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Abstract A stochastic micromechanical framework is presented to predict the probabilistic behavior of the
fiber-reinforced concrete (FRC) using the maximum entropy principle. The FRC is represented as a multiphase
composite composed of the aggregate, the interfacial transition zone, the bulk cement paste, and the fiber. The
volume fractions of the different constituents are analytically calculated based on the material mix proportions
and the aggregate grading. The multilevel homogenization schemes are presented to predict the material’s
effective properties considering the effects of the aggregate, the ITZ, and the fibers with the different shapes.
By modeling the volume fractions and properties of constituents as stochastic, we extend the deterministic
framework to stochastic to incorporate the inherent randomness of effective properties among the different
specimens. The maximum entropy distribution is modified to estimate the probability density function of the
material’s properties using their different order moments. Numerical examples including the limited experi-
mental validations, the comparisons with existing micromechanical models, the commonly used probability
density functions, and the directMonte Carlo simulations indicate that the proposedmodels provide an accurate
and computationally efficient framework in characterizing the material’s effective properties.
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1 Introduction

Owing to the well-established performance of the fiber-reinforced concrete (FRC), major efforts have been
dedicated during the last decade to the modeling of the material’s behavior [1–8]. The empirical formulations
to evaluate the elastic properties of FRC have been suggested by many researches [6–9]. These formulations
are usually obtained by means of the laboratory tests, which is the phenomenological way to formulate the
behavior of the FRC. An attractive alternative to handle this kind of problem is provided by the framework
of micromechanics, which reduces the laboratory expenses, meanwhile discloses the enhancing mechanism
of the fibers from the microscale level [10–13]. Teng et al. [11] proposed a dedicated empirical formula for
calculating the elastic moduli of steel fiber-reinforced concrete (SFRC) by adopting the equivalent inclusion
method. Dutra et al. [10] proposed a micromechanical model for the FRC, and the linear elastic behavior is
examined by implementation of a Mori-Tanaka homogenization scheme. Gal and Kryvoruk [12] employed
the finite element method to analyze the properties of FRC using a two-step homogenization approach, where
the interfacial transition zone (ITZ) between the aggregate and mortar is considered by a micromechanical
homogenization process. Guan et al. [13] presented a stochastic micromechanical model to characterize the
elastic modulus and Poisson’s ratio of FRC.

It is indeed effective and promising to use the micromechanics to predict the behavior of FRC. However,
very few models considering the effects of both the ITZ and fiber shapes together are available according to
the present studies on the micromechanical modeling for the FRC [10–13]. Furthermore, the current microme-
chanical models for the FRC are mainly based on the deterministic micromechanical framework which does
not consider the stochastic behavior of composites observed in the actual specimens [14–22]. Due to the dif-
ficulties in detailing the exact pre-determined microstructural composites, there is an inherent randomness of
the microstructures even under the same manufacturing process [14–16]. To address these shortcomings, a
deterministic micromechanical framework is proposed for FRC considering the influence of aggregate grad-
ing, the ITZ, and fibers with different shapes in this paper. Meanwhile, by modeling the volume fractions and
properties of constituents as stochastic, the deterministic framework is extended to stochastic to incorporate
the inherent randomness of the effective properties among the different specimens. Furthermore, the efficient
simulation program based on the maximum entropy principle is presented to obtain the unbiased probability
density function of the FRC’s properties.

The rest of this paper is organized as follows. The maximum entropy distribution is introduced in Sect. 2.
Section 3 proposes the deterministic micromechanical framework for the FRC, which includes the material’s
multiphase micromechanical model, the multilevel homogenization scheme for predicting the FRC’s effective
properties, and the analytical solutions for the volume fractions of the different constituents (consisting of
the aggregate, the ITZ, the bulk cement paste, and the fibers with different shapes). In Sect. 4, stochastic
micromechanical framework for the FRC is obtained by modeling the properties and the volume fractions
of the constituents as stochastic. Meanwhile, the moments of the effective properties are calculated with
Monte Carlo simulations, with which the maximum entropy distribution is modified to estimate the probability
density function (pdf) of the material’s properties. Numerical examples including validations and discussions
are presented in Sect. 5. And some conclusions are reached in the final Section.

2 Maximum entropy distribution

2.1 The maximum principle

In information theory, the entropy is a measure of the uncertainty associated with a random variable. It can be
defined as

H(x) = −
∫ ∞

−∞
f (x) ln[ f (x)]dx (1)

where H(x) is the entropy and f (x) is the pdf of a random variable x . The maximum entropy principle was
developed by Jaynes on the basis of the concept of the statistical entropy, which can be viewed as a rational
approach for choosing a consistent probability distribution among all possible distributions [23]. The principle
states that the minimally prejudiced probability distribution is the one that maximizes the entropy subject to
the constraints.
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2.2 The maximum entropy distribution

Let us define the normalization condition and moments as below, which can be seen as the constraints for the
pdf of a random variable,

∫ ∞

−∞
f (x)dx − 1 = 0, (2)

∫ ∞

−∞
xi f (x)dx − mi = 0 (3)

where mi is the i-order moment of the random variable.
To obtain the maximum entropy distribution, the Euler–Lagrange equation can be applied to solve the

function maximum problem, and the solution is

f (x) = exp

[
a0 +

N∑
i=1

ai x
i

]
(4)

where a0, a1, a2, · · · aN are the Lagrangian multipliers [24].
By differentiating the definition of the maximum entropy distributions with respect to the variable x , we

have

f ′(x) =
(

N∑
i=1

ai x
i−1

)
f (x). (5)

If wemultiply both sides of Eq. (5) by xn (n is a positive integer) and perform the integration with respect to
x, the Lagrangian multipliers a1, a2, · · · aN can be obtained after lengthy derivations by solving the following
equations [24]:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 m1 m2 · · · mN−1

m1 m2 m3 · · · mN

m2 m3 m4 · · · mN+1

...
...

...
. . .

...

mN−1 mN mN+1 · · · m2N−2

mN mN+1 mN+2 · · · m2N−1

mN+1 mN+2 mN+3 · · · m2N

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

2a2

3a3

...

NaN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

−1

−2m1

...

−(N − 1)mN−2

−NmN−1

−(N + 1)mN

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (6)

With a1, a2, · · · aN , the parameter a0 can be reached using the normalization condition as below:

a0 = ln

⎛
⎝ 1∫ +∞

−∞ exp
[∑N

i=1 ai x
i
]
⎞
⎠ . (7)

3 Deterministic micromechanical framework for the FRC

3.1 Multiphase micromechanical model for the FRC

The FRC can be seen as the composite composed by the concrete and the fibers. It is complicated and often
impossible to precisely describe the concrete’s microstructures. There are many different constituents in the
concrete at the different length scales [25–30]. The concrete can be treated as homogenous material at the
macroscopic scale. At the lower level, the material is made of the aggregates (rock and sand), the cement
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Fig. 1 Multiphase micromechanical model for fiber-reinforced concrete (FRC)

pastes, and the ITZs. The cement pastes are formed by the homogeneous C–S–H with the large CH crystals,
the aluminates, the cement clinker and the water; and the microstructures of the ITZs are much more complex
[25,26]. In this paper, following the previous works [27–29], the shape of the aggregate is supposed to be
spherical. As regards the shape of each fiber, it is characterized by the aspect ratio γ = a/b. Note that the
scalars a and b refer, respectively, to the semimajor axis and to the semiminor axis of the representing prolate
spheroid for a fiber. Furthermore, the interface between the fiber and matrix is assumed to be well bonded [10–
13]. Therefore, to investigate the effects of the fibers with different shapes and the ITZs on the FRC properties,
the material in this paper is described as four-phase composite composed of the fiber, the bulk cement phase,
the aggregates (sand and rock), and the ITZ between them [10–13,27–29], as shown in Fig. 1.

3.2 Multilevel homogenization scheme for the effective properties of the FRC

Previously published studies have shown that a homogenization stepping scheme is an effective way to obtain
the effective properties of the multi-inclusion composites [31–54]. The multiphase micromechanical model
used in the present study also employs a multilevel homogenization procedure. First, the equivalent inclusion
(composed of the aggregate and the ITZ) and the equivalent matrix (i.e., concrete) are reached by modifying
the three-phase sphere model presented by Smith in the first and second-level homogenizations [55,56], as
shown in Fig. 2a, b. Second, the fibers with different shapes are incorporated by utilizing the work of Berryman
in the third-level homogenization [57], as exhibited in Fig. 2c.

3.2.1 The effective properties of the composite made up of the aggregate and the ITZ

The first-level homogenization employs the three-phase sphere model to obtain the effective bulk modulus and
the effective shear modulus of the equivalent inclusion. For the two-phase composite made up of the aggregates
(as the inner material) and the ITZ (as the outer material), the effective properties can be reached based on
[55,56], which can be expressed as below:

KF = Kitz + φag
(
Kag − Kitz

)
(3Kitz + 4μitz)

3Kitz + 4μitz + 3
(
1 − φag

) (
Kag − Kitz

) , (8)

α

(
μF

μitz
− 1

)2
+ β

(
μF

μitz
− 1

)
+ γ = 0. (9)

With

φag = cag
cag + citz

, (10)

α = [4P(7 − 10νitz) − Sφ7/3
ag ][Q − (8 − 10νitz)(M − 1)φag]

−126P(M − 1)φag

(
1 − φ2/3

ag

)2
, (11)
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(b)

Homogenization
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AggregateITZ
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The equivalent inclusionBulk cement paste
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The equivalent matrix
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Fig. 2 The multilevel homogenization procedures: a the first-level: homogenization of the aggregate and ITZ; b the second-level:
homogenization of the bulk cement paste and equivalent inclusion; c the third-level: homogenization of the equivalent matrix and
the fibers

β = 35(1 − νitz)P[Q − (8 − 10νitz)(M − 1)φag]
−15(1 − νitz)[4P(7 − 10νitz) − Sφ7/3

ag ](M − 1)φag, (12)

γ = −525P(1 − νitz)
2(M − 1)φag, (13)

M = μag

μitz
, (14)

P = (7 + 5νag)M + 4(7 − 10νag), (15)

Q = (8 − 10νitz)M + (7 − 5νitz), (16)

S = 35(7 + 5νagg)M(1 − νitz) − P(7 + 5νitz) (17)

where KF and μF are the effective bulk modulus and shear modulus of the equivalent inclusions after the
first-level homogenization, φag is the volume fractions of the aggregates in the two-phase composite made up
of the aggregate and the ITZ, cag and citz are the volume fractions of the aggregate and the ITZ; Kag, μag and
νag(Kitz, μitz and νitz) are the bulk modulus, the shear modulus, and Poisson’s ratio for the aggregates (the
ITZ).

3.2.2 The effective properties of the concrete

As to the concrete consisting of the bulk cement paste and the equivalent inclusion, the material’s effective
mechanical properties can be similarly obtained by employing the three-phase sphere model of Smith [55,56].
Let Kbk, μbk and νbk signify the bulk modulus, the shear modulus, and the Poisson’s ratio of the bulk cement
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paste and νF be the effective Poisson’s ratio of the equivalent inclusions. The effective properties of the three-
phase composite, including the aggregates, the ITZ, and the bulk cement paste, can be reached by following
alterations to Eqs. (8)–(17): firstly, Kitz, μitz, and νitz(Kag, μag and νag) in Eqs. (8)–(17) should be replaced
with Kbk,μbk and νbk (KF ,μF , and νF ), respectively. Secondly, KF andμF should be turned into the effective
bulk modulus and shear modulus of the three-phase composite, denoted by KS and μS , respectively. Thirdly,
φag should be replaced by φF , which can be defined by Eq. (18) as below:

φF = cag + citz
cag + citz + cbk

(18)

where cbk is the volume fraction of the bulk cement paste.

3.2.3 The effective properties of the FRC

There are usually many types of fibers, such as the steel fiber, the polypropylene fiber, and the carbon fiber,
which have different shapes (characterized by the different aspect ratios). In this Section, the work of Berryman
is modified to incorporate the effects of fibers with different shapes on the effective properties of the FRC
[57]. By replacing the matrix phase and the inclusion phase with the concrete and the fibers, respectively, the
effective properties of the FRC can be reached using the following equations [57]:

(KS − K ∗)KS + (4/3)μS

K ∗ + (4/3)μS
= cfi(KS − Kfi)P, (19)

(μS − μ∗)μS + Y

μ∗ + Y
= cfi(μS − μfi)Q (20)

with

Y = μs

6

9Ks + 8μs

Ks + 2μs
(21)

where Kfi and μfi represent the bulk modulus and the shear modulus of the fiber, respectively, and cfi is the
volume fraction of the fiber. P and Q are related to the shape of the fiber as below:

P = F1
F2

, Q = 2

F3
+ 1

F4
+ F4F5 + F6F7 − F8F9

F2F4
(22)

with

F1 = 1 + A

[
3

2
( f + θ) − R

(
3

2
f + 5

2
θ − 4

3

)]
, (23)

F2 = 1 + A

[
1 + 3

2
( f + θ) − R

2
(3 f + 5θ)

]
+ B(3 − 4R)

+ A

2
(A + 3B)(3 − 4R)

[
f + θ − R( f − θ + 2θ2)

]
, (24)

F3 = 1 + A

[
1 −
(
f + 3

2
θ

)
+ R( f + θ)

]
, (25)

F4 = 1 + A

4
[( f + 3θ) − R( f − θ)], (26)

F5 = A

[
− f + R

(
f + θ − 4

3

)
+ Bθ(3 − 4R)

]
, (27)

F6 = 1 + A[1 + f − R( f + θ) + B(1 − θ)(3 − 4R)], (28)

F7 = 2 + A

4
[3 f + 9θ − R(3 f + 5θ) + Bθ(3 − 4R)], (29)

F8 = A

[
1 − 2R + f

2
(R − 1) + θ

2
(5R − 3)

]
+ B(1 − θ)(3 − 4R), (30)

F9 = A[(R − 1) f − Rθ ] + Bθ(3 − 4R). (31)
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The parameters A, B, and R can be arrived with the properties of the fibers and the concrete as follows:

A = μfi

μS
− 1, (32)

B = 1

3

(
Kfi

KS
− μfi

μS

)
, (33)

R = 3μS

3KS + 4μS
. (34)

θ and f are defined by the following equations depending on the aspect ratios of the fiber:

θ =

⎧⎪⎪⎨
⎪⎪⎩

(γ −2/3 − γ 4/3)−3/2[arccos γ − γ (1 − γ 2)1/2] γ < 1
2
3 γ = 1,

(γ 4/3 − γ −2/3)−3/2[γ (γ 2 − 1)1/2 − arccos hγ ] γ > 1

(35)

f =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3θ−2
γ −2−1

γ < 1

− 2
5 γ = 1

2−3θ
1−γ −2 γ > 1

(36)

where γ is the aspect ratio of the fibers.

3.3 Analytical solutions for the volume fractions of the different constituents

The volume fraction of the aggregate cag and the fiber cfi can be obtained according to the mix proportions for
the FRC. Since the ITZs are usually overlapped in the typical concrete, it is difficult to obtain their volume
fractions. For simplicity, the volume fractions of the bulk cement phase and the ITZ are calculated bymodifying
the ‘void exclusion probability’ as follows [27,28,58,59]:

cbk = (1 − cag) exp(−πρ(αt + βt2 + κt3)), (37)

α = 4R2

1 − cag
, (38)

β = 4R̄

1 − cag
+ 12ε2R2

(1 − cag)2
, (39)

κ = 4

3(1 − cag)
+ 8ε2 R̄

(1 − cag)2
, (40)

ε2 = 2πρR2

3
, (41)

ρ =
Nu∑
i=1

9cagci
4π
(
r3i+1 − r3i

) ln
(
ri+1

ri

)
, (42)

R̄ =
Nu∑
i=1

9cagci
4πρ
(
r3i+1 − r3i

) (ri+1 − ri ), (43)

R2 =
Nu∑
i=1

9cagci
4πρ
(
r3i+1 − r3i

) 1
2

(
r2i+1 − r2i

)
(44)

where t is the thickness of the ITZ; ρ is the total number of the aggregate per unit volume, α, β, and κ are
functions of the mean aggregate radius R̄ and the mean square aggregate radius R̄2 according to the aggregate
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size distribution, ci is the volume fraction of aggregates with radius ranging from ri to ri+1. Nu is the total
number of zones (with radius ranging from ri to ri+1) used to characterize the aggregate size distribution. The
volume fraction of the ITZ is finally obtained by the simple subtraction:

citz = 1 − cag − cbk − cfi. (45)

4 Stochastic micromechanical framework for the FRC

Based on the deterministic micromechanical framework in the above Section, the effective properties of the
FRC can be estimated with the volume average or ensemble average of the descriptors for the microstructures.
However, in real engineering problems, there is an inherent randomness of the specimen even under the same
manufacturing process. To consider these fluctuations, the input of the micromechanical predicting model
should be random [14–16]. Therefore, in this Section, the volume fraction and the material properties of the
constituents in the multiphase composites are described by the appropriate random variables. Accordingly, our
proposed micromechanical model is readily extended to a stochastic framework.

4.1 The stochastic descriptions for the microstructures of the FRC

Based on our proposed micromechanical model for the FRC, the uncertainties for the material’s effective
properties come from the fluctuations of the properties and the volume fractions of the different components.
Meanwhile, the volume fractions of the ITZ and the bulk cement paste depend on the distribution of the
aggregate and the thickness of the ITZ. Let (�, ξ, P) be a probability space, where � is the sample space, ξ
is the σ -algebra of subsets of �, and P is the probability measure, and RN be an N -dimensional real vector
space. Further, we define Eag, νag, Eit, νit , Ebk, νbk, Efi, νfi as the elastic modulus and the Poisson’s ratio of
the aggregate, the ITZ, the bulk cement paste, and the fibers, respectively. The sum of the volume fractions
of the different components should be one, which means that the volume fractions of all the components are
not independent. With the ITZ thickness, the volume fraction and the grading of the aggregate, the volume
fractions of ITZ, and the bulk cement paste can be calculated by modifying the “void exclusion probability.”
Therefore, the random vector {Eag, νag, Eit, νit, Ebk, νbk, Efi, νfi, cag, t, λfi, cfi, c1, · · · ci · · · cNu}T ∈ RNu+12

characterizes the uncertainties from all sources for the FRC based on our proposed micromechanical model.

4.2 The probabilistic characters of the material’s properties

4.2.1 Monte Carlo simulation for the moments of the effective properties

By the stochastic descriptions of the microstructures, the effective properties of the FRC turn to a random
function with the multivariate random variables based on our proposed deterministic micromechanical model.
Hence, the effective modulus, such as K ∗, μ∗ or E∗, can be regarded as a random variable. The mean, the
standard deviation, and the i th moment of the effective properties can be obtained using the Monte Carlo
simulations as follows:

mean(K ∗) = 1

M

M∑
m=1

(K ∗
m), imom(K ∗) = 1

M

M∑
m=1

(K ∗
m)i , (46)

mean(μ∗) = 1

M

M∑
m=1

(μ∗
m), imom(μ∗) = 1

M

M∑
m=1

(μ∗
m)i , (47)

mean(E∗) = 1

M

M∑
m=1

(E∗
m), imom(E∗) = 1

M

M∑
m=1

(E∗
m)i (48)

where M is the sample size; mean ( ) and imom ( ) denote the mean and the i-order moment, respectively; K ∗
m ,

μ∗
m , and E∗

m are the mth sample of the effective bulk modulus, the shear modulus, and Young’s modulus.
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4.2.2 The maximum entropy distribution for the effective properties

It is noted that the moment matrix in Eq. (6) usually becomes singular, when the number of parameters
becomes large. To obtain more stable results, the normalization procedures are adopted herein for the effective
properties. Therefore, the i-order moments for the normalized effective properties are reached as below:

m̄i (K
∗) = 1

M

(
M∑

m=1

(
K ∗
m − mean(K ∗)

sd(K ∗)

)i)
, sd(K ∗) =

√√√√√
(

1

M

M∑
m=1

(
K ∗
m − mean(K ∗)

)2
)1/2

, (49)

m̄i (μ
∗) = 1

M

(
M∑

m=1

(
μ∗
m − mean(μ∗)

sd(μ∗)

)i)
, sd(μ∗) =

√√√√√
(

1

M

M∑
m=1

(
μ∗
m − mean(μ∗)

)2
)1/2

, (50)

m̄i (E
∗) = 1

M

(
M∑

m=1

(
E∗
m − mean(E∗)

sd(E∗)

)i)
, sd(E∗) =

√√√√√
(

1

M

M∑
m=1

(
E∗
m − mean(E∗)

)2
)1/2

(51)

where sd ( ) and m̄i denote the standard deviation and i-order moment for the normalized properties, respec-
tively. The pdf of the normalized effective properties f̄ (x̄) can be reached by solving the following equations:

⎡
⎢⎢⎣

1 0 · · · m̄n−1
0 1 · · · m̄n
...

...
. . .

...
m̄n−1 m̄n · · · m̄2(n−1)

⎤
⎥⎥⎦

⎧⎪⎪⎨
⎪⎪⎩

ā1
2ā2
...

nān

⎫⎪⎪⎬
⎪⎪⎭

=

⎧⎪⎪⎨
⎪⎪⎩

0
−1
...

−(n − 1)m̄n−2

⎫⎪⎪⎬
⎪⎪⎭

, (52)

ā0 = ln

(
1∫ +∞

−∞ eā1x+ā2x2+···ān xndx

)
(53)

where āi , i = 0, 1, 2. . .n are the coefficients for the normalized effective properties. With the f̄ (x̄), the pdf
f (x) of the effective properties can be obtained as follows:

fK (x) = 1

sd(K ∗)
f̄

(
x − mean(K ∗)

sd(K ∗)

)
, (54)

fμ(x) = 1

sd(μ∗)
f̄

(
x − mean(μ∗)

sd(μ∗)

)
, (55)

fE (x) = 1

sd(E∗)
f̄

(
x − mean(E∗)

sd(E∗)

)
(56)

where fK (x), fμ(x), and fE (x) are the pdfs for the effective bulk modulus, shear modulus, and Young’s
modulus.

From the above, to obtain the pdfs of the effective properties of the FRC, the following computational pro-
cedures are employed: Firstly, the random vector

{
Eag, νag, Eit, νit, Ebk, νbk, Efi, νfi, cag, t, λfi, cfi, c1, . . . ci

. . . cNu}T is formed according to the distributions of the different randomvariables. Secondly,with each random
vector, the sample for the effective properties of the FRC can be reached with the deterministic micromechan-
ical framework using Eqs. (8)–(45). Thirdly, the different order moments can be calculated with the samples
of the effective properties of the FRC with Eqs. (46)–(48). Finally, the pdfs can be reached with the different
order moments according to Eqs. (49)–(56).
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Fig. 3 Comparisons among our predictions, the existing micromechanical results, and the experimental data for the properties of
concrete [60]. Here cag is the volume fraction of the aggregates; Ed and Ebk(μbk) is the experimental data of concrete Young’s
modulus and the Young’s modulus (shear modulus) of bulk cement paste, respectively; Es , Eu , and El (μs , μu , and μl ) are the
results herein, upper bounds, and lower bounds for Young’s modulus (shear modulus)

5 Verifications

5.1 Verifications for the deterministic micromechanical framework

The experimental data combined with the existing micromechanical models are employed to verify our pro-
posed deterministic micromechanical framework.

The predictions after the first and the second-level homogenizations, which are the estimations for the
properties of the concrete made up of the aggregate, the ITZ, and the cement paste, are compared with the
Voigt upper bounds and the Reuss lower bounds combined with the experimental data of [60]. As exhibited
by Fig. 3, the predictions of Young’s modulus herein correspond well with the experimental data obtained
by Stock et al. [60]. Meanwhile, the predictions of Young’s modulus and the shear modulus lie reasonably
between the corresponding Voigt upper bounds and the Reuss lower bounds, which implies that our proposed
deterministic micromechanical framework for the FRC can predict the properties of the concrete.

The predictions after the third-level homogenizations, which are the estimations for the properties of the
FRC, are compared with the experimental data of [3]. Two types of the different shapes (with γ = 5 and
γ = 50) are considered in this example. Figure 4 shows the comparisons between our predictions and the
experimental data for the properties of the FRC. It can be found from Fig. 4 that our predicted results meet
well with the experimental data when different types of concrete matrix are considered. Since the volume
fraction of the steel fiber is low in this case, which varies from 0 to 1.5%, the influence of the fiber shape on the
properties of the FRC is not significant. By changing the volume fraction of the steel fiber from 0 to 5%, it can
be observed from Fig. 5a that with the increase in the aspect ratios the FRC shows larger Young’s modulus.
However, there is no meaningful difference between the FRC properties for γ = 50 and γ = 100. Similar
conclusions can be reached for the shear modulus, as displayed in Fig. 5b.

5.2 Verifications for the stochastic micromechanical framework

The stochastic micromechanical framework is consisting of the stochastic descriptions of the material
microstructures, the deterministic micromechanical model, and the maximum entropy-based simulation pro-
gram. The commonly used probability density functions and the direct Monte Carlo simulations are utilized
to verify the proposed stochastic micromechanical framework for the FRC.

The probability distribution of the FRC properties is important for the structure reliability analysis. The
commonly used distributions, such as the normal distribution, the lognormal distribution, and the Weibull
distribution, are employed to approximate the real distribution of the material’s properties with certain prior
assumptions. Figure 6 shows the comparisons among the results of our proposed distribution-free method
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Fig. 5 Influence of the fiber shapes on the properties of the FRC. a Young’s modulus. b Shear modulus

and the theoretical solutions of the commonly used pdfs. From Fig. 6a, it can be found that the maximum
entropy-based pdf can approximate the normal distributions with different distribution parameters (including
the mean and the standard deviations). Meanwhile, the approximations become better with the increase in the
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sample size. The maximum entropy-based pdf meets well with the theoretical value with 103 sample points. As
to the lognormal distribution and the Weibull distributions, similar conclusions can be reached from Fig. 6b, c,
which implies that our proposed maximum entropy distributions are capable of representing these distributions
without any premise. It is noted that the fourth-order moments are adopted in our simulation framework herein.

The numerical examples are adopted to verify the stochastic micromechanical framework which can con-
sider the effects of both ITZ and fibers with different shapes. The grading of the aggregate and the mean values
for the properties of the aggregate, the ITZ and the bulk cement paste are based on the previous work of Stock
et al. [60]. The mean values for the properties of different fibers are from [10].The lognormal distribution is
utilized to represent the pdfs of the constituents’ properties. The volume fractions of the aggregate and the fiber
are assumed to follow the Beta distribution with the mean values as 60 and 4%, respectively. The coefficients
of variation for all the random variables are supposed to be 0.1 in the following stochastic modeling examples.

Figure 7 shows the comparisons among our predictions and the results of the directMonte carlo simulations
for the pdfs of the SFRC’s properties with two types of ITZ thicknesses (which are supposed to follow the
normal distribution with 0.01 and 0.03mm as the mean value). It can be observed that our predictions are
close to the results of direct Monte Carlo simulations when different ITZs are considered. Meanwhile, with
the increase in the mean value of ITZ, the FRC demonstrates lower properties statistically.

Figure 8 displays the comparisons among results herein and those of direct Monte Carlo simulations for
the properties of SFRC and polypropylene fiber-reinforced concrete (PFRC). No matter what type of fiber is
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Fig. 8 Comparisons among our predictions and directMonte Carlo simulations using different fibers, where− s and− p represent
steel fiber- and polypropylene fiber-reinforced concrete, respectively. a Young’s modulus. b Shear modulus

considered, our predictions are all close to those obtained by the direct Monte Carlo simulations. Meanwhile,
the SFRC demonstrates larger properties statistically than PFRC.

Figure 9 exhibits the comparisons among results herein and those of direct Monte Carlo simulations for
the effective properties of SFRC with different shapes. Similarly, the pdfs for the effective Young’s modulus
and shear modulus obtained using the proposed framework are close to the results of the direct Monte Carlo
simulations. In addition, with the increase in mean values for the aspect ratios, the SFRC have larger effective
properties statistically.

It should be mentioned that the iterative times in solving the micromechanical equations by direct Monte
carlo method are 106 times. However, the iterative times in our numerical computing can be dramatically
reduced to 103 times. The direct Monte Carlo simulation results for the pdfs are reached with the histograms of
the 106 samples of the effective properties. Nevertheless, the pdfs herein are obtained with the different order
moments calculated by using 103 samples of the effective properties based on the maximum entropy principle.

6 Conclusions

The current micromechanical models for FRC are mainly based on the deterministic framework, and very
few models can consider the effects of both the ITZ and the fiber shapes together. In this paper, a stochas-
tic micromechanical framework is proposed for predicting the FRC’s probabilistic properties. The FRC is
represented as a multiphase composite composed of the aggregate, the interfacial transition zone, the bulk
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Fig. 9 Comparisons among our predictions and direct Monte Carlo simulations using fibers with different shapes. a Young’s
modulus. b Shear modulus

cement paste, and the fibers. Based on the “void exclusion probability,” the volume fractions of the ITZ and
the bulk cement paste are analytically calculated. Multilevel homogenization schemes are presented to predict
the material’s effective properties considering the effects of aggregate, the ITZ, and the fibers with different
shapes. The stochastic micromechanical framework is reached by modeling the volume fractions and proper-
ties of the constituents as stochastic. The maximum entropy distribution is modified to estimate the probability
density function of the material’s properties using their different order moments. Numerical simulations are
performed to verify our proposed deterministic and stochastic micromechanical framework. From this study,
the following conclusions can be drawn:

(i) The proposed stochastic micromechanical framework is capable of predicting the FRC’s probabilistic
behaviors considering the effects of the ITZ and the fibers with different shapes.

(ii) The presented maximum entropy-based simulation framework is accurate and computationally efficient
in characterizing the FRC’s effective properties compared with the direct Monte Carlo simulation. In
addition, it can approximate the commonly used pdfs without any premises.

(iii) With the increase in aspect ratio or properties of fibers, the FRC demonstrates larger properties. However,
when the mean values of ITZ thicknesses increase, the effective properties of FRC decrease statistically.
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