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Abstract Based on the complex function method and a multipolar coordinate system, scattering of shear
waves by a cylindrical inclusion in an anisotropic (orthotropic) half space is studied. In order to find the
solution of shear waves, the governing equation is transferred into its normalized form. Then, the scattering
wave in the half space and the standing wave in the inclusion are deduced. Different incident wave angles and
anisotropies are considered to obtain the reflected wave. Then, the unknown coefficients in scattering wave and
standing wave are found by utilizing the continuous condition at the boundary of the inclusion. Subsequently,
the dynamic stress concentration factor (DSCF) around the inclusion is calculated and analyzed. The results
demonstrate that the distribution of the DSCEF is influenced by the anisotropy of the half space, and the value
of the DSCF is mainly affected by the wave numbers ratio and the shear modulus ratio.

1 Introduction

Dynamic stress analysis of elastic waves in a continuous medium or in continuous structures is significant for
practical engineering. Besides, wave propagation in different kinds of medium also attracts a lot of attention in
elastodynamics. Because different media and defects (cavities, inclusions or cracks) may influence the stresses
in continuous media or structures, the dynamic response of elastic waves in the complex medium or medium
with defects should be considered in materials science, structural damage detection, earthquake engineering,
and many other fields.

Problems of elastic waves in media and structures have been discussed for centuries. Wave propagation
in simple media firstly which attracted scholars’ attention. Pao and Mow [1] researched diffraction of elastic
waves in 1973. Moreover, dynamic stress concentration under different kinds of waves was also investigated
by them. Wave propagation in elastic solids was expounded by Achenbach [2] in the same year. Liu et al.
[3] studied dynamic stress concentrations around defects by the complex function method. The problem of
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plane SH wave scattering by a semicylindrical canyon was researched by Trifunac [4], and then, displacement
amplitudes of different incident wave angles were analyzed. Subsequently, the surface displacement problem
of a semi-elliptical canyon under SH waves was discussed by Wong and Trifunac [5]. Nowadays, wave motion
problems in homogeneous and isotropic media are also popular in elastodynamics. Parvanova et al. [6] studied
the dynamic response of a finite-size elastic plate containing multiple defects by using BEM. The model was
subjected to time-harmonic loads along its perimeter, and anti-plane strain conditions were assumed. The same
method was utilized to discuss the dynamic stress concentration for multiple multilayered inclusions embedded
in an elastic half space by Sheikhhassani and Dravinski [7]. Xu et al. [8] investigated the dynamic response
of complex defects near bimaterials’ interface by incident out-plane waves. By utilizing complex function
method and Green’s function, the dynamic stress concentration factor around the cavity and the dynamic stress
intensity factor at the crack were calculated and discussed. The axisymmetric time-harmonic response of a half
space was studied by Eskandari et al. [9]. The half space is transversely isotropic and surface stiffened. The
half space is reinforced by a Kirchhoff thin plate on its surface. Then, effects of anisotropy, depth of loading,
bonding assumption, and frequency of excitation are discussed.

Except problems of wave propagation in simple media, wave motion problems in complex media, are hot
as well. Liu and Han [10] researched scattering of SH waves by a noncircular cavity in anisotropic media.
Based on complex function method, the dynamic stress concentration of rectangular and elliptical cavities
was analyzed. Two formulations for the dynamic response of a cylindrical cavity in cross-anisotropic porous
media were researched by Eslami and Gatmiri [11]. Then, pore pressure, radial stress, hoop stress, and shear
stress at different points are obtained. C.H. Daros [12] investigated the Green’s function for SH waves in
an inhomogeneous anisotropic elastic solid. The wave velocity has a expression of power function, and the
Green’s function was derived to model transient SH waves. Then, the form of the wave front was given. Multiple
scattering of elastic waves in heterogeneous anisotropic media was modeled by Baydoun et al. [13]. Relying
on the kinetic approach, the waves are described in terms of their associated energy densities. The model
has practical application meaning to metallic and mineral crystals. Similarly, wave propagation in elastic
quasicrystals was researched by Wang and Schiavone [14]. The surface waves and interfacial waves were
considered, and the quasicrystals were anisotropic. Then, the Stroh formalism was presented. Problems of SH
waves propagating in anisotropic laminated plates were studied by Maigre and Kuznetsov [15]. A mathematical
model was obtained to analyze propagation ability and the specific energy of SH waves. Different boundary
conditions were considered, and then analytical solutions are presented. Scattering by an anisotropic circle
was researched by Bostrm [16]. The outside medium is isotropic, and the inside medium is orthotropic. The
equation inside the circle is transformed to polar coordinates, and the far-field amplitude is obtained. The
solution demonstrated that the anisotropy has strong effects on the scattering when the frequencies are high.
A general ultrasonic scattering model for a polycrystal was obtained by Li and Rokhlin [17]. Numerical
examples were given, and the scattering coefficients were obtained. An numerical analysis of an SH wave
field was performed by Lee et al. [18]. By applying parallel volume integral equation method (PVIEM), wave
scattering in an unbounded isotropic solid was analyzed. The numerical method is widely applicable for many
kinds of elastodynamic problems.

This paper aims to research wave scattering by a cylindrical inclusion in an anisotropic (orthotropic)
half space. A transformation is introduced in order to normalize the governing equation. Considering the
anisotropy of the half space, the reflected wave is obtained. According to the image principle, the scattering
wave in the anisotropic half space is derived. Then, the expression of stress components is given, and the
unknown coefficients are solved using the boundary condition. Subsequently, dynamic stress concentration
factors with different parameters are calculated and discussed.

2 Model description and basic equations

The scattering model of a cylindrical inclusion buried in a half space is described in Fig. 1. The half space
(medium I) is homogeneous but anisotropic, while the homogeneous inclusion (medium II) is isotropic. The
shear modulus and the mass density of medium I are @1 and p;. Similarly, the shear modulus and the mass
density of medium II are p» and p;. The origin of the polar coordinate system coincides with the center of
the inclusion. The radius of the inclusion is R, and the buried depth of the inclusion is 4. The incident angle
of shear waves is a;, and the reflected angle is a,. Because the medium of the half space is anisotropic, the
reflected angle does not equal the incident angle. The surface of the half space is at y; = 0. The conversion
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Fig. 1 Model of the problem
relation between xoy and xj01y; can be expressed as
xX1=x,y1=y—h. (D

Under the shear model for the problem, the anisotropic parameters corresponding to the shear parts need to be
considered only. Hence, the anisotropic problem degenerates to an orthotropic one, and only three anisotropic
parameters (c44, ca5 and cs5) are useful. In this condition, the governing equation in Cartesian coordinates
(x, y) can be written as

¢ ¢ i’ I

°2 tep—a = p 2. 2
9x2 axdy ~ May2 T P2 @

Introducing complex variables z = x 4+ iy and Z = x — iy, the governing equation in the complex plane (z, z)
has the form of

c C + ZlC + 2 c + C —_ _|_ c —C — Zl —_ —_

where ¢ is the displacement function and p is the mass density of the anisotropic medium. ca4, c45, and css
are elastic constants which are independent of each other. The elastic constants take the following form:

cs5 > 0, (C44C55 - CA2LS) > 0. 4)

A transformation is applied in order to normalize the governing equation,

1 7 . -
X = 5[(1 —iy)z+ 1 +iy)z]
’ o)
_ 1 o o
X = 5[(1 _lV)Z-i—(l—i-ly)Z]
1
C44Cs55 — <) ?
where y = s +iM,i - /-1
C44 C44
Substituting Eq. (5) into (3), the governing equation obeys
0? ikr
Ixdx 2

where kT = w/cr is the wave number, c7 = /u1/p01 , L1 = (C44C55 — cfs)/C44 is the shear modulus of the
half space, p; is the mass density of the half space; w is the circular frequency.
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3 Wave fields and stress components
3.1 Expressions of wave fields

Suppose the plane shear wave propagates with the arbitrary angle a; in medium I, the incident wave can be
expressed as
@) i ki . - N
¢ = doexp | = [z +ih) Bi + @ —ih) Bi] )

where ¢ is the amplitude of the incident wave, 8; = /%, B; = e~'% . k; = w/c; is the wave number of the
incident wave. ¢; is the velocity with the direction of the incident wave which can be written as

1

X 2
¢ = |:— (C55008201i — 2c45 cos a; sin o + C44sin2a,-):| 2 8)
P

Subsequently, with the aid of the stress-free condition at the surface, the reflected wave has the form of [19]

ik, . o
6 = poexp (17 [ +il) B + G — i) ﬂr]) ©)

where k., = w/c, is the wave number of the reflected wave, ¢, is the velocity of the reflected wave.
In an anisotropic half space, the expression of reflected wave velocity is determined by the incident angle

a;; if tan o > 2c45/c4s, there is B, = e 7%, B, = €!%, then tana, = (tan ; — 2c45/c55). In this condition,
¢, can be formulated as

1
RE 2 . .2 2
cr = | — (cs5c08” e + 2c45 cos a, sina, + cagsina,) | <. (10)
P
If tan o; < 2c45/c44, We have B, = /%, B, = e~'% then tana, = — (tana; — 2c45/ca4). Therefore, ¢,
has the following expression:
1
2

(In

1 . )
¢ = |:— (chcoszar — 2c45 cos o sin o, + C44s1n2ar)
P

The scattering wave excited by the inclusion is

¢(s) — Z Ay, {Hél) (kr 1x D (%) + H'Sl) (kr il (é_il) } "

n=—00

where A, is a series of unknown coefficients, H,gl) (+) is the first kind Hankel function of the nth order,

1
X1 = 3 [(1 —iy)-+2h)+ A +iy)(z— 2hi)]. The scattering wave can satisfy the stress-free condition

at the surface and the Sommerfeld radiation condition at infinity automatically. The entire wave fields in
medium I are the superposition of the incident wave, the reflected wave, and the scattering wave, which can
be written as

o1 =D + " 4+ ¢©. (13)

Because the homogeneous isotropic inclusion exists, the standing wave in medium II is
o0 z n
¢ = " ByJu(kalzl) (E) (14)
n=-—o0o

where B, is another series of unknown coefficients.
Therefore, the entire wave fields in medium II are the standing wave

o1 =o". (15)



Scattering of shear waves by a cylindrical inclusion 4043

3.2 Stress components

The stress components in Cartesian coordinate (x, y) in an isotropic medium are

B10] a¢
Txz = U7 Ty = U

. 16
dx ay (16)

Hence, in cylindrical coordinate systems (7, 8, z), the stress components corresponding to the wave fields
can be written as

¢ 19¢
=u—, =u-—. 17
Trz = 14 o Toz Mr 39 (17)
In complex coordinate systems (z, z), the constitutive equations of an isotropic medium become
¢ a ;
Trz = M <_¢)ele + —({)6_10) ) (18)
0z 0z
09 ; 0 ;
T, =ip 99 jio _ —?e*lg . (19)
0z 0z

According to Hooke’s law, the constitutive relations in an anisotropic medium between stress components
and the wave fields obey

1T ¢ . ap |
Tre = = | (cs5 + cas) — + (c55 — caq — 2icas) — | '’
2L 0z 0z
1T Y 907
+ = | (e55 — caa + 2icas) — + (55 + caa) — | e, (20)
2| 9z 0z
1T, Loy . o | ;
To; = = | i (cas + c55) — + (2cu5 +i(css — can)) — | €
2L 0z 9z
i . ¢ | g | _;
+ = | (eas +icas — c55)) — — i (cas + c55) —= | e 7. 21
2L 0z 9z

In the coordinate systems (x, x), Egs. (20) and (21) can be shown to be

1
Te =g {[(655 + ca4) (1 —iy) 4 (c55 — cas — 2icas) (1 +iy)]

9
ax
. . - 199 o

+ [(cs5 + cas) (1 —ip) + (c55 — caa — 2icas) (1 +i7)] 97 e
1 . . . 00
+ 1 {[(055 — 44+ 2icys) (1 —iy) + (cs5 + cas) (1 +iy)] 3y

9 .
+[(es5 — caa + 2icas) (1 = ip) + (es5 4 caa) (1 +i7)] £ e, (22)

d
Tz = {[l (cas +cs55) (1 —iy) + Qeas +i (c55 — caa)) (1 +iy) ] £

FNJ.

9 .
+ [i (cas + ¢55) (1 — i7) + (2eas + i (cs5 — caa)) (1 +ip)] %} e'?
1 . . . . 799
ty {[(2C45 +i(cas — ¢55)) (1 —iy) +i (cas + ¢55) (1 +iy)] X
9 .
+[(2eas +1i (caa — ¢55)) (1 = i7) — i (caa + c55) (1 +i7)] %} e’ (23)

Substituting the wave fields into Egs. (18)—(23), respectively, the specific expression of stress components
can be obtained.
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4 Boundary conditions

Considering the continuity condition at the boundary of the cylindrical inclusion, the boundary condition is
the continuity condition of the displacement and radial shear stress, which can be written as

é1 = é11, 1zl =R, (24)
Trz, ] = Trg,I1 |Z| =R. (25)

Substituting the incident wave, reflected wave, scattering wave, and the standing wave into Eq. (24), and
substituting the stress components into Eq. (25) at the same time, the boundary condition becomes

D" (Ankn — Bula) =&,

(26)
n=—o00
[o¢]
D (Angn— Bumn) = ¢ 27)
n=—0o0
where
En=Fo+ F, (28)
90
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Fig. 2 Verification of DSCF by the degeneration procedure
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Fig. 3 Distribution of DSCF with i/R =2,kR =1
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£=—¢"—0", (30)
en = kr [(a+ic) (Fum1 — Fj_y) — (b —ic) (Fup1 — Fj )] €
+kr [(b+ic) (Faet — F)_y) — (a—ic) (Fup1 — Fjy)] e, (31)
M = 2kot2 (G = Gire ™), (32)
e = —ikip® {[(644 + ¢55) Bi + (55 — ca4 — 2icas) Bi| e'?
+ [(cs5 — cas + 2icas) Bi + (cas + c55) Bz] 671'0}
=ik | [(caa + e35) B + (55 — caa = 2icas) By ]
+ [(ess — caa + 2icas) Br + (cas + c55) Br] e_m} . (33)
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Fig. 4 Distribution of DSCF with i/R =2,kR =1
90
187 ¢ =0.1.0,200 120
a=0
1.2
150
0.6+
L
@)
) 0.04180
(@)
0.6
210
1.2+
184 240
270

Fig. 5 Distribution of DSCF with i/R =2,kR =1

60

300

60

300

— k*=0.5,1*=0.25
— k*=0.8,*=0.64
—k*=2.0,1*=4.00
——k*=4.0,4*=16.0

30

330

—k*=0.5,1*=0.25
—k*=0.8,1"=0.64
—k*=2.0,u*=4.00
e k*=4.0,u*=16.0

30

330



4046

Z. Yang et al.

The expressions of Fy, F,,, G, and the forms of a, b, and ¢ in Egs. (28)—(33) can be shown to be

n
Fy = HY (kr %) (i) ,

[x|

—n
X1
E) = H" (kr 1x1) (—) :

Gy = Jn (k2 |2]) (i) ,

1
2\ 3
a = (csscas — ci5)”
2
b= —(essess — )
2.1 4
¢,=0.1,c,20.9 120
o=n/2
1.4
150
0.7 4
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) 0.04180
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21 240
Fig. 6 Distribution of DSCF with i//R =2,kR =1
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Fig. 7 Distribution of DSCF with i/R =2, kR =1
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i

Multiplying e~

CcC =

cas(csscas — i)

1
2

C44

to solve the undefined coefficients A, and B,,, one obtains

00
Z (Anéun — BnCmn) =&, m=n=0,+1,%2,...

n=—0oo

0
Z (Apnemn — Bon) = €m, m=n=0,£1,+2, ...
n=—00
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Fig. 8 Distribution of DSCF with &
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Fig. 9 Distribution of DSCF with &
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JR =2,k =0.8

(39)

m9 with both sides of Egs. (26) and (27) and integrating on the interval (—, 7r) in order

(40)

(41)
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where
L[ im0 L[ imo L[ —ime
Emn = Py Ene”'"d0, Cun = _/ Cne”'Md0, &y = — Ee”'"Md0, (42)
T J—x 2 J 5 2w J 5
1 b . 1 T . 1 T /
Emn = —/ £ne M40, npn = —/ e 040, &, = —/ ge” Mg, (43)
27 J_» 2 J_» 2 J_,

5 Dynamic stress concentration factor (DSCF)

According to the definition of the dynamic stress concentration factor, the DSCF is the ratio of the hoop stress
to the stress tp (induced by the incident wave), which has the form

T4, = |02/70 | (44)
90
0.8 - ——kR=0.1
¢,=0.1,c,0.9 120 60  |—kR=05
a=n/2 ——kR=1.0
0.6 ——kR=2.0
04 150 30
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T
O
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o
0.2
047 210 330
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0.8 240 300
270

Fig. 10 Distribution of DSCF with 4/R =2, k* = 0.8
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Fig. 11 Distribution of DSCF with h/R =2,k* =0.8
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where 1) = c55k;¢p. Substituting the wave fields into Egs. (21) and (23), the hoop stress obeys

kT > . . i0
T: = Z A [(@ +ib) (Faei — Flug1) — (—d' +ic) (Fas1 — Fluz1)] €
n=—o00
kr — . . _i
+ T Z A, [(—a’ —ic') (Fpm1 — F'y1) — (@' = ib') (Fyy1 — F/n_l)] e 1?
n=—00
ikip® . . . =1 0
+ [i (cas + c55) Bi + (2cas +icss —icas) Bi]
ikip"” . . . a—
+— [(2cas —icss +icas) Bi — i (cas +cs5) Bi] e
90
2.4 ——kR=01
¢,=0.1,¢,=0.9 120 60 a— kR=0.5
a=rl2 ——kR=1.0
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1.6
150 30
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210 330
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b4l 240 300
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Fig. 12 Distribution of DSCF with h/R =2,k* = 0.8
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Fig. 13 Distribution of DSCF with kR = 0.1, k* =2
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ke . . : 2 1.0
1 [i (cas + c55) Br + (2cus +icss —icas) Br] e
ik ™ . . . —
+ — [(2cas —icss +icaa) Bi — i (cas + cs5) By ] e (45)
where a’ = —c, b’ =a,c’ = b.

6 Numerical results and solution analysis

In order to verify the validity of the method presented in this paper, we set 1, = 0 to degenerate the inclusion
into a cavity. Meanwhile, the depth of the inclusion is modified into fifty, and the anisotropic parameter is set
as cqq = 1, ca5 = 0, c55 = 1 to contrast with the solution obtained by Pao et al. (in Ref. 1) in Fig. 2. Figure 2
shows that the degenerate results are coincident with the solution calculated by Pao et al. perfectly.

90
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€,=0.1,c,=0.9 60 | — Ef?:;,ﬁgg
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109 299 T 330
1.5 —
240 300
2.0
270
Fig. 14 Distribution of DSCF with kR = 0.5, k* =2
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Fig. 15 Distribution of DSCF with kR = 1.0, k* =2
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The distribution of the DSCF around the inclusion is presented in Figs. 3, 4, 5, 6, 7, and 8 for different
anisotropic parameters. With the purpose of showing the anisotropy in different directions, two new parameters
¢1 = c45/cs55 and ¢y = cqq4/css are introduced. Moreover, wave numbers ratio k* = ky /k; and shear modulus
ratio u* = /o are defined to show the property relation between the inclusion and the half space. It can
be inferred that u* > 1 (k* > 1) represents that the medium I is harder than the medium II while u* < 1
(k* < 1) signifies the opposite condition.

Figures 3 and 4 show the distribution of DSCF with different k* and p* when the incident wave angle is
o; = 0 and /2 . The dimensionless incident wave number is kR and kR = 1, the depth of the inclusion is
h/R =2.c1 =0and c; = 1 represent the medium I which is homogeneous and isotropic. If the inclusion is
softer than the half space, the dynamic stress concentration factor becomes larger. That means the soft inclusion
embedded in the half space will enhance the stresses around it. Moreover, the distribution of DSCF becomes
complex with the k* augments. In Fig. 4, the DSCF displays a symmetric distribution along the y-axis because
the background medium (medium I) is isotropic, and the incident angle is 77 /2 .

Figures 5, 6, 7, and 8 demonstrate the distribution of the DSCF around the inclusion when the half space
is anisotropic. The dynamic stress concentration factor is still larger when the inclusion is softer than the half
space. However, because the background is anisotropic, the DSCF does not have a symmetric distribution
anymore, and the distribution of the DSCF turns more complex at the same time. Then, in contrast with the
case when the half space is isotropic, the distribution of the DSCF seems distorted. When £* = 0.5, 2.0, 4.0,
the DSCEF distorts evidently, but it changes little when k* = 0.8, that is because the properties of internal and
external medium are similar. The maximum of the DSCF varies little when the half space is anisotropic. It
approximately equals 1.5 when ; = 0 and 2.1 wheno; = /2 .

The distribution of the DSCF with different dimensionless incident wave numbers is shown in Figs. 9, 10,
11, and 12. The incident wave angle is ¢; = 0 and ; = /2 , and the background medium is anisotropic. Two
cases are considered (k* = 0.8 and k* = 2) in Figs. 9, 10, 11, and 12. With the increasing of the incident wave
number, the DSCF distribution becomes complex. Besides, if the inclusion is harder than the half space, the
maximum of the DSCF changes little with the incident wave number increasing, but if the inclusion is softer,
the maximum of the DSCF varies apparently. This phenomenon indicates that the stresses around soft defects
are significantly affected by the incident wave number.

Figures 13, 14, 15, and 16 present the distribution of the DSCF when the depth of inclusion #/R is 1.5, 3,
10, and 15. The background medium is anisotropic, and the wave numbers ratio is k* = 2 . When the incident
wave number is small (kR = 0.1 and 0.5), the distribution of DSCF is nearly unchanged with the increase of
h/R . However, when the incident wave number is large (kR = 1 and 2), the DSCF changes evidently with the
h/R augments. The reason is when kR is small, the condition is the near static case, but when kR becomes
large, the dynamic effects become clear. Furthermore, the values of the DSCF decrease when the depth of the
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Fig. 16 Distribution of DSCF with kR = 2.0, k* =2
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Fig. 18 Variation of DSCF with changing kR (h/R = 2)

inclusion grows, because the interplay between shallow burial inclusion and the surface is more intense than
in case of the deep one. As the condition of deep burial inclusion the influences of the reflected wave on the
inclusion turn small, and it can be regarded as infinite medium condition.

Figures 17 and 18 display the variation of the DSCF with changing incident wave number kR when the
inclusion and the half space have different wave numbers ratio and shear modulus ratio. The burial depth of the
inclusion is #/R = 2, and the point is & = 7 /2 . Considering the case of hard inclusion (k* < 1), the DSCFs
at the inclusion are small, but the DSCFs become large when the inclusion is softer than the half space. This
result is the same as we obtained in Figs. 3,4, 5, 6, 7, and 8. Then, if the inclusion is softer than the half space,
the DSCFs fluctuate obviously with the variation of the incident wave number. The phenomenon proves that
the stresses around soft defects are significantly affected by the incident wave number again.
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7 Conclusions

Based on the complex function method and multipolar coordinate system, the dynamic response of shear waves
by a cylindrical inclusion is investigated. The governing equation is converted into its normal form, and the
expressions of incident wave, reflected wave, scattering wave, and standing wave are obtained. According to the
continuity condition at the boundary of the cylindrical inclusion, the unknown coefficients in the scattering wave
and standing wave are found. Then, the dynamic stress concentration factor (DSCF) around the inclusion is
calculated. The results reveal that the soft inclusion embedded in the half space will enhance the stresses around
it, and the DSCF around the soft inclusion is influenced by the incident wave number evidently. This indicates
that a soft inclusion in the medium can influence the mechanical properties around it significantly. So the
dynamic problems of a medium with soft defects should be paid more attention in practical engineering. Then,
with the increase of the incident wave number, the distribution of the DSCF becomes complex, which means
high-frequency excitation may cause complicated structural damage. Moreover, the depth of the inclusion
affects the distribution of the DSCF significantly when the incident wave number is large. So, an appropriate
depth of the underground structure needs to be considered in practical engineering.
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