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Abstract A theoretical model is developed to investigate the effects of the nanoscale twin and the dislocation
pileup at the twin boundary on crack blunting in nanocrystalline materials. In the model, the nanoscale twin as
a stress source approximately equals a quadrupole of wedge disclination. Using the complex variable method,
the complex form expressions of the stress field and the force field are derived. The critical stress intensity
factors (SIFs) for the first dislocation emission from the crack tip are calculated. The effects of the dislocation
pileup, disclination strength, twin size, twin orientation, twin position and crack length on the critical SIFs are
discussed in detail. Moreover, the shielding/anti-shielding effect produced by the twin, the dislocation pileup
at the twin boundary and the first dislocation emitted on the crack tip is discussed. The results show that both
the twin and the dislocation pileup at the twin boundary would suppress the dislocation emission from the
crack tip. The suppressive effect induced by the dislocation pileup at the twin boundary is much stronger that
that by the twin. Meanwhile, the emission angle has a significant effect on the mode I shielding/anti-shielding
effect on the crack tip a.

1 Introduction

Nanocrystalline materials have attracted much attention due to their unique mechanical characteristics [1-5]. In
most cases, nanocrystalline materials exhibit superior strength, strong hardness and good wear resistance, but at
the expense of low tensile ductility and fracture toughness, which considerably limits their practical application
[4,5]. However, some nanocrystalline materials with good tensile ductility of enhanced toughness have been
studied and reported. The outstanding combination of good ductility and superior strength has created high
interest in understanding the toughening mechanisms specific to nanocrystalline materials. Recently, various
models have been developed to explain this phenomenon. In most of them, local migration of grain boundaries
[6], rotational deformation [7,8], grain boundary sliding [9] and deformation twinning [10,11] have been
theoretically described as specific deformation models in nanocrystalline materials.

The behaviors of twins, particularly nucleation, growth and interaction are contributing to the hardening of
nanocrystalline materials [ 12—15]. Several studies have reported the mechanical behaviors of deformation twins
in Magnesium and Zirconium. Romanov and Vladimirov [16] have proposed that the deformation twin as a
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stress source can be simulated by a disclination quadrupole. Feng et.al [17] have suggested a theoretical model
to describe the dislocation-mediated mechanisms for the nucleation and growth of nanoscale deformation
twin in hexagonal-close-packed materials. According to the theory of dislocations [18], the generation of the
nanotwin ABCD is accompanied by the formation of a quadrupole of 2 disclinations, whose stress field
affects the further growth of the crack.

For nanotwinned materials, submicron-sized grains are subdivided into nanometer-thick twin/matrix lamel-
lar structure by the twin boundaries (TBs) [10,19-22], so there are many twin boundaries—grain boundaries
(TBs—GBs) as shown in Fig. 1b. When dislocations glide parallel to the TBs, these dislocations do not expe-
rience any barrier until they are hindered by the GBs. With the deformation going ahead, dislocations begin
to pile up at the twin boundary [23]. To study the influence of TBs, we assume that the emission of the first
dislocation is followed by the emission of the further dislocation along the same slip plane. The new dislocation
slip until it reaches its equilibrium position determined by the balance of the force exerted by the applied shear
stress and the force exerted by the previously emitted dislocations [24].

Meanwhile, Ovid’ko and Sheinerman [24] have pointed out that if the stress intensity near the crack tip
is large enough, the crack induces plastic shear through the emission of lattice dislocations from the crack
tip. The emission of the dislocations from cracks causes effective blunting of cracks, and thus suppresses
their growth and improves the toughness of nanocrystalline materials. Feng et al. [25] have established a
grain size dependent model to describe the effect of a special physical micromechanism of plastic flow on
the dislocation emission from an elliptical blunt crack tip in nanocrystalline solids. Fang et al. [26] have
investigated the special rotational deformation on the emission of lattice dislocations from the crack tip.
Fang et al. [27] have theoretically described the effect of cooperative grain boundary sliding and migration
on emission of dislocations from a crack tip in nanocrystalline materials. Then, Ovid’ko et al. [28] have
described the operation of the cooperative GB sliding and migration process near the tips of growing cracks
and theoretically analyzed its effect on the fracture toughness of nanocrystalline materials.

In the above-mentioned works, the researchers have studied the effect of the special deformation models near
the crack tip on the fracture toughness of the nanocrystalline materials. However, for nanotwinned materials,
not only submicron-sized grains are subdivided into nanometer-thick twin/matrix lamellar structure by the twin
boundaries, but also the dislocations begin to pile up at the twin boundary. Thus, the main work of this paper is
to present a theoretical model to investigate the interaction between the twin, the dislocation pileup at the twin
boundary and the crack. The effects of the dislocation pileup, disclination strength, twin size, twin orientation,
twin position and crack length on SIFs at the crack tip are discussed. Moreover, the shielding/anti-shielding
effect produced by the twin, the dislocation pileup at the twin boundary and the first dislocation emitted on the
crack tip is discussed.

2 Model and problem formulation

Consider a deformed nanocrystalline solid with a flat crack of length /, under remote mode I and mode II
loadings as shown in Fig. 1. For simplicity, the solid is modeled as an isotropic medium having the shear
modulus p and Poisson’s ratio v. The defect structure of the solid is assumed to be the same along the
coordinate axis z perpendicular to the xy plane. This assumption will simplify the mathematical analysis of
the problem, reducing it to the consideration of a two-dimensional structure.

Introduce a Cartesian system (x, y) and a polar coordinate system (r, ) with the origin at the crack tip,
as shown in Fig. 1b. In this model, the twin can be modeled as a disclination quadrupole ABCD [16], which
consists of two positive disclinations with strength  at z; = r1e'! and z3 = z; 4+ de’® + se!@+7/2) and two
negative disclinations with the same strength at z, = z1 + de’® and z4 = z1 + se/ @17/ respectively. Here,
s and d represent the quadrupole arms (the twin size), o represents the angle between the crack and the twin
boundary AB (CD). When dislocations glide parallel to TBs, these dislocations do not experience any barrier
until they are hindered by GBs. With the deformation going ahead, dislocations begin to pile up at the twin
boundary [29]. The number of the dislocations pileup at the twin boundary is assumed to be M.

For the plane strain problem, the stress field (ox., oyy, oyy) and displacement field (fix, py) can be
expressed by two Muskhelishvili’s complex potentials @ (z) and ¥ (z) in the complex plane z = x + iy
(301,

Oer 03y =2 (00 +80), (M
Oxx —i0yy = P (2) + P(2) +29'(2) + ¥ (2), 2)
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Fig. 1 Twin in a deformed nanocrystalline solid containing a flat crack. a General view and b magnified inset highlight the twin
near the crack tip

2u@y +u)) =3 —4)P(2) — P(2) — 2@/ (2) — ¥ (2), 3)

where u', = duy /0x, u, = duy/dy, P'(z) = d[@(z)]/dz and the over-bar represents the complex conjugate.
The stress field can be written as

oy =Re[20(z) — 20" (2) — ¥ (2)], “4)
oy =Re[20(2) +20'(2) + ¥ (2)]. (5)
oy =Im[2P'(2) + ¥ (2)]. (6)

The boundary condition of the crack for the present problem can be expressed as
oyy(t) —ioyy(t) =0, 1t € crack. 7

Firstly, consider the stress field produced by the dislocation pileup at the twin boundary CD. The dislocations
are assumed to be of edge character, and the number of the dislocations at the TB CD is M. Referring to Fang
et al. [27,30], the complex potentials @5 (z), ¥, (z) and 2, (z) can be expressed as

14 w w w(zi — i) 1
qsb(z):z;( - (z—Z,-)Z)JF 7

Z—z z—a)(z—oc)

M _ _
" Z (w«/(Zi —a) (zi _C)+w\/(Zi _a)_(Zi )

o Z—7Z =2
w(zi =)/ (Zi —a)(zi —o¢) wz; (zi — i) )
, 8
" (z—7)° MCEEAW ey e ®)
1 w w w(zi — Zi)) 1
Q = _ _ _
b (@) 2;<z—zi % -2 ) We-aG-o0
M — =
" Z (w«/(zi —a) (zi — c)+ wa/(Zi — a)_(Zi —0)
im Z—7Z Z—Z
v (zi — Zi zi —a)(z; — 0Zi (zi — Zi
+w Z Z)«/(Z_ 2a)(z ) N _wz (_z Z)_ ) ©)
(z —z;) (z=2i)/(Zi —a)(Zi —¢)
Wy (2) = —Pp (2) — 2P}, (2) — QU (2) (10)

where w = w(by —iby)/4m (1 —v).
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With the substitution of Egs. (8) and (10) into Egs. (4)—(6), the stress field produced by the dislocation
pileup at the twin boundary CD can be obtained.

Consider the stress field produced by the twin, which can be modeled as a wedge disclination quadrupole.
Referring to Fang et al. [26], the complex potentials @,,(z) and ¥,,(z) have the following form:

k+1q k+1 %
Py (@) = o~ (1 (Z( 1) Z( ) Z_Zk>

&T(l o(z)x<2< HH k)ln(z—Zk)

1 —
- Z (=D (@ — 2) - Z O s (j — G- zk)), (11)
3z — z(z—z1)
lI/w 1 k+1 ( _ > 1 k+1
@ = 87 (1 —v) (1 (Z( ) Z—2Zk Tk Z( ) (z—zk)z)
_ 4
k+1 1 k+1
Sn(l Xo @) (Z =D Xo (Zk) 7= Zk kZ: =D XO (Zk)

4
% —3z 2z —z) Ho k+1
* (z—zk " (z—zk)2)> Sr =y 0@ (Z D

1

4
In (7 — 3 Ly _1k+1L<ﬂl _->’
x In (z — zx) X:;( Yz (z — 7 k;( " i T tne -2
(12)

where X¢ (z) = 1/4/(z —a) (z — ¢) and X(’) (z) = dXo (z)/dz.
With the substitution of Eqgs. (11) and (12) into Eq. (4), the stress field due to the wedge disclination

quadrupole can be obtained.

3 The emission force of lattice dislocations

When the stress intensity near the crack tip is large enough, the crack can induce plastic deformation through
the emission of lattice dislocations from the crack tip [23,32-34]. For simplicity, we focus on the situation
where the dislocations are of edge character and their Burgers vectors lie along the slip plane that makes an
angle 0 with the x-axis. The first dislocation is assumed to be located at zg = roe’? in the coordination system.
According to Fang et al. [27,31], the complex potentials of the first dislocation @, (z), 2.(z) and ¥, (z) can be
expressed as follows:

¢e(Z):l( wo w_ _lI)(ZOjZO))_{_Z : 1

2\z—z20 z—20 (z —Z0)? z—a)(z—c)
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+u_)(zo—50) \/(Zo—a)«/(io—C) n wzo (2o — 20) ) (14)
(z — 20) (z—Z0)v G —a) Vo -0 )
W, (2) = =P, (2) — 2@, (2) — Qe (2), (15)

The force acting on the edge dislocation consists of four parts: the image force, the force produced by the
dislocation pileup at the twin boundary, the force produced by the twin and the external force.
Firstly, the image force can be obtained as by Hirth and Lorth [18],

fimage = fa— ify = [&xy (z0) bx + &yy (z0) by] +i [&xx (z0) bx + 6xy (z0) by]

ub* [ DF (z0) + DF (z0) | 0P (20) + Y7 (20)
= + = ; (16)
7 (14 k) w w
where Gy, Gyyand Gy, are the components of the perturbation stress and
@; (20) = lim (P, (2) — Do (2)), (17)
=20
d (@ -
o (o) = tim 4@ = P @) s
720 dz
U (0) = Jim (% (2) ~ Yo (2)). (19)
where @0 (z) = w/(z — z0) and W0 (2) = W/ (z — z0) + wZo/(z — 20)>.
Secondly, the force produced by the dislocation pileup at the twin boundary can be written as
fboundary = fx — ify = [bey (z0) bx + Obyy (z0) by] +1 [bex (z0) by + Obxy (z0) by]
ub®> @y (20) + Pp (z0) | Z0Py (20) + ¥ (20)
= + - , (20)
7 (14+«) w w

where opyx, 0pyy and oy, are the components of the stress field produced by the dislocation pileup at the twin
boundary.
Thirdly, the force produced by the wedge disclination quadrupole (the twin) can be written as

fwedge = fx — ify = [ny (z0) bx + Oyy (z0) by] +i [Uxx (z0) by + Oxy (z0) by]

_ b (B0 G0+ Py ) Z0P), (G0) + Y (20)
(14« w w ’

2

where o0, , oyy and oy, are the components of the stress field produced by the wedge disclination quadrupole.
Lastly, the external force acting on the edge dislocation can be written as

1 0 30 0 0
fr =boyg = (5 sin 6 cos szpp—i- <0087 —l—sinzzcos 5) Kﬁpp> s (22)

b
N 2mr
where K Ia PP and Kﬁpp are the generalized mode I and II SIFs produced by the remote loadings.
Then, the dislocation emission force can be written as,

Semit = frcosO + fysin€ + f;
= Re [fimage + fboundary + fwedge] cos¢ —Im [fimage + fboundary + fwedge] sinf + fr.  (23)

With the substitution of Egs. (16)—(22) into Eq. (23), we have the expression of the dislocation emission force.
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4 The critical SIFs for the dislocation emission

A commonly accepted criterion for the emission of dislocations from the crack tip is that the force acting on
them equals zero and the distance between the dislocation and the crack surface should be equal or larger than
the dislocation core radius [37]. Combining the expressions (16)—(23) with the emission criterion femijt = 0,
the applied critical SIFs K fgp and K ﬁlg) for the dislocation emission can be derived.

When K Ialpp =0,

Klaé)p — 2«/% ( Im [fimage + fooundary + .fwedge] sin@ ) ,

b sin 6 cos % —Re [fimage + fboundary + fwedge] cos 0
a
and when K PP — 0,
KaPP — V27rg Im [fimage + fooundary + fwedge] sin ¢
nic b(COS ¥ 4sin? § cos %) —Re [ fimage + fooundary + fvedge]cost )’
where

fimage + f wedge + f boundary =

(1l +«)

1ub? [2Re [®F (20) + Pu (20) + Pb (20)]
w

+&N¢f&®+¢;&®+¢i&®f+W@Q®+Ww@w+wﬂm»
5 .

Utilizing the expressions of the applied critical SIFs K fgp and K ﬁpg, the effects of the twin and the dislocation
pileup at the twin boundary on the dislocation emission from the crack tip can be analyzed. The normalized
critical SIFs are defined as KIOC = Kfé’p/(ux/g) and Kﬁc = Kﬁ}g’/(uﬁ). The disclination strengths are
denoted as +w and the position of the first dislocation ryp = b/2. The quadrupole arms are assumed to be much
smaller compared to the crack length /. The following typical values of parameters for the nanocrystalline
material 3C-SiC are used, u = 217 GPa and v = 0.23 [38].

Firstly, the crack length in the nanocrystalline solid is assumed to be / = 100 nm and the Burgers vector
of the edge dislocation at the crack tip is b = 0.25 nm. The variations of the normalized critical SIFs Kg
and K g (without considering the effect of the dislocation pileup at the twin boundary) with the disclination
strength w are depicted in Fig. 2. It can be found that the normalized critical SIFs K IOC and K ﬁc both increase
with the increment of disclination strength w. The critical SIFs have the smallest values when the twin and the
dislocation pileup at the twin boundary do not exist. In addition, when the effect of the dislocation pileup at
the twin boundary is considered, the values of the critical SIFs are about two times larger than those under the
situation that the dislocation pileup at the twin boundary is not considered. This phenomenon indicates that
the twin and the dislocation pileup at the twin boundary release, in part, the high stresses near the crack tip

12
10 .
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K c 6 > KIHW=0
44
P
KIC
2
0
0 T T T T T T T i
0 2 4 6 8 10

o (degree)

Fig. 2 Dependence of the critical normalized SIFs K 8 and K, g (without considering the effect of the dislocation pileup at twin
boundary) on the disclination strength @ (¢ = /6, r1 = 0.1 nm, 6y = 10°,0; = 0°,d = 15 nm and s = 3 nm)
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Fig. 3 Dependence of the critical normalized SIFs KIOC on the edge dislocation emission angle 6y with different (¢« = 7/6,
r1 =0.1nm, 0 =0° d = 15nmand s = 3 nm)
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Fig. 4 Dependence of the critical normalized SIFs Kﬁc on the edge dislocation emission angle 6y with different w (¢ = 7/6,
ri =0.1nm,0; =0° d = 15nmand s = 3 nm)
area and therefore enhance the critical SIFs for dislocation emission. When the strength of the twin is higher,
the edge dislocation is more difficult to emit from the crack tip. It can be also found that when the disclination
strength is certain, Kﬂc is much smaller than KIOC, which means that the mode II loadings are much easier than
the mode I loadings to emit the dislocations from the crack tip.

Figures 3 and 4 show the normalized critical SIFs K 8 for dislocation emission as functions of emission
angle 6y with difference disclination strength @ for mode I and II applied loadings. For the model I critical
SIFs in Fig. 3, they decrease from infinity to minimums and then increase with increasing emission angle.
When w = 0°, the most probable angle 6,;, for the dislocation emission is 90.5° The most probable emission
angle decreases with the increment of disclination strength w. For @ = 5°, the most probable emission angle
Omin = 78°; for w = 10°, Opmin = 70°; and for w = 15°, Onin = 53°. However, the normalized critical mode II
SIFs in Fig. 4 increase from a finite positive value to infinity with the increment of edge dislocation emission
angle, then switch to negative value. Referring to the work by Huang and Li [39], the sign of the SIFs can be
determined by the direction of the Burgers vector of the emerging dislocations. So the most probable emission
angle for the positive edge dislocation is always zero under the mode II loading. And when the influence of
the twin is ignored (w = 0°), the most probable angle for the negative edge dislocation emission is 119°.

The dependence of the normalized critical SIFs K IOC on the twin size d with different twin orientation angles

« are depicted in Fig. 5. It can be seen that the normalized critical SIFs K IOC decrease with increasing twin size
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Fig. 5 Dependence of the critical normalized SIFs K {)c on the twin size d with different o (w = 7 /72, r; = 0.1 nm, 6y = 10°,
01 = 0° and s = 3 nm)

8
—-— 9]:00
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Fig. 6 Dependence of the critical normalized SIFs KIOC on the disclination position r; with different 61 (¢« = 7/3, w = /72,
6p = 10°,d = 15nm and s = 3 nm)

d and the angle «. The effect of the twin position (r; and 1) on the normalized critical SIFs K IOC is shown in
Fig. 6. It can be seen that the normalized critical SIFs K {)C decrease dramatically and then increase slightly
with an increment of the twin position parameter r; and decrease with increasing angle 6. This indicates that
the location of the twin has a significant influence on the dislocation emission from the crack tip. Under a
certain condition, there is a best twin position which can make the dislocation emission easiest.

Then, the variation of the normalized critical SIF KIOC with the crack length is depicted in Fig. 7. The
normalized critical SIF KIOC decreases with increasing crack length, and then tends to a constant value. Hence,
the shorter crack tends to grow, but the longer crack is easier to be blunted.

5 The anti-shielding effect and shielding effect

According to the definition of the SIF, the expression of the SIFs at the crack tip a and ¢ of a limited crack can
be derived as [11,40,41]
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Fig. 7 Dependence of the critical normalized SIFs KIOC on the crack length [ (o« = /3, w=n/72, ro = 0.125 nm, r; = 0.1 nm,
6p = 10°,d = 15nm and s = 3 nm)

K¢ = K{ —iKf =227 lim [z = ag (2)].
K = K{ —iKjj =2v2r lim [z —a¢ (2)]. (24)

The SIFs due to the twin, the first dislocation emitted from the crack tip [3,42] and the dislocation pileup
at the twin boundary [27] can be obtained, respectively, as

1) 1
K¢ —iKfl -

= 2V2r (1 —v)fc—a
4 4

x (Z D" V@ —a) @ —one—z)— Y (=D @ —2)
k=1 k=1

4
Y E - G- o (ﬁ —In(c - zw)) : (25)
k=1 € — Zk
K _igd — wb 1 ((Sin@—icos@) (zo —a) (20 — ©)
' " oVar(1—v) Je—a c—20

(sinf +icosB)zo (zo —Z0) . (sinf —icosh)~/(zo —a) (zo — )

+ - — — + -
(c—=20)v(zo—a)(zo —©) c—20
+(sin0 +icosb) (z0 — Z_o) «/2 (zo —a) (zo — C)) ’ (26)
(c —zo0)
M . .
. b 1 (sinf —icosO)+/(zi —a)(zi —c)
Kb _ ik — H (
Lo EZﬁn(l—v)«/c—a c—zi
+(sin9 +icos0)z (zi —zi) n (sinf —icosO)+/(zi —a) (z; —¢)
(c—z)/ (@i —a)(zi —©) c—zi
ind+ic0s0) (o — ) VG~ G =0
+(sm9+zcos9)(z Z_)2 (zi —a)(z c)), 27
(c—27i)

Referring to Bobylev et al. [7] and Morozov et al. [38], when the direction of crack growth is perpendicular to
the external force, the SIFs at the crack tip a can be written as

Ki=K{ + K! + K{ + K}, (28)
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Fig. 8 Dependence of the normalized SIFs K{ and K, on the crack length [ with different 0 (¢ = 7/3, w=1/72, 6y = 10°,
01 =0° d = 15nmand s = 3 nm)
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Fig. 9 Dependence of the normalized SIFs K;’ on the twin size d with different o (§ = 7/6, w=m/72,r; = 0.1 nm, 6y = 10°,
01 = 0° and s = 3 nm)
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Fig. 10 Dependence of the normalized SIFs K{ and K, on the disclination strength w (6 = 7/6, ¢ = /3,60 = 0°,d = 15nm
and s = 3 nm)

Kn = K + K3 + K. (29)

Here, K7 is the SIF induced by the external stress, K f’ and K Iql are the SIFs created by the disclination quadrupole
located near the crack tip, KId and KIdI are the SIFs produced by the first dislocation emitted from the crack tip,

and K I” and KI”I are the SIFs created by the dislocation pileup at the twin boundary.

Utilizing the expressions of the SIFs K7 and Ky, the shielding and the anti-shielding effect on the crack tip
a can be analyzed. For simplicity, the normalized SIFs are defined as K{ = K/ (u~/b) and Kii = Kn/ (u~/b).
The normalized SIFs K| and K{j versus the crack length / with different emission angle 6 are depicted in Fig. 8.
It can be seen that the crack length has only a slight influence on the mode I shielding/anti-shielding effect on
the crack tip, but the emission angle has a significant effect on that. When 6 = 0°, there is an anti-shielding
effect on the crack tip; however, when 6 > 0°, there is a shielding effect on the crack tip which increases
dramatically with increasing emission angle. The mode II anti-shielding effect on the crack tip decreases with
increasing crack length and also decreases with the increasing emission angle.

The dependence of the normalized SIFs K{' on the twin size d with different twin orientation « is depicted
in Fig. 9. It shows that the mode I anti-shielding effect on the crack tip decreases with the increment of grain
size and the twin orientation «, which is in agreement with Fig. 5. The dependence of the normalized SIFs
K{" and K} on the disclination strength is shown in Fig. 10. It can be found that with increasing disclination
strength, the mode I anti-shielding effect on the crack tip increases while the mode II shielding effect decreases.

6 Conclusions

In this paper, the interaction of the twin and the dislocation pileup at the twin boundary with the crack is
investigated by the complex variable method. The critical SIFs for the first dislocation emission are calculated.
The effects of the crack length, twin size, disclination strength and twin location on the critical SIFs are
investigated. Meanwhile, the shielding/anti-shielding effects of the twin, the dislocation pileup at the twin
boundary and the first dislocation emitted from the crack tip on the crack tip a are theoretically analyzed.
Some important conclusions are summarized as follows.

Both the twin and the dislocation pileup at the twin boundary release the high stresses near the crack tip and
therefor enhance the critical SIFs (caused by the applied loadings) for the dislocation emission. The strength
of the twin is higher, the edge dislocation is more difficult to emit from the crack tip. The suppressive effect
induced by the dislocation pileup at the twin boundary is much stronger than that by the twin. In addition, the
twin has great influence on the most probable angle for dislocation emission.

When the twin and the dislocation pileup at the twin boundary are certain, the mode II loadings emit the
dislocations from the crack tip easier than the mode I loadings.
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The location of the twin also has a significant influence on the dislocation emission from the crack tip.
Under certain circumstances, there is a best twin position which can make the dislocation emission easiest.

The crack length has only a slight influence on the mode I shielding/anti-shielding effect on the crack tip,
but the emission angle has a significant effect on that. When 6 = 0°, there is an anti-shielding effect on the
crack tip; however, when 6 > 0°, there is a shielding effect, and it increases dramatically with increasing of
emission angle.
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