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Abstract The work investigates numerically the dynamic behavior of the system, which consists of hori-
zontally oriented, elastic coaxial shells and a flowing compressible fluid partially or completely filling the
annular gap between the shells. The solution of the problem is carried out in a three-dimensional formulation
using the finite element method. The motion of the compressible non-viscous liquid is described by the wave
equation, which together with the impermeability condition and the corresponding boundary conditions is
transformed by the Bubnov–Galerkin method. The mathematical formulation of the problem of the dynamics
of thin-walled constructions is based on the variational principle of virtual displacements. The simulation of
the shell behavior is performed under the assumption that the curvilinear surface is accurately approximated
by a set of flat segments, in which the strains are determined using the relations of the classical plate theory.
The stability estimate is based on the results of computation and analysis of the complex eigenvalues of the
coupled system of equations. The influence of the filling level and the size of the annular gap on the boundaries
of hydroelastic stability of rigidly fixed coaxial shells is analyzed. It is shown that a decrease in the filling level
leads to an increase in the stability boundaries.

1 Introduction

Liquid or gas containing coaxial cylindrical shells constitute, an integral part ofmany industrial applications and
are used in various fields of engineering. For a long time, they have served as an object of numerous theoretical
studies. Obviously, papers [1,2] are the pioneer works in this field of research. The first is concerned with
axisymmetric-free vibrations of a finite cylindrical shell, which is in contact with the layer of a quiescent
fluid. The second determines the critical velocities of the gas flow between two infinite shells, one of which is
perfectly rigid. These papers present the general formulation of the problem, in which the liquid is modeled
in the acoustic approximation. Later, this formulation has been widely used by many authors. An extensive
survey of the literature devoted to the analysis of coaxial shells, interacting with both quiescent and flowing
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fluids, is presented in monograph [3]. Below, there is a brief review of only those publications, in which various
aspects of hydroelastic stability are investigated in the framework of the linear formulation.

The effect of the flowing fluid on the dynamic behavior of infinitely long coaxial shells was investigated in
[4]. Here, for the first time, an analytical solution was proposed for such a system, in which an incompressible
fluid flows not only in the annular channel, but also in the inner shell. Coaxial shells of finite length with a
perfectly rigid or elastic outer shell were investigated more comprehensively for the shells clamped at two
ends and for the cantilevered shells. In the analytical models [5,6], the motion of the shells was described
using the Flügge theory of thin shells. Generalized hydrodynamic forces were defined within the framework
of the potential theory and calculated using the Fourier transform. The solution of the problem was found
by the Galerkin method. The experimental data obtained in [7] demonstrate that in the case of a rigid outer
shell the loss of stability occurs at flow velocities which are much smaller than the velocities predicted by the
analytical model. The discrepancy between the analytical and experimental results is due to imperfections of
the shell shape. In [8], it was suggested that for pinned-pinned shells a simple approximate theory be used to
evaluate the dynamic behavior of a system of coaxial shells interacting with an incompressible fluid. It has
been shown that in the case of a quiescent fluid the predicted natural vibration frequencies and the critical
velocities responsible for the loss of stability are in good agreement with the available numerical results. In
[9], the parametric analysis of the stability of coaxial shells interacting with two flows of an ideal compressible
fluid was performed for different combinations of boundary conditions using the finite element method.

In some publications, different approaches were used to take into account the viscosity of a quiescent or
flowing liquid. In [10], a solution of the three-dimensional linearized Navier–Stokes equations is sought as a
sum of the scalar and vector potentials. A general solution for the system of coaxial, fluid-containing shells
is obtained for the class of traveling waves. An analytical solution of the coupled problem of free and forced
vibrations of coaxial shells separated by a viscous fluid, described by the linearized two-dimensional Navier–
Stokes equations, was developed in [11]. It was demonstrated that the size of the annular gap and the viscosity
of the fluid have the most significant effect on vibration damping. A similar approach was applied in [12] to the
case of a flowing liquid. Here, the authors analyze the difficulties with realization of the no-slip conditions at the
shell walls when performing numerical simulation of a viscous fluid. It was shown that, for simply supported
shells, the influence of nonstationary viscous forces increases with decreasing width of the annular channel.
The stationary viscous drag forces were taken into consideration for rigidly fixed and cantilevered shells in
[13] and [6], respectively. These papers investigate the stability boundaries for different types of fluid flows and
sizes of the annular gap between the inner and outer shells. It was found that the stationary viscous drag forces
exert a significant influence on the critical fluid flow velocities. In [14], a similar model was used to study the
effect of a number of system parameters on the stability of shells in the presence of an annular fluid flow. The
model presented in [15] takes into account both the stationary and nonstationary viscous drag forces, which
are determined from the linearized Navier–Stokes equations using the finite difference numerical method.
It has been shown that this model provides better agreement with the experimental data presented in [7,16]
compared to the model which takes into account only the stationary viscous drag forces. An investigation of
vibrations of shells with nonuniform constraints conveying or immersed in an annular axial flow of viscous or
non-viscous liquids was carried out in [17,18]. Here, the studies were carried out based on the Rayleigh – Ritz
method, in which the linear modes of simply supported shells vibrating in vacuo were used as admissible
functions. In Refs. [19,20], the numerical solution of the problem obtained by the finite element method for
non-viscous and viscous liquids revealed a significant discrepancy between the finite element solution and
the known numerical and analytical solutions obtained for the system of coaxial shells, in which the loss of
stability occurs at high vibration modes. The stability of coaxial shells with an ideal or viscous fluid flowing
only in the annular channel was investigated in [21–23] with and without consideration of the temperature
effects.

Note that in the works listed above the fluid completely fills not only the space between the two shells
but also the interior space of the inner shell. In this situation, as in the case of partial filling of vertically
oriented shells, the problem can be investigated in the framework of axisymmetric formulation. The partial
filling of horizontally located shells with a fluid breaks the symmetry along the circumferential coordinate,
which necessitates the employment of more complex spatial models. To our knowledge, such studies have not
been published as yet. The purpose of this paper is to analyze the influence of the level of fluid in the annular
gap between the shells on the hydroelastic stability boundary. It is suggested that the above problem be solved
using the modified version of the finite element algorithm, which was used by the authors in their previous
works to study the hydroelastic interaction of the shell structures of an arbitrary cross section completely or
partially filled with liquid [24,25].
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Fig. 1 A cross section of two coaxial cylindrical shells, with the fluid flowing in the annular gap between them in the case of
partial filling

2 Formulation of the problem/constitutive relations

We consider the system of elastic coaxial cylindrical shells of length L , thicknesses h(1) and h(2), and radii
R(1) and R(2) with an ideal, compressible fluid, flowing with a velocity U through the annular gap between
them (Fig. 1). Hereinafter, superscripts “(1)” and “(2)” denote the inner and outer shells, respectively. The aim
of this study is to investigate the influence of the height of the liquid layer (filling level) H in the annular gap
between the shells and its size on the boundaries of hydroelastic stability of the system, including the variant
in which one of the shells is perfectly rigid.

The motion of an ideal compressible liquid in volume V f is described in the framework of the potential
theory, in which the wave equation for the velocity potential φ in the Cartesian coordinates (x, y, z) is written
as [26]

∇2φ = 1

c2
∂2φ

∂t2
+ 2U

c2
∂2φ

∂t∂x
+ U 2

c2
∂2φ

∂x2
(1)

where c is the speed of sound in a liquid medium.
The components of the velocity vector of the fluid v in the perturbed state are determined as follows:

vx = ∂Φ

∂x
= U + ∂φ

∂x
, vy = ∂Φ

∂y
= ∂φ

∂y
, vz = ∂Φ

∂z
= ∂φ

∂z
,

where Φ = Ux + φ is the velocity potential.
It is assumed that the free surface of the liquid S f ree does not move and is not under the action of dynamic

pressure and surface tension. The corresponding boundary condition is given by [27]

φ = 0. (2)

The perturbation velocity potential at the inlet and outlet of the annular channel between the shells obeys
the following boundary conditions:

x = 0 : φ = 0, x = L : ∂φ/∂x = 0. (3)

On the wetted surfaces S(i)
σ = S f ∩ S(i)

s , we impose the impermeability conditions

∂φ

∂n
= −

(
∂w(1)

∂t
+U

∂w(1)

∂x

)
(4)
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and
∂φ

∂n
=
(

∂w(2)

∂t
+U

∂w(2)

∂x

)
(5)

for the internal and external shell, respectively. Here, w(i) are the normal components of the vectors of shell
displacements; n is the outward unit normal vector to the shell surfaces; S f , S

(i)
s are the surfaces that bound

volumes of fluid V f and shell Vs . Hereinafter, i = 1, 2.
To calculate the hydrodynamic pressure p exerted by the liquid on the shells, we use the Bernoulli equation

p(i) = ±ρ f

(
∂φ

∂t
+U

∂φ

∂x

)
(6)

where ρ f is the fluid density, and the sign in front of the formula depends on the directions of the normals to
the external surfaces of the shells.

Equation (1) together with the boundary conditions (2–5) is transformed to a weak form using the Bubnov–
Galerkin method [28], ∫

V f

∇Fn∇φ̂dV +
∫
V f

Fn

(
1

c2
∂2φ̂

∂t2
+ 2U

c2
∂2φ̂

∂t∂x
+ U 2

c2
∂2φ̂

∂x2

)
dV

+
∫
S(1)
σ

Fn

(
∂ŵ(1)

∂t
+U

∂ŵ(1)

∂x

)
dS

−
∫
S(2)
σ

Fn

(
∂ŵ(2)

∂t
+U

∂ŵ(2)

∂x

)
dS = 0, n = 1, 2, . . .m f ,

(7)

where φ̂, ŵ(i) are approximations of the perturbation velocity potential and the normal components of the
vectors of shells displacements, Fn and m f are the basic functions and number of them.

The basic relations, which describe the behavior of elastic shells, are written under the assumption that the
curvilinear surface of the structure can be represented as a set of flat segments (Fig. 2) [29]. The strains in each
of the segments are determined in the framework of the classical theory of thin plates [30,31] in the Cartesian
coordinate system (x̄, ȳ, z̄) associated with the lateral surface of the body,

ε̄(i) =
{
ε
(i)
x̄ x̄ , ε

(i)
ȳ ȳ , γ

(i)
x̄ ȳ

}T = ε̃(i) + z̄(i)κ (i), i = 1, 2,

ε̃(i) =
{
ε̃
(i)
x̄ x̄ , ε̃

(i)
ȳ ȳ , γ̃

(i)
x̄ ȳ

}T =
{

∂u(i)

∂ x̄
,

∂v(i)

∂ ȳ
,

∂u(i)

∂ ȳ
+ ∂v(i)

∂ x̄

}T

,

κ (i) =
{
κ

(i)
x̄ x̄ , κ

(i)
ȳ ȳ , κ

(i)
x̄ ȳ

}T =
{

−∂2w(i)

∂ x̄2
, −∂2w(i)

∂ ȳ2
,−2

∂2w(i)

∂ x̄∂ ȳ

}T

. (8)

In what follows, the over-bar denotes the quantities written in the coordinate system (x̄, ȳ, z̄), and u(i), v(i),
w(i) are the components of displacements of the middle surface of the plate (shell) in the direction of these
axes.

The physical relations between the vector of generalized forces and moments T̄(i) and the vector of
generalized strains ε̃(i) are written in the following form:

T̄(i) =
{
T (i)
x̄ x̄ , T (i)

ȳ ȳ , T (i)
x̄ ȳ , M (i)

x̄ x̄ , M (i)
ȳ ȳ , M

(i)
x̄ ȳ

}T = D(i)ε̄(i). (9)

For an isotropic material, the coefficients in the stiffness matrix D(i) are determined from the expressions⎧⎪⎨
⎪⎩

N (i)
x̄ x̄

N (i)
ȳ ȳ

N (i)
x̄ ȳ

⎫⎪⎬
⎪⎭ =

h/2∫
−h/2

Q(i)

⎧⎪⎨
⎪⎩

ε
(i)
x̄ x̄

ε
(i)
ȳ ȳ

γ
(i)
x̄ ȳ

⎫⎪⎬
⎪⎭ dz̄ =

⎡
⎢⎣ A(i)

11 A(i)
12 0

A(i)
21 A(i)

22 0
0 0 A(i)

66

⎤
⎥⎦
⎧⎪⎨
⎪⎩

ε̃
(i)
x̄ x̄

ε̃
(i)
ȳ ȳ

γ̃
(i)
x̄ ȳ

⎫⎪⎬
⎪⎭ ,
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Fig. 2 Shell as a set of flat elements

⎧⎪⎨
⎪⎩

M (i)
x̄ x̄

M (i)
ȳ ȳ

M (i)
x̄ ȳ
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Q(i)
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ε
(i)
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ε
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γ
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(
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⎢⎣ D(i)
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D(i)
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22 0
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⎤
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⎧⎪⎨
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κ
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x̄ x̄

κ
(i)
ȳ ȳ

κ
(i)
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⎪⎭,

A(i)
i j = h(i)Q(i)

i j , D(i)
i j =

(
h(i)
)3

12
Q(i)

i j , Q(i) =
⎡
⎢⎣ Q(i)

11 Q(i)
12 0

Q(i)
12 Q(i)

22 0
0 0 Q(i)

66

⎤
⎥⎦ ,

Q(i)
11 = Q(i)

22 = E (i)

1 − (ν(i)
)2 , Q(i)

12 = Q(i)
21 = ν(i)E (i)

1 − (ν(i)
)2 , Q(i)

66 = E (i)

2
(
1 − ν(i)

) (10)

where E (i) and ν(i) are Young’s modulus and Poisson’s ratio, respectively, of the shell materials.
A mathematical formulation of the problem of the dynamics of elastic bodies is based on the variational

principle of virtual displacements [32], which, taking into account the Bernoulli equation (6) and the work
done by the inertia forces, can be written in matrix form as

∫
S(i)
s

(
δε̄(i)

)T
D(i)ε̄(i)dS

+
∫
V (i)
s

ρ(i)
s

(
δd̄(i)

)T ¯̈d(i)
dV −

∫
S(i)
σ

(
δd̄(i)

)T
P̄(i)dS = 0 (11)

where ρ
(i)
s are the densities of the shells materials; d̄(i) =

{
u(i), v(i), w(i), θ

(i)
x̄ , θ

(i)
ȳ , θ

(i)
z̄

}T
are the vectors of

displacements and rotation angles of the inner and outer shell; P̄(i) = {0, 0, p(i), 0, 0, 0}T are the vectors of
loads acting on the shell surfaces.

3 Numerical implementation

The numerical solution of the problem is found by the finite element method [29]. To describe the perturbation
velocity potential φ̂, the basic functions Fn and the membrane displacements of shells (u, v), we use the
Lagrange shape functions with a linear approximation, and for flexural motions of shellsw we use the Hermite
non-conformal shape functions. Discretization of the fluid and shells computational domains is based on the
spatial 8-node brick and the 4-node plane rectangular finite elements, respectively.



3850 S. A. Bochkarev et al.

The related system of equations, describing the interaction between the elastic shells and the liquid, can
be formulated in a coordinate system (x, y, z) in matrix form as

⎡
⎣M(1)

s 0 0
0 M(2)

s 0
0 0 M f

⎤
⎦
⎧⎨
⎩
d̈(1)

d̈(2)

φ̈

⎫⎬
⎭+

⎡
⎢⎣

0 0 −C(1)
s f

0 0 C(2)
s f

−C(1)
f s C(2)

f s C f

⎤
⎥⎦
⎧⎨
⎩
ḋ(1)

ḋ(2)

φ̇

⎫⎬
⎭

+
⎛
⎜⎝
⎡
⎣K(1)

s 0 0
0 K(2)

s 0
0 0 K f

⎤
⎦+

⎡
⎢⎣

0 0 −A(1)
s f

0 0 A(2)
s f

−A(1)
f s A(2)

f s A f

⎤
⎥⎦
⎞
⎟⎠
⎧⎨
⎩
d(1)

d(2)

φ

⎫⎬
⎭ = 0 (12)

where d(1), d(2), φ are the generalized vectors of displacements and rotation angles of the inner and outer
shells and the perturbation velocity potential.

The typical matrices of stiffnessK, massM, dampingC, and hydrodynamic rigidityA for individual finite
elements are formed using the expressions

K̄(i)
s =

∫
V (i)
s

(
B(i)
)T

D(i)B(i)dV , M̄(i)
s =

∫
V (i)
s

ρ(i)
s

(
N(i)

)T
N(i)dV ,

C̄(i)
s f =

∫
S(i)
σ

ρ f

(
N(i)

w

)T
FdS, Ā(i)

s f =
∫
S(i)
σ

ρ f U
(
N(i)

w

)T ∂F
∂x

dS,

K f =
∫
V f

(
∂FT

∂x

∂F
∂x

+ ∂FT

∂y

∂F
∂y

+ ∂FT

∂z

∂F
∂z

)
dV , M f =

∫
V f

1

c2
FTFdV ,

C f =
∫
V f

2U

c2
∂FT

∂x
FdV , A f = −

∫
V f

U 2

c2
∂FT

∂x

∂F
∂x

dV ,

C̄(i)
f s = −

∫
S(i)
σ

FTN(i)
w dS, Ā(i)

f s = −
∫
S(i)
σ

UFT ∂N(i)
w

∂x
dS.

Here, B(i) is the gradient matrix, which links the deformation vector with the vector of nodal displacements
of the shell finite element; F, N(i), and N(i)

w are the shape functions for the velocity potential of the fluid,
the generalized vector of the nodal displacements of the shells, and its normal component. The constitutive
relations (8) do not contain the equation for rotation about the axis z̄. If the elements having a common node
are coplanar, then the rigidity in this direction becomes zero. In this case, any perturbation contributing to
the rotation will significantly affect the correctness of the solution. To eliminate this problem, one needs to
introduce zero rows and columns and a fictitious moment Mz̄ into the stiffness matrix of the finite element of
the shell [29]. The matrices K̄(i)

s and M̄(i)
s are formed in the coordinate system (x̄, ȳ, z̄) associated with the

lateral surface of the structure. The transformation of nodal displacements and rotation angles to the global
Cartesian coordinate system (x, y, z) is performed for each node using the matrix of the directional cosines γ
of size 3 × 3 in the following way:

d(i) =
[
γ 0
0 γ

]T
d̄(i).

At each node of the shell finite element, six unknowns are defined (three displacements and three
rotation angles), so the transformation of typical matrices is performed using a diagonal matrix L =
diag (γ , γ , γ , γ , γ , γ , γ , γ ):

K(i)
s =

(
L(i)
)T

K̄(i)
s L(i), M(i)

s =
(
L(i)
)T

M̄(i)
s L(i),
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C(i)
f s = C̄(i)

f sL
(i), C(i)

s f =
(
L(i)
)T

C̄(i)
s f .

Let us write the system of equations (12) in a more compact form as

M
{
d̈(1), d̈(2), φ̈

}T + C
{
ḋ(1), ḋ(2), φ̇

}T + (K + A)
{
d(1),d(2), φ

}T = 0 (13)

and consider the perturbed motion of shells and fluid as
(
d(1),d(2), φ

) =
(
d̃(1), d̃(2), φ̃

)
exp(λt), where

d̃(1), d̃(2), and φ̃ are the vector functions of the coordinates and λ = δ + iω is the characteristic parameter
(i = √−1). Here, it is assumed that ω is the eigenfrequency of vibrations, and δ is the quantity characterizing
damping. Eventually, the initial system of equations (13) is transformed to a generalized eigenvalue problem
written as [

C K + A
−I 0

]{
λx
x

}
+ λ

[
M 0
0 I

]{
λx
x

}
= 0 (14)

where I is the unit matrix, x =
{
d̃(1), d̃(2), φ̃

}T
.

Complex eigenvalues for the system of equations (14) are calculated with the algorithm which is based on
the implicitly restarted Arnoldi method [33]. The stability estimation is based on the analysis of the complex
eigenvalues of the problem (14) obtained under the constraint of gradually increasing fluid velocity.

4 The results of computation

Below, we consider a few examples, which are concerned with the stability of the system of horizontally
oriented coaxial shells (L = 1 m, R(2) = 0.1 m, h(1) = h(2) = h = 5×10−4 m, E (1) = E (2) = E = 2×1011

N/m2, ν(1) = ν(2) = ν = 0.3, ρ
(1)
s = ρ

(2)
s = ρs = 7800 kg/m3), clamped at both ends (u = v = w =

θx = θy = θz = 0) and containing an ideal compressible fluid (ρ f = 1000 kg/m3, c = 1500 m/s) flowing in
an annular channel between the shells. The computations were done for different values of the dimensionless
annular gap between the inner and outer shell, which is defined as k = (R(2) − R(1)

)
/R(1). In the analysis of

the influence of the filling level H on the loss of stability, consideration is given only to such values of the
fluid level at which both shells remain wetted, which corresponds to the following condition:

R(2) − R(1) ≤ H ≤ 2R(2). (15)

The obtained results are represented in terms of dimensionless quantities, such as the filling level η, the
critical velocities for the loss of stability Λ and the eigenvalues Ω ,

η = H(2R(2))−1, Λ = Uψ × 102,

Ω = λR(1)ψ × 102, ψ = [ρs(1 − ν2)/E]0.5.
Discretization of the liquid volume was performed under the constraint of finite element mesh matching

at the fluid–structure interface and taking into account the level of shell filling. The parameters of the finite
element mesh were determined by analyzing the asymptotic behavior of the solution as the number of nodal
unknowns increases. In numerical simulation, the shell surfaces were approximated by 5040 elements (72
and 70 elements in circumferential and meridional direction, respectively). The coupled system in the case of
complete filling with fluid had about 127,800 degrees of freedom.

4.1 Verification of the numerical model

The reliability of the developed model and its finite element realization for the system with a quiescent liquid
is tested by comparing the obtained results with the results of [34]. We consider a system of coaxial shells
rigidly clamped at both ends (E (1) = E (2) = 6.9× 1010 N/m2, ν(1) = ν(2) = 0.3, ρ(1)

s = ρ
(2)
s = 2700 kg/m3,

L = 0.3 m, R(1) = 0.1 m, R(2) = 0.15 m, h(1) = h(2) = 2 × 10−3 m), and a quiescent compressible liquid
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Table 1 The natural frequencies of vibration ω (Hz) of coaxial shells rigidly clamped at both ends and containing a quiescent
fluid in the annular channel between them

j m Ref. [34] Mode phase 3D, FEM j m Ref. [34] Mode phase 3D, FEM

1 1 391.1 Out-of-phase 390.7 2 1 435.6 Out-of-phase 435.8
2 847.6 Out-of-phase 846.7 2 907.1 Out-of-phase 907.0
3 1397.5 Out-of-phase 1397.0 1 996.8 In-phase 996.2
1 1736.6 In-phase 1733.8 1 1401.3 Out-of-phase 1402.1
4 1908.5 Out-of-phase 1906.6 – 1822.2 Mixed phase 1821.7
5 2317.2 Out-of-phase 2313.5 – 1892.6 Mixed phase 1893.1
– 2623.4 Mixed phase 2579.8 – 2265.3 Mixed phase 2264.4

3 1 403.0 Out-of-phase 404.6 4 1 382.5 Out-of-phase 385.1
1 671.3 In-phase 672.5 1 561.9 In-phase 564.5
2 858.3 Out-of-phase 860.7 2 791.0 Out-of-phase 795.8
2 1344.8 In-phase 1346.5 2 1075.5 In-phase 1079.8
3 1352.4 Out-of-phase 1356.5 3 1267.5 Out-of-phase 1274.8
4 1810.7 Out-of-phase 1816.3 3 1676.9 In-phase 1683.2
3 2010.6 In-phase 2012.6 4 1729.2 Out-of-phase 1739.5

Table 2 Comparison of the dimensionless critical flow velocitiesΛ in the annular channel for various configurations and different
methods of solution

Configuration Method of solution Elastic and rigid shells Two elastic shells

Annular gap k

1/2 1/10 1/100 1/2 1/10 1/100

A† 2D, analytical, Ref. [5] 2.890 1.360 – – 0.958 –
2D, FEM, Ref. [9] 2.852 1.359 0.435 2.060 0.958 0.307

B‡ 3D, FEM 2.826 1.356 0.433 2.053 0.955 0.306
†Annular flow and quiescent liquid inside the shell
‡Annular flow, only

flowing in the annular gap between the shells (ρ f = 1000 kg/m3, c = 1483 m/s). At the inlet and outlet of the
annular channel for the perturbation velocity potential, we prescribe the following boundary conditions:

x = 0, L : ∂φ/∂x = 0.

Note that in [34] it was shown for the first time that for two elastic coaxial shells, along with the in-
phase (direction and number of meridional half-waves m coincide) and out-of-phase (directions are opposite)
modes, there are also mixed (the number of half-waves is different) modes. Table 1 presents the natural
frequencies of vibrations ω of the configuration described above, where j denotes the number of half-waves in
the circumferential direction. In the studies performed in the framework of 3D formulation, the identification of
a combination of wave numbers ( j,m) necessitates the construction of mode shapes. In this case, the solution
of the problem includes both the symmetric and antisymmetric components, which means that two vibration
modes correspond to one frequency, differing only by the angle of rotation in the circumferential direction

Based on the available information, we can conclude that the results obtained in the framework of the
proposed model are in good agreement with the data of the analytical solution given in [34]. It should be noted
that as the number of waves in the circumferential direction j increases, the difference in the results obtained
within the framework of axisymmetric and three-dimensional formulation becomes more significant.

In the case when the fluid flow occurs only in the annular channel, the evaluation of the reliability of the
algorithm is really a challenge due to the absence of publications, inwhich the reliability of the presented results
has been verified. Instead, the obtained results are compared with the known data for the critical velocities of
the annular flow in the presence of a quiescent liquid completely filling the interior space of the inner shell.
The results are given in Table 2, which displays the dimensionless critical velocities of the annular fluid flow
Λ for various configurations.

Based on the analysis of the results given in Table 2 for rigidly clamped coaxial shells, we can draw the
following conclusion. The critical velocities calculated in the framework of the spatial formulation are in good
agreement with both analytical and numerical data obtained with the help of axisymmetric models. For the
configuration under consideration, the presence of a quiescent fluid in the inner shell has an insignificant effect
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on the critical velocities of the fluid flow in the annular channel. Moreover, this effect will further weaken with
decrease in the annular gap size.

4.2 Stability analysis

Figure 3 shows the plots of the real and imaginary parts of the dimensionless eigenvalues Ω versus the
dimensionless velocity of the fluid flow in the annular channel Λ of the system, in which the inner shell is
elastic and the outer shell is perfectly rigid. The data presented in Fig. 3a correspond to the case of complete
filling of the annular gap with fluid. When the flow velocity is zero (Λ = 0), the eigenvalues of the system are
purely imaginary. An increase in the flow velocity causes a decrease in the imaginary parts of the eigenvalues
until they become zero. At exactly the same time each mode acquires a pair of real parts, one of which is
positive, which corresponds to a loss of stability by divergence. A further increase in the flow velocity leads
to restabilization of the system, at which the eigenvalues again become purely imaginary.

As itwasmentioned above, in the casewhen the annular gap is completely filledwithfluid, the solution of the
problem splits into symmetric and antisymmetric components. In this case, two modes of vibration correspond

(a) (b)

Fig. 3 The dimensionless eigenvalues Ω (m = 1) versus the dimensionless fluid velocity Λ at different values of the fluid level
for the system with rigid outer shell (k = 1/10): a η = 1; b η = 0.25

(a) (b)

Fig. 4 The dimensionless critical velocities Λ versus the dimensionless fluid level η: a rigid outer shell and elastic inner shell; b
both shells are elastic
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(a) (b) (c)

(d) (e) (f)

Fig. 5 Mode shapes of the system with perfectly rigid outer shell at k = 1/10, η = 1, and different velocities of the flow in the
annular channel: cross section x = L/2 (a–c) and inner shell (d–f)

(a) (b) (c)

(d) (e) (f)

Fig. 6 Mode shapes of the system with perfectly rigid outer shell: cross section x = L/2 (a–c) and inner shell (d–f) at k = 1/10,
η = 0.25, and different values of the velocity of the fluid flow in the annular channel
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to a single frequency. The partial filling of horizontally located shells causes splitting of eigenfrequencies [24]
with the result that the same mode, differing from each other by the angle of rotation in the circumferential
direction, correspond to different frequencies. Figure 3b shows the evolution of such eigenvalues Ω that have
the same set of wave numbers ( j,m). From the above plots, it follows that in the case of partial filling of the
annular channel there is no qualitative change in the behavior of the eigenvalues. Namely, the coalescence of
the imaginary parts due to their proximity is not realized, and the type of stability loss remains unchanged.

At this point, it is also necessary to note the differences in the plots of the eigenvalues as a function of the
flow velocity of the fluid obtained in the framework of the three-dimensional and axisymmetric formulations
(for example, in [5]). Due to the fact that the spatial solution extends over the entire frequency spectrum, it is of

(a) (b) (c)

(g) (h) (i)

(d) (e) (f)

Fig. 7 Mode shapes of coaxial shells interacting with the fluid at k = 1/10, η = 1, and different values of the velocity of the
flow in the annular channel: cross section x = L/2 (a–c), inner (d–f) and outer (g–i) shells
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interest to analyze the types of stability loss, which occur at lower modes and for the examined configurations
correspond to instability by divergence. However, in this case the secondary loss of stability in the form of a
coupled-mode flutter, which is commonly observed and analyzed within the framework of the axisymmetric
solution, loses its significance.

Figure 4 shows plots of the dimensionless velocities of stability loss Λcr versus the dimensionless fluid
level η obtained for different values of the annular gap k between the rigid and elastic shells (Fig. 4a) and
two elastic shells (Fig. 4b). As it is evident from the plots, a decrease in the fluid level leads to an increase
in the critical velocities. This is due to a decrease in the area of the wetted surfaces and a decrease in the
contribution of the added fluid mass. An abrupt change in the critical velocities responsible for the loss of

(a) (b) (c)

(g) (h) (i)

(d) (e) (f)

Fig. 8 Mode shapes of coaxial shells interacting with the fluid at k = 1/10, η = 0.25, and different values of the velocity of the
flow in the annular channel: cross section x = L/2 (a–c), inner (d–f) and outer (g–i) shells
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stability is observed at low values of the fluid level η for a gap k = 1/100. Similar results were obtained in
the case of partial filling of single shells [25]. This phenomenon is characteristic of only such systems that
have narrow gaps between shells and is associated with the essential prerequisite for the existence of a wetted
surface of the inner shell, which may be absent at a small amount of the fluid in a relatively wide annular gap,
i.e., when the condition (15) is not satisfied. As in the case of complete filling, an increase in the gap size as
well as of the stiffness of the outer shell leads to an increase in the critical velocities. At the same time, for
small values of k, the level of filling has a negligible effect on Λcr over a rather wide range of its variation.

Figures 5, 6, 7, and 8 show the mode shapes of vibrations of coaxial shells at k = 1/10 and different values
of the dimensionless flow velocities Λ, filling level η, including the case of a perfectly rigid outer shell. In the
Figures depicting the cross sections of the system, the dashed lines denote the shells in the undeformed state,
the contour lines correspond to the shells in the deformed state, the gray color represents the fluid, and the
thick solid line denotes the perfectly rigid shell.

When constructing spatial modes of vibrations, we have scaled the displacements in order to provide the
clarity of presentation of the results. The real values obtained from the solution of the spectral problem (14) are
displayed on the color scale, which is common to both shells. On the spectral scale light gray (red) represents

(a) (b) (c)

Fig. 9 Mode shapes of coaxial shells interacting with the fluid at k = 1/2, η = 0.4, and Λ �= 0: a cross section x = L/2; b inner
shell; c outer shell

Table 3 The effect of the ratio L/R(1) on the dimensionless critical velocities Λcr at different filling levels η and annular gap k

k η Elastic and rigid shells Two elastic shells

L/R(1)

5 10 15 20 5 10 15 20

1/2 1 3.985 3.142 2.843 2.339 3.133 2.468 2.060 1.838
(4,1) (3,1) (3,1) (2,1) (5,1) (4,1) (3,1) (2,1)

0.5 4.236 3.544 3.157 2.831 3.192 2.590 2.256 1.194
(4,1) (3,1) (3,1) (2,1) (*,1) (*,1) (3,1) (*,1)

1/10 1 2.004 1.423 1.279 1.012 1.435 1.010 0.876 0.724
(4,1) (3,1) (3,1) (2,1) (4,1) (3,1) (3,1) (2,1)

0.5 2.149 1.614 1.355 1.197 1.521 1.131 0.948 0.837
(4,1) (3,1) (3,1) (2,1) (4,1) (3,1) (3,1) (2,1)

0.25 2.269 1.762 1.465 1.294 1.608 1.235 1.024 0.905
(4,1) (3,1) (3,1) (2,1) (4,1) (3,1) (3,1) (2,1)

1/100 1 0.624 0.438 0.386 0.312 0.441 0.309 0.271 0.221
(4,1) (3,1) (3,1) (2,1) (4,1) (3,1) (3,1) (2,1)

0.5 0.666 0.494 0.413 0.365 0.473 0.349 0.292 0.257
(4,1) (3,1) (3,1) (2,1) (4,1) (3,1) (3,1) (2,1)

0.25 0.703 0.534 0.445 0.391 0.496 0.377 0.314 0.276
(4,1) (3,1) (3,1) (2,1) (4,1) (3,1) (3,1) (2,1)
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Table 4 The effect of the ratio h/R(1) on the dimensionless critical velocities Λcr at different filling levels η and annular gap k

k η Elastic and rigid shells Two elastic shells

h/R(1) × 103

5 10 15 20 5 10 15 20

1/2 1 2.026 3.415 4.490 5.629 1.510 2.604 3.460 4.189
(3,1) (2,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

0.5 2.251 3.979 5.491 6.975 1.630 2.809 3.838 4.821
(3,1) (2,1) (2,1) (2,1) (*,1) (*,1) (*,1) (*,1)

1/10 1 1.265 2.303 2.898 3.466 0.895 1.589 2.071 2.461
(3,1) (3,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

0.5 1.444 2.451 3.346 4.164 1.011 1.713 2.335 2.904
(3,1) (3,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

0.25 1.567 2.659 3.641 4.482 1.103 1.858 2.537 3.160
(3,1) (3,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

1/100 1 0.432 0.764 1.002 1.513 0.305 0.538 0.709 0.841
(3,1) (3,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

0.5 0.488 0.827 1.127 1.402 0.344 0.583 0.795 0.989
(3,1) (3,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

0.25 0.528 0.894 1.217 1.189 0.373 0.631 0.859 1.067
(3,1) (3,1) (2,1) (2,1) (3,1) (3,1) (2,1) (2,1)

the displacement w̄ in the direction normal to the external surface of the shell, and dark gray (blue) represents
the displacement in the opposite direction. As the flow velocity approaches the critical value Λcr, at which
the system loses stability, the displacements increase significantly. The obtained data allowed us to draw the
conclusion that in the case of complete filling of the annular gap with the fluid the amplitude of displacements
of the inner shell exceeds the amplitude of displacements of the outer shell, whereas partial filling leads to an
opposite result. In addition, at η = 1, the height of all half-waves in the circumferential direction is the same.
In the case of partial filling, the maximum displacements will occur on the part of the lateral surface of the
shell which interacts with the fluid.

The data presented in this paper also suggest that for the configurations under consideration the mode of
the loss of hydroelastic stability does not depend on the fluid level in the annular channel, which is qualitatively
similar to the behavior of the lowest frequency of a single shell containing a quiescent fluid [24].

The images shown in Fig. 9 demonstrate that, for partially filled coaxial shells with a sufficiently large
inter-shell gap (k = 1/2), the classification of vibration modes proposed in [34] is found to be incomplete.
Here, it is shown that apart from the mixed vibration modes in the meridional direction the mixed modes can
also appear in the circumferential direction.

Tables 3 and 4 present the critical velocities for the loss of stability of coaxial shells interacting with the
fluid flow in the annular gap for different linear dimensions and filling levels. The line below the critical values
shows the combination of wave numbers ( j,m) for which the loss of stability occurs. Here the symbol “*”
denotes the mixed number of half-waves in the circumferential direction. The data obtained demonstrate that
an increase in the length of the structure L (Table 3) and a decrease in its thickness h (Table 4) result in
destabilization of the system, and, as a consequence, in a decrease in the critical flow velocity Λcr. This effect
is also maintained when the gap is partially filled with a fluid. The results also confirm that the mode shape of
loss of stability is more dependent on the linear dimensions of the shells than on the fluid level.

5 Conclusions

In this paper, we studied the dynamic behavior of coaxial cylindrical shells, interacting with a quiescent or
flowing fluid, in a three-dimensional formulation based on the proposed mathematical model and its numerical
implementationwith the use of the finite elementmethod. As an example, we considered the casewhen the fluid
was contained only in the annular channel between the inner and outer shells. Using the developed numerical
algorithm,we analyzed the effect of the filling level on the eigenfrequencies, vibrationalmodes, and boundaries
of hydroelastic stability. The corresponding relationships and new qualitative dependencies were obtained for
different annular gaps and geometrical parameters. In addition, we considered the case when the outer shell
was perfectly rigid. It was found that for narrow annular gaps the character of decrease in the critical velocities
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for the onset of instability with increasing filling level was qualitatively similar to that observed previously
for the single shells interacting with internal fluid flow. It was shown that the classification of vibration modes
proposed in the axisymmetric analysis of coaxial shells should be extended, since at a certain size of the annular
gap partially filled with fluid the number of half-waves appearing in the circumferential direction of the inner
and outer shells is different.
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