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Abstract As one of the most important components of a cytoskeleton, microtubules made from tubular poly-
mers of tubulin can be found throughout the cytoplasm of eukaryotic cells. The role of microtubules in main-
taining the structures of a living cell under external mechanical load is essential, so it is necessary to anticipate
their size-dependent mechanical characteristics. In the present study, the size-dependent nonlinear instability
of microtubules embedded in the biomedium of a living cell and under hydrostatic pressure is analyzed at
different temperatures. For this objective, a more comprehensive size-dependent elasticity theory such as non-
local strain gradient theory of elasticity is implemented to a refined hyperbolic shear deformation shell theory.
Through deduction of the nonclassical governing equations to boundary layer-type ones and then employing
a two-stepped perturbation solving process, explicit analytical expressions are established for nonlocal strain
gradient stability paths of hydrostatic pressurized microtubules surrounded by the cytoplasm of a living cell.
It is observed that for a microtubule under hydrostatic pressure, an initial extension occurs in the prebuckling
regime until the critical buckling pressure. The nonlocality size effect decreases this initial extension, but the
strain gradient size dependency increases it.

1 Introduction

A microtubule made from a single type of globular protein can be considered as a filamentous intracellular
structure which makes up the internal shape of cilia and flagella in a living eukaryotic cell. Moreover, it plays
an essential role in a variety of cellular processes. As a result, it is important to accurately capture the size
dependency in the mechanical behavior of microtubules. A few experimental investigations have been carried
out in laboratories to evaluate the elastic properties as well as mechanical characteristics of microtubules under
different loading conditions [1–4], but because of the scattering of presented experimental results over a wide
range, their consistency is not reliable.

Modeling of a nanosized material as a continuum object rather than as discrete material incorporating
size effects is another way to deal with predicting the mechanical responses of nanostructures efficiently. To
this end, several nonclassical continuum theories of elasticity have been proposed and put to use in order to
analyze the size-dependent behavior of structures at nanoscale [5–29]. These theories have also been employed
to analyze the size effects in the mechanical behavior of microtubules. For instance, Shen [30] analyzed the
axial buckling and postbuckling behavior of microtubules embedded in an elastic medium on the basis of
nonlocal continuum theory. Li et al. [31] investigated the influence of bioliquid density and biomedium on
the coupling frequency of bioliquid-filled microtubules based on nonlocal elasticity theory. Daneshmand et al.
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[32] used nonlocal elasticity theory within the framework of higher-order shear deformation shell theory to
predict the wave propagation of microtubules. Wang et al. [33] reported an analytical method on the basis of
nonlocal continuum elasticity to analyze the influence of initial stress on the dynamic response of bioliquid-
filled microtubules. Based upon couple stress elasticity theory in conjunction with surface elasticity theory,
Ghorbanpour Arani et al. [34] studied the free vibration behavior of bioliquid-filled microtubules. Civalek and
Demir [35] introduced a simple nonlocal Euler–Bernoulli beam model for the buckling analysis of a protein
microtubule using the finite element method. Sahmani and Aghdam [36] studied the nonlinear postbuckling
behavior of an axially loaded microtubule surrounded by the cytoplasm biomedium based on a nonlocal strain
gradient shell model.

Generally, in the previous investigations, it has been observed that the size effect in type of stress nonlocality
has a softening influence, while the strain gradient size dependency leads to a stiffening effect. Accordingly,
Lim et al. [37] proposed amore comprehensive size-dependent elasticity theory such as nonlocal strain gradient
theory which includes both the softening and stiffening influences to describe the size dependency in a more
accurate way. Afterward, a few studies have been performed on the basis of nonlocal strain gradient elasticity
theory. Li et al. [38] presented the longitudinal vibration analysis of nanorods based on nonlocal strain gradient
continuum theory. Yang et al. [39] incorporated jointly the nonlocal stress and strain gradients to obtain the size-
dependent dynamic pull-in voltages of nanoscaled actuators. Li andHu [40] developed a size-dependent Euler–
Bernoulli beam model on the basis of nonlocal strain gradient elasticity theory for nonlinear buckling analysis
of nanobeams. Tang et al. [41] proposed a nonlocal strain gradient beam model to study the viscoelastic wave
propagation in embedded single-walled carbon nanotubes. Ebrahimi andBarati [42] evaluated the hygrothermal
effects on damping vibration behavior of functionally graded viscoelastic nanobeams via nonlocal strain
gradient theory of elasticity. Sahmani and Aghdam [43] constructed a nonlocal strain gradient beam model for
the size-dependent nonlinear vibration response of a postbuckled multilayer functionally graded nanobeam.
Li and Hu [44] employed the nonlocal strain gradient elasticity theory within the framework of the Euler–
Bernoulli beam theory to analyze the postbuckling behavior of functionally graded nanobeams. Zhu and Li
[45] presented a closed-form solution for a small-scaled rod in tension on the basis of the nonlocal strain
gradient theory of elasticity.

In the current work, the nonlocal strain gradient continuum theory of elasticity is implemented for the first
time in a refined hyperbolic shear deformation shell theory to anticipate the temperature-dependent nonlinear
instability of hydrostatic pressurized microtubules embedded in a cytoplasm biomedium including simultane-
ously both the stiffening and softening small-scale effects. The size-dependent stability curves are obtained
corresponding to various values of nonlocal and internal strain gradient length scale parameters and different
temperatures.

2 Nonlocal strain gradient orthotropic shell model

In Fig. 1, it is depicted that a microtubule made from a functional subunit such as heterodimer proteins which
contain α and β tubulin bounding spontaneously one another is assumed as a cylindrical nanoshell with the
length, outer radius, inner radius and effective thickness of L , Ro, Ri and h, respectively. In this investigation,
a microtubule with 3 numbers of start and 13 numbers of protofilament is considered in order to make related
skew angle equal to zero. As a result, the microtubule can be modeled via an orthotropic shell with inner
diameter of 17.4nm and outer diameter of 25.4nm which results in the mean radius of R = 10.7nm. Also,
the effective shell thickness is estimated as h = 1.6nm.

Within the framework of hyperbolic shear deformation theory [46], the displacement field related to cylin-
drical shell can be given as

ux (x, y, z) = u (x, y) − z
∂w (x, y)

∂x
+
(
z cosh

(
1

2

)
− h sinh

( z
h

))
ψx (x, y) , (1a)

uy (x, y, z) = v (x, y) − z
∂w (x, y)

∂y
+
(
z cosh

(
1

2

)
− h sinh

( z
h

))
ψy (x, y) , (1b)

uz (x, y, z) = w (x, y) , (1c)

where u, v and w in order are the axial, circumferential and transverse displacements of microtubule. Also,
ψx and ψy are, respectively, the rotations of the cross section of microtubule at the neutral plane normal about
the y- and x-axis.
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Fig. 1 Schematic representation of a microtubule embedded in cytoplasm biomedium

According to the von Karman–Donnell type of nonlinearity kinematics [47], the strain–displacement rela-
tionships can be expressed as
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inwhich ε0i j , ε
T
i j , κ

(1)
i j , κ(2)

i j (i, j = x, y) represent, respectively, themid-plane strain components, thermal strain
components, the first-order curvature components and the higher-order curvature components. Additionally,
α11, α22 are thermal expansion coefficients of the microtubule, and 	T denotes the temperature change from
room temperature (30 ◦C).

As was mentioned before, it has been observed that small-scale effects may cause a softening or stiffening
influence.Motivated by this fact, Lim et al. [37] proposed a new unconventional continuum theory, the nonlocal
strain gradient elasticity theory,which contains the both nonlocal and strain gradient size effects simultaneously.
As a result, the total nonlocal strain gradient stress tensor Λ can be expressed as [37]

Λi j = σi j − ∇σ ∗
i j ; i, j = x, y, (3)

where σ and σ ∗ in order denote the stress and higher-order stress tensors which can be defined as

σi j =
∫

Ω

{
1(|X ′ − X |)Ci jklεkl(X ′)

}
dΩ, (4a)

σi j = l2
∫

Ω

{
2(|X ′ − X |)Ci jkl∇εkl(X ′)

}
dΩ, (4b)

in whichC is the stiffnessmatrix, 1and 2 are, respectively, the principal attenuation kernel function including
the nonlocality and the additional kernel function associated with the nonlocality effect of the first-order strain



406 S. Sahmani, M. M. Aghdam

gradient field, X and X ′ in order represent a point and any point else in the body, and l stands for the internal
length scale parameter. Also, ∇ is the gradient symbol. Following the method of Eringen, the constitutive
relationship corresponding to the total nonlocal strain gradient stress tensor of a two-dimensional material can
be obtained as

(
1 − e20θ

2∇2)Λi j = Ci jklεkl − l2Ci jkl∇2εkl , (5)

where e0θ represents the nonlocal parameter in such a way that θ is an internal characteristic constant and e0
is a constant related to the selected material. In addition, ∇2 denotes the Laplacian operator. As a result, the
nonlocal strain gradient constitutive relations for a microtubule can be rewritten as

(
1 − e20θ

2∇2)
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σxx
σyy
σyz
σxz
σxy
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⎪⎪⎪⎭

= (
1 − l2∇2)

⎡
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⎤
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⎧⎪⎪⎪⎨
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γxy
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⎤
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{
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}
, (6)

in which the temperature-dependent stiffness parameters can be defined as

Q11 (T ) = E11 (T )

1 − ν12ν21
, Q22 (T ) = E22 (T )

1 − ν12ν21
, Q12 (T ) = ν12E22 (T )

1 − ν12ν21
,

Q44 (T ) = G23 (T ) , Q55 (T ) = G13 (T ) , Q66 (T ) = G12 (T ) . (7)

The external work done by a cytoplasm type of biomedium elastic foundation can be expressed as

ΠP =
∫
S

(
K1w

2 + K2

((
∂w

∂x

)2

+
(

∂w

∂y

)2
))

dS, (8)

in which K1 and K2 in order are the normal and shear stiffness of the cytoplasm type of biomedium elastic
foundation, respectively.

In addition, the work ΠP done by the external hydrostatic pressure q can be expressed as

ΠP =
∫
S
qwdS. (9)

Based upon the nonlocal strain gradient orthotropic shell model, the total strain energy of a microtubule
can be written as

Πs = 1

2

∫
S

∫ h
2

− h
2

{
σi jεi j + σ ∗

i j∇εi j

}
dzdS

= 1

2

∫
S

{
Nxxε

0
xx + Nyyε

0
yy + Nxyγ

0
xy + Mxxκ

(1)
xx + Myyκ

(1)
yy + Mxyκ

(1)
xy + Hxxκ

(2)
xx + Hyyκ

(2)
yy

+Hxyκ
(2)
xy + Qxγxz + Qyγyz

}
dS, (10)
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where the stress resultants are:
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By applying the virtual work’s principle to the total strain energy of the microtubule modeled via the
hyperbolic shear deformable orthotropic shell model, the nonclassical governing differential equations are
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derived as
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With the aim of satisfaction of the first two differential equations at hand, the Airy stress function f (x, y)
is introduced as
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Additionally, for a perfect shell-type structure, the compatibility equation relevant to the mid-plane strain
components can be written as
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Therefore, through inserting Eq. (15) in the inverse of Eq. (11) and then using Eqs. (14) and (16), the nonlocal
strain gradient governing equations can be presented as functions of the displacement field as follows:
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Also, the edge supports at the left and right ends of the microtubule are assumed to be clamped. As a result,
one will have: w = 0, ∂w

∂x = 0 at x = 0, L .
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On the other hand, the equilibrium in the x-axis direction can be expressed as

∫ 2πR

0
Nxxdy + πR2q = 0. (18)

The periodicity condition relevant to a closed shell-type structure reads

∫ 2πR

0

∂v

∂y
dy = 0, (19)

which can be rewritten as

∫ 2πR

0

{(
A∗
11

A∗
11A

∗
22 − (

A∗
12

)2
)

∂2 f

∂x2
−
(

A∗
12

A∗
11A

∗
22 − (

A∗
12

)2
)

∂2 f

∂y2
+ w

R
− 1

2

(
∂w

∂y

)2

+
(

A∗
11

A∗
11A

∗
22 − (

A∗
12

)2
)
NT
yy −

(
A∗
12

A∗
11A

∗
22 − (

A∗
12

)2
)
NT
xx

}
dy = 0. (20)

Furthermore, the unit end-shortening related to the movable boundary conditions at the left and right ends
of the microtubule can be given as

	x

L
= − 1

2πRL

∫ 2πR

0

∫ L

0

∂u

∂x
dxdy

= − 1

2πRL

∫ 2πR

0

∫ L

0

{(
A∗
22

A∗
11A

∗
22 − (

A∗
12

)2
)

∂2 f

∂ y2
−
(

A∗
12

A∗
11A

∗
22 − (

A∗
12

)2
)

∂2 f

∂x2
− 1

2

(
∂w

∂x

)2

+
(

A∗
22

A∗
11A

∗
22 − (

A∗
12

)2
)
NT
xx −

(
A∗
12

A∗
11A

∗
22 − (

A∗
12

)2
)
NT
yy

}
dxdy. (21)

3 Solving process

3.1 Boundary layer theory of nonlocal strain gradient shell buckling

Firstly, the following dimensionless parameters are put to use in order to obtain the asymptotic solutions of
the problem in a more general framework:

X = πx

L
, Y = y

R
, β = L

πR
, η = L

πh
, ε = π2Rh

L2 ,

{
a∗
11, a

∗
22, a

∗
12, a

∗
44, a

∗
55, a

∗
66

} =
{
A∗
11

A00
,
A∗
22

A00
,
A∗
12

A00
,
A∗
44

A00
,
A∗
55

A00
,
A∗
66

A00

}
,

{
g∗
11, g

∗
22, g

∗
12, g

∗
66

} =
{
G11∗
A00h2

,
G22∗
A00h2

,
G12∗
A00h2

,
G66∗
A00h2

}
,

{
d∗
11, d

∗
22, d

∗
12, d

∗
66, d

∗∗
11 , d∗∗

22 , d∗∗
12 , d∗∗

66

} =
{

D∗
11

A00h2
,

D∗
22

A00h2
,
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12
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,
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66
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,

D∗∗
11
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22

A00h2
,

D∗∗
12

A00h2
,

D∗∗
66

A00h2

}
,

W = εw

h
, F = ε2 f

A00h2
, {ΨX , ΨY } = ε2L

πh

{
ψx , ψy

}
,

Pq = 33/4qLR3/2

4π A00h3/2
, δq = 33/4	x

√
R

4πh3/2
, G1 = e0θ

L
, G2 = l

L
, (22)

inwhich A00 = E22h. As a consequence, the nonlinear nonlocal strain gradient governing differential equations
can be deduced in boundary layer-type form as
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(
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)
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)
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)
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∂X∂Y
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44η

2ΨX = 0, (23c)

− ε

(
d∗∗
11β3 ∂3W

∂Y 3 + (
d∗∗
12 + 2d∗∗

66

)
β

∂3W

∂X2∂Y

)
+ g∗

11β
2 ∂2ΨY

∂Y 2 + g∗
66

∂2ΨY

∂X2 + (
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66

)
β
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∂X∂Y
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55η

2ΨY = 0. (23d)

The clamped boundary conditions at the left and right ends of the microtubule take the dimensionless form
W = 0, ∂W

∂X = 0 at X = 0, π .
Moreover, the dimensionless load–equilibrium relationship along the x-axis takes the following form

1

2π

∫ 2π

0
β2 ∂2F

∂Y 2 dY + 2

3
31/4ε3/2Pq = 0. (24)

In a similar way, the periodicity condition and the unit end-shortening of the microtubule modeled via
hyperbolic shear deformation orthotropic shell model can be expresses in dimensionless form, respectively, as
follows:

∫ 2π

0

{(
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δq = − 33/4

8π2ε3/2
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h

}
dXdY. (26)

3.2 Perturbation-based solution methodology

As was explained before, the small perturbation parameter ε has been utilized to construct the boundary layer-
type nonlocal strain gradient governing equation (23). Now, a two-stepped perturbation technique [48–53] is
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employed, based on which the independent variables are summarized via the summations of the regular and
boundary layer solutions as follows:

W = �W (X, Y, ε) + W̃ (X, Y, ε, ξ) + Ŵ (X, Y, ε, ς) , (27a)

F = �F (X, Y, ε) + F̃ (X, Y, ε, ξ) + F̂ (X, Y, ε, ς) , (27b)

ΨX = �ΨX (X, Y, ε) + Ψ̃X (X, Y, ε, ξ) + Ψ̂X (X, Y, ε, ς) , (27c)

ΨY = �ΨY (X, Y, ε) + Ψ̃Y (X, Y, ε, ξ) + Ψ̂Y (X, Y, ε, ς) , (27d)

where the accent character�stands for the regular solution, and the accent characters˜and̂represent the
boundary layer solutions in order associated with the left (X = 0) and right (X = π) ends of the microtubule.

Therefore, each part of the solutions can be altered to the perturbation expansions as follows:

�W (X, Y, ε) =
∑
i=0

εi/2 �Wi/2 (X, Y ) , �F (X, Y, ε) =
∑
i=0

εi/2�Fi/2 (X, Y ) ,

�Ψx (X, Y, ε) =
∑
i=1

εi/2�Ψxi/2 (X, Y ) , �Ψy (X, Y, ε) =
∑
i=1

εi/2�Ψyi/2 (X, Y ) ,

W̃ (X, Y, ε, ξ) =
∑
i=0

εi/2+1W̃i/2+1 (X, Y, ξ) , F̃ (X, Y, ε, ξ) =
∑
i=0

εi/2+2 F̃i/2+2 (X, Y, ξ) ,

Ψ̃x (X, Y, ε, ξ) =
∑
i=0

εi+3/2Ψ̃xi+3/2 (X, Y, ξ) , Ψ̃y (X, Y, ε, ξ) =
∑
i=0

εi/2+2Ψ̃yi/2+2 (X, Y, ξ) ,

W̃ (X, Y, ε, ς) =
∑
i=0

εi/2+1W̃i/2+1 (X, Y, ς) , F̂ (X, Y, ε, ς) =
∑
i=0

εi/2+2 F̂i/2+2 (X, Y, ς) ,

Ψ̂x (X, Y, ε, ς) =
∑
i=0

εi+3/2Ψ̂xi+3/2 (X, Y, ς) , Ψ̂y (X, Y, ε, ς) =
∑
i=0

εi/2+2Ψ̂yi/2+2 (X, Y, ς) , (28)

in which ξ and ς denote the boundary layer variables:

ξ = X

ε1/2
, ς = π − X

ε1/2
. (29)

Afterward, in order to extract the sets of perturbation equations corresponding to both the regular and
boundary layer solutions, Eqs. (27) and (28) are inserted in the nonlocal strain gradient governing equation (23)
and then the expressions with similar order of ε are collected. A tolerance limit < 0.001 is considered to
determine the maximum order of ε associated with the convergence of the solution methodology.

An initial buckling mode shape for the hyperbolic shear deformable orthotropic shell model under hydro-
static pressure is assumed as

�W2 (X, Y ) = A(2)
00 + A(2)

11 sin (mX) sin (nY ) . (30)

Now, some mathematical calculations are carried out to obtain the asymptotic solutions corresponding to
each independent variable of the problem which are presented in Appendix A. Subsequently, substitution of
them into Eqs. (24) and (26) and then rearranging with respect to the second perturbation parameter (A(2)

11 ε2)
yields explicit analytical expressions for the nonlocal strain gradient load–deflection and load–shortening
stability paths, respectively, as follows:

Pq =
∑

i=0,2,4,...

P(i)
q

(
A(2)

11 ε2
)i = P(0)

q + P(2)
q

(
A(2)

11 ε2
)2 + · · · (31)

δq =
∑

i=0,2,4,...

δ(i)
q

(
A(2)

11 ε2
)i − δTq = δ(0)

q − δTq + δ(2)
q

(
A(2)

11 ε2
)2 + · · · (32)

The parameters given in the above equations are introduced in Appendix B. Thereafter, it is supposed that
the dimensionless coordinates of the point relevant to the maximum deflection of microtubule are (X, Y ) =
(π/2m, π/2n). As a result, one will have

A(2)
11 ε2 = ε

wm

h
+ S2 + S1

(
ε
wm

h
+ S2

)2
, (33)
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where wm represents the maximum deflection of hydrostatic pressurized microtubule and the symbols S1 and
S2 are presented in Appendix B.

4 Numerical results and discussion

Tabulated in Table 1 are the temperature-dependent mechanical properties of a microtubule at different tem-
peratures. Also, in the preceding numerical results, it is supposed that the left and right ends of the microtubule
are clamped.

Firstly, in order to check the accuracy of the present solving process, the terms related to the nonlocal
strain gradient continuum theory of elasticity are removed and the critical hydrostatic pressures of isotropic
cylindrical shells at usual scale (macroscale) are obtained and tabulated in Table 2 corresponding to different
geometric parameters, and they are compared with those evaluated by Kasagi and Sridharan [55] using the
finite element method. An excellent agreement is found between the two solutionmethodolgies which confirms
the validity of the current solving process.

In Fig. 2, the nonlocal strain gradient load–deflection stability curves of hydrostatic pressurized micro-
tubules are illustrated corresponding to various nonlocal and internal strain gradient length scale parameters.
Here, e0θ = 0nm or l = 0nm means the classical hyperbolic shear deformable shell model with no size
dependency. It can be observed that by increasing the value of the nonlocal parameter, the critical hydrostatic
pressure as well as the postbuckling strength of the microtubule reduces, while an increment in the value of
the strain gradient parameter increases them. For both types of size effect, a higher value of the small-scale
parameter enriches the size dependency in the postbuckling response of the microtubule.

Figure 3 depicts the nonlocal strain gradient load–shortening stability paths of hydrostatic pressurized
microtubules in both the prebuckling and postbuckling domains. It is revealed that for a microtubule under
hydrostatic pressure, an initial extension occurs in the prebuckling regime until the critical buckling pressure.
The nonlocality size effect decreases this initial extension, but the strain gradient size dependency increases
it. However, for all cases, the slope of the prebuckling part of the load–shortening stability curve remains
constant.

In Figs. 4 and 5, the buckling mode shapes of the hydrostatic pressurized microtubule are demonstrated at
a point in the postbuckling regime and in the vicinity of the critical buckling point corresponding to different
nonlocal and internal strain gradient length scale parameters, respectively. It is found that the nonlocal size

Table 1 Material properties of a microtubule at different temperatures [30,54]

E11 (MPa) E22 (MPa) G12 = G13 = G23 (MPa) ν12 = ν21 α11
(
10−6/◦C

)
α22

(
10−6/◦C

)
T = 30 ◦C
127 1.00 1.3 0.3 1.04 × 10−4 1.04 × 10−4

T = 20 ◦C
138 1.09 1.5 0.3 0.94 × 10−4 0.94 × 10−4

T = 10 ◦C
178 1.41 1.8 0.3 0.86 × 10−4 0.86 × 10−4

Table 2 Comparison of the nonlinear critical buckling pressures (psi) for simply supported isotropic cylindrical shells (E =
107 psi, ν = 0.33)

(
L2/Rh

)√
1 − ν2 Present work Ref. [55]

R/h = 50
10 1387.44 1390.0
50 559.16 560.0
100 383.29 385.6
500 163.97 165.0

R/h = 200
10 87.06 88.65
50 34.55 35.09
100 23.40 24.26
500 10.02 10.42
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Fig. 2 Dimensionless load–deflection stability paths of microtubule embedded in cytoplasm (L/R = 10, k1 = 2.7, k2 =
0.27, T = 30◦C); a l = 0nm, b e0θ = 0nm
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Fig. 3 Dimensionless load–shortening stability paths of microtubule embedded in cytoplasm (L/R = 10, k1 = 2.7, k2 =
0.27, T = 30◦C); a l = 0nm, b e0θ = 0nm
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Fig. 4 Dimensionless buckling mode shapes of microtubule embedded in cytoplasm (L/R = 20, k1 = 2.7, k2 = 0.27, l = 0nm)



414 S. Sahmani, M. M. Aghdam

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1
x 10

-3

X

W

l = 0 nm
l = 1 nm
l = 2 nm
l = 3 nm
l = 4 nm

max. deflec�on point (X = π/2m)

Fig. 5 Dimensionless buckling mode shapes of microtubule embedded in cytoplasm (L/R = 20, k1 = 2.7, k2 = 0.27, e0θ = 0
nm)

0
1

2
3

4

0
1

2

3

4

0.8

1

1.2

1.4

1.6

Strain gradient  parameter (nm)Nonlocal  parameter (nm)

Bu
ck

lin
g 

pr
es

su
re

 ra
tio

Fig. 6 Variation of the buckling pressure ratio with small-scale parameters

dependency results in a reduction in the maximum deflection of the buckled microtubule, while the strain
gradient size effect increases it. Additionally, it has been observed that as has been assumed in the solution
methodology, the point at which the maximum deflection of the buckled microtubule occurs has the dimen-
sionless coordinate X = π/2m, whereas the value of m for a microtubule with L/R = 20 is obtained as
m = 1.

With the aim of answering this question of how much each size dependency affects the critical buckling
pressure of a hydrostatic pressurized microtubule, the following buckling pressure ratio is introduced:

buckling pressure ratio = buckling pressure obtained via local shell model

buckling pressure obtained via nonlocal strain gradient shell model
.

The variation of buckling pressure ratio simultaneously with both types of size effect is displayed in Fig. 6.
It is seen that by taking l = 0nm and increasing the value of the nonlocal parameter, the buckling pressure
ratio reaches its maximum value, while through assuming e0θ = 0nm and increasing the value of internal
strain gradient length scale parameter, the buckling pressure ratio approaches its minimum value. In addition,
there are different combinations of the values of nonlocal and internal strain gradient length scale parameters
corresponding to which the buckling pressure ratio remains constant and equal to 1.
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Table 3 Dimensionless critical buckling pressures of a hydrostatic pressurized microtubule embedded in cytoplasm biomedium
(L/R = 10, k1 = 2.7, k2 = 0.27, T = 30 ◦C)

Small-scale parameter (nm) Dimensionless buckling load

l = 0
e0θ = 0 0.2729
e0θ = 1 0.2656 (− 3.38%)
e0θ = 2 0.2440 (− 11.25%)
e0θ = 3 0.2122 (− 22.80%)
e0θ = 4 0.1729 (− 37.12%)

e0θ = 0
l = 0 0.2729
l = 1 0.2846 (+ 3.51%)
l = 2 0.3136 (+ 14.05%)
l = 3 0.3618 (+ 31.62%)
l = 4 0.4295 (+ 56.21%)
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Fig. 7 Influence of temperature change on dimensionless stability paths of microtubule embedded in cytoplasm (L/R = 10, k1 =
2.7, k2 = 0.27, e0θ = l = 1 nm); a load–deflection path, b load–shortening path

Table 4 Size-dependent critical buckling loads of the microtubule embedded in cytoplasm biomedium corresponding to different
temperatures and small-scale parameters (L/R = 10)

Temperature Small-scale parameter (nm) Critical buckling load

30 ◦C e0θ = 0, l = 0 0.2749
e0θ = 1, l = 0 0.2656 (− 3.38%)
e0θ = 2, l = 0 0.2440 (− 11.25%)
e0θ = 3, l = 0 0.2122 (− 22.80%)
e0θ = 0, l = 1 0.2846 (+ 3.51%)
e0θ = 0, l = 2 0.3136 (+ 14.05%)
e0θ = 0, l = 3 0.3618 (+ 31.62%)

20 ◦C e0θ = 0, l = 0 0.3025
e0θ = 1, l = 0 0.2922 (− 3.39%)
e0θ = 2, l = 0 0.2653 (− 12.30%)
e0θ = 3, l = 0 0.2299 (− 24.00%)
e0θ = 0, l = 1 0.3132 (+ 3.53%)
e0θ = 0, l = 2 0.3451 (+ 14.08%)
e0θ = 0, l = 3 0.3982 (+ 31.64%)

10 ◦C e0θ = 0, l = 0 0.3849
e0θ = 1, l = 0 0.3718 (− 3.40%)
e0θ = 2, l = 0 0.3375 (− 12.32%)
e0θ = 3, l = 0 0.2924 (− 24.03%)
e0θ = 0, l = 1 0.3986 (+ 3.55%)
e0θ = 0, l = 2 0.4392 (+ 14.11%)
e0θ = 0, l = 3 0.5068 (+3 1.68%)
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In order to examine the influence of each type of size effect on the critical buckling pressure of the
microtubule surrounded by cytoplasm in a living cell, the value of dimensionless critical buckling pressures
and the associated relative changes are presented in Table 3 corresponding to various nonlocal and strain
gradient parameters. It is indicated that for a specific value of small-scale parameter, the influence of strain
gradient size dependency on the critical buckling pressure of the microtubule is more than that of the nonlocal
one.

Figure 7 displays the size-dependent load–deflection and load–shortening stability paths of a hydrostatic
pressurized microtubule surrounded by the cytoplasm biomedium corresponding to different temperatures. It
is indicated that through reduction in temperature, the critical buckling pressure increases. Also, by decreasing
the temperature, the negative slope of the prebuckling part of load–shortening stability path reduces.

Also, in Table 4, the dimensionless critical buckling loads of a hydrostatic pressurized microtubule embed-
ded in cytoplasm biomedium are given corresponding to different temperatures and various values of small-
scale parameters. It can be observed that by reduction in temperature, both nonlocality and strain gradient size
dependency have more influence on the critical buckling load as the associated percent changes increase.

The influence of the cytoplasm biomedium on the load–deflection and load–shortening stability paths of a
hydrostatic pressurized microtubule is shown in Figs. 8 and 9, respectively. It is illustrated that by taking the
cytoplasm biomedium into consideration, the microtubule buckles at higher hydrostatic pressure. Moreover,
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the cytoplasm biomedium increases the negative shortening associated with the critical point, but it has no
influence on the slope of prebuckling part of the load–shortening stability curve.

5 Concluding remarks

The main objective of this study was to examine more comprehensively the size dependency in nonlinear
instability characteristics of hydrostatic pressurized microtubules surrounded by the biomedium of cytoplasm
in a living cell. To this purpose, nonlocal strain gradient elasticity theory was implemented into a refined
hyperbolic shear deformation shell theory to consider jointly the nonlocality and strain gradient microsize
dependency. Afterward, boundary layer theory of shell buckling in conjunctionwith a two-stepped perturbation
technique was utilized to achieve explicit analytical expressions for nonlocal strain gradient load–deflection
and load–shortening stability curves.

It was found that by increasing the value of nonlocal parameter, the critical hydrostatic pressure as well as
the postbuckling strength of microtubule reduces, while an increment in the value of strain gradient parameter
increases them. Also, it was revealed that for a specific value of small-scale parameter, the influence of strain
gradient size dependency on the critical buckling pressure of the microtubule is stronger than that of the
nonlocal one. Moreover, the nonlocality size effect decreases this initial extension, but the strain gradient
size dependency increases it. Furthermore, it was displayed that the nonlocal size dependency results in a
reduction in the maximum deflection of the buckled microtubule, while the strain gradient size effect increases
it. Additionally, it was found that by taking the cytoplasm biomedium into consideration, the microtubule
buckles at higher hydrostatic pressure, and the negative shortening associated with the critical point increases.
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Appendix A

The solutions in asymptotic form corresponding to each of the independent variables are extracted as below:
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Appendix B
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where Ui (i = 0, . . . , 8) are constant parameters extracted via the perturbation sets of equations.
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