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Abstract This paper presents a Gibbs potential-based granularmicromechanics approach capable ofmodeling
materialswith complete anisotropy. The deformation energy of each grain–pair interaction is taken as a function
of the inter-granular forces. The overall classical Gibbs potential of a material point is then defined as the
volume average of the grain–pair deformation energy. As a first-order theory, the inter-granular forces are
related to the Cauchy stress tensor using a modified static constraint that incorporates directional distribution
of the grain–pair interactions. Further considering the conjugate relationship of the macroscale strain tensor
and the Cauchy stress, a relationship between inter-granular displacement and the strain tensor is derived.
To establish the constitutive relation, the inter-granular stiffness coefficients are introduced considering the
conjugate relation of inter-granular displacement and forces. Notably, the inter-granular stiffness introduced
in this manner is by definition different from that of the isolated grain–pair interactive. The integral form
of the constitutive relation is then obtained by defining two directional density distribution functions; one
related to the average grain–scale combined mechanical–geometrical properties and the other related to purely
geometrical properties. Finally, as the main contribution of this paper, the distribution density function is
parameterized using spherical harmonics expansion with carefully selected terms that has the capability of
modeling completely anisotropic (triclinic) materials. By systematic modification of this distribution function,
different elastic symmetries ranging from isotropic to completely anisotropic (triclinic) materials are modeled.
As a comparison, we discuss the results of the presentmethodwith those obtained using a kinematic assumption
for the case of isotropy and transverse isotropy, wherein it is found that the velocity of surface quasi-shear
waves can show different trends for the two methods.

1 Introduction

Many materials show direction-dependent response to loading or anisotropic behavior at their so-called
macroscale. In the broadest scheme, the directional dependency of material behavior is categorized into
two major categories, namely inherent anisotropy and induced anisotropy. If the material shows direction-
dependent response to loading from the initial unloaded state, it is said to have inherent anisotropy. These
include granular materials in which inter-granular mechanisms in different directions are not the same, mul-
tiphase the material and materials with microcracks and fissures [1–6]. A direction-dependent nature of the
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material response to loading is enhanced further by the effect of loading, even for initially (inherently) isotropic
materials. As loading progresses and the material is no longer in its initial unloaded state, different microscale
mechanisms in different directions lead to the evolution of directional-dependent material behavior. These
phenomena include, but are not limited to, change of the inter-particle interactions, change in the shapes and
sizes of particles, change in the distribution of crystalline directions in polycrystalline materials, change of
surface properties, change of contacts, damage and fracture, pore collapse, bond breakage, hardening or soft-
ening of the generally nonlinear inter-particle behavior. Accumulation of effects of these phenomena results
in enhanced direction-dependent behavior, which is usually referred to as induced anisotropy [7–14].

A robust material model should be able to capture the anisotropy of material behavior. One of the most
promising approaches for predicting the behavior of this class of materials is using micromechanical models
where microscale and macroscale are related to each other using a proper set of assumptions with constitutive
laws defined in microscopic scale. This allows for the constitutive laws to represent more conveniently the
directional properties of the material. The granular micromechanics approach, first introduced by Chang and
Misra [15] and traceable to works of Navier [16] and Cauchy [17], is a very effective method for imposing
micromechanical properties of the material onto the macroscopic behavior of the material. In this approach, the
material RVE is assumed to be composed of a set of grains interacting with each other through different inter-
granularmechanisms characterizing thematerial’smacroscopic behavior [18].Constitutive laws inmicroscopic
scale arewritten relating local inter-granular displacement and force components, and themacroscopic behavior
of the material is derived by calculating the macroscopic free energy density as the volume average of grain–
pair interaction energies. The approach is consistent with the idea of coarse graining for modeling polymeric
or complex multiatomic systems [19–21] and follows a similar paradigm as that of peridynamics [22,23] and
quasi-continuummechanics [24]. Themethod also bears similarity to themicroplanemodel [25] and the virtual
internal bond (VIB) model [26] where the material behavior is derived considering the behavior of planes or
bonds of every generic orientation.

Micromechanical models of this type in general need an assumption by which the macroscopic stress or
strain tensors are transformed into microscopic force or displacement vectors [27–30]. Methods are typically
divided into two categories, namely methods with a kinematic assumption and methods with a static assump-
tion. The kinematic assumption maintains that the inter-granular displacements in any direction are derived as
projections of the strain tensor in that particular direction. On the other hand, the static assumption, tradition-
ally, assumes the inter-particle force vector to be the projection of stress tensor in the direction of the contact.
Over the years, these assumptions have been refined by considering more carefully the transmission of local
contact forces [31,32] or by introduction of mesoscale consisting of particle clusters [32–36]. Here, we utilize
a modified static assumption, wherein the inter-granular force vector is found through minimizing an error
function in a least squares approximation scheme for inter-granular displacements [37]. The present work fur-
ther develops the framework of granular micromechanics based upon the classical Gibbs potential to address
the following three aspects: (1) interpretation of inter-granular interaction by considering the conjugate rela-
tionships of inter-granular displacements and forces, which shows that the inter-granular stiffness/compliance
coefficients introduced in continuum models are by definition different from that of isolated grain–pair, (2)
derivation of an integral form for the compliance tensor by introducing two distinct directional density distri-
bution functions; one related to the average grain–scale combined mechanical–geometrical properties and the
other related to purely geometrical properties, and finally, (3) the key focus on parameterization of distribution
density function using spherical harmonics expansion for modeling all different levels of anisotropy ranging
from isotropic to triclinic.

Modeling of anisotropic materials within micromechanical methods has been attempted in the past, par-
ticularly based upon the microplane model. In these efforts, anisotropy is typically modeled by defining
microscopic stiffness coefficients as functions of the microplane or contact direction [38,39]. More recently,
the spectral decomposition approach has been presented for representingmaterial anisotropy [40]. The spectral
decomposition approach has been successfully applied to model transversely isotropic and orthotropic materi-
als. However, the method has not been applied to materials with higher level of anisotropy (namely materials
with only one plane of elastic symmetry and completely anisotropic materials with no elastic symmetry). The
present work describes a comprehensive approach that can systematically describe material symmetries rang-
ing from isotropic to completely anisotropic (triclinic). To capture the mechanical properties of a completely
anisotropic material, we introduce three distinct microscopic stiffness coefficients to model the deformation
energy of interacting grain–pairs. Further, directional density distribution functions are defined, which take
into account the directional distribution of number, length, and stiffness/compliance of grain–pair interactions.
The density distribution functions enable the constitutive relationship to be expressed in an integral form. For
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closed-form derivation of expressions for the anisotropic elastic constants, the directional density distribution
function is parameterized using spherical harmonics expansion. By progressively including additional terms
in the parameterized distribution function, the method is enabled to model materials with different levels of
anisotropy. The effect of model’s microscale parameters on the macroscopic behavior of anisotropic materials
is demonstrated using two different measures. First, elastic wave velocity [41] is discussed and its variation by
changing micromechanical parameters is shown. In addition, results of the present approach are compared to
those of the method using kinematic constraint for transversely isotropic materials and also isotropic materials.
Then, as a measure of the severity of the material’s anisotropy, the universal anisotropy index [42] is discussed.
These phenomena show the effectiveness of the present approach in modeling the behavior of inherently
anisotropic materials.

2 Granular micromechanics method using Gibbs potential

The deformation energy of an RVE of a granular material can be written in terms of the deformation energies
of the grain–pair interactions. For continuummodeling, the RVE deformation energy is typically formulated in
terms of stresses and strains. The deformation energy of the grain–pair interactions, on the other hand, is more
conveniently formulated in terms of forces and displacements. The key problem remains the identification
of the stress–force and the strain–displacement measures (or micro–macro measures) at these two scales and
may require the introduction of additional measures beyond the classical terms as has been discussed in recent
works related to amicromorphic model of granular media [18,43]. The existence of higher-order or hyperstress
and its significance has been recognized [44,45], particularly for the case of granular materials under elastic
deformation (see for example [18,46,47] among others) In recent years, the formulation of hyperstress from
the arguments of Cauchy format of continuum theory has also been shown to be valid and reconciled with the
formulation that follows from D’Alembert postulations [48–51]. Here we consider only the first-order terms
for illustration of approach to focus the discussion upon the three goals stated in the Introduction. Thus, we
consider the classical Gibbs potential, G, of an RVE of a granular material defined in terms of the Cauchy
stress and its conjugate strain. The RVEGibbs potential can be obtained as the volume density of the grain–pair
interactions as follows:

G = 1

V

N∑

α

Gα
(
f α
j

)
, (1)

where N is the total number of grain–pair interactions in the RVE and Gα
(
f α
j

)
is the deformation energy

of the αth grain–pair interaction given in terms of the grain–pair force, f α
j , and the conjugate inter-granular

elastic displacement, δα
j , as

δα
j = ∂Gα

∂ f α
j

. (2)

To establish the grain–pair conjugate force and deformation measures in terms of the macroscale quantities,
the conjugate relationship of the macroscale strain, εi j , and Cauchy stress tensor, σi j , can be combined with
Eq. (1) and the chain rule of differentiation to find

εi j = ∂G

∂σi j
= 1

V

N∑

α=1

∂Gα

∂ f α
k

∂ f α
k

∂σi j
. (3)

We note here that the assumed classical Gibbs potential formulation has important consequences that have
not been recognized in previous works that report similar final formulation of the constitutive relations [28,
52,53], but become significant when inter-granular stiffness coefficients are defined considering the conjugate
relationship of inter-granular displacement and forces. The inter-granular stiffness coefficients introduced in
this manner are by definition different from that of isolated grain–pair and may not be obtained by considering
the mechanics of grains isolated from their material environment.

Further, the inter-granular force vector in many traditional statically constrained methods is taken as the
projection of the stress tensor in the direction of grain–pair interaction. Here, we utilize the results from a least
squares approximation for inter-granular displacements to enhance this assumption considering the directional
distribution of the grain–pair interactions [28,37,54], which gives the following relationship between the
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Fig. 1 Local inter-granular Cartesian coordinates shown at an intergranular contact location

grain–pair force, f α
j , and the Cauchy stress tensor (see the Appendix: least squares approximation for a brief

derivation):
f α
i = lασi j N

−1
jr nα

r , (4)

where lα is the length of the branch vector joining the centroids of two neighbor grains lαr = lαnα
r , and Ni j is

a fabric tensor given by

Ni j = 1

V

N∑

α=1

lαi l
α
j . (5)

Substituting Eq. (2) and (4) into Eq. (3), the relationship between the inter-granular displacement, δα
j , and the

strain tensor is obtained as

εi j = ∂G

∂σi j
= 1

V

N∑

α=1

δα
i l

αN−1
jk n

α
k = N−1

jk

V

N∑

α=1

δα
i l

αnα
k . (6)

A microscale constitutive equation is now introduced at the grain–scale to relate the inter-granular force and
displacement measures. To simplify the inter-granular force–displacement relationships, a local coordinate
system is defined for each interacting grain–pair. The coordinate system, as it is seen in Fig. 1, is composed
of three mutually orthogonal unit vectors. These include one normal vector, n, in the direction of the branch
vector joining the centroids of the two grains and two vectors orthogonal to the normal vector and lying in the
tangential plane between the two interacting grains, s and t,

ni = 〈cos θ, sin θ cosφ, sin θ sin φ〉,
si = 〈− sin θ, cos θ cosφ, cos θ sin φ〉,
ti = 〈0, − sin φ, cosφ〉, (7)

where θ and φ are the polar and azimuth angles in the spherical coordinate system, respectively.
Using this local coordinate system, the inter-granular displacement vector is decomposed into components

in the normal and tangential directions:

δα
n = δα

i n
α
i ; δα

s = δα
i s

α
i ; δα

t = δα
i t

α
i . (8)

Thus, the constitutive equation at the grain–scale can be written as follows:

{
δα
}
3×1 = [

sα
]
3×3

{
f α
}
3×1 ;

⎧
⎨

⎩

δα
n

δα
s

δα
t

⎫
⎬

⎭ =
⎡

⎣
1/kα

n 0 0
0 1/kα

s 0
0 0 1/kα

t

⎤

⎦

⎧
⎨

⎩

f α
n
f α
s
f α
t

⎫
⎬

⎭ , (9)

where kn , ks and kt are the stiffness coefficients and the matrix [s] is the compliance matrix. We note here that
these stiffness coefficients do not represent the stiffness of isolated grain-pairs. Instead, theymodel the behavior
of a grain-pair embedded in a granular material and represent the effect of immediate neighbors as well as the
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entire microstructure as revealed in the equilibrium analysis of grain assemblies subjected to uniform boundary
displacements [34]. The general nature of inter-granular stiffness is also clear from kinematic analysis valid
for micromorphic models of granular media [18]. These stiffness coefficients function as parameters that
need to be determined as back-calculations from macroscale measurements. It is also notable that in Eq. (9)
the inter-granular constitutive relation is defined in a linear fashion, and the coupling between normal and
tangential components of force and displacement vectors is not taken into account. For nonlinear materials,
the inter-granular constitutive relation may be generalized to be nonlinear, including coupling terms in the
microscale [37,55–57].

The microscale constitutive law can be transformed into the RVE coordinate system using the following
rotation tensor:

T =
⎛

⎝
n1 s1 t1
n2 s2 t2
n3 s3 t3

⎞

⎠ , (10)

where the components of the rotation tensor are the components of the unit vectors in the local coordinate
system. The microscale constitutive relation in the RVE coordinate system will be rewritten as

δα
i = Sα

i j f
α
j ; Sα

i j = T α
i ps

α
pqT

α
jq . (11)

The second rank tensor sα
pq in the second part of Eq. (11) is the compliance tensor of the αth grain–pair

interaction in the contacts’ local coordinate system (the coordinate system defined by the unit normal vector,
n, and the two tangential unit vectors, s and t) while the tensor Sα

i j is the compliance tensor in the RVE
coordinate system (with the unit vectors 1, 2, and 3). Now substituting Eq. (4) along with Eq. (11) into the
expression derived for macroscopic strain, Eq. (6), and noting that the macroscopic stress tensor does not
depend upon grain–pair, the relationship between macroscopic strain tensor and the Cauchy stress is found to
be

εi j =
(
N−1

jr N−1
lq

V

N∑

α=1

l2Sα
ikn

α
r n

α
q

)
σkl , (12)

and consequently, the compliance tensor is written as

Si jkl = N−1
jr N−1

ls

V

N∑

α=1

l2Sα
ikn

α
r n

α
s . (13)

Using Eq. (11), Eq. (13) can be expressed as

Si jkl = N−1
jr N−1

lq

V

N∑

α=1

nα
r n

α
q

((
lα
)2 1

kα
n
nα
i n

α
k + (

lα
)2 1

kα
s
sα
i s

α
k + (

lα
)2 1

kα
t
tαi t

α
k

)
, (14)

where summations are over all grain–pair interactions in theRVE.Note that throughout this paper, the subscripts
n, s, and t represent the inter-granular properties, which are normal (n), and tangential (s and t) directions,
respectively, and thus do not follow the index notation conventions.

For an RVE containing many (>106) interacting grains, the exact knowledge of the material composition
and properties, grain shapes and sizes, interfacial properties, etc. is unknown. Such detailed information is
generally unattainable for almost all engineering materials. Therefore, the precise and true nature of every
grain–pair interaction is unknown. However, this unfortunately missing information is compensated by the
fortunate fact that generally for the determination of collective behavior we are not interested in the precise
and detailed solution for the exact motion of each and every grain in the RVE. In this work, we have chosen
to treat the problem in a statistical sense by considering mean behaviors. Such statistical approximations are
reasonably justified when firstly there is the absence of complete information about the microstructure and the
micromechanical parameters, and secondly, an incomplete solution, such as the mean behavior, based upon
incomplete data is sufficient. With the aim of obtaining the estimate of the mean behavior, Eq. (14) can be
rewritten, observing that the terms in the summation are products of the direction cosines, the branch length and
compliances associated with grain–pairs, which can be binned into discrete solid angles. Thus, the summation
in Eq. (14), over the total number of contacts within the system, can be rewritten as a summation over θ and
φ as
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Si jkl = N−1
jr N−1

lq

V

∑

θ

∑

φ

[(
∑

ρ

(lρ)2

kρ
n

)
nrnqnink +

(
∑

ρ

(lρ)2

kρ
s

)
nrnqsi sk +

(
∑

ρ

(lρ)2

kρ
t

)
nrnq ti tk

]
,

(15)
where the three summations over ρ represent summations over all inter-granular contacts whose orientation
lies in a given solid angle range centered at θ and φ. For example, the term

∑
ρ (lρ)2

/
kρ
n represents the

sum of (lρ)2
/
kρ
n terms for all grain–pair interactions whose orientations are contained within a given solid

angle range. For anisotropic materials, these sums will be different for different solid angles, which can be
expediently treated by defining directional distribution functions. Since branch length and compliances appear
as products, their directional distribution density cannot be defined independently and the relevant quantity to
use is the product of l2 and the compliance coefficients (1/kn , or 1/ks , or 1/kt ). To this end, we introduce
directional density distribution function, ξ(θ, φ), which represents the directional distribution of the number,
length, and stiffness of grain–pair interactions as follows:

∑
ρ (lρ)2/kρ

n
∑N

α=1 (lα)2/kα
n

=
∑

ρ (lρ)2/kρ
s

∑N
α=1 (lα)2/kα

s

=
∑

ρ (lρ)2/kρ
t

∑N
α=1 (lα)2/kα

t

= ξ (θ, φ) , (16)

where it has been assumed that all the inter-granular compliances also follow the same distribution. In addition,

it is useful to define an average value of the terms (lα)2

kα
n

(and similarly for the shear terms) as

∑N
α=1 (lα)2/kα

n

N
= l2/kn;

∑N
α=1 (lα)2/kα

s

N
= l2/ks;

∑N
α=1 (lα)2/kα

t

N
= l2/kt , (17)

where l2/kn , l2/ks , and l2/kt are average values for the RVE. Combining Eqs. (16) and (17) with Eq. (15),
and defining ρc as the volume density of total number of grain–pair contacts (ρc = N/V ), the compliance
tensor given in Eq. (15) can be written in integral form as

Si jkl = l2ρcN−1
jr N−1

lq

π∫

θ=0

2π∫

φ=0

(
1

kn
nrnqnink + 1

ks
nrnqsi sk + 1

kt
nrnq ti tk

)
ξ(θ, φ) sin θdφdθ

= l2ρcN−1
jr N−1

lq

π∫

θ=0

2π∫

φ=0

(
Siknrnq

)
ξ(θ, φ) sin θdφdθ, (18)

where it is noteworthy that the fabric tensor, Ni j , introduced in Eq. (5) can also be treated from a statistical
viewpoint such that the summation in Eq. (5), over the total number of contacts within the system, can be
rewritten as a summation over θ and φ in a manner similar to Eq. (15):

Ni j = 1

V

N∑

α=1

lαi l
α
i = 1

V

∑

θ

∑

φ

(
∑

ρ

(
lρ
)2
)
nin j . (19)

Now, the average branch length l and the directional density distribution of number and length of the grain–pair
interactions, ξ ′(θ, φ), may be introduced:

∑N
α=1 (lα)2

N
= l2;

∑
ρ (lρ)2

∑N
α=1 (lα)2

= ξ ′ (θ, φ) . (20)

As a result, the second rank fabric tensor given in Eq. (19) can be written in an integral form as

Ni j = ρc

2π∫

θ=0

π∫

φ=0

li l jξ
′(θ, φ) sin θdθdφ = l2ρc

2π∫

θ=0

π∫

φ=0

nin jξ
′(θ, φ) sin θdθdφ. (21)

It is noteworthy that the two directional density distribution functions, ξ(θ, φ) and ξ ′(θ, φ), are distinct since
they represent the distribution of different parameters, in contrast to the assumption widely made in previous
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derivations of this type [28,52,54]. However, for simplicity of subsequent discussion and calculations, the two
directional density distribution functions are assumed to be the same in the remainder of this paper where
the focus is on elastic behavior. For inelastic behavior, the use of distinct distributions may be representative
as observed from the analysis of regular grain assemblies using the described approach in [37], wherein the
stiffness coefficients of grain–contacts in different directions evolves with loading while the microstructure or
fabric persists.

The fourth rank compliance tensor, Si jkl , in its most general form has 34 = 81 independent constants.
However, symmetry of stress and strain tensors leads to minor symmetries of compliance tensor, and the
constitutive equations can then be written in Voigt notation [58]. In this manner, the compliance tensor can be
written as a 6 × 6 matrix with 36 components. The components of such compliance matrix are calculated as
follows:

γi j = εi j + ε j i = [(
Si jkl + Si jlk

)+ (
S jikl + S jilk

)] σkl + σlk

2

+ [(
Si jkl + Si jlk

)− (
S jikl + S jilk

)] σkl − σlk

2
. (22)

In this equation, shear strain is taken as γi j = εi j + ε j i . Further, average value of the two shear stresses is
taken as the Cauchy stress, and the difference, σkl − σlk , is discarded. After constructing the 6× 6 compliance
matrix with this approach, major symmetry (Si jkl = Skli j ) is also applied on the compliance matrix, implying
that the 6 × 6 matrix is also symmetric and has only 21 independent constants. The macroscopic stiffness
matrix can also be derived as the inverse of the global compliance tensor. It should be noted that since the
grain–scale constitutive equations, given in Eqs. (9) and (11), are linear, the macroscopic compliance and
stiffness tensors are also linear. More complicated inter-granular constitutive relationships have been used for
modeling nonlinear behavior of a wide range of materials and for different loading conditions [37,55–57].

3 Directional dependence using density distribution function

The anisotropy arising from a smooth variation of grain–pair properties can be represented using a directional
density distribution function expressed as spherical harmonic first introduced in these types of model by Chang
and Misra [15], given as

ξ (θ, φ) = 1

4π

{
1 +

∞∑

k=2

′
[
ak0Pk(cos θ) +

∞∑

m=1

Pm
k (cos θ) (akm cosmφ + bkm sinmφ)

]}
, (23)

where Pk(cos θ) is the kth Legendre polynomial with respect to cos θ and Pm
k (cos θ) is its mth associated

Legendre function. In this function, ak0, akm , and bkm are directional density parameters, which govern the
directional dependence of the properties of grain–pair interactions. The summation over k (shown by ′) is
performed only with respect to even indices of k. All the terms in this function are orthogonal to one regardless
of their coefficient. So the integral of the directional density distribution function given in Eq. (23) over a
complete unit sphere is always equal to one regardless of the number of terms included in the function and the
values of directional density parameters

∫
θ

∫
φ

ξ(θ, φ) sin θdθdφ = 1.
It is shown here that by incorporating the first three harmonics expansions (k = 2, 4, 6) the method is

able to capture all components of stiffness matrix of a completely anisotropic material. The directional density
parameters needed for modeling complete anisotropy are a20, a40, a22, a42, a44, a64, b22, b42, b44, b64, b21,
b41, b43, b63, a21, a41, a43, and a63. Using these eighteen fabric parameters along with the three microscopic
inter-granular compliance coefficients (one in normal direction and two in tangential directions), the method
will have a total of 21 parameters, which is consistent with the number of independent components of the
stiffness/compliance matrix of completely anisotropic materials. Thus, the most general form of the density
distribution function needed is given as

ξ(θ,φ) = 1

4π

(
1 + a20

3 cos2 θ − 1

2
+ a40

35 cos4 θ − 30 cos2 θ + 3

8
+ a22(3 sin

2 θ cos 2φ)

+ a42

(
105 cos2 θ − 15

2
sin2 θ cos 2φ

)
+ a44(105 sin

4 θ cos 4φ)
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+ a64

(
83160 cos2 θ − 7560

16
sin4 θ cos 4φ

)
+ b22(3 sin

2 θ sin 2φ)

+ b42

(
105 cos2 θ − 15

2
sin2 θ sin 2φ

)
+ b44(105 sin

4 θ sin 4φ)

+ b64

(
83160 cos2 θ − 7560

16
sin4 θ sin 4φ

)
+ a21(−3 sin θ cos θ cosφ)

+ a41

(−35 cos3 θ + 15 cos θ

2
sin θ cosφ

)
+ a43(−105 cos θ sin3 θ cos 3φ)

+ a63

(
−27720 cos3 θ − 7560 cos θ

16
sin3 θ cos 3φ

)
+ b21(−3 sin θ cos θ sin φ)

+ b41

(−35 cos3 θ + 15 cos θ

2
sin θ sin φ

)
+ b43(−105 cos θ sin3 θ sin 3φ)

+ b63

(
−27720 cos3 θ − 7560 cos θ

16
sin3 θ sin 3φ

))
. (24)

The components of the fabric tensor for the fully anisotropic material, derived by substituting the directional
density distribution function in Eq. (24) into Eq. (21), are as follows

Ni j = l2ρc

15

⎛

⎝
2a20 + 5 −3a21 −3b21
−3a21 −a20 + 6a22 + 5 6b22
−3b21 6b22 −a20 − 6a22 + 5

⎞

⎠ . (25)

It is seen here that, although the complete ξ(θ, φ) function given in Eq. (24) is used in calculating the fabric
tensor, only the terms from the first harmonics expansion (terms with k = 2 in Eq. (25)) appear in after
the integration. The derived fabric tensor is used in Eq. (18) for calculating the compliance tensor for the
completely anisotropic material. For modeling materials with any level of isotropy, the distribution function
needs to be modified based on their corresponding elastic symmetries.

4 Modeling materials with different levels of anisotropy

The model takes its simplest form for isotropic materials. In these materials, all planes are planes of elastic
symmetry and all axes are axes of rotational symmetry. Inmacroscale, thematerial has the same properties in all
directions. It is expected that in an isotropic material, the grain–pair interactions in different directions within
the tangential plane should be identical. As a result, the two tangential inter-granular stiffness coefficients will
be identical (ks = kt ). Further, it should be noted that the grain–pair interactions in different directions should
also be identical. Thus, the distribution of number, length, and stiffness of inter-granular contacts in different
directions should be constant (thus ξ = 1/4π). In this case, two micromechanical parameters, namely the
normal and tangential inter-granular stiffness coefficients, are used for modeling isotropic materials. This is
consistent with the macroscopic behavior of isotropic materials, which needs no more than two mechanical
properties (E and ν).

If the material has three orthogonal planes of elastic symmetry and an axis of rotational symmetry, it is
said to be transversely isotropic. In this case, the plane whose normal vector is the axis of rotational symmetry
will be a plane of isotropy and the material behavior in all directions inside this plane will be identical. For
pursuing the derivations and without loss of generality, it is assumed that the axis of rotational symmetry is
axis 1. In this case, the behavior of material inside the 23 plane is isotropic. The material properties should not
be a function of the azimuth angle, φ. The directional density distribution function will thus be a function of
only the polar angle, θ , and the only directional density parameters used for modeling transversely isotropic
materials will be ak0. The density distribution function used for these materials can be found from Eq. (24) and
by setting all directional density parameters except for a20 and a40 equal to zero. In the inter-granular scale, the
tangential plane should in general have different stiffness coefficients in different directions such that ks �= kt .
It is seen that the model uses three inter-granular stiffness coefficients and two directional density parameters
for modeling these materials, which is consistent with the macroscale stiffness tensors of these materials being
composed of five independent constants.
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If the material has two orthogonal planes of elastic symmetry, the third plane that is orthogonal to both
of those two planes will also be a plane of elastic symmetry [59]. Materials with three orthogonal planes
of elastic symmetry are termed as orthotropic. In their macroscopic stiffness matrix, these materials have
nine independent stiffness components. For modeling this class of materials, the method needs to incorporate
nine microscopic parameters in order to be able to reproduce nine independent macroscopic stiffness com-
ponents. It is proved here that by including a22, a42, a44, and a64 in addition to the previously introduced
five microscopic parameters (used for transversely isotropic materials), the method can reproduce all the nine
independent components of the macroscopic stiffness matrix of the material while maintaining all symmetry
requirements.

For materials having only one plane of elastic symmetry, termed as monoclinic, the choice of geometric
parameters to include in the model depends on the plane of elastic symmetry. In macroscale, the nonzero
components of stiffness matrix of monoclinic materials depend on the Cartesian plane of elastic symmetry. If
the material has elastic symmetry with respect to 23 plane, 13 plane, or 12 plane, its elastic stiffness matrix
will be given by Eq. (26a), (26b), and (26c), respectively [59,60]:

C =

⎡

⎢⎢⎢⎢⎢⎣

c11 c12 c13 c14 0 0
c22 c23 c24 0 0

c33 c34 0 0
c44 0 0

symm. c55 c56
c66

⎤

⎥⎥⎥⎥⎥⎦
; (26a)

C =

⎡

⎢⎢⎢⎢⎢⎣

c11 c12 c13 0 c15 0
c22 c23 0 c25 0

c33 0 c26 0
c44 0 c46

symm. c55 0
c66

⎤

⎥⎥⎥⎥⎥⎦
; (26b)

C =

⎡

⎢⎢⎢⎢⎢⎣

c11 c12 c13 0 0 c16
c22 c23 0 0 c26

c33 0 0 c36
c44 c45 0

symm. c55 0
c66

⎤

⎥⎥⎥⎥⎥⎦
. (26c)

It should be noted that, in case the elastic symmetry plane is not one of the coordinate planes, the number
of nonzero components in the stiffness matrix will increase; however, there will still be only 13 independent
parameters in the stiffness matrix. For modeling this type of materials, the method needs to incorporate four
additional directional density parameters other than the nine parameters used for orthotropic materials. For
materials in which the 23 plane is the plane of elastic symmetry, b22, b42, b44, and b64 are added to the previous
9 microscopic constants. If the plane of elastic symmetry is the 13 plane, b21, b41, b43, and b63 and if it is the
12 plane, a21, a41, a43, and a63 are added to the previous nine microscopic constants.

Completely anisotropic or triclinic materials have no plane of elastic symmetry and no axis of rota-
tional symmetry. For these materials, it is necessary to include all the previously mentioned eighteen direc-
tional density parameters in the model. These along with the three inter-granular stiffness coefficients com-
pose the 21 microscopic parameters needed to model the 21 independent components in their stiffness
matrix.

5 Transverse isotropy and isotropy: closed-form coefficients

The macroscopic stiffness matrix for materials with different levels of anisotropy can be derived in closed
form by inverting the compliance matrix derived in Eq. (18). Since the closed-form solutions for triclinic
materials have large number of terms to be presented efficiently, for illustration purposes we present here
only the stiffness coefficients for transversely isotropic and materials. It is seen that by including the first
two harmonics with coefficients a20 and a40 the method can produce all the five independent components
of the stiffness matrix of a transversely isotropic material while satisfying the symmetry requirements. The
macroscopic stiffness matrix is found in the following form:
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Table 1 List of parameters defined for showing components of stiffness matrix of anisotropic materials

A 2kn (2a20 + 5)2 [21 (kn + 4ks) + kn (3a20 − 4a40) + ks (4a40 − 24a20)]
B 35 (3kn + 2ks) + kn (15a20 − 20a40) + ks

(
20a20 + 20a40 − 14a220

)

C kn (a20 − 5)2
[
k2n
(
882 (kt + 5ks) + ks

(−252a20 − 840a40 + 168a20a40 − 126a220
)

+kt
(
252a20 − 336a40 − 48a20a40 + 168a220 + 32a240

))

+knks
(
ks
(
6615 + 2457a20 + 840a40 − 168a20a40 − 756a220

)

+kt
(
18081 + 2321a20 − 3108a40 + 96a20a40 − 36a220 − 64a240

))

+k2s kt
(
14112 + 4032a20 + 3444a40 − 48a20a40 − 2628a220 + 32a240

)]

D k2n
[
ks
(
11025 − 630a20 − 2100a40 + 420a20a40 − 315a220

)

+kt
(
2205 + 630a20 − 840a40 − 120a20a40 + 45a220 + 80a240

)]

+knks [ks
(
7350 + 630a20 + 2100a40 − 420a20a40 − 1890a220 + 294a320

)

+kt
(
10290 − 630a20 − 1120a40 + 520a20a40 − 594a220 − 160a240 + 56a220a40 − 42a320

)]

+k2s kt
(
5880 + 1960a40 − 400a20a40 − 1656a220 + 80a240 − 56a220a40 + 336a320

)

E 2kn (kn − ks) (2a20 + 5) (5 − a20) (21 + 3a20 − 4a40)
F −kn (a20 − 5)2

[
k2s kt

(
3528 + 1008a20 + 1596a40 + 48a20a40 − 900a220 − 32a240

)

+knks
[−ks

(
6615 + 2457a20 + 840a40 − 168a20a40 − 756a220

)

+kt
(
8379 + 1449a20 − 1932a40 − 96a20a40 + 36a220 + 64a240

)}
−k2n{ks

(
4410 − 252a20 − 840a40 + 168a20a40 − 126a220

)

+kt
(
882 + 252a20 − 336a40 − 48a20a40 + 18a220 + 32a240

)]]

G 252knkskt (a20−5)2 (2a20 + 5)2

H kn
[
ks
(
2625 − 315a220 + 42a320

)+ kt
(
3675 + 1710a20 + 800a40 − 160a20a40 − 477a220 + 8a220a40 − 132a320

)]

+kt ks
(
4200 + 1440a20 − 800a40 − 160a20a40 + 162a220 − 8a220a40 + 6a340

)

C = l2Np

90

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

A
B

E
B

E
B 0 0 0

E
B

C
D

F
D 0 0 0

E
B

F
D

C
D 0 0 0

0 0 0 C−F
2D 0 0

0 0 0 0 G
H 0

0 0 0 0 0 G
H

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (27)

where the parameters A ∼ H are given in Table 1. Note that the parameters A ∼ H are introduced here merely
to simplify the representation of the stiffness matrix. It is known that in transversely isotropic materials, the
Poisson’s ratios will be different based on the directions in which they are acting. In Fig. 2, the variations of
the two Poisson’s ratios (ν12 and ν23) are shown with respect to the microscopic parameters, where the ratios
of the tangential and normal inter-granular stiffness coefficients are defined as βs = ks/kn and βt = kt/kn .
Figure 2 also shows for comparison the Poisson’s ratios predicted using an alternative kinematic approach, in
which the derivation of the macroscopic stiffness tensor is driven by specifying the inter-granular displacement
vector as a projection of macroscale strain tensor and utilizing the Helmholtz energy. A brief discussion of the
kinematic approach is presented in Appendix.

The closed-form solutions for Young’smodulus,E, and Poisson’s ratio, ν, using least squares and kinematic
approach have been presented previously by Chang and coworkers as well as others [15,54] and are shown
here for reference:

E = 5l2ρc

3

knks
2kn + 3ks

and ν = kn − ks
2kn + 3ks

(Least squares), (28a)

E = l2ρc

3

kn(2kn + 3ks)

4kn + ks
and ν = kn − ks

4kn + ks
(Kinematic). (28b)

For the positive values of grain–pair stiffness coefficients, the Poisson ratio is predicted in the range of −1/3
to 1/2 for least squares approach and−1.0 to 1/4 for the kinematic approach. From a practical viewpoint, these
ranges of Poisson’s ratio are valid for many engineering materials. It is also noteworthy that from the viewpoint
of positive semi-definiteness of macroscale deformation energy, negative grain–pair stiffness could be admis-
sible. In this case, the whole thermodynamically admissible range of Poisson’s ratio (from −1.0 to 0.5) can
be modeled with both approaches. At the inter-granular scales, the negative stiffness represents certain mech-
anisms that are manifested due to the immediate and extended neighborhood. For the least squares approach,
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Fig. 2 Variation of the two Poisson ratios of transversely isotropic materials with changing (sections a1 and b1) βs while
βt = a20 = a40 = 0.5; (sections a2 and b2) βt while βs = a20 = a40 = 0.5; (sections a3 and b3) a20 while βs = βt = a40 = 0.5;
(sections a4 and b4) a40 while βs = βt = a40 = 0.5

the normal stiffness must take negative values (up to −2ks/3 for ν = −1). The negative normal stiffness for
these highly auxetic materials connotes severe dilation attributable to grain–pair as the grain neighborhood
experiences shear. For the kinematic approach, the shear stiffness must take negative values (up to −2kn/3 for
ν = 0.5). In this case, the negative shear stiffness for these materials approaching incompressibility implies
shear softening attributable to grain–pair as the grain neighborhood experiences compression or extension.
We have noted earlier that the inter-granular stiffness coefficients model the effects of immediate neighbors as
well as the extended granular microstructure. Such a view is in contrast to the past derivations of these expres-
sions, including expressions for anisotropic materials, in which the inter-granular stiffness coefficients were
restrictively taken to represent the stiffness of two isolated grains interacting with each other. Furthermore, the
grain–pair behavior can potentially be treated using a volumetric–deviatoric split of normal displacement as in
the kinematic constrained microplane model [25]. Such split provides an alternative way to model the thermo-
dynamically admissible range of Poisson’s ratio. However, it leads to two different normal stiffness coefficients
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(volumetric and deviatoric) in the case of the kinematic approach. Similar volumetric–deviatoric split of shear
displacement will likely result in two different shear stiffness in the case of the least squares approach.

6 Elastic wave velocity and effects of model parameters

The velocity of elastic waves propagating within granular and porous media and the effects of material prop-
erties thereon has been studied extensively using experimental approaches [61–63] and numerical techniques
[64–66]. In this paper, the elastic wave propagation velocity is discussed with the view to show change of
material macroscopic behavior resulting from changing microscopic parameters. The velocity surfaces that
represent the velocity of waves propagating in different directions through the material have been calculated
by varying the microscale parameters. These surfaces are composed of three sheets, one quasi-longitudinal
(P) and two quasi-shear waves (S1 and S2) [67]. The wave velocities in the material are obtained from the
Christoffel equation

det (Γik − Gδik) = 0, (29)

where Γik is the Christoffel matrix which is derived by contracting the stiffness tensor with the unit normal
vector twice given as Ci jkln j nl . From Eq. (29), it is clear that G is the eigenvalue of the Christoffel matrix
and represents phase velocity. By solving the above equation, three eigenvalues of the Christoffel matrix and
their corresponding eigenvectors are derived. The biggest eigenvalue belongs to the quasi-longitudinal wave
and the two others belong to the shear waves, one being pure shear and the other quasi-shear wave. For each
case, the value of wave velocity can be derived as Γi j gi g j where g is the corresponding eigenvector [68].

For illustration in this paper, we have calculated the velocity surfaces for transversely isotropic materials
for a range of microscale parameters. It is recalled that for transversely isotropic materials, five microscale
parameters are used, namely kn , ks , kt , a20, and a40. In Figs. 3, 4, 5 and 6, sections of velocity surfaces
with coordinate planes showing the change of elastic wave velocities resulting from varying the values of
βs = ks/kn , βt = kt/kn , a20, and a40, respectively, are presented. For comparison, the wave velocities have
been normalized by kn . In all these figures, sections a, b, and c represent sections of the velocity surfaces (P,
S1, and S2 waves, respectively) with 12 plane, while sections d, e, and f represent sections of the same surfaces
with the 23 plane. It is noted that since the axis 1 is the axis of rotational symmetry, material behavior in all
directions inside the plane whose normal vector is axis 1 is identical. Thus, sections of velocity surface only
with 12 plane and 23 plane are provided and section of the surface with 31 plane will be exactly same as that
with 12 plane.We also note that, because of this rotational symmetry, the velocity surface section with 23 plane
will be always a circle regardless of the values of fabric parameters (a20 and a40) and ratios of inter-granular
stiffness coefficients.

Sections a–f represent results calculated using the kinematic approach, while sections a’–f’ show the same
results from the least squares approach. It is evident that using same the set of microscale stiffness, the wave
velocity computed based on the least squares approach is smaller than that of the kinematic approach. However,
the trend of change of velocities resulting from change of microscopic properties is generally similar between
the two methods. The exception is seen for the quasi-shear wave, in which discrepancies in the shape of the
wave velocity profile derived from the two different methods can be observed. These differences in the results
of the two approaches are due to the fact that the two methods use different approaches to link microscale and
macroscale kinematic measures, force/stress measures, and material properties. Thus, the efficacy of the two
approaches to represent different types of granular solids could be judged by a systematic variation of their
average microscale parameters.

From Figs. 3 and 4, we can observe that the tangential stiffness ks appears to affect the longitudinal velocity
more in the 1-direction, while the stiffness kt primarily influences the behavior in the 23 plane as seen from
comparison of Figs. 3a (3a’) with 4a (4a’). It is also interesting to see that the tangential stiffness kt significantly
affects the shape of the quasi-shear wave velocity surface as seen in Figs. 3c (3c’) and 4c (4c’). The directional
density parameters a20 and a40 also have a significant influence upon the shape of the velocity surfaces in the
12 plane. Thus, by changing the microscale parameters (stiffness and directional density parameters) a wide
range of transverse anisotropic behavior can be modeled. Similar anisotropy descriptions can be obtained for
materials with other types of inherent anisotropies.
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Fig. 3 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity surface with 12 plane (graphs
a–c, respectively) and with 23 plane (graphs d–f, respectively) while changing ratio of βs = 0.1 ∼ 0.9 with a20 = a40 = 2.0,
βt = 0.5. Arrows represent the direction of variation of the surface while increasing βs . For visualization purposes, the values of
wave velocities are reduced by 0.025. Calculations are done with kinematic approach (a–f) and static approach (a’–f’)
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Fig. 4 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity surface with 12 plane (graphs
a–c, respectively) and with 23 plane (graphs d–f, respectively) while changing ratio of βt = 0.1 ∼ 0.9 with a20 = a40 = 2.0,
βs = 0.5. Arrows represent the direction of variation of the surface while increasing βt . For visualization purposes, the values of
wave velocities are reduced by 0.025. Calculations are done with kinematic approach (a–f) and static approach (a’–f’)



Granular micromechanics model of anisotropic elasticity derived from Gibbs potential 1407

Fig. 5 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity surface with 12 plane (graphs
a–c, respectively) and with 23 plane (graphs d–f, respectively) while changing ratio of a20 = −0.5 ∼ 2.0 with a40 = 2.0, βs =
βt = 0.5. Arrows represent the direction of variation of the surface while increasing a20. For visualization purposes, the values
of wave velocities are reduced by 0.025. Calculations are done with kinematic approach (a–f) and static approach (a’–f’)
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Fig. 6 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity surface with 12 plane (graphs
a–c, respectively) and with 23 plane (graphs d–f, respectively) while changing ratio of a40 = −0.5 ∼ 2.0 with a20 = 2.0,
βs = βt = 0.5. Arrows represent the direction of variation of the surface while increasing a40. For visualization purposes, the
values of wave velocities are reduced by 0.025. Calculations are done with kinematic approach (a–f) and static approach (a’–f’)
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Fig. 7 3D representation of variation of the universal anisotropy index with changing the values of a20 and a40 while keeping
βs = βt = 0.5

7 Anisotropy index and effects of model parameters

Materials’ elastic anisotropy plays a key role in manymechanical properties. In addition to the elastic behavior,
which is obviously affected by anisotropy, other mechanical–physical properties that are affected by elastic
anisotropy include, but are not limited to, phase transformations, dislocation dynamics, anisotropic plastic
deformation, mechanical yield points, crack behavior, elastic instability, and internal friction [69]. To quantify
the measure of anisotropy, a number of scalar measures have been proposed over the years [69–71], but they
all have their limitations. Recently, a more general quantitative measure of the degree of anisotropy termed as
the universal anisotropy index has been introduced [42], defined as

AU = 5
GV

GR + KV

KR − 6 ≥ 0. (30)

In Eq. (30), the superscripts V and R represent the Voigt and Reuss estimates of the shear, G, and, bulk,
K , moduli respectively. The anisotropy index takes the value of 0 for isotropic materials and positive values
for anisotropic materials. In order to calculate this index for anisotropic materials, first the compliance and
stiffness matrices for the material are derived. Then, by rotating the material in all generic directions in space
and averaging the compliance and stiffness matrices for all directions their corresponding isotropic matrices
are calculated. The Voigt estimate of the shear and bulk moduli (GV and KV) of the material is found using
the isotropic stiffness tensor, while the Reuss estimate (GR and KR) is found from the compliance matrix.
Figure 7 shows the variation of the anisotropy index for different transversely isotropic materials with changing
the values of a20 and a40 while keeping βs = βt = 0.5. It is seen that the effects of a20 are much larger than
those of a40. This is reasonable considering the fact that a20 is the coefficient of the first term in the expansion
and the higher-order terms have diminishing effects on the anisotropy of the material. The range of values of
AU calculated using the results of this model span those of measure hexagonal crystals reported in [42]. It is
important to note that this quantitative measure of anisotropy is inherently independent of the material elastic
symmetries. Using this measure, it is possible to have a transversely isotropic material with an anisotropy
index higher than that of an orthotropic material (as seen in [42] Fig. 2). So the anisotropy index just provides
a quantitative measure to evaluate the severity of anisotropic behavior and not the type or degree of anisotropy,
which is determined by the presence (or lack) of elastic symmetries.

8 Conclusion

A method for modeling materials with different levels of anisotropy using a Gibbs potential-based granular
micromechanics approach has been developed. From the viewpoint of the granular micromechanics approach,
the overall classical Gibbs potential of a material point is defined as the volume average of the grain–pair
deformation energy, which is taken as a function of the inter-granular forces. In the first-order theory developed
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here, (1) the inter-granular forces are related to the Cauchy stress tensor using a modified static constraint that
incorporates directional distribution of the grain–pair interactions, and (2) the relationship between inter-
granular displacement and the macroscale strain tensor is obtained by considering the conjugate relationship
of strain and Cauchy stress. The constitutive relation is then established by using inter-granular stiffness
coefficients defined on the basis of the conjugate relationship of inter-granular displacement and forces. The
clear implication of the inter-granular stiffness coefficients introduced in this manner is that they are different
from that of the isolated grain–pair and model the behavior of a grain–pair embedded in a granular material
and represent the effect of immediate neighbors as well as the extended microstructure. They function as
parameters that need to be determined as back-calculations from macroscale measurements and not through
direct measurements of two isolated grains as in contact mechanics. Further, to establish an integral form for
the compliance tensor, two distinct directional density distribution functions are defined; one related to the
average directional distribution of number, length, and stiffness/compliance of grain–pair interactions and the
other related to average directional distribution of number and length of grain–pair interactions.

Subsequently, for ensuring that the model is capable of reproducing different levels of anisotropy, the
distribution density function is parameterized using spherical harmonics expansion with carefully selected
terms. It is shown that using the density distribution function with 18 parameters is sufficient for modeling a
completely anisotropic material. These 18 directional density parameters along with the three inter-granular
stiffness coefficients make a total of 21 independent microscale constants and will result in 21 mutually
independent, nonzero components of a 6 × 6 stiffness matrix.

Different levels of anisotropy in materials arise from planes of elastic symmetry and/or axes of rotational
symmetry. In the present paper, the density distribution function is systematically modified for modeling
materials with only 1 plane of elastic symmetry, orthotropic materials, and transversely isotropic materials. In
all these cases, the derived stiffness matrices are consistent with the symmetry requirements of that particular
material. For each anisotropy level, the number of micromechanical parameters is equal to the number of
independent constants in the stiffness tensor of that particular anisotropy level. As a measure to demonstrate
the effects of change of micromechanical properties included in the model to the macroscopic behavior of
the material, the elastic wave propagation velocity through a transversely isotropic material is discussed. The
variation of the wave velocity with changing microscopic properties is shown. The results are also compared
with those obtained from the method using the kinematic assumption. It is found that the velocity of surface
quasi-shear waves can show different trends for the two methods, suggesting that wave propagation can be
applied to evaluate the efficacy of the two approaches to represent different types of granular solids.
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Appendix: Least squares approximation

We consider the deviation of the grain–pair relative displacement vector, δi , from the projection of the macro-
scopic strain tensor on the vector joining the grain–pair centroid given as εi j l j , and define an error parameter,
Ri , as follows:

Ri =
N∑

α=1

Rα
i =

N∑

α=1

εi j l
α
j − δα

i , (31)

where the summation is over all the contacts in an RVE. The objective is to minimize the square of the error
Ri , which gives

∂(Ri Ri )

∂εmn
=

N∑

α=1

2Rα
i

∂

∂εmn

(
εi j l

α
j − δα

i

)
=

N∑

α=1

2Rα
ml

α
n = 0. (32)

As a result, the following relationship is obtained between the macroscopic strain tensor and the grain–pair
relative displacement vectors:

εmp =
(

N∑

α=1

lαpl
α
n

)−1 N∑

α=1

δα
ml

α
n , (33)

which turns out to be identical to Eq. (6). Using Eq. (33) alongwith the principle of virtual work by equating the
virtual work expressed in terms of the macroscopic strain and stress and the grain–pair relative displacement
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and force, and assuming linear independence or term-by-term equation of virtual work, the grain pair force
can be found as given in Eq. (4) (see for more details [28,37,54]).

Appendix: Kinematic approach

An alternative approach in the granular micromechanics is the method with kinematic constraint [72], in which
the inter-granular displacement vector is derived directly by projecting the global strain tensor on the direction
of the line joining the centroids of the two neighbor grains. Conjugate to these displacement measures, inter-
granular force measures are defined and the relationship between these force and displacement measures are
defined using inter-granular stiffness coefficients. Further, the macroscale Helmholtz free energy is obtained
as the volume average of grain–pair interaction energies. The macroscopic Cauchy stress is thus defined as the
work conjugate of the strain tensor and derived as the derivative of the macroscopic Helmholtz free energy
with respect to strain. As a result, material macroscopic stiffness tensor is obtained as follows:

Ci jkl = ρc
∫

�

Kikl j llξ (θ, φ)d� = l2ρc

π∫

θ=0

2π∫

φ=0

(
Kikn jnlξ (θ, φ)

)
sin θdφdθ, (34)

where Kik is the inter-granular stiffness matrix and ξ(θ, φ) is the directional density distribution function. For
modeling materials with different levels of anisotropy using this method, the same procedure used in least
squares approach can be applied. In the most general case and for modeling completely anisotropic materials,
the method uses three independent inter-granular stiffness coefficients, one for normal direction and two for
two tangential directions. Further, the directional density distribution function used in the kinematic approach
is defined in the same manner as that used for least squares approach.
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