal generators t” and & satisfy the criterion equation (19) and the restriction

equation (20), as well as the additional restriction equation (21), then the invariance is called the Lie symmetry
of the disturbed nonholonomic mechanical system (2) and (8) of non-Chetaev type on time scales.

4 Lie symmetries and exact invariants of nonholonomic systems of non-Chetaev type on time scales

Lie symmetries can lead to conserved quantities under certain conditions. The following theorem gives the
condition under which the Lie symmetry of nonholonomic mechanical system of non-Chetaev type leads to a
conserved quantity on time scales, and the form of the conserved quantity.

Theorem 1 For the undisturbed nonholonomic system (2) and (4) of non-Chetaev type on time scales, if the
infinitesimal transformation (10) corresponds to the Lie symmetry of the system, and there is a gauge function
G=G (t, q;, qu) that satisfies the following structural equation:

oL
Lo + XD (L) + () aq—gqﬁrA +(Qf + M) (& —af't)” + G2 =0, (22)
k

then the Lie symmetry of the system results in the following conserved quantity:

R P 0251 1 G = const 23)
— _ T — —1 = const.
2q2 " agt )T T

Proof Due to

A L, A (L AL\ A A L
Sl ey i il -SSR ) e 2oy ) PN B
At dg > ST (aqkﬁ> Sk ( g Ik ) At g U

AL , A dL A
—pu(t) —t% — — (@) — )7 +G*, 24
u()atr At(M()8t>T + (24)

similar to the proof of the second Euler—Lagrange equations of the Lagrange systems on time scales in the

reference [22], for Eq. (5) of the nonholonomic system on time scales, the following relation can be obtained
easily:

A IL L\ oL , o
- Zgp =) == - A . 25
Al( aqkAqk M()8t> o’ (OF + Ax) q; (25)

Equation (25) is actually the energy equation of the nonholonomic mechanical system on time scales. O
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According to the formula (12), we get

JdL JL JL L
XV @)y =xV[L(t.gf.qf)]=1—+&-—5+E -t (—x+rO—|. @6
t q 8qk aqk

Substituting Eq. (25) and the structural equation (22) into the formula (24), and considering the relation (26)
and Eq. (5), we have

A oL A [ 9L aL A oL

IL
_I=_A =1 = o __ "™ A oo _ I—A
At aq,fg"JrAz(aqkA)E" S TR
IL
~xD(@L) - p@ aq—oq,?rA — (01 + Me) &
k
B DU T RN PP o
Atdagd  aqp kT UE|PR T

Therefore, the formula (23) is the conserved quantity of the system, and the theorem is proved.

Theorem 1 can be called the Lie symmetry theorem of undisturbed nonholonomic systems of non-Chetaev
type on time scales. Since the system is not disturbed, the conserved quantity (23) is an exact invariant. The
theorem reveals the relationship between Lie symmetries and invariants when the system is undisturbed.

If we take T = R, then o (r) = ¢, i () = 0, and the criterion equation (11) and the restriction equation
(13) and the additional restriction equation (14) of Lie symmetry on time scales become

Ey — 2yt — g5t = X (hy), (28)
XD (f5(t.q5.45) =0, (29)
fps (B — 4s7) = 0. (30)

In this case, Theorem 1 gives

Theorem 2 For the undisturbed nonholonomic system of non-Chetaev type on time scales, if the generators
of infinitesimal transformations satisfy the criterion equation (28) and the restriction equation (29), as well
as the additional restriction equation (30), and there is a gauge function G = G (t, gy, q5) that satisfies the
following structural equation:

Lt + XD (L) + (0 + Ax) & — qxT) + G =0,

(3D
then the Lie symmetry of the system results in the following conserved quantity:
oL oL .
I=_—&+|\L——qr)t+G = const (32)
gk i

Theorem 2 is given in the reference [6].

If wetake T = Z, then o (f) =t + 1, ; (t) = 1, and the criterion equation (11) and the restriction equation
(13) and the additional restriction equation (14) of Lie symmetry on time scales become

A%Eg — 2hg AT — Agy (1 + 1) A2t = XD (hy) (33)
XD [ fp(t, g5 (1 +1), Ags ()] =0, (34)
fos 6t + 1) — Ags (t + DT (r + 1] = 0. (35)

In this case, Theorem 1 gives
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Theorem 3 For the undisturbed discrete nonholonomic system of non-Chetaev type on time scales, if the
generators of infinitesimal transformations satisfy the criterion equation (33) and the restriction equation (34),
as well as the additional restriction equation (35), and there is a gauge function G = G (t, g5 (t + 1), Ag; (¢))
that satisfies the following structural equation:

L
LAT+ XD (L) + a—AqkAt +(QAk) G t+ D) —Agr t + DTt + 1)+ AG =0, (36)

agr (t+ 1)
then the Lie symmetry of the system results in the following conserved quantity:
oL &+ (L oL A oL +G t (37)
= - — T——T = const.
oA oag: Ik ot

In Theorem 3, the relation between Lie symmetries and exact invariants for the discrete nonholonomic system
of non-Chetaev type is established.

5 Lie symmetries and adiabatic invariants of nonholonomic systems of non-Chetaev type on time scales

The classical adiabatic invariant refers to a physical quantity that changes more slowly relative to the slow
change in a parameter of the system. So the adiabatic invariant is an approximate invariant. The following
theorem gives the conditions for adiabatic invariants resulting from Lie symmetries of disturbed nonholonomic
systems of non-Chetaev type on time scales, and the form of adiabatic invariants.

Theorem 4 For the disturbed nonholonomic system (2) and (8) of non-Chetaev type on time scales, if the
infinitesimal transformation (10) corresponds to the Lie symmetry of the system, and there are gauge functions
Gn =G, (t, q7, qSA) that satisfy the following structural equations:

Lt™ + XD (L) 4 2 (1) 5 quA mA L (QF + Ax) (&) — ™)
+h (g - g +G,ﬁ=0, (m=0,1,2,..), (38)
then
V4
oL oL oL
I, = V| — M L — —gP )" — () —t"+ G 39
; g) |:8qkA€k ( aqkAqk) (- m} (39)

is a z-th adiabatic invariant of the nonholonomic system on time scales.

Proof Take the delta derivative of formula (39) with respect to time 7, and we get

A ‘ A oL A aL
L = mo _ A mA L= A
At Z Z |: Aé Al( )é ( 8qkAqk>T +At< 8C]kAqk T

m=0
oL A L
—u () — " - — )y — )™ —G . 40
w5t At(““&)r Y m] “0)
For the disturbed system (8), the energy equation (25) can be extended as
A oL oL aL
_ L__A_ 1) — — __ _ " A AU_ F AO'. 41
At( aqkAqk M()at) ar (Qk+ k)qk U Irkqy 41

By substituting Eqgs. (38) and (41) into the formula (40), and considering Eq. (8), we get

Z

At = 2o [vr e — b - (6 —ge )]

m=0

= v R (62 — gf7 1) (42)
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Therefore, I, is a z-th adiabatic invariant of the nonholonomic system on time scales. The theorem is
proved.

Theorem 4 can be called the Lie symmetry theorem of disturbed nonholonomic systems of non-Chetaev
type on time scales, which reveals the relationship between Lie symmetries and adiabatic invariants when the
system is subject to small disturbance. When undisturbed, Theorem 4 degenerates to Theorem 1. O

If we take T = R, then o (r) = ¢, u (t) = 0, and the criterion equation (19) and the restriction equation
(20) and the additional restriction equation (21) of Lie symmetry on time scales become

.. M M
&'~ 2ht" = 2%}?"""1_1 — g5t = X (hy) + X, (%Fk> ; (43)
XD (f (1, g5 G5)) = O, "

Hence, Theorem 4 gives

Theorem 5 For the disturbed nonholonomic system of non-Chetaev type, if the generators of infinitesimal
transformations satisfy the criterion equation (43) and the restriction equation (44), as well as the addi-
tional restriction equation (45), and there are gauge functions G, = Gy, (t, qs, gs) that satisfy the following
structural equations:

L™+ X5 (L) + (O + Ax) (& — quT™) + Fr (s,i"‘l - qkr’”*l) +Gn =0, (46)

then the system has a z-th adiabatic invariant as follows:
z
oL oL .
=Y v" [—,5,1" - (L —~ —,qk> ™+ Gm}. 47)
= G 94

Ifwetake T =7, theno (t) =t + 1, u (t) = 1, and the criterion equation (19) and the restriction equation
(20) and the additional restriction equation (21) of Lie symmetry on time scales become

A2E™ —2h AT =2 D" FAT" = Agy (t + 1) A% = X0 () + X1, (%&) , (48
XD [fp (1 a5 4+ 1), Ags (10)] =0, 49)
fes[E] G+ — Ags t + D™ (1 +1)] = 0. (50)

Hence, Theorem 4 gives

Theorem 6 For the disturbed discrete nonholonomic system of non-Chetaev type on time scales, if the genera-
tors of infinitesimal transformations satisfy the criterion equation (48) and the restriction equation (49), as well
as the additional restriction equation (50), and there are gauge functions G,, = G, (t,qs (t + 1), Ags (¢))
that satisfy the following structural equations:

LAt + xV (L) + G AT+ (QF + Ak) (E ¢+ D) — Agr ¢ + D) T (¢ + 1))

L
—A
Igr (t + 1)

+Fy (E;"il t+1)—Aq(c+ D" + 1)) + AG, =0, (m=0,1,2,...), (51)
then the system has a z-th adiabatic invariant as follows:

Loy

m=0

oL, aL oL
L—-——A " —"+ Gy |. 52
g+ (1= sag o) 7" = 5"+ Y

In Theorem 6, the relation between Lie symmetries and adiabatic invariants for the discrete nonholonomic
system of non-Chetaev type is established.

Due to the arbitrariness of time scales, apart from the above two special cases, different time scales can be
selected according to the needs, so as to obtain the corresponding results.
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6 An example

Assume that the Lagrangian of a Q nonholonomic mechanical system of non-Chetaev type on time scales is

1

L= () +@)]. (53)

The system is subjected to the following nonholonomic constraint:
f=ql4btgd —bgy+1=0, (b=const.). (54)
The virtual displacements of the system satisfy the following equation:
8q7 —bo (t)8q5 = 0. (55)
First, we establish the differential equations of motion of the system. Equation (4) gives
ai'® =1,q2% = —rbo (1). (56)

According to Egs. (54) and (56), we obtain

A= m (57)
so we have
Ay :;’ Azz—& (58)
b202 () — 1 b202 (1) — 1
and Eq. (56) becomes
a0 = m ;" = —%- (59)

Second, we calculate the Lie symmetry and exact invariants of the system. The criterion equations of Lie
symmetry are

2 1

AA A Ao _AA 1)

S YA S X E—
! b202(t) — 1t aT <b202 (1) — 1)

2bo (1) bo (1)

AA A Ao _AA 1)

4+ - 5 =-X . 60

52 b262 (1) — IT @ (bzcr2 (1) —1 (60)

Equation (60) has a solution
=0, & =b, & =1. 61)
The restriction equation and the additional restriction equation of the system, respectively, are
EN — gt + bt (8 — g t?) +bgdt —bE + 1 =0, (62)
£7 — gt —bo (1) (85 — q5°1°) = 0. (63)

Obviously, the generators (61) satisfy Egs. (62) and (63), so the generators (61) correspond to the Lie symmetry
of the system.
Substituting the generators (61) into the structural equation (22), we get

Go = —bq. (64)

According to Theorem 1, from the generators (61) and the gauge function (64), we obtain the following
conserved quantity:
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Iy = btq,A + qZA — bgq1 = const. (65)

This is the exact invariant caused by the Lie symmetry (61) of the system.
The third step is to calculate the adiabatic invariants led by the perturbation of Lie symmetry under small
disturbance. Suppose the system is subjected to small disturbance forces v Fj, i.e.,

vFi =vb, vF,=v (bzt + qu) , (66)
then Eq. (59) becomes
1 bo (1)
AA AA 2 A
= b, = bt . 67
N =gy TV 0 b202(t)—1+v( +42) ©7)

The criterion equation (19) of Lie symmetry gives

2 1
1AA 1A 0A Ao _1AA (1) (1)
_ _ — 2 — =X Xy’ (b),
51 b2o2 (1) —1° tooae I <b202(r) 1)+ o (®
2bo (1)
1AA 1A 2 A\ _0A Ao _1AA
2 —b202(t)—1t —2(b°t+45) 1" — 37
) bo (1) ) (2 A
=-X —_ X bt . 68
1 (bZUZ(I)—l + 0 ( +6]2) (63)

Equation (68) has a solution

1

tl=0, & =1, &= = (69)

The restriction equations and the additional restriction equations of the disturbed system are
EIN — gl 4 br (8% — gRT'®) + bgd ! — b + 17! =0, (70)
17 —qfot' —bo (1) (6° — g2°7'7) = 0. (71)

The generators (69) satisfy Egs. (70) and (71), so it corresponds to the Lie symmetry of the disturbed system.
The structural equation of the disturbed system is

1
Lt'® + (5% =gt g + (8% — a5 7') a8 + reyme— (& —qic")’
bo (t
—# & —g5t") +b0(E — a1 + (PPt +98) (& - g5'7°) +GF =0. (72)

Substituting Eq. (69) into Eq. (72), we can get
G =-b1"—q1 —qo. (73)

According to Theorem 4, we have

1
I :btqlA+q2A—bq1 —I—U(tqlA—i—quA —q1 —qz—bztz). (74)
This is the first-order adiabatic invariant caused by the Lie symmetry of the disturbed system. Similarly, we
can find adiabatic invariants of the second and higher orders.

We now consider two special cases T = R and T = Z.

IfT =R, theno () =1, u () =0, and g2 (1) = %, and the Lagrangian (53), nonholonomic constraint

(54) and the virtual displacement equation (55) are reduced to those [6] in the classical continuous case,
respectively:

L==(4i+43), f=d1+btgp—bgr+1t=0, 8q1 —btdg, =0, (75)

N —
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and Eq. (74) gives classical continuous version of adiabatic invariant as follows:

. . N
Iy = btq) +612—b611+v(f611 o —qz—b2t2>- (76)
IfT=7%7,thenc (t) =t+ 1, u(t) = 1, and qA (t)y =q (@t +1)—q(t) = Ag (t), and the Lagrangian (53),
nonholonomic constraint (54) and the virtual displacement equation (55) are reduced to those in the classical
discrete case, respectively:

1
L=3 [(Agi 1)+ (Ag2 1)), f = Aq1(t) +btAgy (1) —bga (1) +1 =0,
Sq1t+1)—b(t+1)dg2(+1)=0, 77

and Eq. (74) gives the discrete version of the adiabatic invariant as follows:

1
I = btAqy (t) + Aga (1) — bgy (1) + v [mql O+ A0 =g (1) =g (1) = W} : (78)

where A is the usual forward difference operator. .
If we choose another time scale, for example, T = {2/ 1 j € No}, we can get another discrete version of
the adiabatic invariant (74).

7 Conclusions

In this paper, we proposed and studied Lie symmetries and exact invariants of nonholonomic systems of
non-Chetaev type on time scales, and studied the perturbation of Lie symmetry and adiabatic invariants of
nonholonomic systems of non-Chetaev type on time scales under small disturbance. The main contributions
of this paper are as follows: The first is that we established the criterion equations of Lie symmetry for
nonholonomic systems of non-Chetaev type on time scales, proposed and proved the Lie symmetry theorem,
and derived the corresponding exact invariants caused by the Lie symmetry of the undisturbed system; the
second is that we studied the perturbation of Lie symmetry of the system under small disturbance, and derived
the adiabatic invariants of nonholonomic system of non-Chetaev type on time scales. Since the time scales
calculus has the two features, i.e., unification and extension, the results of this paper are universal. The method
and results can be further extended to various constrained mechanical systems on time scales.
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