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Abstract Most concrete structures repaired by the electrochemical deposition method (EDM) are not fully
saturated in reality. Based on our latest work, a differential-scheme-based micromechanical framework is pre-
sented to predict the properties of unsaturated concrete repaired by the EDM. The equivalent matrix is reached
by the micromechanical homogenization to the two-phase composite composed by the intrinsic concrete and
unsaturated pores with different shapes. According to the multiphase micromechanical healing model which
we presented recently, the three different states of the healing process in the saturated zone of the unsaturated
concrete, including no healing, partial healing and complete healing, are quantitatively investigated by modi-
fying the differential-scheme and the generalized self-consistent method with the obtained equivalent matrix.
Modification procedures are utilized to rationalize the differential-scheme-based estimations for the repaired
concrete in the dry state. Furthermore, predictions herein are compared with those of the existing models and
available experimental results, thus illustrating the feasibility and capability of the proposed micromechanical
framework. It is found that the predictions in this extension correspond to the experimental data better than
those of our recent work.

1 Introduction

As a promising approach to repair concrete cracks, the electrochemical deposition method (EDM) has been
applied to marine structures or other situations in which traditional repairing methods are not adequate [1–3].
Extensive works have been conducted on the EDM in the past 20 years [4–14]. However, existing literature
mainly focuses on the experimental procedures, and few studies have disclosed the healing mechanism of
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the EDM with rigorous analytical models, particularly the micromechanical models at the microstructural
level. To address these issues, the authors recently proposed micromechanical models for saturated concrete
based on the Mori–Tanaka method [15], where the repaired saturated concrete was represented by three-phase
composite consisting of the intrinsic concrete (including the mortar, coarse aggregates and their interfaces),
deposition product and water phase. The Mori–Tanaka method was adopted to derive the effective properties
of the repaired concrete.

However, many experimental investigations show that concrete in aqueous environments is not fully sat-
urated even when it is stored in water for a long time [16–20]. As it is very hard for the external solution
to reach the dry or unsaturated zone of the concrete samples, those places cannot be healed using the EDM
[21]. Since this situation is very different from that occurring in fully saturated concrete, the authors recently
presented a multiphase micromechanical model for unsaturated concrete repaired by the EDM based on the
Mori–Tanaka method to describe this distinct phenomenon [21]. The accuracy of the Mori–Tanaka method
is high when the volume fraction of the inclusion is low [21]. However, with an increase in the inclusion
volume fractions, the Mori–Tanaka method may underestimate (or overestimate) the effective properties of the
composite when the properties of the inclusion phase are stronger (or weaker) than those of the matrix phase
[21]. As an extension of Yan et al. [21], an equivalent matrix for unsaturated concrete is attained through the
micromechanical homogenization to a two-phase composite composed by the intrinsic concrete and unsatu-
rated pores with different shapes. Meanwhile, with the obtained equivalent matrix, a differential-scheme-based
micromechanical framework is proposed in this work to quantitatively characterize and predict the mechan-
ical performance of unsaturated concrete healed by the EDM. Three different states of the healing process,
including no healing, partial healing and complete healing, are quantitatively investigated by incorporating
the differential-scheme and the generalized self-consistent method together based on the multiphase healing
model we presented recently. Furthermore, micromechanical procedures are adopted to modify the properties
of the healed concrete in the dry state.

An outline of this paper is organized as follows. Section 2 introduces the micromechanical model for the
unsaturated concrete repaired by the EDM. The equivalent matrix is obtained by the homogenization to the
two-phase composite consisting of the intrinsic concrete and unsaturated pores with different shapes. In sect. 3,
the effective properties at three different states of the healing process are quantitatively predicted by modifying
the differential scheme for unsaturated concrete repaired by the EDM. Furthermore, modification procedures
are adopted to consider the water effects and shapes of the pores in the healed concrete. Numerical examples
including experimental validations and comparisons with existing micromechanical models are presented in
Sect. 4. Some conclusions are reached in the final section.

2 Micromechanical model and equivalent matrix for unsaturated concrete repaired by the EDM

2.1 Micromechanical model for unsaturated concrete repaired by the EDM

From the microlevel, the unsaturated concrete repaired by the EDM is composed of the deposition products,
pores, water, mortar, coarse aggregates and their interfaces [21,22]. According to the previous works [15,21,
23,24], a micromechanical model for the unsaturated concrete element healed by the EDM can be proposed
with some proper assumptions, which is exhibited in Fig. 1a. The three traditional solid phases (i.e., mortar,
coarse aggregates and their interfaces) are merged into one matrix phase, namely the intrinsic concrete, in a
representative volume element (RVE). The deposition products, water and pores in the unsaturated zone are
considered as different inclusion phases in the RVE. The shapes of the microcracks and microvoids (occupied
by water) in the saturated zones are presumed to be spherical. However, the shapes of these defects in the
unsaturated/dry areas are elliptical. The volume of the deposition product is assumed to be proportional to that
of each spherical pore in the saturated zone [15,21,23,24].

During the healing process, the water phase in the saturated zone is replaced by the deposition products.
By predicting the effective properties using our micromechanical model, the mechanical performance of the
unsaturated concrete can be quantitatively assessed during the healing process. In this study, through the
micromechanical homogenization, the equivalent matrix composed by the intrinsic concrete and unsaturated
pores is obtained. The properties of repaired concrete at different healing states are calculated by incorporating
the differential scheme and the generalized self-consistent method.
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(a)
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Fig. 1 Themicromechanicalmodel and equivalentmatrix for unsaturated concrete healed using the EDM. aThemicromechanical
model for unsaturated concrete healed using the EDM. b The equivalent matrix for unsaturated concrete healed using the EDM

2.2 The equivalent matrix of the unsaturated concrete repaired by EDM

As exhibited in Fig. 1b, the equivalent matrix of the unsaturated concrete repaired by the EDM can be obtained
by micromechanical homogenization to the two-phase composite composed by the intrinsic concrete and the
unsaturated pores. According to [25], by replacing its matrix phase with the intrinsic concrete, the properties
of the equivalent matrix can be calculated by the iterative scheme below:

(K ∗)n+1 = (1 − φup)Kic(P∗2)n
(φup)(P∗1)n + (1 − φup)(P∗2)n

, (1)

(μ∗)n+1 = (1 − φup)μic(Q∗2)n
(φup)(Q∗1)n + (1 − φup)(Q∗2)n

, (2)

φup = (1 − Seff)φeff

(1 − Seff)φeff + 1 − φeff
, (3)

with
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φeff = m(kp, t, v)φ, (4)

Seff = VP−sat

VP
= h(kp, t)Sw, (5)

where (K ∗)n+1, (μ∗)n+1and (K ∗)n , (μ∗)n are, respectively, the (n + 1)th and nth approximations of K ∗
and μ∗, with the first approximations(K ∗)1 = Kic, (μ∗)1 = μic. Here, φup is the volume fraction of pores
that cannot be healed in the equivalent matrix. Kic and μic are the bulk modulus and shear modulus of the
intrinsic concrete, respectively. Moreover, (P∗1)n , (P∗2)n , (Q∗1)n and (Q∗2)n are coefficients defined by the
nth approximations to K ∗ andμ∗, i.e., (K ∗)n and (μ∗)n . In addition, φeff is the effective porosity of unsaturated
concrete considering the further hydration effect which decreases the porosity of unsaturated concrete; m is
a function of seepage rate (kp), seepage time (t) and the effective viscosity of water (v), and m < 1 for wet
concrete; φ is the porosity of dry concrete [21,22]. Seff is the effective saturation degree; VP−sat is the volume
of pores that are fully filled with water (or the volume of water in the saturated zone); VP is the total volume of
pores in the concrete (including the pores filled with water, unsaturated pores and dry pores); Sw is the general
saturation degree; h is a function of seepage rate (kp) and seepage time (t); and h is less than 1 [21,22].

When the inclusions are shaped as penny cracks, these coefficients are calculated as below [25]:

(P∗1)n = (K ∗)n
πα(β∗)n

, (6)

(P∗2)n = (K ∗)n + 4
3μic

Kic + 4
3μic + πα(β∗)n

, (7)

(Q∗1)n = 1

5

(
1 + 8(μ∗)n

πα((μ∗)n + 2(β∗)n)
+ 4(μ∗)n

3πα(β∗)n

)
, (8)

(Q∗2)n = 1

5

(
1 + 8(μ∗)n

4μic + πα((μ∗)n + 2(β∗)n)
+ 2

Kic + 2
3μic + 2

3 (μ
∗)n

Kic + 4
3μic + πα(β∗)n

)
, (9)

with

(β∗)n = (μ∗)n
(3(K ∗)n + (μ∗)n)
(3(K ∗)n + 4(μ∗)n)

, (10)

α = 1

N

N∑
i=1

ai
bi

, (11)

where α is the equivalent aspect ratio of the pores, ai and bi are the lengths of the pores’ minor and major axes,
respectively, and N is the number of different pores in the unsaturated and dry zones of the concrete. Through
this iterative scheme, the (n + 1)th and nth approximations to K ∗ and μ∗ can be reached. Let Kem, μem
be the effective bulk modulus and shear modulus of the equivalent matrix. When the difference of the value
between these two successive approximations is sufficiently small (in the present case, this value is 0.0001),
the effective properties of the equivalent matrix can be expressed as follows:

Kem = (K ∗)n, (12)

μem = (μ∗)n . (13)

Furthermore, the Young’s modulus and Poisson ratio of the equivalent matrix can be obtained based on the
theorem of elasticity, provided that the bulk modulus and shear modulus are known:

Eem = 9Kemμem

3Kem + μem
, (14)

νem = 3Kem − 2μem

6Kem + 2μem
, (15)

where Eem and νem are the Young’s modulus and Poisson ratio of the equivalent matrix.
Based onEqs. (1)–(15), the quantitative influence of the effective saturation degree and the equivalent aspect

ratio can be calculated for the equivalent matrix for given intrinsic matrix properties. Here, the experimental
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Fig. 2 The effective properties of the equivalent matrix with different effective saturation degrees. a The shear modulus, b the
bulk modulus

data of [26] are employed as the input data in this simulation. The bulk modulus and shear modulus of the
intrinsic concrete of [26] are 27.91 and 18.45 GPa, respectively. Figure 2a, b show the effective shear modulus
and bulk modulus of the equivalent matrix with different effective saturation degrees. It can be found that
the properties of the equivalent matrix decrease with the increase in the porosity. With the increase in the
effective saturation degree, the equivalent matrix demonstrates greater properties. As displayed in Fig. 3a, b,
the properties of the equivalent matrix decrease with the increase in the effective porosity for a given effective
saturation degree. With the increase in the equivalent aspect ratios, the equivalent matrix demonstrates greater
properties.

3 Differential-scheme-based micromechanical predictions for effective properties of unsaturated
concrete repaired by the EDM

3.1 The differential scheme

In terms of the inclusion-based micromechanical theory and the average stress method [27–32], the effective
elastic stiffness tensor of the two-phase composite can be rephrased as

D = D0 + φ (DI − D0)A, (16)
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Fig. 3 The effective properties of the equivalent matrix with different equivalent aspect ratios. a The shear modulus, b the bulk
modulus

whereD0 is the elastic stiffness tensor of thematrix phase,DI is the elastic stiffness tensor of the inhomogeneity
and A is the strain concentration tensor for the inhomogeneity. Further, φ denotes the volume fraction of the
inhomogeneity.

Let us define φ = �1/ (�0 + �1) and φ + �φ = (�1 + ��) / (�0 + �1 + ��), where �0 and
�1represent the volume of the matrix phase and the inclusion phase in the current composite, respectively,
and �� denotes the increment of inclusion volume. For the differential scheme, a composite with the volume
fraction of inclusion equal to φ + �φ can be treated as the equivalent composite with the volume fraction of
inclusion equal to ��/ (�0 + �1 + ��). It is noted that the matrix phase in the equivalent composite is the
current composite, which includes the current matrix (�0) and current inclusion (�1). According to Eq. (16),
the effective properties of the material can be obtained as [27,28,33,34]

D (φ + �φ) = D (φ) + ��

(�0 + �1 + ��)
(DI − D (φ))A (D (φ)) . (17)

Equation (17) can be rephrased as below through the simple derivation

D (φ + �φ) − D (φ)

�φ
= 1

1 − φ
(DI − D (φ))A (D (φ)) (18)

with

�φ = �1 + ��

�0 + �1 + ��
− �1

�0 + �1
= (1 − φ)��

(�0 + �1 + ��)
. (19)
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When �φ → 0, Eq. (18) can be expressed as

dD (φ)

dφ
= 1

1 − φ
• (DI − D (φ)) : A (D (φ)) . (20)

The composite effective properties with no inclusion effects should be the same as those of the matrix phase,
which implies

D (φ)
∣∣
φ=0 = D0. (21)

When the Eshelby method is considered, we write

A = [
I + SD (φ)−1 (DI − D (φ))

] −1, (22)

where S is Eshelby’s tensor, which depends on D (φ) and the shape of the inclusions, and I defines the
fourth-order isotropic identity tensor.

3.2 The effective properties of unsaturated concrete repaired by the EDM at two extreme states

The first extreme state is that there is no electrochemical deposition product (no healing process) in the concrete
at all (which is equal to an unsaturated concrete). Therefore, the only inclusion phase in the equivalent matrix
is water itself. LetDw,Dem andDe1 represent the stiffness tensor of the water phase, the equivalent matrix and
the equivalent composite of the unsaturated concrete predicted by the differential scheme. For the isotropic
matrix and spherical equivalent inclusions, the tensorial components of I,Dw,Dem and De1 are as follows:

Ii jkl = 1

3
δi jδkl + 1

2

(
δikδ jl + δilδ jk − 2

3
δi jδkl

)
, (23)

Dwi jkl = Kwδi jδkl + μw

(
δikδ jl + δilδ jk − 2

3
δi jδkl

)
, (24)

Demi jkl = Kemδi jδkl + μem

(
δikδ jl + δilδ jk − 2

3
δi jδkl

)
, (25)

De1i jkl = Ke1δi jδkl + μe1

(
δikδ jl + δilδ jk − 2

3
δi jδkl

)
, (26)

where δi j is the Kronecker delta, Kw, μw are, respectively, the bulk modulus and shear modulus of the water
and Ke1 and μe1 are those of the equivalent composite of the unsaturated concrete predicted by the differential
scheme, correspondingly.

By replacing the matrix phase and inhomogeneities (inclusion phase) with the attained equivalent matrix
and water, the differential scheme is modified to obtain the effective properties of the unsaturated concrete. By
substitutingEqs. (23)–(26) into Eqs. (20)–(22), the effective bulkmodulus and shearmodulus of the unsaturated
concrete are obtained by solving the following nonlinear ordinary differential equations after some derivations:

dKe1

dφF
+ (Ke1 − Kw) (3Ke1 + 4μe1)

(1 − φF ) (3Kw + 4μe1)
= 0, (27)

dμe1

dφF
+ 5μe1 (μe1 − μw) (3Ke1 + 4μe1)

(1 − φF ) [3Ke1 (3μe1 + 2μw) + 4μe1 (2μe1 + 3μw)]
= 0 (28)

φF = Seffφeff (29)

with the initial conditions as below:

Ke1 (0) = Kem, (30)

μe1 (0) = μem. (31)

The second extreme state is that the saturated zone has been completely healed by the EDM. Therefore, the
inclusion phase in the equivalent matrix turns to the isotropic spherical deposition products. Suppose that Ke2
and μe2 (Kdp and μdp) are the bulk modulus and shear modulus of the healed concrete (deposition products).
By, respectively, replacing Ke1, μe1, Kw and μw in Eqs. (27)–(31) with Ke2, μe2, Kdp and μdp, the effective
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properties of healed concrete can be similarly achieved with the differential scheme, which can be expressed
as

dKe2

dφF
+ (Ke2 − Kdp) (3Ke2 + 4μe2)

(1 − φF )
(
3Kdp + 4μe2

) = 0, (32)

dμe2

dφF
+ 5μe2

(
μe2 − μdp

)
(3Ke2 + 4μe2)

(1 − φF )
[
3Ke2

(
3μe2 + 2μdp

) + 4μe2
(
2μe2 + 3μdp

)] = 0, (33)

with the initial conditions as follows:

Ke2 (0) = Kem, (34)

μe2 (0) = μem. (35)

3.3 The effective properties of concreted partially healed by the EDM

As to unsaturated concrete partially healed by the EDM, the two inclusion phases (water and deposition
products) in the equivalent matrix should be taken into consideration. According to the previous studies
[35–48], the differential-scheme-based two-level homogenization scheme is employed to attain the effective
properties of the partially healed concrete, which is a three-phase composite made up of the equivalent matrix,
the deposition products and the water phase. Through the first-level homogenization, the equivalent inclusion
can be obtained with the generalized self-consist model by modifying its inner- and outer-layer phases into the
water phase and the deposition products, respectively [49,50]. Accordingly, the effective bulk modulus and
shear modulus for the equivalent inclusion can be expressed by Eqs. (36) and (37), correspondingly:

Kei = Kdp + φFD(Kw − Kdp) (3Kdp + 4μdp)

3Kdp + 4μdp + 3 (1 − φFD) (Kw − Kdp)
, (36)

A

(
μei

μdp

)2

+ B

(
μei

μdp

)
+ C = 0, (37)

where φFD is the volume fraction of the water phase in the two-phase composite composed by the water and
the deposition products and Kdp andμdp are the bulk modulus and shear modulus of the deposition product,
respectively. Further, Kei and μei denote the bulk modulus and the shear modulus for the equivalent inclusion
after the first-level homogenization, respectively. A,B and C are parameters dependent on φFD, the properties
of the water and those of the deposition products. See details in our previous work [15].

Let us define Ke3 andμe3 as the effective bulk modulus and shear modulus of the partially healed concrete.
In this differential-scheme-based micromechanical framework, these two effective properties can be obtained
with the second-level homogenization. Specifically, by, respectively, replacing Ke1, μe1, Kw and μw in Eqs.
(27)–(31) with Ke3, μe3, Kei and μei, the effective properties of the partially healed concrete(Ke3 and μe3)
can be calculated by solving the following nonlinear ordinary differential equations:

dKe3

dφF
+ (Ke3 − Kei) (3Ke3 + 4μe3)

(1 − φF ) (3Kei + 4μe3)
= 0, (38)

dμe3

dφF
+ 5μe3 (μe3 − μei) (3Ke3 + 4μe3)

(1 − φF ) [3Ke3 (3μe3 + 2μei) + 4μe3 (2μe3 + 3μei)]
= 0, (39)

with the initial conditions as

Ke3 (0) = Kem, (40)

μe3 (0) = μem. (41)
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3.4 Modifications to the differential-scheme-based predictions in the dry state

All pores in the saturated zone of the unsaturated concrete are assumed to be spherical in the proposed model.
However, this assumption is not reasonable when the specimen is dried; i.e., the pore shape should not be
spherical any more. To consider these effects, three modification coefficients, χK , χμ and χE , are similarly
employed in the extension:

χK = K ∗
α

K ∗
α=1

, (42)

χμ = μ∗
α

μ∗
α=1

, (43)

χE = E∗
α

E∗
α=1

, (44)

α = 1

N

N∑
i=1

ai
bi

, (45)

where K ∗
α=1, μ∗

α=1 and E∗
α=1 (K ∗

α , μ∗
α and E∗

α) are, respectively, the predicted effective bulk modulus, the
effective shear modulus and Young’s modulus, when α = 1 (α < 1). The effective properties K ∗

α=1, μ∗
α=1,

E∗
α=1, K

∗
α , μ

∗
α and E∗

α can be obtained using the iteration schemes. See details in [15].
It is noted that Eqs. (37)–(43) in our latest work [15] are derived based on the assumption that the properties

of deposition products and intrinsic concrete are identical for each other. However, the properties of intrinsic
concrete are usually not equal to those of the deposition products. The homogenization process should be
performed before these equations are adopted. It implies that K2 and μ2 in Eqs. (37)–(43) of [15] (i.e., the
bulk modulus and shear modulus of the deposition product in Eqs. (37)–(43) of [15]) should be replaced by
Kav and μav, which are obtained by the following expressions:

Kav = 0.5 [φGKdp + (1 − φG)Kem] + 0.5

[
KdpKem

φGKem + (1 − φG)Kdp

]
, (46)

μav = 0.5 [φGμdp + (1 − φG)μem] + 0.5

[
μdpμem

φGμem + (1 − φG)μdp

]
, (47)

φG = Vdp
Vdp + Vem

= (1 − φFD) (Seffφeff)

1 − φFD(Seffφeff)
, (48)

where Kav, μav are the effective bulk modulus and shear modulus of the equivalent material made up of
the deposition products and the equivalent matrix; φG is the volume fraction of the deposition product in
the equivalent material; and Vdp and Vem are the volume of deposition products and the equivalent matrix.
Meanwhile, the volume fraction of the inclusion (φk) should be replaced by φaver, which is as follows:

φaver = Vwa
Vdp + Vwa + Vem

= φFD(Seff φeff), (49)

where Vwa is the volume of the water phase.
In addition, the effect of water viscosity in pores can enhance the shear modulus, which means that the

shear modulus obtained by Eq. (28) and Eq. (39) should multiply the modification function as follows [15,21]:

F = 1 + f1(Seffφ)2 + f2Seffφ, (50)

where f1 and f2 are parameters investigated by experiments [22]. If the nondestructive testing methods, such
as the ultrasonic waves, are employed to test the effective dynamic properties of concrete repaired by the EDM,
the static properties should be modified into dynamic properties according to the relationships between the
two types [15,21]. Specifically, the dynamic Young’s modulus can be obtained through multiplying the static
Young’s modulus by a coefficient reached by experiment [15,21].
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Table 1 Properties of intrinsic concrete and water [21]

Properties Bulk modulus (GPa) Shear modulus (GPa)

Intrinsic concrete 27.91 18.45
Deposition product 18.61 12.3
Water 2.25 0

4 Verification

4.1 Comparison with experiments and existing models of the EDM

Our predictions are compared with the experimental data and the estimations of the existing models to verify
the capacity of the proposed differential-scheme-based micromechanical framework for unsaturated concrete
repaired by the EDM.

Firstly, the existing models [21] are utilized to verify our proposed differential-scheme-based microme-
chanical framework. The predicting results of the different models are compared using four different saturation
degrees. The properties of the intrinsic concrete, deposition products and water are listed in Table 1 according
to [21].

Figure 4a–c presents the comparison of mechanical properties between predictions in this study and those
of [21] during the healing process. From Fig. 4a, it can be observed that predictions herein for the Young’s
modulus of the equivalent composite are very close to those of [21]. The maximum relative difference between
these two predictions is 3% at the start of the healing when the effective saturation degree is 100%. With the
decrease of the saturation degree, the two predictions are almost identical to each other, which means that the
proposed differential-scheme-based micromechanical model is also capable of describing the healing process
from the microscale level. Meanwhile, the results of the two different micromechanical models show that the
values of effective Young’s modulus gradually increase during the healing process due to the accumulation of
deposition products. The higher the effective saturation degree is, the greater the equivalent composite becomes
during the healing process. As to the effective bulk modulus and shear modulus, predictions in this paper are
also similar to those obtained by [21], which are exhibited by Fig. 4b, c, respectively.

Secondly, the Voigt upper bounds and Reuss lower bounds [27,28] are employed to validate the predictive
results. The two bounds can be expressed below according to [27,28]

DR ≤ D̄ ≤ DV withDV =
n∑

r=1

φrDr , DR =
[

n∑
r=1

φrMr

]−1

. (51)

DV and DR are the Voigt upper bound and Reuss lower bound stiffness tensors of the composite. D̄ is the
effective stiffness tensor of the composite. Dr andMr are the stiffness and compliance tensor of the r th phase.
φr is the volume fraction of the r th phase. It is noted that the bounds are derived in terms of the volume faction
of each phase only. Therefore, they are independent of the geometry of the phases and their distribution. For
the two-phase composite, the two bounds for the effective bulk modulus and shear modulus can be obtained
using the following expression:

K R =
[

φ1

K1
+ φ2

K2

]−1

, KV = φ1K1 + φ2K2, (52)

μR =
[

φ1

μ1
+ φ2

μ2

]−1

, μV = φ1μ1 + φ2μ2. (53)

KV and K R are the Voigt upper bound and Reuss lower bound for the bulk modulus; μV and μR are two
bounds for the shear modulus. φ1, φ2 (K1, K2 and μ1, μ2) are the volume fractions (the bulk modulus and
shear modulus) of the first and second phase in the two-phase composite, respectively.

Figure 5 presents the comparisons among the results, including the effective shearmodulus and the effective
Young’smodulus, obtainedwith the proposedmicromechanicalmodel, theVoigt upper bounds, theReuss lower
bounds and results of [21] during the healing process. It can be found from Fig. 5 that the predictions of the
shear modulus and Young’s modulus lie between the upper and lower bounds reasonably. The predictions of
[21] are still very near to the results in this study.
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Fig. 6 Comparison among the results ofYan et al. [21], results obtainedwith the proposedmodel and those obtained experimentally
[14] for the dynamic Young’s modulus in the dry state

Thirdly, with the modifications in Sect. 3.4, the differential-scheme-based micromechanical model for the
healed unsaturated concrete can be modified to predict the properties of the healed specimen when they are
dried. Here, the dynamic Young’s moduli in the dry state of the specimen before and after healing in Chen’s
experiment [14] are adopted to validate the proposed micromechanical model. The average initial porosity of
the specimen is 0.299. The average pulse velocity of its intrinsic concrete is 5134.5 m/s. The density is 2537.9
kg/m3and the Poisson ratio is 0.229. As exhibited in Fig. 6, the predictions obtained from the micromechanical
model correspond reasonably with those obtained experimentally. Overall, the predictions in this paper are
still close to those of Yan et al. [21].

In summary, the comparisons between our predicting results and those obtained experimentally, and those
reached by the existing models show that the proposed differential-scheme-based micromechanical model can
quantitatively describe the healing process of unsaturated concrete reasonably at the microscale level.

4.2 Comparison with experiments and existing models at two extreme states of the EDM

In this section, our predictions at two extreme states of the EDM are examined to further validate the proposed
differential-scheme-based micromechanical framework.
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Fig. 8 Comparison between the results of this study and existing models for the shear modulus of the unsaturated concrete, where
μY
e1 and μT

e1 represent the predicted effective shear modulus of Yan et al. [21] and this study for unsaturated concrete

The first extreme state is that there is absolutely no healing process in the concrete. Figure 7 exhibits the
comparisons among results in this study, those obtained by [21], those of [22] and the experimental data of
[26]. The comparisons show that predictions herein are close to those of existing predictions and agree well
with the experimental data. For the dry state (Seff = 0), the estimations in this study are the same as in [21]. As
to the effective shear modulus and bulk modulus, the similar conclusions can be reached, which are exhibited
in Figs. 8 and 9.

The second extreme state is that the saturated zone has been completely healed by the EDM. Therefore, the
healed unsaturated concrete is effectively a three-phase composite with the isotropic spherical inclusion phase
and different shapes of pores. The experiment of Cohen and Ishai [51] is adopted to further verify the proposed
model. In their work, the porous composite, where both silica particles and porosity coexist, has respective
volume fractions varying from 12 to 33.25 and 10 to 30.5%. According to our proposed micromechanical
framework, the effective properties of the porous composite can be calculated. It can be found from Table 2
that estimations herein are very close to the experimental data. The average error in our predictions relative to
experimental results is about 8%. The predictions are always lower than the upper bounds and higher than the
lower bounds.
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Table 2 The predicted and experimental elastic moduli of porous composites

Particle volume
fraction (%)

Porosity volume
fraction (%)

E∗/E0

Experimental [51] Reuss lower
bound

Voigt upper
bound

Predicted
this paper

15.75 10 1.15 0 6.11 1.22
22.25 25 1.13 0 8.11 1.09
23.25 21.5 1.07 0 8.48 1.18
23.5 20 1.17 0 8.58 1.22
26.75 10 1.73 0 9.75 1.55
27.75 6.5 1.9 0 10.12 1.68
33.25 14 1.48 0 11.86 1.68

Furthermore, if the effective saturation degree is 100%, the repaired concrete turns to the two-phase
composite with the spherical inclusions after complete healing. The works done by Smith [52] are employed
to verify this special case at the second extreme state. Figure 10a, b presents the comparisons among our
results, those obtained by [21], the upper bounds, the lower bounds and the experimental data of Smith [52].
From Fig. 10a, it can be found that our predictions for the Young’s modulus and those of [21] agree well
with the experimental data when the volume fraction of the particle is low. These two predictions lie between
the upper bounds and lower bounds reasonably. However, predictions herein correspond much better with the
experimental data than those of [21] when the volume fraction of the particle increases to 0.4–0.5. Similar
conclusion can be reached when the shear modulus is considered according to Fig. 10b.

In summary, our proposed differential-scheme-basedmicromechanical framework for unsaturated concrete
repaired by the EDM can predict the properties of the unsaturated/saturated concrete or the spherical particle
reinforced (porous) composite at the extreme states. Compared with the previous models [21], the predictions
of this new framework agree well and better with the experimental data when the volume fraction of the
inclusion is higher. We also refer to [53].

5 Conclusions

The electrochemical deposition method (EDM) is a newly developed healing method for deteriorated concrete
in a water environment. Many meaningful experimental studies have been performed to evaluate its healing
effectiveness. However, there are limited theoretical models, especially micromechanical models, available for
describing the healing process of the concrete repaired by the EDM at the microscale level. As an extension
of our latest work, an equivalent matrix for unsaturated concrete is attained through the micromechanical
homogenization to a two-phase composite composed by the intrinsic concrete and unsaturated pores with dif-
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ferent shapes. It is found that the effective saturation degree and the equivalent aspect ratios of the pores play
important roles in determining the properties of the equivalent matrix. The differential-scheme-based micro-
mechanical framework is proposed with the equivalent matrix to quantitatively describe the healing process
of unsaturated concrete healed by the EDM. Three different states for the healing process are quantitatively
investigated. Furthermore, the predictions are compared with those of the existing micromechanical models
and the experimental data. The following conclusions can be reached:

(1) The proposed differential-scheme-based micromechanical models can quantitatively predict the mechan-
ical properties of unsaturated concrete repaired by the EDM during the entire healing process.

(2) As special cases, the micromechanical framework can accurately estimate the effective properties of
the saturated concrete repaired by EDM, the unsaturated/saturated concrete and the spherical particle
reinforced (porous) composite.

(3) Compared with the results of our latest models, the estimations of this differential-scheme-based micro-
mechanical framework agree well and better with the experimental data when the volume fraction of the
inclusion is higher.
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