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Abstract Electrostatically actuated circular micro-/nanoplates are commonly used in micro-/nanoswitches and
pumps. This paper models the thermal and size effects on the nonlinear vibration behavior of electrostatically
actuated circular micro-/nanoplates. Surface elasticity and modified couple stress theories are simultaneously
applied to the modeling. A reduced-order model incorporating temperature change is derived and solved
numerically. Results show that the material length scale, surface energy, negative temperature change, and
geometry nonlinear strain increase frequency and pull-in voltage of the plate. However, Casimir force and
positive temperature change reduce the frequency of the plate. Moreover, the effects of surface energy, material
length scale and temperature change on frequency become more obvious for thinner plates. The influence of
the geometrically nonlinear strain on the frequency is significant for large initial gap to thickness ratio of the
plate.

1 Introduction

Electrostatically actuated micro-/nanodevices are used as transistors, switches, pressure sensors, and pumps.
An electrostatically actuated switch is generally comprised of a conductive deformation electrode and a rigid
grounded electrode [1]. Applied direct current (DC) voltage between the two electrodes leads to bending of
the deformable electrode. Once the superimposition of an alternating current (AC) and DC voltage is applied
across the two electrodes, harmonic motions of the system will occur, and the system can be used as resonant
devices. The natural frequency of the system is affected by the deflection of the deformable electrode. Such
devices have wide applications in signal filtering [2], pressure sensors [3], pumps [4], and chemical and mass
sensing [5].

With continuing reduction in size, the molecular interaction forces between the two electrodes, such as
Casimir force and van der Waals force, become increasingly significant and should be considered. At micro-
/nmanoscales, the molecular interaction forces between the two electrodes lead the deformable electrode deflects,
and affect the frequency of the deformable electrode. When the gap between the two electrodes is smaller than
the plasma wavelength (typically below 20 nm), molecular interaction is generally described by van der Waals
force. On the other hand, for a larger gap (typically larger than 20 nm), the Casimir force is commonly used to
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describe the molecular interactions between the two electrodes [6]. Ramezani et al. [6] investigated the pull-in
instability of cantilever switches subjected to intermolecular and electrostatic forces. Jia et al. [7,8]studied the
pull-in instability and free vibration of geometrically nonlinear microswitches under electrostatic and Casimir
force. Batra et al. [9-11] investigated the influence of the molecular interactions on the pull-in instability
and frequencies of clamped rectangular, circular, and elliptic plates. Wang et al. [12] investigated the pull-in
instability and the vibration for a prestressed circular electrostatically actuated plate with consideration of the
Casimir force. However, those studies [6—12] did not consider the size-dependent behavior of micro-/nanoscale
structures.

At micro-/nanoscale, the properties of micro-/nanomaterials are size dependent, due to the effects of surface
energy and material length scale. In practice, the surface energy effect can be described by surface elasticity
theory provided by Gurtin and Murdoch [13]. Using this theory, some researchers have found that surface
energy plays an important role in the frequencies of nanostructures [14—16]. For example, Fu and Zhang [14]
studied the influence of the surface energies on the static and dynamic responses of nanoswitches. On the other
hand, the modified couple stress theory provided by Yang et al. [17] can accurately describe the effects of
material length scale constants and was widely used to investigate the size-dependent behavior of microbeams
[18,19] and microplates [20].

Since surface elasticity theory describes the surface property and modified couple stress theory describes
the effect of material length scale in the bulk, it is natural to combine both of them in investigating mechanical
behaviors of micro-/nanostructures. For example, the combined effects of surface energy and material length
scale on static and dynamic behaviors of nanobeams [21,22] and nanoplates [23] are studied. Unfortunately,
there are few reports on the combined effects of surface energy and the material length scale on the mechanical
behaviors of electrostatically actuated micro-/nanoplates. Wang et al. [24]investigated the combined effects
of surface energy and the material length scale on the pull-in voltage of a rectangular micro-/nanoplate.
However, they did not consider a thermal effect. In fact, micro-/nanodevices can be subjected to temperature
changes during device packaging and sensing operation [25]. Some researchers have discussed the influence
of temperature changes on the pull-in instability and vibration of electrostatically actuated beams [26,27] and
plates [10,28]. In these studies, it is found that with a moderate temperature increase devices may premature
fail.

Circular plates are commonly electrostatically actuated in many MEMS/NEMS devices, such as switches
[29,30] and pumps [4]. Moreover, surface energy, material length scale, and temperature change have significant
effect on the performance of electrostatically actuated MEMS/NEMS. Therefore, in this paper, the nonlinear
dynamical behaviors of electrostatically actuated circular micro-/nanoplates incorporating thermal and surface
energy effects are studied by using modified couple stress theory. The paper is organized as follows: Sect. 2
derives the nonlinear motion equations of a circular plate, based on the modified coupled stress theory. Section 3
derives the reduced-order models for the circular plate. Section 4 gives numerical results and discusses some
important factors, such as surface energy, material length scale, geometrically nonlinear deformation, Casimir
force and temperature change, which may affect the fundamental frequency of the circular plate. Conclusions
are drawn in Sect. 5.

2 Derivation of the nonlinear motion equations

As shown in Fig. 1, an electrostatically actuated micro-/nanodevice including a pair of parallel circular plates
is considered. The upper circular electrode is treated as a deformable elastic circular plate with radius R and
thickness /. The other one is arigid and grounded plate. The initial gap between the two plates is go. At the center
of the mid-plane of the upper plate, a cylindrical coordinate system (r, ¢, z) is introduced, whereas the r axis,
¢ axis and z axis are, respectively, taken along the radius, the tangential, and the depth (thickness) directions
of the plate. The upper and lower surfaces of the deformable plate are, respectively, denoted by St (z = h/2)
and S™(z = —h/2). For an axisymmetric problem, the displacement components are independent of ¢ and
can be written as

U, = u? — ZE’ uy =0 andw = w(r) (D)

where u,, u, and w are the displacements along the r axis, ¢ axis and z axis, respectively. u9 is the displacement
along the r axis at mid-plane (z = 0). Taking the van Kdrmaén strain into consideration, the strains can be
expressed as

1 u
& =Ury + szr andg, = -, 2)
’ r
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Deformable circular electrode

Fixed electrode

Fig. 1 Sketch of the electrostatically actuated circular micro-/nanoplate

The symmetric curvature tensors of the circular plate are

dw 1 (low 0w
9 = -, = — _ . 3
o o X072 (r or 8r2) )
Taking the temperature change A7 into consideration, the stress can be expressed as
E v EatAT
Ur:l—{—_v &+ l_v(err-i-&p(p) T 4)
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where E and v are the Young’s module and Poisson’s ratio, respectively, /. denotes the material length scale
in the context of modified coupled stress theory, ot is thermal coefficient of the plate. Based on the modified
couple stress theory, the strain energy in the bulk of the micro-/nanoplate is

1
Up = E/// (0r&r + 0pey + 2myg xrp)rdrdedz. @)
For a different surface element with length dr and width dg, its area after deformation is given by
u 1 fow\? Uy
ds= |1+ 4 (2 [l—i——]rdrdgo. ®)
ar 2\ or r

Assuming that the properties of the upper and lower surfaces are isotropic, the surface energy can be expressed
as [31]

1 2
Yy =Y+ 5 I:)»s (S;Q) + 21 (53,,553(,3)] ©))

where yy is the initial surface energy (or the residual surface stress), As and pg are two Lame constants of the
surface layer, and &, 8 denotes the strain tensor of the surface layer.

The total surface energy can be calculated by U; = [ yds. Using Egs. (8) and (9), and neglecting the

N
higher term, the total energy of upper and lower surface layers can be obtained,

8”9 u)(‘) 1 dw : 1 st st ST 8
U, =2 v l|l+ or + T + E W rdrdp + 5 (Uaﬂb‘a,g +0}x55a5)rdrd¢’ (10)
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-+ ot . . —
where o) 8 and ¢, p are the surface stress and surface strain of the surface layer ST, and o, 5 and 83(/5 are the

surface stress and surface strain of the surface layer S—.

When an applied voltage V is applied cross the two plates, by neglecting fringing fields, the electrostatic
force can be expressed as [1]

&0 V2
© 2(g0 — w)?

where g is the dielectric constant of vacuum.

In this Section, the interaction molecule force between the two plates is described by Casimir force and
can be expressed as [32,33]

(1)

B her?
T 240(go — w)?

where c is the speed of light in vacuum and /4 is Planck’s constant. Therefore, the potential energy due to

electrostatic and Casimir force is w
Wy =— / // gdwrdrde (13)
0

where g = F, + Fc. The kinetic energy of the plate can be expressed as

1 2 2
) ) e
to

where p is the mass density of the plate. The rule of Hamilton’s principle requires 6 ft;‘ Up+Us+Wy—T) =
0, hence one obtains

Fc (12)

1[o(rN5) 0

! [T g | =0 (15.1)

192(rM?)  OM; d [ ow 3 ow .

PR arWJFZVOE (r 8r)+5(r G 8?)+q_1w:0' (2
Inth. (15), N} = Npr + Nio Niy = Nog + Noyo M = My + M}, + Vg, M, = Myy+ M5, — Y,
where

h/2 Eh | au® 1 [0w\> vl | EharAT
Ny = /h/2 oprdz = T-.2 |: 8rr + 3 (8_1”) + rr TP (16.1)
h/2 Eh au® 1 fow\>\ u°| EharAT
N - dr = 21 ro (2 i et bl 16.2
v /_h/zawz 1—v2|:v(8r+2(8r) s 1—v (16.2)
h/2 52 9
Mrr — / UrerZ — _D _w + E_w s (163)
_n2 arz  r or
h/2 1 dw 3w
My, = Myydz=-D(-—+v—). 16.4
v —/’l/2 ve . (V 8}" +U8r2) ( )
2ES au® 1 fow\> vu® ESar AT
NS —= s+ S— _ T r —{ — r— _ 16.5
rr = O O 1—\)2|:3r+2(3r)+ r [—v (16)
2ES a1 fow\>\ u°| ESarAT
_ + - — I r r
Noo = o0 %0 = T32 [(a +§(a—r))+7 T (160
h h ESh?  (3%w  vow
Ms i s+ S— -——, 167
TR0 TR0 T T =y (ar2 r ar) (167
h h ESh? (1w 9*w
M —= o5t g8 ——_—~ (22 —, 16.8
00 = 2%¢ T 2% T o102 (r or " aﬂ) (165)

Eh (3%w 10w
Y — _ C - 169
s 2(1 4 v) (aﬂ r ar) (16.9)



Vibration of circular micro-/nanoplates 133

where E* is Young’s modulus of surface, D = Eh/12(1 — v?). Accordingly, the boundary conditions are:

(N}, + 2y0)rdu|§ =0, (17.1)
d
(M* raa—w) k=0, (17.2)
ow
{8—r(M;krr) - M, - [(N,*, + 2y0)8—rr} ] swif =o0. (17.3)

Using Egs. (15) and (16), the following equations can be obtained:

D*V*w — (2y0 + M) V2w + phZ¥ 8t2 —q

* (18.1)
— B (0 4+ 19 L, )+ 22 A L, up)} =0
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2 X)(%)zaTAT, Eq. (18) can be expressed in another form:
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where L (w, ﬁ?) =
Neglecting the inertial term in Eq. (19.2), one obtains

( )2 + v L ). In this Section, only the vibration of the z-axis is considered.
y

_ _ _ -\ 2
82_u9 lau_g L_t—(r) o P | ] —_v 8_1{1 =0. (20)
ar2 | FaF 2 oF a2 2F  \ dr
The boundary conditions for a clamped circular micro-/nanoplate are
9
i =0 and % = —= = 0. Q1)
ar

3 Reduced-order model

It is difficult to find a closed-form solution of the nonlinear equations. Therefore, approximate solutions of the
displacements w and i are constructed as

N
B D) = D i (F)An (D) = WIAQ®), (22)
n=1

N
Wl (7. 1) = D @l (F) By () = U'B(1) (23)

m=1
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where w, and ii,, are, respectively, orthogonal basis functions for the transverse and in-plane displacements,
and A, and By, are amplitude parameters.

The basis function for the in-plane displacement can be determined by the linear eigenvalue problem
associated with Eq. (20). Firstly, for the linear eigenvalue problem, the dimensionless vibration equation of the

2-0 2-0 =0 =0 .
r axis can be written as 881”2’ — [88;42, %83”;’ — er—g] = 0. Secondly, it is assumed that ﬁ(r) = ﬁ?e’kf, where k is
. ce =0 =0 kT - 8%i? 320 | q10a  a? . .

the wave number. Finally, substituting u,’ = u,/e’** into ot At rE —#l= 0, the linear eigenvalue

problem can be obtained as
2 19 W 5,

— - - — —5 + k l/-l - O 24

a2 roor 72 r 24)
The solution of Eq. (24) is

i = By J1 (ki) (25)

where J; is a Bessel function of first kind, and the value of &, can be determined by Ji (k,,) = 0.
For the transverse displacement, the same base function for transverse displacement as Meirovitch [34] is
used in this Section (referring [34] for more details), which can be expressed as

(26)

B, () = A, [Jo(Anf) _ Io(Anf)]

Jo(An)  To(An)

where Iy (x) = i~ % Jy(ix), and the A, are determined as roots of the equation Jy(A) I (A)+ J1(A)Ip(A) = 0.

The relationship between B and A can be obtained by the following: (i) substituting Egs. (22) and (23) into
Eq. (20), (ii) taking the inner product of the resulting equation with the basis function for in-plane displacement
1, and using the boundary conditions. As a result, the relationship between B and A is found to be

B, = AT ([E],/M)A (27)
where

2 1 2w T T

AW 92W 1—v oW oW
E], = — il | — — drde, 28.1
[Elp /0 /0”’(af o2 T o af)r“p (28.1)

2 1 821217 laﬁp i

A= — L 4 L _ L) alrdrde. 28.2
/0 /0 (8?2+f oF fz)”’r”” (282)

Multiplying Eq. (19.1) with W, and substituting for w and ﬁ(r) from Egs. (22) and (23), integrating the resulting
equation over the domain, the reduced-order model is obtained as

[WWT Ardrde + (14 6x + 1) [ WY*WT Ardrde
= 1 AW oW’ T\ (W aWT =
F12a(1+25) [ (5+ AT R BEA +0T) (GEEE )dr (29)
— [ (Bs — BrI)WV2WT Ardrdg — i [ Wrdrdgo —nf —(1—“’;/VTA)4 rdrdp =0

where & = Z;):l AT([E]p/A)AaaLf and Y = zﬁzl AT([E],/ M)Al .
Using the divergence theorem and imposing boundary conditions, it was obtained

mA + [(1 +6x + 1)k + (Bs — Br)ka + a (1 4+ 2))k3(A)]A — Af, — puf. =0 (30)
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where
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In Eq. (30), Kk is the linear stiffness matrix, B;k, and Srk> are the stiffness matrices contributed by surface
energy and temperature change, k3 (A) represents the nonlinear stiffness matrix contributed by geometrically
nonlinear deformation. It is noted that when o« approaches zero, the nonlinear stiffness k3 (A) approaches zero
and can be neglected. At this situation, Eq. (30) can be reduced to mA + [(1 + 6 +.)k; + (Bs — fr)k2]A —
rf, — puf, = 0, which is the motion equation of linear plates. B

The natural frequencies of the deflected circular plate at a given situation (A, x, fBs, 87, A, i, [c) can be
determined by the following procedure [9]. We perturb the equilibrium state A with a harmonic term e as
A + Ae'™, where A is a constant such that |A| << |A| and i = +/—1. Substituting A + Ae'*" into Eq. (30)
and retaining terms linear in A, one obtains the following relation for the natural frequency:

det(K(A, x, Bs. BT+ As 1, Ie) — 0’m) =0 (32)
where

K(A, x, Bs, Brs A, 11, 1) = [(1 + 6 + 1)k + (Bs — Br)ka + 3a(1 + 2))k3(A)]
L) dfA)
dA Paa

(33)

Since det[K(A, x, Bs, BT, A, i, I)] = 0at pull-in, it follows that at least one natural frequency of the switch is
zero, when pull-in occurs. This also provides a useful way to find the pull-in parameters of the electrostatically
actuated plate.

4 Numerical results and discussion

Figure 2 shows the convergence of the presented model. It is found that the convergence results can be obtained
by using the 21 x 21 Gauss quadrature rule. Therefore, the integrals appearing in this paper are evaluated using
the 21 x 21 Gauss quadrature rule. In the following Figures, wg is the fundamental frequency of a clamped
circular plate with V = 0, [, = 0, E® = 0, and yy = 0. The value of w( obtained by the present model with
n =3 and m = 4 is 10.2 which matches well with the values reported by Batra et al. [9].

The material properties of silver are E = 76 Gpa, v = 0.3, E° = 1.22 N/m and yp = 0.89 N/m [35,36].
Figure 3 shows the variation of the normalized frequencies of the circular micro-/nanoplate with applied voltage
for different material length scale parameters. It can be seen that the classical theory (without consideration
of the effect of material length scale) makes a lower prediction of the frequency. The normalized frequency
increases with increasing material length scale. This phenomenon can be explained by Eq. (26), which suggests
that the material length scale increases the stiffness matrix. The influence of the material length scale on the
normalized frequency increases with decreasing thickness /. Equation I. = 6(1 — v)(l./ h)? can be used to
explain this phenomenon. Keeping /. as a constant, decreasing the thickness / increases the parameter /. and
then increases the stiffness matrix. It is also found that the normalized frequencies rapidly decrease to zeros,
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Fig. 2 Variation of the normalized frequency of the circular micro-/nanoplate with the applied voltage for different Gauss
quadrature rules (A = 500 nm, R = 100 h, go = 2h,l. = 1/4 and AT = —100K)
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Fig. 3 Variation of the normalized frequency of the circular micro-/nanoplate with the applied voltage for different material length
scale parameters /. (h = 500 nm, R = 100 h, go =2 hand AT = —100 K)

when the applied voltage (1) comes close to a critical value, which is defined as the pull-in voltage, denoted
by Apr. In addition, the material length scale also increases the pull-in voltage of the circular plate.

The variation of normalized frequencies of the circular micro-/nanoplate with applied voltage for different
thickneses is plotted in Fig. 4. Comparing the results with and without surface energy, it is found that surface
energy increases the normalized frequencies of the circular plate. The influence of surface energy on the
normalized frequencies becomes significant if the thickness of the plate decreases. The reason for this is
that the surface energy enhances the plate stiffness, and the ratio of surface energy to bulk energy increases
with decreasing plate thickness. The difference between the presented model with and without surface energy
becomes large when the applied voltage increases. It is also found that the surface energy increases the pull-in
voltage of the circular micro-/nanoplate.
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Fig. § Variation of the normalized frequency of the circular micro-/nanoplate with the applied voltage for different initial gaps
go (h =50nm, R =100 h, [, = 1/4 and AT = —100 K)

Figure 5 plots the normalized frequency of the circular micro-/nanoplate for different initial gaps go. It is

found that Casimir forces enlarge the force matrix, and decrease the frequencies and pull-in voltages of the
plate. The influence of Casimir force on frequencies decreases with increasing initial gap go. The relationship
w = herh(l / n*1 — v?) /(20E gg) can explain this phenomenon. From this relation, it can be found that
increasing the initial gap go decreases the value of w. If the initial gap go reaches a certain value, the value of
w will approach to zero. At this situation, the effect of Casimir force can be neglected.

Figure 6 makes comparisons of the results based on linear and nonlinear theories. It can be seen that the
frequencies predicted by the nonlinear theory are higher than those predicted by the linear theory. The fact is
that the effect of strain hardening increases the stiffness matrix. The effect of geometrically nonlinear strain
on the frequencies rapidly increases with increasing parameter o = (go/ k), due to the fact that the nonlinear
stiffness matrix o(1 4+ 2 )k3 increases with increasing parameter . The geometrically nonlinear strain also
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Fig. 6 Variation of the normalized frequency of the circular micro-/nanoplate with the applied voltage based on linear and
nonlinear theories (2 = 500 nm, R = 100 h, I, = 1/4 and AT = —100 K)

increases the pull-in voltages. Once again, the difference between the nonlinear and linear results becomes
large when the applied voltage increases.

Figure 7 shows the variation of the normalized frequency of the circular micro-/nanoplate with the applied
voltage for different temperature changes. In Fig. 7, we just assumed a temperature change to investigate
the effect of the temperature variation. Both positive and negative temperature variation can be emerged in
real applications, for example, nanodevices may be subjected to positive temperature changes during sensing
operation and negative temperature changes during device packaging. When the temperature change is pos-
itive, the normalized frequency is smaller than that without temperature change. If the temperature change
is negative, the normalized frequency is larger than that without temperature change. The reason for this is
that a positive temperature change induces an additional compressive force, which makes the plate softer.
A negative temperature change induces an additional tensile force which makes the plate stiffer. From the
relationshipft = 12(1 +v)(1 +2x)(R/ h)2ar AT, it can be seen that the effect of the temperature change on
the normalized frequency increases with increasing radius to thickness ratio. It is also observed that a positive
temperature change decreases the pull-in voltages, a negative temperature change increases pull-in voltages.
Moreover, the trend of the curves corresponding to positive temperatures (A7 in the range of OK to 137K, as
shown in Fig. 7b) is nonmonotonic due to the combined effect of the stiffening effect introduced by mid-plane
stretching and surface energy, and the softening effect introduced by positive temperature change, electric,
and Casimir forces. It is noted that in absence of an applied voltage the buckling temperature of the circular
nanoplate is AT = 137K. The frequency of the circular plate corresponding to the buckling temperature is
zero. The monotonic trend of curves implies that the softening effect is always lager than the stiffening effect.

5 Conclusions

The effects of surface energy, Casimir forces and temperature change on the nonlinear resonant behavior of
electrostatically actuated circular micro-/nanoplates are studied, based on the modified couple stress theory.
The nonlinear motion equation of an electrostatically actuated circular micro-/nanoplate is derived by using
Hamilton’s principle. The reduced-order model incorporating the material length scale, geometrically nonlinear
strain, surface energy, and temperature change is derived and solved numerically. Results show that material
length scale, surface energy, negative temperature change, and geometry nonlinear strain increase frequency
and pull-in voltage of the circular micro-/nanoplate. However, Casimir force reduces the frequency of the
micro-/nanoplate. The effects of surface energy and material length scale on frequency become more obvious
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Fig. 7 Variation of the normalized frequency of the circular micro-/nanoplate with the applied voltage for different temperature
changes (h = 500 nm, R =100 h, go =2 hand /. = 1/4)

for a thinner plate. The influence of the geometrically nonlinear strain on frequencies is more significant for a
large initial gap to thickness ratio of the plate.
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