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Abstract The physical variational principle (PVP) is a physical principle which is implied in the thermody-
namic laws. For a conservative system, the PVP is implied in the first thermodynamic law and gives the motion
equation. But for a dissipative system, PVP is implied in the extended Gibbs equation, which is the result of
the first and second thermodynamic laws. The precision of the PVP in a dissipative system is in the same order
of the Gibbs equation. The dissipative work and its converted internal irreversible heat are simultaneously
included in the PVP to get the governing equation and the boundary condition of the dissipated variables.
The “generalized motion equations” including governing equations of the mechanical momentum and ther-
moelastic, thermal viscoelastic, thermal elastoplastic, linear thermoelastic diffusive and linear electromagnetic
thermoelastic materials etc. can be derived by the PVP of dissipative media in this paper. The conservative
system is the special case of the dissipative system. Other than the mathematical variational principle, which
is obtained by a known governing equation, the PVP is used to deduce the governing equation. The PVPs
including the hyperbolic temperature wave equation with a finite phase speed are also discussed shortly.

1 Introduction

As a branch of mathematics, the variational method is much studied and has strict mathematical theory and is
extensively used in physics and engineering [1,2]. The mathematical variational principle is got by a known
governing equation and is applied as a mathematical method. However, the physical variational principle
(PVP), which is a result of thermodynamics, is studied rarely. In the theory of elasticity, the potential energy
principle points out that in all allowable displacements the true displacement makes the total potential energy
minimum, where the total potential energy is equal to the strain energy minus the external work, but it is not
always connected with the first thermodynamic law. In fact, the potential energy principle is a special case of
the PVP.
In the thermodynamic process of a closed system, the first law is

dU = dW +dQ &)

where U is the internal energy of the system, W is the work done by the external force, Q is the heat absorbed
from the external heat source. The author pointed out that [3—11] from the first thermodynamic law we can
assume a PVP for the conservative system:

SU =8W + 8Q, or 8IT =8U —8W —8Q =0 )

where § is a variation symbol. Equation (2) shows that in all stable processes for all allowable displacements, /7
takes extremum, and its rationality will be proved by that the correct governing equations can be derived from
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this principle for various materials and processes. The postulation of Eq. (2) is rational and can be considered
that it is implied by the first thermodynamic law. The virtual work rate principle in elasticity can be considered
as a special case of Eq. (2). If we reverse the derivation procedure from the various correct governing equations,
we can get the unified PVP. However, itis not needed because we consider that the PVP is a universal principle in
continuum mechanics. The energy principle discusses the real process varied with time, but the PVP compares
the different paths in a same time. It is obvious that Eq. (2) is held for the true displacements due to the first
thermodynamic law. Therefore Eq. (2) cannot be held for all other allowable displacements except at a branch
point on the moving path, but the branch point should be discussed by stability or other theories. When the
external force is not related to the deformation of a material, the explicit expression of the constitutive equation
is not needed in PVP expressed by Eq. (2), so it is universal for all materials. However when the external force
is related to the deformation of a material, the explicit expression of the energy or the constitutive equation
is needed for PVP, such as in electrostrictive and magnetostrictive media where the electromagnetic force is
related to the structure and deformation of a material. For the electrostrictive material without dissipation, the
PVP is shown in literatures [3—11]. In this case, the PVP is for a given kind of material and not universal for
all materials. In this paper, we do not discuss the case where the external force is related to the deformation,
but for the dissipative media it will be discussed elsewhere.

Equation (2) is successfully applied to conservative systems. From Eq. (2), the momentum equation can
be derived for all the conservative systems. Some variational principles for the dissipative system had been
discussed in previous papers [12—14], but these variational principles were deduced from known governing
equations. In this paper, we show that the physical foundation of the PVP for the dissipative media, such as
media with heat conduction, electric current, diffusion and chemical reaction, is the extended Gibbs equation
and gives a general theory of the PVP in dissipative media. From the PVP in dissipative media, all the governing
equations and the boundary conditions of the reversible and irreversible variables, such as the displacement,
temperature, electric potential, chemical potential, can be obtained. These governing equations may be called
the “general motion equations”. It is noted that the constitutive equations of the reversible variables and
evolution equations between irreversible variables cannot directly be got from the PVP, and these relations
should be obtained by experiments and thermodynamics.

In order to emphasize the physical feature, in this paper we only discuss the small deformation. The finite
deformation case can be discussed straightforwardly, but its mathematical formulas are more complex. The
PVP including the inertial entropy concept are also discussed in this paper shortly.

2 The PVP in thermoelastic media

2.1 Extended Gibbs equation

For the dissipative media, we prefer the following extended Gibbs equation to the usual one:
d/ udV =do®¥ +dw®, do" =do+d0®, dw") =dw — dn,
1%
d/ gdV =d0® +dw®, d0® =dQ+d0", aw® =dw — dh (3)
1%

where dQ) = | v Tds is the total heat rate absorbed by the medium, which includes the heat rate dQ supplied
by the environment and the dissipative heat rate dQ") = J v T'ds (@) produced in the internal irreversible process;
do® = — fv sdT is the total complement heat rate, which includes the complement heat rate dQ and the
complement dissipative heat rate dQ¥) = — | v s@OdT; dW") is the reversible part of the external work rate,
which is equal to the external work rate dW minus the irreversible work rate dz. dQ¥) is converted from dh
and they are the same in value, but different in the energy form. A similar explanation is for dW® dQ® and
dh. Similar to Egs. (1) and (2), from Eq. (3) we can propose the PVP for dissipative media as:

8H=8/udV—5Q(’)—8W(’)=O, 800 =850 +807, swW" =sWw —sh,
\%4

5ﬁ=3/ng—5Q<’>—5W<’>=o, 800 =80 +80Y, sW" =sW — sh. 4)
\%
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Equation (4) is the footstone of the PVP for the dissipative media. Equation (4) may also be called the
“generalized virtual work rate principle”. For a conservative system § Q) = § Q% = 8h = 8h = 0, and in
this case the extended Gibbs equation is reduced to the exact energy equation.

It is noted that though the extended Gibbs equation and the usual Gibbs equation are the same substantially,
the former is clearer. The extended Gibbs equation expresses explicitly the total heat as the sum of the external
and internal irreversible heats, and the dissipative work is explicitly subtracted from the external work. Using
the usual Gibbs equation, the meaning of each term is often confused in it. If we use the usual Gibbs equation
in the above sense correctly, it is also appropriate.

Because the internal irreversible heat is enclosed in the total heat, from the variational equation we can get
the temperature equation including the internal irreversible heat.

Usually, the governing equations in thermoelasticity are in the form of stress and temperature, so using the
free energy is more convenient. In the later sections, we mainly discuss 817.

Equation (4) is a rational proposition, we can get a correct governing equation by using this method.
Contrarily, if we reverse the derivation procedure from the various correct governing equations we can get the
same Eq. (4). If the current governing equation is not fully correct, we can not get the PVP from this incorrect
governing equation, so the PVP can also be used to check the current governing equation. We can say that
the conservation of mass, balance of energy and PVP (or the principle of energy stationary value) are three
fundamental natural rules. One can also say that the PVP is implied in the thermodynamic laws. Because the
extended Gibbs equation is in the precision of the first order, the equation describing the dissipative process
in the generalized motion equation is in the precision of first order also, but the equation describing the
nondissipative process is fully exact.

2.2 The entropy in a thermoelastic system

All the irreversible work converts to dissipative heat, so the heat has the central role in irreversible thermody-
namics. Due to this reason, the discussion of PVP in the dissipative media will begin from the thermoelastic
system. In the classical irreversible thermodynamics [15—-17] for a thermoelastic system, the entropy density
s is divided into the reversible part s and the irreversible part s@, i.e.,

Ts=7i—gqii, §=357+59,
t

75" = —Thii=F—qii+0Ti, 1=q/T, n=/ (q/T)dr,
0

To =T =T5—T5" = ~Tih =—(T:/T) (Ti) =0 (5)

where r is the internal heat source strength, T is the temperature, g is the heat flow vector per interface area
supplied by the environment, 7 is the entropy displacement vector, 7 is the entropy flow vector. In Eq. (5), a
dot over a variable means the differentiation with respect to time of that variable, i.e., ()’ = d()/dt, such as
D = dD/dt; a comma followed by index i in a subscript indicates partial differentiation with respect to x;,
such as u; ; = du;/dx;, and the summation rule applies for repeated indices.

Using the theory of the thermodynamics of irreversible processes (TIP), from To in Eq. (5) [15-17] we
can get the linear evolution equation, which is just Fourier’s law:

T =qi = —\; (T1/T) = —ha Ty,

t
M= Mo Ay =Thijs nj =_/0 A;T72T,dr (6.1)
where h = /T is the usual heat conductive coefficient. We can also consider that 7o in Eq. (5) gives a pair
of irreversible variables, but the evolution equation between them can be in a more general form:

Tni =qi = F(T;/T). (6.2)

The explicit expression of F'(T;/T) in Eq. (6.2) should be obtained by experiments and rational theories. How
to select a state variable is a very important problem [18]. If a state variable is selected well, the governing
equation may be simple and it is easy to solve. Though the state variables are selected by the experience and
some theories, such as the entropy production rate, a fundamental principle cannot be violable, i.e., the product
of the general force and displacement should have the energy dimension.

In the following sections, we mainly discuss the linear approximate evolution equation.
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2.3 PVP by using free energy

Under assumptions that the mechanical displacement # and the temperature ¥ = T — Ty, where Ty is the
reference temperature of the environment, satisfy their own boundary conditions, u; = u}, ¥ = 9¥* on a, and
ar, respectively. Based on Eq. (4), the PVP in the form of the free energy for the thermoelasticity under the
small deformation can be expressed as:

SH = /agdv—3Q<’> SWO =0,

§QW = — /319/ (+/T)drdV — /519/ (’)dth+/ 50/ f*drda,

SW® =/ (fk—piik)8ude+/ pi‘éukda—/ 8hdv,
\% dy \%

0g = Oij88ij —s80; Sh = —T,,'(Sn,' +4 (niT,i) = 77]‘319,]' @)

where o;; is the stress tensor, ¢;; = (ui,j + uj,i)/2 is the strain tensor; fi, p; and n* = 7fn; are the given
mechanical body force, surface traction and surface entropy flow rate, respectively. In Eq. (7), the variation §
is at current time ¢ and does not depend on the past time 7. It is noted that in the free energy the independent
variables are € and ¢, so we use the complement heat rate s§9 and the irreversible complement work rate

77,'819’1'.
In Eq. (7), we have
/8ng /a,jnj(Su ida — /o,”(Su dV — /séz?dV,
1%
/Sth /77]819 dV = /819 /n,drdV

Finishing the variational calculation, we get

SIT = / (oijnj — p;k)éuida —/ (Uij,j + fi — pii;)Su;dV
Ay 14

t t )
+/ (/ niden; — n*) 59da —/ |:s +/ (—T—‘r' i — s'<’>) dr] 59dV =0.  (8)
ag 0 %4 0

By using the relation 77; ; — Ts® = Tnj;+nT: = (Tn); = gi,; and the arbitrariness of du; and §7,
from Eq. (8) we get

0ijj + fi = pii; T§=F—gi;, inV;
oun = pg. onag; nini =1n% org,=gq,, ona,. )
The governing equations of thermoelasticity will consist of Eq. (9) and the following displacement and

temperature boundary conditions which are the prior condition of the PVP:

u=u*, ona; O=0%rT=T%, onar. (10)
For a dynamical problem, the initial conditions should also be added. From the above discussion, it is seen
that the governing equations for the thermoelastic media derived by the PVP are natural and simple. It is
also noted that in the thermoelastic problem the elastic process is nondissipative, so the momentum equation
in Eq. (9) is fully exact, but the heat equation is in the precision of first order because the heat process is a
dissipative process. In the literature [14], Benjeddou and Andrianarison gave a similar variational principle for
the thermoelastic media:

[/ [O’,'J'(SS,'J‘ + (pii; — f,')(su,']dV —/ T,-(Suida]
v a
+ [/ [%‘529,;' — (oS —7) Sﬁ]dV —/ ql-*niSﬁda] =0.
1% a

q
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This formula is similar to Eq. (8), but as in all present literatures, their variational formula is derived from the
known governing equations by a purely mathematical method. In our theory, the governing equation Eq. (9) is
derived by PVP, Eq. (7). In other words, the mathematical variational formulas are deduced from the known
governing equations, but the PVP is used to deduce the governing equations.

If we assume the explicit expression of g in the form

8w, ) = u — s = (1/2)Cijusijen — oijeij® — (1/2To)CH>
Cijxi = Cjii = Cijik = Cuiij, oij = ajjj (11)

where C, a and C are the elastic coefficient, stress—temperature coefficient and the specific heat at constant
deformation, respectively, the constitutive and evolution equations corresponding to Eq. (11) are, respectively:

ojj = 0g/0¢ij = Cijren — a;ijv, s = —dg/d¥ = ajje;j + C¥/ T,
ni =0h/30;, Tii=qi=—Ajd . (12)

The explicit motion and temperature equations are:

(Cijrier — aijﬁ)’j + fi = pii;,

T (aijeij + C9/To) =7+ (hijv;), inV. (13)
2.4 PVP by using internal energy
Under the assumption that the mechanical displacement u and the entropy density s satisfy their own boundary

conditions, u; = u}k, s = s on a, and ay, respectively. Based on Eq. (4), the PVP in the form of the internal
energy for the thermoelasticity under the small deformation can be expressed as:

S = / sudvV — 500 —sw =,
\%4

5Q(f>=/ T5(r‘/T)dV+/ T(Ss(i)dV—/ Tén*da,
\4 \4 a,

q

sw) =/ (fx — piix)durdV +/ piduida —/ shdv,
1% ag \%
Su = 0ijd¢eij + Tds; Sh=—T;8n;. (14)

In Eq. (14), we have

/8udV=/U,-jnj8u,-da—/ o,-j,jau,-dV—i-/ T(SSdV; /8th:—/ T’,'(Smdv.
\%4 a \%4 Vv \%4 \4

Finishing the variational calculation, we get
oI :/ (0ijnj — pf) Suida —/ (01j,j + fi — piij) Su;dV
2753 174

+/ Ts [s —G/T) —sD ﬂi,i] av —/ T8 (nini — %) da = 0. (15)
\4

dq

By using the arbitrariness of du;, we get the motion equation from Eq. (15). Due to T # 0, from Eq. (15)
s—(/T)— s 4 n;,; in V and n;n; — n* in a, must be zero, which is the entropy equation and its boundary
condition, but this method is not consistent with the usual variational method. It may be of interest to investigate
this problem.
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3 The PVP in thermal viscoelastic media

In a linear thermal viscoelastic material, the irreversible heat consists of two parts: One is produced by the
heat conduction, and the other is produced by the viscous effect.
In a linear thermal viscoelastic material, the entropy equation (5) is changed to [17]

Ti=i+08ji —qii §=350 4+ 150 =i —Th,,

To =150 =1 (5 =§0) = Ti =i + Tigs = 0 éji = Tini = 0,

. . 13
8h =0 8eji + ;00 j = 0 8e i + (/0 ﬁjdr) 59, (16)

where ol.(;) is the irreversible part of the stress o;;. It is usually considered that the average stress an%/ 3is
reversible, only the deviator part o’ l(j) = al.(;) — 0,5,",2,51- /3 of al.(;) is irreversible, so in this case the viscous
dissipative work rate ol.(;)é ji in Eq. (16) will be given instead by a’,fj)é;j, &, = &ij — Emm®ij /3, which will be
converted to irreversible heat. From Eq. (16), we get the linear evolution equation by the theory of TIP as
Uk(f) = Bijuéij — kiki0,i, T = —Aij0,j — Kikiéri (17)

where 8, k and y are the coefficient tensors. In an isotropic material, the Curie principle shows that there is
no coupling between tensors with different rank, so in Eq. (17) k = 0.
The PVP is still expressed by Eq. (7), but §®) and & are changed to Egs. (16), i.e.,

8 = / 8gdV — 80V —sw\) =0,
|4

t t t
QW =_/ 319/ (r'/T)dth—/ 59/ &mdrdV—i—/ w/ n*drda,
\%4 0 \%4 0 a 0

q
sw® =/ (fk—piik)Sude—i-/ p;;aukda—/ Shdv,
\% a \%4

3g = al.(jr)88,~j —580; Sh= ai(;)SBji +n;dv ;,

oij =0 +oi. ol =dg/de (18)

(r

ij ) is the reversible part of the stress o;;. Finishing the variational calculation, we get

where o

81T :/ (oijnj — p)du;da —/ (0ij,j + fi — pii;)éu;dV
Ay \4

t t )
—/ [/ ﬁi”jdf_n*}aﬂda—/ [s+/ [—T_1f+ﬁjj—§(l)]dr]SﬁdV:O. (19)
a, LJO v 0 '

From Eq. (19), we get

)

oijj + fi=pii; Ts=7—q,; —|-ol.(; &j; in the medium,

L -1 . .
oun = py, on ag; Ny =-—T Xij9;, nini=n%, or g, =gq,, on a, (20)
For an isotropic incompressible viscous fluid, x = 0, let al.(j’) = —pdij, o/fj.) = 2uéij, &j = 8[1 due to
emm = 0, where p and u are the pressure and viscosity coefficient; we get the theory of the thermal viscous
Newtonian fluid, i.e.,
—p.i +wiijj+ fi = piii; TS =7 —qi;i + péijéji inV.

A similar work in the thermal viscous fluid can also be seen in Bejan’s work [19].
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If we assume the explicit expression of g is still Eq. (11), we get

(r) = 0dg/0¢ij = Cijuen — a;jv, s=—0g/00 =a;je;; +Cv/ Ty,

oij = U(V) + U(l) = Cijxiexl — ijO + Bijkiek — Kijk D k- (21)
The explicit motion and temperature equations are:

(Cijrigi — @ij® + Bijuéij — Kiklﬁ,i)’j + fi = piii,
T (eijeij + CO/To) =7+ (hijd; + Kkljélj)’i + (Bijiij — kiki¥.i) €ji- (22)

For a more complicated thermo-viscoelastic integral constitutive equation, we can discuss in the same way.

4 The PVP in a thermal elastoplastic material under small deformation

In the usual elastoplastical theory [17,20], according to the type of the constitutive equation, we should
distinguish two regions: in region Vj including the elastic region, elastoplastic region at the unloading or neutral
state, the constitutive equation is the elastic one; and in the elastoplastic loading region V3, the constitutive
equation is the elastoplastic one. The loading and unloading regions are determined by the loading criterion
[17,20]. In V;,, part of the plastic deformation can transform to heat. The entropy equation Eq. (3) is changed
to

Ts_r+(r,j —qiiy §=50 4359, 150 =7 — Ty,
To:T(s'—s'<’>)=T§—r'+Tn,,_a,J 0~ Ty = 0 inVa,

Ts =i —qii; §=87 450 75O =¢—Tp;,
To:T(s—s<’>)=T§—r‘+Tﬁ,-,,»:—T,,»ﬁ,»zo; in Vs (23)

(e) + 8(17) (e) (p)

s &)
that the plastlc work is fully changed to irreversible heat. From Eq. (23), it is known that o;;, sl(p ) and T:, ni
are two pairs of irreversible variables definitely, but their evolution equation cannot be obtained by the classical
theory of TIP; it should be determined by experiments and rational theories [17,20].

On the interface of V| and V», the connective conditions should be satisfied, i.e.,

where g;; = & and g;; are the elastic and plastic strain, respectively. For simplicity, it is assumed

o — 0(2)’ 1(1) (2) TO =73@

4 y on interface ajn (24)

where 0(]1) (1 T(l) and a 2) (2) T(z) are the stress, displacement and temperature in V| and V5, respec-
tively. Because the constltutlve equatlons in Vi and V; are different, the PVP should be divided into two parts.
Under the conditions that the boundary and interface conditions of u and 7 on a,, ar and aj,; are satisfied
prior, the PVP for the thermal elastoplastic field can be expressed as

SH — Z (/ 5¢dv — Q(t)(j)_(gﬁ/(f)(j))zo’
j_

) t t t
§QWW) = —/ 81‘)/ (r'/T)dth—/ 519/ s‘<’>drdv+/ 519/ n*drda,
V; 0 V; 0 agj 0

(SW(r)(j) — (fx — plig)durdV +/ pZSukda —/ 5f~ljdV,
Vj Agj Vj

8gV) = Uk15<9(j) sPs9® v = v+, ag = aq1 +aq2, G = ds| + ag2,
8hy =0, 8hy = 0] (25)
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Because Eq. (24) is assumed, the integral on the interface is eliminated, so

2 1 t
> / p,fSukda—i-/ 519/ f;*drda:/ p;jaukda+/ 319/ f*drda.
j=1 agj+ai ag ~+ajI"‘ 0 ay aq 0

]

The above result has been used in Eq. (25). Finishing the variational calculation, finally we get

ojj,j + fi = pii;, inV; oyn = p;, onag,

szr'—q,-’,'—i-a,-jél.(;’) inVy; Ts=7r—gqi; inVi; g, =gq,, on a,. (26)

For an isotropic hardening material with associated flow rule under small deformation, the constitutive
equations are discussed in many textbooks, such as in [17,20],

6=26(é+——ipnh) —(@T). inVi: 6=2G(8+——%,.I—3ic"). inV,
1—2v 1—2v
. " &—JhL3kT/G - . 9 9
=2 23KT)G e Ty T — A e, =% =%
6> (1+ H/3G) de oT
3 ) _ 1 v
02:50/:0/=3J2, o =0 —ounla, A 1=%(14— 1+v12 ®12) (27)

where oy is the yielding stress, H is the tangential modulus in a uniaxial tension, G is the shear modulus, v is
Poisson’s ratio, and I, and I4 are the unit tensors of second order and fourth order, respectively.

Yang et al. [21] give a variational principle in a dissipative material by using the thermodynamics with the
internal variable theory under finite deformation. TIP (The thermodynamics of irreversible processes) and the
internal variable theory are two important theories in irreversible thermodynamics. As we know, in mechanics
there are two types of governing equations: One is the universal for all materials, and the other is special for a
special material. In TIP, the Gibbs equation is a universal principle in the first-order precision, and the difficult
evolution equation is put in the entropy production rate equation. PVP is based on the extended Gibbs equation,
so it is also a universal principle in the first-order precision, if the external force is free of the deformation.
If a variational principle includes the constitutive and evolution equations, the variational principle cannot
be a universal physical principle, but a variational principle of a kind of material, though it is valuable in
engineering. We can also use some mathematical methods [1,17] to get the generalized physical variational
principle including the constitutive and evolution equations from PVP.

5 The PVP in a linear thermoelastic diffusive material

5.1 Fick’s laws [22]

Firstlaw J=—D'Ve, J=pw=p0 —v), (28.1)
Modified Fick’s firstlaw J = —DVpu, (28.2)
Second law ¢ =dc/dt = -V - J=—J;; (28.3)
where ¢ = —J;; is the mass conservation equation, p is the density; c is the concentration (kg/m3); W is the

chemical potential, J is the diffusion mass flux of the diffusing material (kg/ (m2 . s)), w =V —vis the diffuse
velocity, v is the centroid velocity of an element (consisting of matrix and diffusing material), and v’ is the
velocity of the diffusing material. When we use J/ = —DV pu in Eq. (28.2), Eq. (28.2) can apply to downbhill
and uphill diffusions, but J = — D’V ¢ in Eq. (28.1) only appropriate for the downhill diffusion.
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5.2 Momentum and energy equations for a linear thermoelastic diffusive material
The momentum equation, which can be found in all textbooks of continuum mechanics, is [17,23]
V.o+f=pv. 29)

The thermoelastic diffusive problem is an open system, so the energy conservation equation is:
dU =dW +dQ + do, d(b:—/,uJ-nda (30)
a

where d@ is the energy rate introduced by the mass conversion through the boundary.
Applying the Gauss theorem and the momentum equation, from Eq. (30) we get the local energy conser-
vation equation:

i=0:64+F—V.-qg—V-l. 31)

In some literatures, e.g., [24], there is no term V - (1J) in the local energy conservation equation. In this paper,
we shall use the energy equation Eq. (31) to give the appropriate PVP and derive the governing equations.

5.3 The Gibbs equation and the entropy production rate
The Gibbs equation is [15]:
u=o0:6+Ts+ uc. (32)
Substituting the energy equation (31) into the Gibbs equation (32), we get the entropy equation:
Ts=r—V-q—V-(u))—puéc=7r—-V-q—Vu-J,
Ts=T (s'(’) +o—), $O =i/ T -V - (q/T),

To =T (5=3") = —q- (VT/T) = Vi - J = Ty - i J=§. (33)

Equation (33) shows that a part of the external heat is stored in the system, and the other part is dissipated by the
heat conduction. However, the diffuse process is fully dissipative. The dissipative heat 7o has the dimension of
energy. So we prefer To to o. According to TIP, (g, VT/T) and (V u, J) are two pairs of conjugate variables.
So we have the following evolution equations:

Ti=q=—A-(VT/T)=L-Vp, &=J=—L-(VT/T)=D-Vp,

Ti; = —hij0j — Lijuj. & =—Lij (9;/T) — Dij ;.

Aij =Aji. Lij = Lji. Dij = Dji. hij = hsj/ T (34)
where A = AT, L, D are material constants. Equations (33) and (34) modify the entropy and evolution equations

adopted in some previous literatures.

5.4 PVP in thermoelastic diffusive theory

Under the assumption that the mechanical displacement u, the temperature ¥ and the chemical potential 1
satisfy their own boundary conditions, u = u*, ¢ = ¢* and u = p* on ay, ar and ay, respectively. When the
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variation of temperature is not large, the PVP for the thermoelastic diffusive problem is

81T = /(Sng 80" — 5 —sW" =0,

§01 = — /w/ AT~ drdV — /w/ (l)drdV+/ 519/ i*drda,
5¢3=/ (m/ £*drda,
ag 0

SW = / (fi — piip)durdV + / pidurda — / shdV.,
\%4 Ay 1%
8g = O'ijggij — 560 — céu,
Sh=—T;8n; — pi8& + 8 (Timi) + 8(ni&) = 080, + &8 ;. (35)

In Egs. (35), fx. py n* =nn; and £ = éi*n,- are given values, and 8@ is the complement diffusion energy.
Using the following relations:

/Sgdvz/aijanMida—/ a,-j,jSuidV—/ S(Sl?dV—/ cSudV,

Vv a \%4 |4 Vv

/8EdV=/ (nj(sl?’j—i-éfjfgu,j) dVZ/(njnj(Sﬁ +r§jnj5u)da—/ (nj,j50+§j,j5ﬂ) dV (36)
\%4 \% a \%

finishing the variational calculation, we get

SIT = / (oijnj — p; MYou;da — /(o,” + fi — piij)éu;dV — /sSz?dV /C(S,udV

/519/ FT™ ldrdV—i-/Sz?/ §sOdrdy — / 319/ *drda—/ (m/ £*drda
+/(njnj5ﬁ+s,-nj5u)da—/v(nj,j30+gj,j5u)dv
a

=/ (oijnj — p})Su;ida — / (0ij,j + fi — piij)ou;dV
Ay \%

t
—/ <s+/ (—Tlr'+f7j,j—s'<’))dr]wdv
\% 0

- /V (c+&;j)ducdV + / (njnj —n*) 80da +/ (&jnj — &%) dpda = 0. (37)

q ]

By using
T iy =0 = =T (= Ty — T — ki) = =T [F — g5 — widi]
and the arbitrariness of du, §0 and d 1, from Eq. (37) we get

okl + fx = plix, inV;  oxn; = pi, ondas (38)

t 1
// samv:// T (F —qj; — w.i&i)dedv,
v Jo v Jo o
t t .
// c'drdV:—// &;,;dtdV in 'V,
v.Jo v.Jo

njnj=n", org,=gq, onag,
Ein; =& orlJ,=J onag. (39)

and
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The first two formulas in Eq. (39) can be rewritten as
Ts =7 —gqj;—wibi; ¢=-=j; or
Ts+uc=r—gqjj—wi&i —p&jj=r—qjj—(Ji);; inV. (40)

The last equation in Eq. (40) is just the same as that in Eq. (33).
The above variational principle requests prior that the u, ¢ and p satisfy their own boundary conditions,
so in the governing equations the following equations should also be added:

u=u*, ong,; ¥=0% onar; w=pn*, ona,. (41)

Equations (38)—(41) are the governing equations of the generalized thermal diffusion theory.

5.5 Governing equations of the temperature and chemical potential

In irreversible thermodynamics, the Gibbs free energy g can be selected as
1 1 » 1.,
g (ert, O, ) = zCijugjicie — aij&ijt — = CO° — —bu” — bjje;ju — au (42)
2 2To 2
where a, b, b;; are also material constants. The constitutive equations are:
oij = 08/0¢ij = Cijkicr — &ij ¥ — biju,
s =—0g/00 = ajjeij + Cv/Top+ap,c = —0g/0u = bu + bjje;j + av. 43)

Substituting Eqgs. (34) and (43) into Eq. (33) and Second Fick’s law Eq. (28.3), we get the temperature and
chemical potential equations:

T (aijeij + CO/To+an) =7+ (A9, + Lij,Uv,j),i + i (LT, + Dij i),
(pr —I—b,'jé‘,'j —i—al?). = (L,'jT_lﬂ’j + D,‘j M*j),i; inV. 44)

If there is no coupling in ¢ and p, i.e., let L;; = 0 and a = 0, then for 7 = 0 and constant coefficients, the
linearized form of Eq. (44) is

T (Otijb'li,j + Clé/T() + a,u) =10,
b/l—i—bijb'ti,j —i—az'?:Diju,ji; in V. (45)
In the literature formulas analogous to Eq. (45) can be found.
If there is no diffusion, the thermoelastic diffusive problem is reduced to the thermoelastic problem as

shown in Sect. 2. The PVP and governing equation of an isothermal diffusive problem can also be obtained
from the thermoelastic diffusive problem by omitting r, T and q.

6 The PVP in linear electromagnetic thermoelastic media with current
6.1 The Maxwell equations

The electromagnetic theory has been discussed in many literatures [25-28]. The Maxwell equation is:
VxH=-D+1, VxE=-B, V-B=0, V-D=p,; inV (46.1)

where E, D, H and B are the electric field intensity, electric displacement or electric flux density, magnetic
field intensity and magnetic induction or the magnetic flux density, respectively; p, is the free electric charge
density; I is the total electric current density. Some time I is divided into I® and IY) corresponding to the
given external exciting current density and the induction or eddy current density, respectively.

If we introduce an electric scalar potential ¢ and a magnetic vector potential A such that

B=V xA, orB =wiyAy; E=-Vg—A, (46.2)
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the equations V x E = —0B/dt,V-B =0and V - J = —p, will be satisfied automatically. In Eq. (46.2), @
is the permutation notation. The boundary conditions are

D-n=—0" onap; ¢=¢% ona,,
A=A" onas; Hxn=I" onay 47)

where o*, I, ™ and A* are given values.

6.2 The PVP in a linear electromagnetic thermoelastic field with current
As in section 2, by using TIP [15-17] the entropy equation can be written as
Ts =i+ El —qi; §=57459; 159 =p Ty,
To=Ti =T (s - s'“)) — Eil; — Tiii = 0 (48)
where E - I is the dissipative heat produced by the current. From Eq. (48), we get the evolution equations as:
I=y - E+B-VT/T, Ti=q=—-A-VT+B-E (49)
where y is the electric conductivity, B is the current—temperature coefficient.

Under the conditions that on the boundary a the boundary conditions are satisfied prior, and the time
conditions at the initial time # = 0 and the terminal time ¢ satisfy

SA(0) = 8A(t5) = 0, (50)

the PVP for the linear electromagnetic thermoelastic field can be expressed as

- ty ~ ~
517:/ (/ (Sng—(SQ(’)—é‘W(’)) dr =0,
0 %
t r t

§QW :_/ 319/ r'T_ldrdV—/ 319/ s'(’)dth—i-/ 819/ n*drda,

v 0 14 0 aq 0
sW =/ (f—,oii)-(SudV—/ peagodV—/ aﬁdV—/ a*&pda—f-/ p*-auda+/ I* - 5Ada,

\% Vv Vv ap ag aH

t
Sh=—I-5A+ (/ ﬁjdt) 8V, j,
0
0g = 0ijdeji — DSE; + Hid By — 589 (1))
where —I - A is the dissipative work density rate of the electromagnetic field with current. Equation (51) is
similar to the Hamilton variational principle in dynamics. Certainly, we can reduce Eq. (51) to a variational

principle without the time integral, just as in the previous sections.
By using Eq. (50), we have

iy . ' s
/ dt/ D;5A;dV =/ dt/ 8(D,-8A,-)/8th—/ dt/ oD;/0t5A;dV
0 14 0 14 0 %
f 1f t .
= (/ D,-6A,-dV) —/ dt/ aD;/0t5A;dV = —/ dt/ D;5A;dV. (52)
Vv 0 0 v 0 \%4

By using Eq. (52), we have

/5ng=/05j385jdV+/ Di5(p),’dV+/ D,’(SAidV-i-/ H,'(SB[dV-/S(Sl?dV
Vv 14 \4 \%4 \%4 \%4

=/O‘ij38,'jdv+/ D,~6<p,,-dV—/ D,‘(SA,‘dV—i-/ Hi(SB[dV—/ sé0dV. (53)
|4 \%4 |4 |4 |4
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Applying Eq. (52), the first relation in Eq. (51) can be reduced to
/ 8gdV — 800 —sWw) = 0. (54)
v

Substituting Eq. (53) into Eq. (54), we get

8IT = /aljas,,dv+/ D¢ ;dV — /DSA dV—}—/H(SB dv — /sSﬁdV / pidu;ida

/319/ T~ 1drdV+/8§/ §Wdrdv —/ 319/ *dtda—/ (fi — piip)du;dV
/pe&pdv—i—/ *8<pda—/ [;8A;dV — / I 5A,dv+/ (/ n,dr) 8 ;dV
|4 a \% ay %4 0

—_— .. . . —_ .. P ... . . e — . —_— * .
= i ST , ; , i
/ (o) njduida / [(GU) it fi pu,] Su;dV +/ D; [((Sgo) i — @, pdup l]dV / préu;da
a 1% ’ Vv

g

+/ H; (wi,daAl),deJr/ pe8(pdV—/ (Ii+D;)8AidV+/a*8<pda—/ 178 AdV
\%4 \4 \4 a ayg

t t t
—l—/&? (—s+/ r'T—‘dr+/ s'<’>dz) dV—}-/(Sﬁnjnj—/ njjde—/ w/ i*drda
14 0 0 a v ag 0

= / (oijnj — pf) Suida _/V (0ij.j + fi — piij)du;dV —/ (Dii — pe) SpdV
a

\%4
- / (@it Hix + Dy + 1)) A, AV +/ (Dini + ™) Spda +/ (@i Hing — 1) 8A;dV
\% a

ay

t t
—/w [s—/ T (—r'—Ts'(’>+Tﬁ,-,j)dr]dv+/ 519/ (nn; —n*)drda =0.  (55)
Vv 0 ag 0

Due to the arbitrariness of du, A, d¢, etc, we get

0jij+ fi —piii =0, Di;j—pe=0; @wiHim+Di+1 =0;

Ts=7+T59 —Tn;; =0, orTs=7¢—gqi;+El; inV,

ojinj =p;, onas; Ding+oc*=0, onap,

@i Hing — I =0, onay; njnj=n" ona (56)
where @i Hi w = —V x H and @y,,;; Hin, = H X n 1 and q are expressed in Eq. (49). For the case without
current, some variational principles in the thermal electric material were also seen in literature, like in [12,29].

Equation (56) and the prior conditions on the interface and boundary of the PVP and the initial condi-
tion form the governing equations for the linear electromagnetic thermoelastic analysis under the general
electromagnetic field with current.

In engineering power systems, the frequency of the electromagnetic variables is usually less than 10MHz,

so comparing with electric current density I, D can be neglected. The above theory can still be used, but the
PVP is without D.

6.3 The governing equation of temperature

According to the Continuum thermodynamics, the electric Gibbs function g in the linear electromagnetic
thermoelastic media can be assumed as

g = (1/2)Cijuejiew — (1/2) €u ExEr — ey Exeij + ey Beeij
+(1/2) ;' BiBj — aijeij — T Ei® + 7" By — (1/2Tp) Co2,

Cijkt = Cjirt = Cijik = Criij, €f;; = €ji» €kl = €lks  Chjj = €hjis Mkl = Wik, @ij = aji (57)
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where C, e, €, e™, u, o, ¢, 7™ and C are the elastic, piezoelectric, permittivity, piezomagnetic, permeability,
thermo-mechanical, thermo-electric, thermo-magnetic coefficients, and the heat capacity, respectively. The
consecutive equation corresponding to Eq. (57) is
oji = 0g/0eij = Cijkiek — eg;; Ex + e Bi — atij 0,
D = —03g/dE; =¢€;j Ej + ejen + 1V,
H; = dg/0B; = uj;' Bj + efyen + 7™,
s = —0g/00 = q;j&ij + ‘L'l-eE,' — ‘L’I-mB,' + C9/Tp. (58)

By using Eqgs. (48), (56), (58), the temperature equation can be expressed as

T (aijgij + 'L’ieE,' — ‘L'imBi —}—Cl?/T()) =r+ ()Lijrj +/3ijEj),i + E; (VijEj +/3ijT,j/T) . (59)

7 The PVP including the hyperbolic temperature wave equation

Due to the paradox of infinite thermal wave velocity and the Landau second sound speed observed by experi-
ments in liquid helium and in solids at low temperatures, the hyperbolic temperature wave equation instead of
the parabolic thermal equation is developed. Kuang pointed out that [30,31] the variation of temperature with
time should be supplied by extra heat from the environment, which is formally similar to the inertial work
produced by the inertial force in the mechanical dynamics, i.e., when the temperature is varied with time the
first law of thermodynamics for a closed system is changed to [30,31]

U=W+0-09; 0" =/ T5@dv (60)
14

where Q@ is the inertial heat, and 5@ is the inertial entropy density. The usual local entropy equation (5) is
changed to

d (S H(a)) =i —qii§ =57 +30,
T (50 +5@) = ¢ =T 59 = poCT)T.
To =T (s _ 5(”) =T [(s +s<a>) — (s-@ n s'<“>)] = 0T, (61)

where py0 is a coefficient, and C is the specific heat per volume. From Eq. (61), it is seen that if instead of s in
usual entropy equation there is § + 5@, we get the entropy equation of inertial entropy theory. If we use § 4§
instead of § in the PVP of the dissipative media established in the previous sections, the hyperbolic temperature
wave equation will be instead of the parabolic temperature equation, and the other governing equations are
kept. Therefore by using the inertial entropy theory, the temperature wave equation in the dissipative media
can easily be obtained.

For the thermoelastic media in Eq. (13), the temperature governing equation is changed to

T (s + s'<“>) =i —qii, or T (ajéij+CP/To) + psoCP =i + (A;;9;) ., inV. (62)

Ji
For the thermal viscoelastic media in Eq. (22), the temperature governing equation is changed to
T (s + s'(“)) =7 —qii+ ol-(;)éji, or
T (otijé,'j + C1'9/To) + ,Os()Cl.?' =7+ ()»,'jﬂ,j + ’Ckljélj)’l- + (.Bijkléij — K,'kll?,,') £ji. (63)

The similar case is also true for the thermal elastoplastic media.
For the thermoelastic diffusive media, a generalized inertial entropy theory is introduced, where analogous
to the inertial entropy concept an inertial concentration concept is introduced in the thermo-diffusion problem
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[30,31]. In the generalized inertial entropy theory, the entropy equation of the classical thermal diffusion
theory, Eq. (33), is changed to:

T(s'+s'<“)) +u(é+é<“>) —i-V.q,
§@O = p,T = pyo(C/TT, W = pujizé ==V - J,
To =pT (s - é(r)) = —Tin — pwibi; J=§ (64)

where p,, is the inertial concentration coefficient. Instead of Eq. (44), the temperature and chemical potential
governing equations are, respectively, changed to

T (a,-jé,-j + Clé/T() +Cl/l) +ps()C2'§ =7+ ()»,'jﬁ,j + L,‘j,bL’j)’l- + W (L,‘jT_lﬁ,j + Dj; /L,j) ,
b,ll+b,'jéij+(11§+pul§= (Liijlﬂ,j+Dij M’j),i' (65)

If considering the temperature inertia for the electromagnetic thermoelastic media with current, the temperature
wave equation in Eqs. (48) and (59) is changed to

T (s —i—s'(a)) =7 —qii+Eilj; or
T (ijeij +  Ei — 1" Bi + C9/To) + psoCO = F + Ei (vij Ej + BijTj/T) — (hijT.j + Bij Ej) ;- (66)

From the above discussion, it is found that when we study the temperature wave equation the inertial entropy
theory is the easiest theory compared with other theories [32,33].

8 Conclusions

In this paper, we give an extended Gibbs equation for dissipative media, and on this basis the PVP for dis-
sipative media, which is a universal principle, is established. The dissipation work and its converted internal
irreversible heat are simultaneously included in the PVP. From this PVP, the governing equation, includ-
ing thermodynamic and irreversible variables, and the boundary conditions of the dissipative media can be
obtained. The conservative system is the special case of the dissipative system. The governing equations of
the thermoelastic, thermal viscoelastic, thermal elastoplastic, linear thermoelastic diffusive and linear electro-
magnetic thermoelastic media are derived by the PVP in this paper or the PVP for dissipative media gives the
“generalized motion equations”. The PVP in dissipative media can be applied to more complex multi-field
problems. Applying the inertial entropy theory, the PVP is easily extended to the case where the temperature
propagates with finite wave speed. Other than the mathematical variational principle, where the variational
principle is derived from known governing equations, in the PVP the governing equations are obtained by
it. The PVP can also be used to check the current governing equation. When we accept PVP, the universal
principles in continuum mechanics are the mass conservation, the energy conservation and the PVP (or the
principle of energy stationary value) laws. In the engineering applications, these governing equations derived
by PVP can be simplified according to the practical situation. The constitutive and evolution equations and the
material constants should be determined by experiments and other appropriate theories.
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