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Abstract In this paper a new criterion for fracture investigation of orthotropic materials with cracks under
mixed mode I/II loading is presented. In this fracture criterion, orthotropic material will be considered as a
reinforced isotropic material. It is supposed that the crack will grow in the matrix of the orthotropic material.
A new definition named here as “isotropic–orthotropic stress reduction factor” (IO-SRF) is utilized to consider
the effects of the fracture process zone by a macro-mechanics approach. Also, the stress reduction factors
will present a valuable relationship between the orthotropic and isotropic fracture toughness. Experimental
and finite element methods will be introduced for computing the stress reduction factors. The SRFs are
calculated for samples of glass–epoxy as an orthotropic material and samples of epoxy as a related isotropic
one. Experimental tests under mixed mode I/II are performed on glass–epoxy composite samples to evaluate
the validity of the presented mixed mode fracture criterion. The results of experimental tests on composite
samples show a good agreement with the results of the presented criterion. Thus, the proposed criterion could
be utilized as an efficient criterion for investigating the fracture of orthotropic materials under mixed mode I/II
loading.

1 Introduction

The application of composite materials is increasing in various industries. Most designers consider these
materials because of their exclusive properties such as low stiffness to weight ratio. Structures designed with
composite materials are under complicated loadings during their working life [1]. Existence of cracks and
defects in these materials is more prevalent than in isotropic materials, and failure investigation could be
effectively prepared by fracture mechanics theory [2] and lack of proper connection of the fibers to the matrix
as well [3]. So, investigation of the fracture of composite materials finds a significant place in recent studies
of fracture mechanics [4]. Nowadays, there are many comprehensive and reliable criteria for investigating the
fracture of isotropic materials such as minimum strain energy density [5], maximum energy release rate [6] and
maximum tangential stress [7]. These criteria are able to predict both the crack direction and crack initiation
under mixed mode loading.

Also some criteria for investigating the facture of orthotropic materials under mixed mode I/II have been
presented, which are divided into two major categories as experimental and analytical studies [8]. Most of
the old presented fracture criteria are empirical and based on curve fitting on experimental data. Although
the experimental approaches are suitable for investigation of the complicated fracture behavior of orthotropic
materials and the ability of these methods for predicting the experimental results is acceptable, it is difficult
to use these methods because they include at least two experimental constants [9]. Among the most common
experimental criteria, Wu criterion could be noted that is presented for investigating the fracture of Balsa
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wood on 1967 [10]. In 1974, Leicester presented a linear interactive equation between stress intensities in
mode I and mode II based on the experimental results for Pine (Pinus radiate) wood for investigating the
wood fracture, which is a natural orthotropic material [11]. In 1976, Williams and Birch have investigated the
fracture phenomenon for two wood species, Utile (Entandrophragma utile) and Scots pine (Pinus sylvestris),
on specimens with straight and angled cracks. They concluded that the shear stress which creates slip has
no effect on failure in mixed mode loading [12]. In 1979, Woo and Chow have investigated the fracture in
mixed mode loading on two wood species, Kapur (Dryobalanops spp) and Gagil (Hopesegal), by the use of
experimental specimens with central and edge cracks. Their experimental results showed that the fracture in
mixed mode loading in wood depends on both stress intensity factors KI and KII [13]. Also, in 1982, Hunt
and Crager presented an experimental equation for investigating the fracture of orthotropic materials under
mixed mode which had two experimental constants [14]. In 1983, Mall et al. have done many mixed mode
experiments on Red spruce (Picea rubens) wood specimens in TL crack system and definitely declared that
there is an interaction between KI and KII at the moment of fracture initiation. They also introduced the
interactive equation of Wu as the best criterion, based on the experimental results [15].

In most research in the field of analytical mixed mode fracture criteria for investigation of the orthotropic
materials, the main approach was to extend the isotropic fracture criteria into orthotropic materials. In 2000,
Jernkvist extended the most famous isotropic criteria such as minimum strain energy density, maximum energy
release rate andmaximumprincipal stress to fracture ofwood specimens,which is a natural orthotropicmaterial
[16]. In another research in 2000, he performed some experimental tests on wood specimens and confirmed
that the new extended energy criteria are too conservative [17]. He also declared that the common maximum
tangential stress criterion does not have the necessary requirements for extension to orthotropic materials [16].
In 2008, Romanowicz et al. proposed a fracture criterion under mixed mode loading for orthotropic materials
by a nonlocal stress approach andmicro-mechanics analysis. They considered the effects of the process zone in
their criterion by micro-point of view but unfortunately could not calculate the damage factor in their criterion
[18]. Criticisms of this criterion have been presented in [19]. In 2006, Van Der Put proposed a criterion based
on a new isotropic–orthotropic conversion by means of the Airy stress function. The result of this study was
the extraction of real fracture energy; also an analytical relation between stress intensity factors and energy
release rate was presented [20]. In 2010, Gohari and Fakoor [21] proposed a criterion for investigating the
fracture of orthotropicmaterials like wood under mixedmode I/II loading. This method, named “reinforcement
micro-crack” approach, has been presented for consideration of effects of the local damage area in the crack
tip vicinity. In the same year [19], they proposed a general criterion for investigating the fracture of orthotropic
materials under mixed mode I/II that is applicable for orthotropic materials with cracks at arbitrary angles
with respect to the orthotropy axis. They also proposed a criterion for investigating the fracture of orthotropic
materials under mixed mode I/II where the embedded damage factor was determined based on the strength of
the orthotropic material along and perpendicular to the fibers [22]. In 2013, Fakoor and Rafiee [23] presented a
criterion which predicts the crack initiation and crack growth direction in orthotropic specimens under mixed
mode I/II loading. This criterion was based on the distribution of the maximum shear stress in the crack tip
vicinity. Also, Zappalorto et al. have focused on inter-fiber failure in fiber-reinforced composites. In their
study, material and geometrical parameters were highlighted. Fiber/matrix debonding and matrix failure were
considered [24].

Wide research has been done for investigating the crack growth direction in orthotropic materials. Buczek
et al. [25] proposed a criterion based on the ratio of tangential stress to anisotropic tensile strength in arbitrary
plates in the crack tip vicinity. Gregory and Herakovich [26] investigated the effects of anisotropy and biaxial
loading to understand the effective parameters determining crack growth direction. In this study, they used two
models to investigate the stress field in the crack tip vicinity: the anisotropic elasticity method and the finite
element method. Also three different criteria, the tangential stress ratio, polynomial tensor and strain energy
density were investigated in the crack tip vicinity to predict the crack growth direction. Saouma et al. [27]
proposed a theory based on a maximum tensile stress criterion that could be used for orthotropic materials.
Buczek andHerakovich proposed a criterion for prediction of the crack growth direction in orthotropicmaterials
like wood. In this criterion, the assumption is that the crack growth direction is predictable by the ratio of
maximum normal stress to strength in the assumed plane. Therefore, the standard proposed model was based
on the previous maximum normal stress that included the strength of the material [28].

By review of the mentioned references, it is clear that the main problem in the presentation of a suitable
fracture criterion for investigating the mixedmode loading in orthotropic materials is presenting an appropriate
approachwhich could consider thewasted energy in the crack tip fracture process zone (FPZ) due to toughening
mechanisms.Various tougheningmechanisms in the crack tip damage zone of an orthotropicmaterial have been
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Fig. 1 Representative volume elements, a orthotropic material, b isotropic material

observed such as fiber bridging or micro-crack creation which can prevent the crack growth. So considering
the effects of these mechanisms in a fracture criterion could obviously increase the accuracy of the proposed
fracture criterion [29]. Since the FPZ has complicated nonlinear behavior, in recent proposed criteria the
effects of the FPZ are not well considered, which leads to a conservative criterion, or the presented models
for consideration of the effects of this zone are not so accurate and have not been validated by experimental
methods [30].

The main purpose of this study is proposing a comprehensive mixed mode I/II fracture criterion which is
able to consider the effects of the FPZ from a macro-mechanical point of view as well as the effects of fibers as
reinforcements with a simple analytical relation. A new concept titled “isotropic–orthotropic stress reduction
factor,” IO-SRF, has been presented. In this concept, the fracture of orthotropic materials is investigated by a
fiber-reinforced isotropic material model. This criterion is not dependent on unachievable material parameters
which are difficult to extract from the standards, or for which there is not a defined standard test for extraction
(such asmode II fracture toughness KIIc), andmost important thementioned criterion could predict the fracture
experimental data with a smaller error with respect to the other available criteria.

2 Problem statement

In this section, the proposed fracture model for extracting the fracture criterion for orthotropic materials under
mixed mode I/II will be introduced. Also, general calculations and the formulation needed for extracting the
fracture criterion based on a reinforced isotropic material will be presented. So, isotropic and orthotropic
representative volume elements are necessary for modeling the presented criterion as shown in Fig. 1.

In this model, the orthotropic composite material is considered as an isotropic material and the fibers act as
reinforcements in the isotropic matrix. The reason of presenting this model is that the fracture in orthotropic
materials always appears in the isotropic base [31], even if the crack is not along the fibers (see Fig. 2).

In this model, we assume that the fibers decrease the normal and shear stress field in the crack tip vicinity
by the coefficients η and ξ , respectively, like shown in Fig. 3.

As can be found from Fig. 3, the effect of adding fibers to the isotropic matrix (i.e., Fig. 3b) is considered
as stress reduction factors. η is defined as the ratio of tensile stress in the orthotropic material to the isotropic
material in the x direction (perpendicular to the loading direction), and ξ is the ratio of shear stress in the
orthotropic material to the isotropic material as follows:

η = σ ortho
x

σ iso
x

, ξ = σ ortho
xy

σ iso
xy

.
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Fig. 2 Fracture of orthotropic material happening in the isotropic matrix along the fibers

Fig. 3 Concept of stress reduction factors (η) and (ξ )

3 Theoretical background

In this section, extraction of mixed mode fracture equation for orthotropic materials, according to the models
and assumptions in the previous section, will be performed. For extracting the fracture criterion, an isotropic–
orthotropic conversion of theAiry stress function is utilized [20]. Fracturemechanics ofmost materials is based
on the existence of a crack with nearly zero thickness and singularity in the crack tip. The existence of this
crack makes it difficult to present an accurate criterion for investigating the material damage and describing the
strength behavior of the material. As mentioned, the toughening process of crack tip in an orthotropic material
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depends on several phenomena and needs to investigate the crack tip damage from a microscopic point of view
more carefully. But, generally the critical condition of crack initiation is investigated in most of the studies.
Consequently, in this research, the failure condition in mixed mode also could be modeled by considering the
critical conditionwhen fracture occurs in the crack tip vicinity. In our presented approach, orthotropicmaterials
are considered as an isotropic reinforced material and the Airy stress function is developed for orthotropic
materials based on the reinforced matrix. The reinforcement is considered as a continuum material which
satisfies equilibrium, compatibility and constitutive conditions. So, it is necessary that the Airy stress function
be solved for available stresses in the isotropic matrix. For flat cracks along the principal axis of orthotropy,
solutions of a 2D orthotropic solid are considered. The constitutive relations are as follows:

εx = σx

Ex
− νyxσy

Ey
,

εy = σy

Ey
− νyxσx

Ey
,

γxy = τxy

Gxy
. (1)

By defining ϕ as Airy stress function,

σx = ∂2ϕ

∂y2
,

σy = ∂2ϕ

∂x2
,

τxy = − ∂2ϕ

∂x∂y
, (2)

which satisfies the equilibrium equations. By substitution of Eqs. (2) into Eqs. (1),

εx = C11
∂2ϕ

∂y2
+ C12

∂2ϕ

∂x2
,

εy = C12
∂2ϕ

∂y2
+ C22

∂2ϕ

∂x2
,

γxy = −C66
∂2ϕ

∂x∂y
, (3)

inwhich the factorsCi j are components of thematerial elastic compliance tensor. In the compatibility condition
we have the following equation:

∂2εx

∂y2
+ ∂2εy

∂x2
= ∂2γxy

∂x∂y
. (4)

By substitution of Eqs. (3) into Eq. (4) we have:

C22
∂4ϕ

∂x4
+ (C66 + 2C12)

∂4ϕ

∂x2∂y2
+ C11

∂4ϕ

∂y4
= 0. (5)

For crack tip problems Eq. (5) could be selected as follows [20]:
(

∂2

∂x2
+ α1

∂2

∂y2

)(
∂2

∂x2
+ α2

∂2

∂y2

)
ϕ = 0, (6)

while we have:

α1α2 = C11

C22
,

α1 + α2 = (C66 + 2C12)

C22
. (7)
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As discussed above, orthotropic failure is not determinative in cracked orthotropic materials. A composite
orthotropic material is a reinforced material with fibers for which interaction of reinforcements in the isotropic
matrix and also initial micro-cracks should be considered. So, any failure condition for orthotropic material
based on matrix strength and Airy stress function should be solved for isotropic matrix stresses. Here, for an
isotropic material with reinforcement, the following equation is considered to satisfy the equilibrium condition
of matrix stresses:

σx

η
= ∂2ϕ

∂y2
,

σy = ∂2ϕ

∂x2
,

τxy

ξ
= − ∂2ϕ

∂x∂y
. (8)

Here, instead of using the stress field of the orthotropic material, stresses in the isotropic matrix are
considered that are reduced by factors η and ξ due to fiber effects and present a similar compatibility condition.
By substitution of the total stresses into the compatibility equation (5) we have [20]:

C22
∂4ϕ

∂x4
+ (ξC66 + (1 + η)C12)

∂4ϕ

∂x2∂y2
+ ηC11

∂4ϕ

∂y4
= 0. (9)

It is necessary for the stress function ϕ for the isotropic matrix to fulfill

ηC11

C22
= 1,

ξC66 + (1 + η)C12

C22
= 2. (10)

So we have:

∂4ϕ

∂x4
+ 2

∂4ϕ

∂x2∂y2
+ ∂4ϕ

∂y4
= ∇4ϕ = 0, (11)

and consequently [20]:

η = C22

C11
= E1

E2
,

ξ =
(
2 − C12

C22
− C12

C11

)
C22

C66
= (2 + ν21 + ν12)

G12

E2
. (12)

Finally, the normal and shear stress reduction factors, i.e., η and ξ , will be calculated from Eq. (12).

4 Extraction of the fracture criterion

Proposed fracture criteria under mixedmode I/II for orthotropic materials based on experimental data are listed
in Table 1.

Also analytical fracture criteria under mixed mode I/II for orthotropic materials are listed in Table 2.
As is clear from Tables 1 and 2, the general form of the fracture criteria under mixed mode I/II loading for

orthotropic materials could be assumed as the following equation:

K 2
I + ρK 2

II = K 2
Ic. (13)

In this equation, ρ is damage factor and contains the effects of the fracture process zone in the fracture
criterion. Equation (13) is simple and has only two material constants, i.e., ρ and KIc. KIc is mode I fracture
toughness and can be calculated simply by experiment or standard references. It is clear from Tables 1 and 2
that many researchers have recommended calculation of ρ. On the other hand, one of the important aspects of
studies in investigating the fracture of orthotropic materials is proposing an appropriate method for calculation
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Table 1 Proposed empirical fracture criteria under mixed mode I/II for orthotropic materials

Authors Fracture criterion Damage parameter

Wu [10] KI +
(

KIc
K 2
IIc

)
K 2
II − KIc = 0 ρ =

(
KIc
K 2
IIc

)
,m = 1, n = 2

Leicester [11] KI +
(

KIc
KIIc

)
KII − KIc = 0 ρ =

(
KIc
KIIc

)
,m = 1, n = 1

Williams and Birch [12] KI
KIc

= 1 –

Hunt and Croager [14] KI +
(

(1.005) KIc
K 3.4
IIc

)
K 3.4

II
− 1 = 0 ρ =

(
(1.005) KIc

K 3.4
IIc

)
,m = 1, n = 3.4

Mall et al. [15] KI +
(

KIc
K 2
IIc

)
K 2
II − 1 = 0 ρ =

(
KIc
K 2
IIc

)
,m = 1, n = 2

Table 2 Proposed analytical fracture criteria under mixed mode I/II for orthotropic materials

Authors Fracture criteria Damage parameter

Jernkvist [16] K 2
I + β1K 2

II − K 2
Ic = 0 ρ = β1 =

(
KIc
KIIc

)2 = E ′
I

E ′
II

=
√

C ′
11

C ′
22

Jernkvist [16] K 2
I + β2K 2

II − K 2
Ic = 0 ρ = β2 =

(
KIc
KIIc

)2

Jernkvist [16]

1

(β3 + √
β4)

[β3KI

+
√

β4K 2
I + K 2

II] − KIc = 0

β3 + √
β4 = KIIc

KIc

Romanowicz et al. [18] K 2
I + cRL

cR
K 2
II = K 2

Ic ρ = cRL
cR

=
(
KIC
KIIc

)2
Gowhari-Anaraki and Fakoor [21] K 2

I + ρK 2
II − K 2

Ic = 0 ρ = (5−ν)(ξ
√

λ+νLRλ)2

(10−3ν)(1+0.5νLR (1+λ))2

Gowhari-Anaraki and Fakoor [22] K 2
I + ρK 2

II − K 2
Ic = 0 ρ = 2

[(
Tm
TM

)
+

(
Tm
TM

)2]

Fakoor and Rafiee [23] K 2
I + ρK 2

II − K 2
Ic = 0 ρ =

(
KIC
KIIc

)2
Fakoor and Mehri [8] K 2

I + ρK 2
II − K 2

Ic = 0 ρ = (5−ν)(ξ
√

λ+νLRλ)2

(10−3ν)(1+0.5νLR (1+λ))2

of this damage factor. If ρ is considered as ρ = (KIC/KIIc)
2, we will reach into the common Wu equation for

mixed mode fracture of orthotropic materials. Employing the Wu criterion needs mode II fracture toughness,
and as we know the calculation of this material property is difficult, this criterion is not welcome in application
fields. Micro- or macro-mechanic approaches for the calculation of the damage factor ρ could be assumed.
Using a micro-point of view for estimation of ρ is very complicated and needs many accurate and statistical
investigations [32].

In this paper, for calculation of the damage factor ρ, amacro-mechanics approach and the common equation
ofWu for orthotropicmaterials are utilized.Bymeans of stress reduction factorsη and ξ , the equations presented
in Sect. 3 are rewritten as follows for calculation of the damage factor. For a crack with length of 2c in an
infinite plane with a thickness of t , and in the main direction of orthotropy, the required energy for opening of
crack sides with normal stress σ on crack plane is equal to

Gortho
c = σ 2πc

Ey
= (K ortho

Ic )2

Ey
, (14)

in which Gortho
c is the critical fracture energy in the orthotropic material. As the loading condition in this paper

is considered mixed mode I/II, Eq. (14) could be rewritten by utilizing superposition as follows:

Gortho
c =

(
K ortho
Ic

)2
EI

+
(
K ortho
IIc

)2
EII

. (15)

So, for orthotropic material we have:

Gortho
c = πc

(
σ 2
x

EI
+ τ 2xy

EII

)ortho

. (16)
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By employing the concept of reinforced isotropic material we have:

Gortho
c = πc

⎛
⎜⎝

(
σ iso
x

)2
η2

EI
+

(
τ isoxy

)2
ξ2

EII

⎞
⎟⎠ . (17)

In this equation σ iso
x is the stress in the matrix of the orthotropic material along the x axis. τ isoxy is the shear

stress in the isotropic matrix. By substitution of Eq. (12) into Eq. (17) we have:

Gortho
c = πc

(
η(σ iso

x )2 + ξ2(τ isoxy )2

EII

)
. (18)

By employing Eq. (16), the above equation takes the following form:

Gortho
c = ηG iso

I E iso
I + ξ2G iso

II E iso
II

Eortho
II

. (19)

The left-hand side of Eq. (19) can be rewritten by using superposition of mode I and mode II energy:

Gortho
I + Gortho

II = ηG iso
I E iso

I + ξ2G iso
II E iso

II

Eortho
II

. (20)

Consequently, we have:

Gortho
I Eortho

II + (
K ortho
II

)2 = η
(
K iso
I

)2 + ξ2
(
K iso
II

)2
, (21)

and considering Eq. (14):(
K ortho
I

)2
Eortho
I

Eortho
II + (

K ortho
II

)2 = η
(
K iso
I

)2 + ξ2
(
K iso
II

)2
. (22)

By consideration of Eq. (12) we have:(
K ortho
I

)2
η

+ (
K ortho
II

)2 = η
(
K iso
I

)2 + ξ2
(
K iso
II

)2
. (23)

The final equation is: (
K ortho
I

)2 + η
(
K ortho
II

)2 = η2
(
K iso
I

)2 + ηξ2
(
K iso
II

)2
. (24)

Equation (24) establishes a new relation between isotropic and orthotropic fracture toughness utilizing the
stress reduction factors η and ξ .

As mentioned previously, for proposing a fracture criterion, the main purpose is to calculate the damage
factor ρ in Eq. (13). The best estimation for the damage factor is ρ = (KIC/KIIc)

2 due to crossing the
boundaries of the fracture limit curve (i.e., pure mode I and mode II fracture toughness). In pure mode I
condition (i.e., KII = 0) Eq. (24) will change as follows:(

K ortho
Ic

)2 = η2
(
K iso
Ic

)2
. (25)

Also, in pure mode II condition (i.e., KI = 0) we have:(
K ortho
IIc

)2 = ξ2
(
K iso
IIc

)2
. (26)

Now the damage factor ρ is defined based on the Wu criterion as follows:

ρ =
(
K ortho
Ic

K ortho
IIc

)2

=
(

η

ξ

)2
(
K iso
Ic

K iso
IIc

)2

. (27)

Equation (27) establishes a new relation between the fracture toughness of the orthotropic material and its
isotropic matrix. Considering this equation, the ratio of fracture toughness of a reinforced material with fibers
(orthotropic material) could be easily calculated with the related matrix properties (isotropic material). Thus,
the damage factor ρ could be easily calculated utilizing the fracture toughness of mode I and mode II of the
matrix and the stress reduction coefficients η and ξ .
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5 Experimental tests

In this section necessary experimental tests for the determination of the fracture limit curve and the safe
design area are defined. As is obviously clear, the proposed criterion is not dependent on unachievable fracture
parameters such as mode I or II orthotropic fracture toughness. For implementation of this new fracture
criterion, only fracture toughness of mode I and II of the isotropic matrix is necessary as well as the newly
defined stress reduction factors η and ξ .

In this section, the critical loads are determined by experimental tests and the fracture toughness is calculated
by utilizing the finite element method. Stress reduction factors are calculated by experimental tests and verified
by the finite element method. Also, fracture tests under mixed mode I/II loading are done to verify the fracture
curves resulting from the proposed criterion.

According to the proposed criterion,manufacturing of the orthotropicmaterial aswell as the isotropicmatrix
of the mentioned orthotropic material is required. In this section, glass–epoxy composite is considered as an
orthotropic material and the matrix of this composite (i.e., epoxy) is considered as related isotropic material.

The resin transfer molding (RTM) method utilizing a vacuum pump is employed for preparing the glass–
epoxy composites as an orthotropic material. In this method, glass fibers are put into a resin mold and then the
resin is injected. After complete resin transmission, two sides of the resin and fiber set which is connected to
the vacuum pump are highly compressed due to the created vacuum. Therefore, extra resin will transfer into the
Blader textile and so air bubbles and unbalanced resin distribution do not occur. This method is more accurate
and creates smooth surfaces in comparison with the manual method. Also, the possibility of air bubbles among
the resin and fiber set that could increase the possibility of cracks is reduced.

Also, each layer of fibers can be impregnated with resin manually, and finally by connecting the fibers and
resin set into the vacuum pump, the fibers will have completely dipped in the available resin in the set and the
extra resin transfers to the Blader textile. After the set has dried, the glass–epoxy composite is ready. In Fig. 4
the manufacturing process of orthotropic material is illustrated.

5.1 Calculation of mechanical properties of glass–epoxy composite

In this section, elastic properties of glass–epoxy are calculated using standard tension tests. Ten specimens
are prepared based on the ASTM D3039 standard to extract glass–epoxy mechanical properties along and
perpendicular to the fibers (five specimens for each direction). The sample sizes are listed in Table 3.

Fig. 4 Placing the Dacron textile and perforated film on the fibers and resin set
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Table 3 Composite sample sizes prepared based according to the ASTM D3039 standard

Fiber orientation Width (mm) Overall length (mm) Thickness (mm)

0◦ 15 250 3.2
90◦ 25 175 3.2

Fig. 5 Composite samples for calculation of mechanical properties a along the fibers, b perpendicular to the fibers

Fig. 6 Specimens under tensile test for calculation of the properties of orthotropic material along and perpendicular to the fibers
according to the ASTM D3039 standard

Table 4 Mechanical properties of glass–epoxy based on ASTM D3039 standard

Fiber orientation Area (mm2) Fmax (N) x@Fmax (mm) Smax (MPa) Elastic moduli (GPa)

0 15∗3.2 17, 000 9.5 390.3 10.2
90 25∗3.2 1250 1.3 16.5 2.5

The prepared composite samples are shown in Fig. 5.
The samples are undergoing tensile tests according to the ASTM D3039 standard. A sample under tensile

test is illustrated in Fig. 6.
According to the standard, a linear slope section of the real stress–strain curve is equal to the elastic

modulus. The final extracted properties by averaging from five sample results are listed in Table 4.
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Fig. 7 Preparing isotropic samples from matrix of composite material

Table 5 Material properties of the matrix

Area (mm2) Fmax (N) x@Fmax (mm) Smax (MPa) Elastic moduli (GPa)

30∗4.5 3829.6 5.8296 33.7737 0.754

As shown in Table 4, glass–epoxy composite elastic module along the fibers is 10.2GPa and perpendicular
to the fiber is 2.5GPa. These values are acceptable in comparison with those reported in the literature [33].

5.2 Calculation of mechanical properties of epoxy

For investigating the matrix of orthotropic material, epoxy resin is considered as an isotropic material. Mixture
of resin and hardener is performed in a steel mold for preparation of the isotropic samples. After the resin
completely becomes dry, the samples detach from the mold and edges of the samples will be smooth by a rasp.
The prepared samples are shown in Fig. 7.

Three samples are going under tension tests to calculate the properties of isotropic material. The results
are gathered in Table 5.

The amount of elastic modules for epoxy resin is calculated as 754MPa. This value is acceptable in
comparison with the reported in the literature [33].

5.3 Calculation of stress reduction factors from experimental test results

5.3.1 Tension test of cracked orthotropic material

Since the properties of isotropic and orthotropic materials are calculated in previous sections from experimen-
tal tests, now orthotropic specimens with cracks along the fibers are tested under pure mode I loading; then,
the resultant stress field will be compared with the results of isotropic material to calculate the stress reduction
factors. For calculation of stress distribution on cracked orthotropic material under tension test, ASTM E1922
standard is utilized. The dimensions of the samples are as shown in Fig. 8.

Consequently, composite sample dimensions in this paper are listed in Table 6.
Loading conditions on prepared composite samples are as shown in Fig. 9.
The results of this tension tests are listed in Table 7.
Force–displacement diagram raised from the tension test is shown in Fig. 10.
The critical load on orthotropic specimen under pure mode I is estimated to be Fc = 1250 (N).
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Fig. 8 a Composite sample prepared based on the ASTM E1922 standard, b dimensions of cracked samples under fracture test
based on the ASTM E1922 standard

Table 6 Dimensions of prepared composite samples based on the ASTM E1922 standard

Fiber orientation Width Overall length Thickness Crack length

0◦ 30mm 120mm 3.2mm 15mm

Fig. 9 Cracked composite sample under pure mode I loading

Table 7 Results from orthotropic material tension test under pure mode I loading

Fiber orientation Area (mm2) Fmax (N) x@Fmax (mm)

0 3∗3.2 1250 0.935

5.3.2 Tension test of cracked isotropic material

All mentioned procedures for calculation of the critical load and stress distributions in orthotropic material are
kept in this section for isotropic material. Cracked isotropic specimens are going under pure mode I loading,
and specimen dimensions are exactly the same as for the orthotropic material. Results of these tension tests
are listed in Table 8.

The force–displacement diagram from this tension test is illustrated in Fig. 11.
The critical load of the isotropic specimen under pure mode I is estimated the to be Fc = 1210 (N).
Since the values of the critical fracture load in the isotropic (epoxy) and the orthotropic (glass–epoxy

composite) materials are almost the same, the principal assumption that the crack grows happens along the
fibers in the isotropic base and low impact of the fibers in preventing the crack growth is proven again.

By employing the definition of the coefficient η as the ratio of stress along the loading direction in the
orthotropic material relative to the isotropic the matrix we have: η = σ ortho

yy /σ iso
yy = 1.77.
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Fig. 10 Force–displacement curve of cracked composite sample (crack along the fibers) under pure mode I loading

Table 8 Results of cracked isotropic material tension test under pure mode I loading

Area (mm2) Fmax (N) x@Fmax (mm)

3∗3.2 1210.3 1.685

Fig. 11 Force–displacement curve of cracked isotropic sample under pure mode I loading

As a shear test was not performed on the specimens, only the finite element method is utilized to calculate
the ξ coefficient.

6 Calculation of fracture toughness and stress reduction factors using FEM

In this section by employing finite element method, stress values for isotropic and orthotropic material are
calculated under critical forces extracted from tension tests. A commercial finite element software and shell
8-node elements are utilized in this approach. As shown in Fig. 12, the orthotropic material is a 12-layer com-
posite with 0◦ glass fibers (the same as experimental samples). Also, the mesh type in the composite material
is S8R5 and in the epoxy material is S8R.

Stress distributions in the isotropic and in the orthotropic material are shown in Fig. 13.
Based on the definition of η we have η = σ ortho

yy /σ iso
yy = 264MPa/145.4MPa =1.8 which is very close to

the test results. Also, ξ is defined as the ratio of shear stress in the orthotropic material to the isotropic material
and can be calculated as ξ = σ ortho

xy /σ iso
xy = 5734MPa/3796MPa =1.51.

By the mentioned definition in this study, η and ξ show the normal and shear stress reduction amount,
respectively, due to adding reinforcement (fibers) in the isotropic matrix. Now the value of the damage factor
ρ will be calculated as follows:
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Fig. 12 Schematic of meshing and defined layers in composite material

Fig. 13 Stress field around the crack, a isotropic material, b orthotropic material
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Fig. 14 Fracture limit curve related to proposed criterion

Fig. 15 Cracked specimens by various crack–fiber angle

ρ =
(
K ortho
Ic

K ortho
IIc

)2

=
(

η

ξ

)2
(
K iso
Ic

K iso
IIc

)2

=
(

1.8

1.51

)2
(
K iso
Ic

K iso
IIc

)2

= 3.15.

So, the fracture limit curve found from the proposed criterion can be plotted as illustrated in Fig. 14 for
glass–epoxy.

For investigation of compatibility of this criterionwith the nature of fracture of compositematerials, experi-
mental tests will be performed on some glass–epoxy specimens with arbitrary fiber–crack angles which creates
various mixed mode loading situations.

7 Fracture experimental tests under mixed mode I/II

In this section, experimental fracture data under mixed mode I/II loading conditions are extracted. For prepar-
ing various mixed mode I/II loading conditions, a variation of the crack–fiber angle is considered. Therefore,
cracked specimenswith crack–fiber angles of 30◦, 45◦ and 60◦ are utilized. Five specimens for each crack–fiber
angle are prepared to take into account the scattering in the test results (see Fig. 15).

The critical fracture load is recorded for each specimen. Force–displacement diagrams extracted from the
fracture tests are illustrated in Fig. 16.

The experimental results are gathered in Table 9.
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Fig. 16 Diagrams of force–displacement for crack–fiber angle of a 30◦, b 45◦, c 60◦
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Table 9 Results of experimental tests of the cracked specimens

No. Crack–fiber angle (◦) Displacement at fracture load (mm) Critical fracture load (N)

1 0 0.93 1250
2 30 2.1 3275
3 45 1.65 2130
4 60 1.35 1873

Fig. 17 A schematic of mesh configuration and size

The mentioned cracked specimens are simulated in finite element software by utilizing critical fracture
loads extracted from the tests to achieve in mode I and mode II fracture toughness, i.e., K iso

Ic and K iso
IIc .

8 Calculation of fracture toughness of specimens by the Finite Element Method

For calculation of K iso
Ic and K iso

IIc the critical fracture loads extracted from experimental tests are applied to
finite element models of specimens. Elements and mesh type are similar to pure mode I models mentioned in
Sect. 6. A schematic of mesh configuration and size is illustrated in Fig. 17.

Stress distribution around the crack tip extracted from finite element analysis is shown in Fig. 18.
The FE values of critical stress intensity factors are listed in Table 10.
The fracture limit curve is plotted in Fig. 19 in comparison with experimental data.
As is shown in Fig. 19, the proposed criterion has a good agreement with experimental data and this result

shows the accuracy of the proposed fracture criterion as well as coincidence of this criterion with the nature
of fracture of orthotropic materials.

9 Conclusion

In this paper, a new criterion for investigation of the fracture of orthotropic composite materials under mixed
mode I/II is presented. A macro-mechanical approach is utilized for investigation and analysis of the com-
plicated behavior of the crack tip damage zone. It is assumed that the orthotropic material is considered as a
isotropic material reinforced with fibers. This assumption is due to experimental observations that the crack
in orthotropic materials grows in the isotropic base. Based on this assumption, stress reduction factors η and ξ
which are the ratio of stress in orthotropic material to isotropic material were defined. Although the proposed
criterion has a simple form and considers the fracture process zone effects, implementation of this criterion is
not dependent to unachievable fracture or damage zone properties. The damage factor included in this criterion
was calculated by using defined stress reduction factors and fracture toughness of the isotropicmatrix. Required
experimental tests for calculation of the critical load and stress reduction factors were defined and performed.
Also, by employing the finite element method, fracture toughness, stress reduction factors and finally the dam-
age factor of the fracture limit curve were calculated. Finally, for investigating the accuracy of the proposed
criterion, mixed mode loading tests were performed on orthotropic material. Results of mixed mode fracture
tests show the correspondence of the proposed criterion with the fracture behavior of orthotropic materials.
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Fig. 18 Stress distribution around the crack tip extracted from finite element analysis with crack–fiber angle of a 30◦, b 45◦, c
60◦

Table 10 Values of critical stress intensity factors extracted from FE analysis

Specimen no. Crack–fiber angle (◦) K iso
Ic (MPa

√
m) K iso

IIc (MPa
√
m)

1 0 8.09 0
2 30 3.94 3.84
3 45 5.3 3.58
4 60 6.91 2.5
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Fig. 19 Fracture limit curve in comparison with experimental data
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