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Abstract We study the generalized plane strain deformations of an elastically isotropic circular inhomogeneity
partially bonded to an unbounded generally anisotropic elastic matrix. The two-phase composite is subjected
to a uniform loading at infinity, and meanwhile a line force and a line dislocation are applied both in the
inhomogeneity and in the matrix. An elegant closed-form solution is obtained by reducing the original boundary
value problem to a non-homogeneous Riemann—Hilbert problem of vector form which can be analytically
solved by using a decoupling method and evaluating the Cauchy integrals. Surface traction on the bonded
part of the interface, displacement jump across the debonded part of the interface, and the complex and real
stress intensity factors at the crack tips are explicitly derived when the composite is only subjected to a remote
uniform loading.

1 Introduction

Problems involving interfacial cracks between two dissimilar isotropic or anisotropic elastic materials are
fascinating and have attracted considerable interest from theoreticians in the field of solid mechanics [1—
13]. The plane strain and anti-plane shear problems of circular arc-shaped cracks lying along the interface
between a circular elastic inhomogeneity and an infinite matrix have also been discussed in detail in [14-19]
by using Muskhelishvili’s complex variable method [20]. In [14-19], both the circular inhomogeneity and
the surrounding matrix were taken to be elastically isotropic. The problem of an interfacial arc-shaped crack
becomes rather complicated when the matrix is elastically anisotropic because Muskhelishvili’s formulation
does not apply to anisotropic materials. In a recent study [21], the present author derived an exact solution to the
problem of an infinite anisotropic matrix containing a perfectly bonded isotropic elastic circular inhomogeneity.
An Eshelby inclusion of arbitrary shape or a line dislocation exists inside the circular inhomogeneity.

In this study, we endeavor to attack the challenging and interesting two-dimensional problem of an isotropic
elastic circular inhomogeneity partially bonded to an infinite anisotropic elastic matrix. The practical impor-
tance of the considered problem lies in that examples of an elastically anisotropic matrix are abundant [10]. The
elegant and powerful Stroh’s sextic formalism [22] is employed to handle the two-dimensional (or generalized
plane strain) deformations of the anisotropic matrix, whereas Muskhelishvili’s formulation is used to address
the plane strain and anti-plane shear deformations of the isotropic circular inhomogeneity. The considered
loadings in the present discussion include uniform in-plane and anti-plane stresses at infinity, and an isolated
singularity due to a line force and a line dislocation located anywhere in the two-phase composite. A concise
and elegant closed-form solution is derived to the aforementioned problem. Fracture parameters such as stress
intensity factors and energy release rate can then be extracted from the obtained complete solution.
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2 Complex variable formulations

In this Section, the Stroh’s sextic formalism for anisotropic elasticity and Muskhelishvili’s formulation for
isotropic elasticity will be briefly reviewed.

2.1 Stroh’s sextic formalism for anisotropic elastic materials

In a fixed rectangular coordinate system x; (i = 1,2, 3) let 0;; and u; be the stresses and displacements in an
anisotropic elastic material. The equations of equilibrium and the stress—strain law are given by

0ij,j =0,0i; = Cijriug, (D

where C;ji; are the elastic stiffnesses.
For the generalized plane strain problems in which all the physical quantities depend only on the plane
coordinates x| and x;, the general solution can be expressed as [22]

u=[u uy uz] = Af) +AFQ),

¢=[¢1 » ¢3] =Bf(x) +BfQ) )
where
A= [31 a 33],B= [b1 b, b3],
f) =[fie) L) fE],
zi = x1 + pix2, Im{p;} >0, (@ =1,2,3), (3)
with
NiNo|fa | _  fa .
|:N3 N’IT] |:bl:|_pl|:bz a(l_17273) (4)
N, =-T 'RT,N, =T !,N; = RT"'RT - Q, (5)
and
Qik = Citk1, Rik = Cix2, Tik = Cioka. (6)
The stress function vector @ is defined, in terms of the stresses, as follows:
oi1 = —¢i2, 02 =¢;1, 1 =1,2,3). (7

It is stressed that the general solution in Eq. (2) is valid when the 6 x 6 fundamental elastic matrix N is simple,
i.e., p1 # p2 # p3 or semisimple [22]. Due to the fact that the two matrices A and B satisfy the following
orthogonality relations [22]:

B'A+A™B=1=B"A+AB,

_ _ — _ 3
B'A+ATB=0=B'A+A'B,
the following three real Barnett—Lothe tensors S, H and L can then be introduced [22]:
S =i(2ABT —I), H = 2iAAT,L = —2iBB". 9)

Furthermore, the two matrices H and L are symmetric and positive definite, while SH, LS, H~'S, SL~! are
anti-symmetric. The following identities are also valid [22]

2A(po)BT = Nj +i(N,L — N;S),
2A(po)AT = Ny — i(NJH + N,ST),
2B(p,)BT = N3 +i(NJL — N38),
2B(p,)AT = NT —i(N;H + NTST)

10)

where () is a 3 x 3 diagonal matrix in which each component is varied according to the Greek index «.
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Fig. 1 An isotropic elastic circular inhomogeneity partially bonded to an anisotropic elastic matrix

2.2 Muskhelishvili’s formulation for isotropic elastic materials

For plane strain deformation of an isotropic elastic material, the relevant stresses, displacements, and stress
functions can be expressed in terms of two analytic functions ¢ (z) and v (z) of the complex variable z =
X1 +1ixy = rexp(if) as [20]
o1 t+on=2 |:¢/(Z) + W(Z)] ,
o2 — 011 + 2io1n = 2[2¢"(2) + ¥'(2)],
2p(uy +iu2) = k¢(2) — 2¢'(2) — ¥ (2),
o +ig =i[6@) + 25D + @)

(In

(12)

where k = 3 — 4v; u and v, where © > 0 and 0 < v < 0.5, are the shear modulus and Poisson’s ratio,
respectively.

For the anti-plane shear deformation of an isotropic elastic material, the shear stresses, out-of-plane dis-
placement, and stress function ¢3 can be expressed in terms of a single analytic function 7(z) of the complex
variable z = x| + ixp as [20]

o3 +i031 = ' (2), 3 + ipusz = n(2). (13)

3 The complete solution

Let a generally anisotropic infinite matrix contain a partially bonded isotropic elastic circular inhomogeneity,
as shown in Fig. 1. The center of the circular inhomogeneity of radius R is at origin, and an interfacial arc
crack, whose surface is traction free, is made along the arc L, of the interface while along the remaining arc Ly
the inhomogeneity is still perfectly bonded to the matrix. Let the center of the arc L, lie on the positive x-axis

and the central angle subtended by the arc L;, be 26y. a = R ¢'% and @ = R ¢ are the positions of the two
crack tips. We represent the matrix by the domain S> and assume that the circular inhomogeneity occupies
the region S;. The two-phase composite is subjected to remote uniform stresses (oY, 05, 055, 05> 035). In
addition, let a line force q; and a line dislocation with Burgers vector by be applied at z = z¢ in the isotropic
inhomogeneity, and meanwhile let a line force > and a line dislocation with Burgers vector b, be applied at
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(x1, x2) = (X1, X2) in the anisotropic matrix. In what follows, the subscripts 1 and 2 refer to the regions S
and Sy, respectively.
Consider the following mapping functions for the anisotropic matrix:

1 R? 1
Zg = X1+ paX2 = wy(§y) = 5(1 —ipa)éy + 7(1 + ipa)g—, (@=1,2,3). (14)

o

By using the above mapping functions, the exterior of an elliptical region in the z,-plane is mapped onto the
exterior of the circle |§4| > R in the &, -plane (the circular interface |z| = R is mapped to the boundary of the
elliptical region in the z,-plane, where z, = x{ +ix§ = x; + p,x2 +ip),x2 with p), and p[, being the real and
imaginary parts of py). By considering the fact that §; = & = & = z on |z| = R [23], we can first replace &,
by the common variable z. When the analysis is finished, the complex variable z shall be changed back to the
corresponding complex variables &,. As a result, we can write f,(z) = fy(Ex) = fo(wy(Ey)) = fo(z4), and
f>(z) can be temporarily interpreted as an analytic function vector of the complex variable z.
Now, we introduce the following analytic function vector f(z) for the isotropic circular inhomogeneity:

¢ ()
fi@=|yv@+L¢@ |.z€s (15)
n(z)

Consequently the displacement and stress function vectors along the circular interface |z] = R on the inho-
mogeneity side can be expressed in terms of f](z) as follows:

u = Aifi(2) + Aifi (), @1 =Bifi(2) +Bif1(2), |zl = R (16)
where
W a0 iy
Ar=| - - 0 [Bi=|1 1o (1)
0 0 -4 0 0 3

It can be easily verified that instead of Eq. (8) the two matrices A| and B satisfy the following orthogonality
relations:

T T =T— —T—= 1 +
B/A +ABi=-B A —AB =—|k+1 0
o 0

BTA,; + ATB; = B,A, +A,B; = 0.

The continuity condition of tractions across the circular interface |z| = R can then be expressed in terms of
f1(z) and f,(z) as follows:

Bifi (2) + Bif| (R?/2) = Baf; (2) + Bof, (R?/2), |z] = R, (18)
or equivalently
. _+ _ _— =
Bif] (2) — Bof, (R*/2) = Bof; (z) — Bif| (R*/2), |z| = R. (19)
By applying Liouville’s theorem, we can finally arrive at the following relationship:

Bof2(R%/z) — Bifi(z) = Bif 1 (R?/2) — Bofa(2) = g(2) (20)

where
g2(2) = g1(2) + g(2) + g3(2), (21)
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with g1(z), g2(z2) and g3(z) being defined by

= S = Inz — T — —T
g1(z) = — In(z — z0)B1 (Y1q1 + Yaby) + In(z — R?/Z0)B1(Y1q1 + Y2by) + %(BzAz q: +B2B,by)

2——2

B1(Y3qi + Y4b1) —

—B Ysq; + Ysb
P ~ R, 1(Y3qp + Yaby),

| — 71— RYE,

— 1 £ T T =T =T
£() = — 5 -Ba(InG: — &) (Alq> +BIbo) — —Bo(In *——=4) A3z + B3bo).

8:(2) = [ B1iag'(0) — Bok]| z + K2 [B2K — Biiog/(0)] ™

2
whereiy = [0 1 0] and &, = ;' (3y) = MI—IR(IW with 24 = &1 4+ paia.

In Eq. (22), the four matrices Y; (j = 1,2, 3,4) and the vector k are given by

1

_ _ i 0 M
2m(k+1) 27 (k+1) JTI(KI—L-I) ﬂ(KH)
_ 1 — | — _H
Y= FD T s D 0. Yo = mi(k+1) N(K+1)
1
0 0o -4 0 o
R2 _ 210 00 R2 _ 2 0 0O
Y3=—¢ 1io0 ,Y4:“(—|ZO|) P10
27TZ()(K + 1) 000 7TZ()(K + 1) 0 00
1 Teoo
k = 5(1—1pa)(Bzel + A7)

where T
oo __ o0 o0 __ e’} e’} [e’e)

t = [‘711 0Py 031] B = [‘712 022 ‘732] )

00 __ _ —1400 —1ngT¢00

= [ef 0 261" = N6 - Ny INe,

with N3’ ! being the pseudoinverse of N3 [22].

0
0
=N

(22)

(23)

(24)

(25)

In Eq. (22), g1(z) is solely induced by the line force and line dislocation applied in the inhomogeneity,
g>(z) is solely induced by the line force and line dislocation applied in the matrix, g3(z) is induced by the
remote uniform loading and by the first-order pole at z=0 with unknown strength R2¢’(0)i, appearing in f; (z)

defined by Eq. (15).

The continuity condition of displacements across the bonded part of the interface can be expressed in terms

of f1(z) and f,(z) as follows:
Aiff(2) + ALE, (R?/2) = Aok (2) + Aof, (R%/2), 2 € Ly,

It follows from Eq. (20) that
= ——1 ——1
f2(R*/z) =B, Bifi(2) + B, g(2),
= ——1 ——1
f1(R*/z) =B Bafa(2) + B, g(2).
Substituting Eq. (27) into Eq. (26), we obtain

— - —1 1
M.Bif'] (z) - M,Bof'5 (z) = M; — M, )g'(2),z € Ly

where
+1  i(k-D
i
M =iAB =L —iSiLy = | D el g ]
1
0 0 4

M;! = iABy! = Ly —iSLy

(26)

(27)

(28)

(29)

(30)
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M, =M;' +M,' =L{' +L;' —iS|L;' - S,L; ). 31)

It is seen from Egs. (29) and (30) that both Mfl and M, are positive definite Hermitian matrices. In view of
Eq. (28), we introduce a sectionally holomorphic function vector h(z) defined by

h(z) =Bif'1(2) —

Bi(Y1q: + Y2by) + B (Y3q; + Ysby)

=20 (z —z20)2
: IV MG DBLY Y R2362 I R _
- ———M,'M; —-M, B (Y1q1 + Yob)) - ———M,' M, —M, )Bi(Y3q: + Ysb)
Z—R/ZO (Z_R/ZO) (32 1)
1 1 o o )
— =ML, By : J(ATqz + BIby) — M [, = 3, B ) + 2L; Bak]
= Sa
+ R*Biiagp' (0)272,
lz| < R;
— 2
h() =M, 'MiBof2(@) — —— M 'Ly Bi(Yaq + Yoby) + ——— M, 'L 'Bi(Yaqi + Yaby)
LT (z = 20)?
1 i 1 1 - L .
_TM"‘IM*BZ< : ><qu2+3§b2)‘*~M*l<Ml - M, >B2< = ><A2q2+32b2>
1 - 2mi _R?
’ 2 - RY/E, (322)
1 0 — i 1 - ) - ‘
+%M*1(M1 -M, )[BzAz(q1+qz)+BzB2(b1 +bz)}z '~ M;'M,B;k

_ ——1 ——1. .= — — . _
— R*M! [(M1 — M, Bk - 2L; 1B112¢’(0)} 2,
|z] > R.

It is observed that h(z) is analytic in |z| < R and |z| > R, and is continuous across the bonded part of the
interface. In addition, h(z) = O(z~?) as z — oo. Thus, the imposition of the traction-free condition on the
debonded part of the interface will yield the following non-homogeneous Riemann—Hilbert problem of vector

form: o
M.h"(z) + Muh™(2) = v(2),z € L,

ht(z) —h (2) =0,z € L,

where the superscripts “+” and “-” mean the limiting values by approaching the circular interface from S and
S», respectively, and the vector v(z) is given by

(33)

2 _ 2 _
v(z) = ———L'Bi(Y1qi + Y2b)) + ——— L 'Bi(Yaqs + Ysb))
Z—20 (z — z0)

2
z— R2/Z
1

i

2R%Z,”

MM, 'L 'Bi(Yiq1 + Yob) - ——20
«M, L "B1(Y1q1 + Yaby) = R2/70)?

MM 'L 'Bi(Ysqi + Ysby)

~

Z— Rz/éa
— _ s . I 1= =T — —T _
— MM [L2 'Bok + L; 'B112¢’(0)] -—L, ! [B2A2 (q1 + q2) + BB, (b + b2)] !

__ i 1 1. =
M.M; 'L; le< _ >(qu2+B§b2)+;L21B2<

> (Arqa +Baby 4
z— Soz

+ 282 [ L3 Bk + Ly 'Biing/ )] .
We consider the following eigenvalue problem:

M,w = e?"*M,w. (35)

Three distinct eigenpairs (g, w), (—e&, W), (0, w3) with & and w3 being real and w being complex can be found
such that [10] . o
M.w = e*"*M,w, M,w3 = M, ws. (36)

In addition, the real number ¢ or the oscillatory index can be explicitly given by [22]

1 1-8 1 22
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where 3
S=D"'W,D=L;'"+L,, W=S,L;' —=S;L;". (38)

If h(z) is represented by
h(z) = hi (W + ha (D)W + h3(2)w3, (39)

Eq. (33) can be decoupled into

h-li-(z) +e—27‘[8h1—(z) — WTV(Z)

?TM*W’
hy(z) +e¥h; (z) = % z€ L 40
W@ + Ry () = @ @0
3 3 T owiMLwy’

hi(z) —hi(z) =0,h3(z) —h5(2) =0,h5(z) —h3(z) =0,z € Ly

whose solution can be expediently given by [20]

o) — x1(2) wv(r)dr
T WML 27 S =2
I x(2) wlv(r)dt
h = pr— 3
2(2) wIMW 271 o, x5 (1)@ —2) @b
(o) %3(2) wlv(t)ds

wiM.ws 270 Ji, x5 (0@ —2)

where L .
@) =Gc—a) 2 ¥z—a) 2t
0@ = (2 —a) T il 42)
6@ =G-a  c-a) 2.

The branch cuts for the Plemelj functions x1(z), x2(z) and x3(z) are chosen as the debonded part of the interface,
ie., z € L, such that x1(2), x2(2), x3(z) = z~1 as z — oo. It is seen from Eq. (41) that hj(z) = 0z™?)
as 7 — o0o. Consequently, the asymptotic condition that h(z) = O(z7?) as z — oo has been satisfied. By
analytically evaluating the Cauchy integrals in Eq. (41), we can finally obtain the following expressions of
hi(2), h2(z) and h3(2):

W}M*Wj(l + e_zn’a_/)hj(Z) =-2 [z —110 _ ” (Z())()J((ZZ)_ = —y (Z):| W}LIIBl(qul 4 Yab))
> [ R 416 X (1} o)
(z—z20?  xjo)(z—20?%  [xj@z0))*(z —z0)
) |: 1 _ _Xj (2) _
2= R?/z0  xj(R%*/Z0)(z — R*/Z0)
Ry [ L %) X)X (R /7o) }
(z—R?/20)>  xj(R?*/Z0)(z — R?/70)*>  [x;(R?*/Z0)1*(z — R?/Z0)
xWIM,M; 'L{ B (Yaq + Yaby) “3)

]W}L;lBl(Yan +Yaby)

- xj(z)} WIMM; 'L "B (Yiq) + Yab))

1 X (2) T T
——w-MM, L;'B — — = — —xi(@)(Ayq2 +B,b
mi ’ 2<z b k) >( 29+ Bzbo)

1 B Xxj(2)
e= RY5,  xj(R2/EL)( — R2/E,)
—2WIMLM; ! [y Bok + LT Biig ) | [1 = @) [ — Re facl + 2ie}]

1 _+ = —T =T
+EWJT-L21B2< - Xj(Z)>(A2‘I2 +B,bs)
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1 .
~—W/L;" [B2A; (@ + @) + BBy by + o) [Z - z’g))z — % <z)}

xj (@) Xj(Z)X}(O) 103
L2 Gor [T

+2R2WJT. [L '"Bok + Ly 'Brixg’ (0)] L— -

where w; = w,w) =W,e] =¢,8 = —¢,e3 =0.
Up to now, there still remains an unknown complex constant ¢’(0) to be determined. It is derived from
Eq. (32.1) that

. _ 1,
L1 (0)W + ho(0)W + h3(0)ws] = ¢/(0) + gn?mql +Yaby)

+ZoR7ETB M (M, — M, B (Yiq) + Yaby) + R2TB M (M, — M, B (Y3qs + Y4by)
1 _ R
+ —ilB "M, 'L, B2< >(A2q2+B§b2) —iTB; M [(M1 ~M, )B1i2¢’(0)+2L2_]B2k]

(44)
where i} = [1 0 O]T, and /1(0), h3(0), h3(0) are explicitly given by

x;(0)

Wi M.w; (14 >")h;(0) _2[ -
20  zoxj(zo)

+ xj (0)] V_VJTLl_lBl (Y1q1 + Y2by)

1 %0 X0z
+2| 5 — T 'B1(Y3q1 + Ysby)
ECRRd; (z0)z3  zolxj(z0)1?

()
L R?/Z0  R?/Zox;(R?/Z0)
(1 O X O (R /Zo)
| R* R%x(R?*/Zo)  Zolx;(R*/z0))?
1 x;(0)

l—T_ 1 1 T T
+ —=w M.M_ L B, ———F 4+ xi(0))(Ayq2 + B,b (45)
i <§a Eari M >( 292+ Bzb)

+2

+ X <0>] WM.M; 'L{ "B (Y1q: + Yab))

-2

} WiIMLM; 'L "B (Y3q: + Ysby)

I _ /1 (0 o
——_W}L2132< — - ,XJ() — +x,-(0)>(A§qz+B§bz)
R/, R2/E4xj(R?/E)

— 2WIMLM; ! [L7'Bok + Ly 'Biiag () | [1 + x;0) Re {a(1 + 2ic)}]

1 _ — x;(0)
+ —WIL,' [B2A; (@1 +42) + B2B; (b + by [ OB (@}

20X )1 = x;(0)x}/(©0)
GO

+ R3] [L7 "Bk + Ly ' Biiag' (0)

L j=1,2,3.

¢'(0) can then be uniquely determined by solving the linear algebraic equation for ¢'(0) in Eq. (44). For
example, if the composite is only subject to a remote uniform loading by setting q; = q2 = b; = by = 0, the
linear algebraic equation for ¢’(0) can be explicitly obtained as follows:

> wiw! 20O = ;0] O]

RZ TB 1
]Z} WIMLw; (1 + e 27)[x;(0)]2

L, 'Biiy | ¢'(0)

w;w; [1 —i—_xj(O)Re {a(1+ 218j)}]mM_1U1 BL7 )
W?M*wj(l + e~ 2mE)) *

3

T — 11 ——1
+iB MM, M ) +2>]
j=1
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3 =T -
w;w; [1+ xj(ORe{a(l 4 2ie))}]
To—1 J j[ J J —1y —1 . T o0 T400
=ilBy' | 1-> _ M., | M;'L;'Ba(1 —ipy) (BYeS® + ATt
R li w200 O)F = 2 0)x] (0]
+—iB] —
2 S WML (14 e[ (O)P

Ly 'Ba(1 +ip,) (B e + Agt3®) (46)

where | :

Tr— . Tl s Kk + . T g . . T

iiB'=[-i 1 0],L11B112=W[—1 1 0] Bip=[~i 1 0],

cos By + 2¢; sin Oy
R2628j(7[—00)

xj(0) = , 47)

/ —
Re2e;—00) x;(0) =
1+ 48; + @3- 485) cos 260y + 8¢ sin 26

1 .
x;j(0) = > R3e2¢; (1—00)

In addition, the matrix products BoBY, B,AT, Bo( pa)Bg, By ( pa)Ag and their conjugates appearing on the
right-hand side of Eq. (46) can be determined by using the identities in Eqs. (9) and (10). In other words,
the solution of ¢’(0) will not contain the Stroh eigenvalues py, ps, p3 for the anisotropic matrix when only
subjected to a remote uniform loading. As a result, the expression of ¢’(0) for this loading case is still valid for
any mathematically degenerate materials in which the 6 x 6 fundamental elasticity matrix N is nonsemisimple
[22]. Tt is deduced from Egs. (11) and (12) that ¢'(0) is related to the mean stress (011 + 022) and the rigid
body rotation w>; = %(uz,l — u12) at the center of the circular inhomogeneity through

o11 +02n  2ipwyg

0 =—— K+ 1

,atz =0, (48)

which gives the physical meaning of ¢'(0).

Once ¢’ (0) is solved, h(z) can be considered as uniquely determined. Consequently, f'1 (z) (or equivalently
¢’ (2), ¥'(2), n'(2)) defined in the inhomogeneity and ', (z) defined in the matrix can be further obtained from
Egs. (32.1,2). Thus, the elastic fields in the inhomogeneity and in the matrix can then be determined by using
the analytic function vectors in the two-phase composite. In particular, along the circular interface, we have

d(u; —w)
do
t= —i%M;l [M.h" (z) + M,h™(2) — v(2)] (49)

=zM,[h"(z) —h~ ()], z € L,

= —ioM, 207 + LR 0 — v |, ze L

where t = — % is the surface traction on the bonded part of the interface. Furthermore, the interfacial normal

and shear stress components along Lj, are
t.=[—0or 0 03] =R z=Re’, —6) <6 <6 (50)
where the orthogonal matrix 2(0) is defined by
sin@ —cosf 0
Q@) =] cosf sinf 0. (51
0 0 1

When the composite is only subjected to a uniform loading at infinity, the surface traction along Lj; can be
concisely presented as

2w, W Ly 'Bok + L Bii2g (0)

M ' —Reqa(l +2igj)| ¢, Ly. (52
W}"M*wj ZXJ(Z)[Z e{a( + 1(9])}] ze Ly (52)
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It is impossible to obtain an analytic expression of | h(z)dz when the composite is subjected to general
loadings. However, if the composite is only subject to a remote uniform loading, [h(z)dz can be exactly
derived as

3 w;WIMM; ! |Ly'Bok + Ly 'Biir¢/(0)
/ d [z — X ()]
A

h(z)dz = -2 —
2. WiMLw; (1 +e72m¢)

=1
: T ISR | (53)
B 2R223: Wjo [LZ B2k+L1 B1]2¢/(0):| |:l B Xj(Z) :|
p WiMLw; (1 +e72m¢) z X;(0)z
where . .
Xj@)=G-—a)2 ¥E@-—a2™, j=123. (54)

The branch cuts for X (z) are also chosen along the arc crack L. such that X;(z) = z as z — oo. By using
Eq. (53), the displacements everywhere in the two-phase composite can be arrived at. In particular, the jump
in displacements across the faces of the interface arc crack can be finally derived as

3 eMTEIML W, W) [Lz_lek + Lf1§1i2¢’(0)]
u—wy=4m{ >

j=1

_ Xt t, zelLe. (55)
W}M*Wj I ¢

It can be easily proved that the expressions of surface traction and displacement jump in Eqgs. (52) and (55) are
both valid for any mathematically degenerate materials. Although the matrix is generally anisotropic, Egs. (52)
and (55) are strikingly simple and concise. We point out that it is not a simple task to arrive at Eqs. (52) and
(55). During the derivation of these two expressions, we have used the following identities:

R0 RO R0
Re {a(l + 2181)} = W, Re {a(l + 2182)} = W, Re {a(l + 2183)} = W,
— 0@ — @ —  zx302)
= —=, = —, = — ", L ) 56
x1(2) R2(0) x2(2) R251(0) x3(2) Rn0) €L (56)
R262n82x+(z) R262nslx+(z) R2X+(Z)
Xt()= -~ "2 oyt - C LW ey T T3 L.
1 X0 2T TTxe NPT T CC

The stress intensity factors can be extracted from the present complete solution by comparison with the
asymptotic solution derived by Suo [10]. When the composite is only subjected to a remote uniform loading,
the complex and real stress intensity factors K and K3 can be extracted as follows:

K = 2(1 + 2ie) (T R)? (2R) ¢ (sin 6p) 21
0 3 —_ 0y 2 — -
wi {03 [LIBK + Ly Biig' (0)| + 3 [L7'Bok + Ly 'Biizg 0) ||

X  — b
WTM*W
O 2 — R
4(m R)? (sin 6p) 2 wIRe {eTO] [Lngzk n L;lBlizq)'(O)]}
K3 = = ,
w3 M. w3

(57)

at the upper crack tip z = a, and

K = —2(1 4 2ie) (T R)2 (2R) "¢ (sin Bp) 21
O 2 —_ 0 2 — R
w' {e8<ﬂ—9o>+7°1 [Lngzk + L1_1B1i2¢’(0)] +efT -1 [L;lek + L1_1B1i2¢/(0)]}

X  — 9
WTM*W
2% — -
4(7 R)? (sin ) * wIRe {e—7°1 [Lz_lek n Ll_lBliqu’(O)]}
K3 =— T ,
wi; M, w3

(58)
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at the lower crack tip z = a.
The normal and shear stresses along L, are singularly distributed near the two crack tips as follows:

t, = (27r) "I R(6)) [Krisw + Krew + K3W3] r=lz—al — 0. zeL
) . (59)
t, = (27r) "3 Q(—60) [Kr’sw + Krew + K3W3] r=l|z—al— 0, zeLy.

By assuming that the crack propagates along the interface, the energy release rate can then be conveniently
obtained as
G WL+ Ly DwIKP? + ! T +LyHYwsk? (60)
— —w w3Kj3.
2 cosh? e 4730 2 TH3%3

Note that the fracture criterion (11.2) in [10] is formulated in terms of the positive real energy release rate.

4 An example

If the matrix is an orthotropic material with its principal axes along the xp, x2, and x3 directions, the real
matrices Hp, Lo, So, Ny, N3 for the matrix and the Hermitian matrix M, for the bimaterial are explicitly given
by [10,22,24]

Hi; O 0 Ly O 0 0 S O
H, = 0 Hy 0 |,L,= 0 Ly 0 [,S5=|S8; 0 0],
0 0 Hss 0 0 L33 0 0 0
(61)
l/sil 0 0 0 -1 0
Ns=—| 0 0 0 |.Ni=|sl/s), 0 0],
0 0 1/s, 0 0 0
i —iB(Y11¥2)? 0
M, = i,B(YllYZZ)% Y» 0 (62)
0 0 Y33

where s/ ; are the reduced elastic compliances, and

2
U / /
H» ( 511522 +512)
\/XHII ZT = 2Silsé2(l +p) — , H33 = \/mv
A 251,85, (1 + p)

/ / I
L 1 1 S VS11522 512
1)1 =VAly = —e— = Visi =

>0

’o o L3 = . \/X - roo ’
251150 (1+ p) 544555 V2511521 +p) (63)
k+1 257,85, (1 + p) K+ 1 /
Y= 4# + 1 22)\‘ , Yoo = 4//L + 2)\.S;]Sé2(1 +IO)7

—_— — —

/A / Kk—1
Sse 512~ g NS S
= » 133 = — $44555>
VYi1Yn M

with A and p being two dimensionless parameters defined as

sh 25’ + s/
A= |2 p=12 T66 g, (64)
o1 2\/511552
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In this case, the three eigenvectors w, w> and w3 are [10]

l: 1

—2! | 2! i 0
Wi = (Y /Y)? | W2 = | 5(Yiy/Y)? | W3 = (1) ' (65)
0 0

The oscillatory index is still given by Eq. (37). By using the explicit results in Egs. (61), (62) and (65), all
the terms appearing in Eq. (46) for the determination of ¢’(0), Eq. (52) for the surface traction, Eq. (55) for
displacement jump, Egs. (57) and (58) for the stress intensity factors at the two crack tips are analytically
given.

5 Conclusions

In this work, a rigorous closed-form solution has been obtained to the generalized plane strain problem of
a partially debonded isotropic circular inhomogeneity embedded in a generally anisotropic infinite matrix
by using Muskhelishvili’s complex variable formulation for isotropic elasticity and Stroh’s sextic formalism
for anisotropic elasticity. Interestingly, existing closed-form solutions to perfectly bonded circular elastic
inhomogeneities [21,25-30] and to arc-shaped cracks [14—16,18-20] can all be treated as limiting cases of
the present solution. Finally, we point out that Dundurs’ solution of an edge dislocation near a perfectly
bonded circular inhomogeneity [30] has been applied as Green’s function to study an interfacial arc-shaped
Zener—Stroh crack [31] and a matrix crack near a circular piezoelectric inhomogeneity [32].
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