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Abstract Recently, there has been interest in the study of a new class of constitutive relation, wherein the
linearized strain tensor is assumed to be a function of the stresses. In this communication, some boundary
value problems are solved using the finite element method and the solid material being described by such a
constitutive relation, where the stresses can be arbitrarily ‘large’, but strains remain small. Three problems are
analyzed, namely the traction of a plate with hyperbolic boundaries, a plate with a point load, and the traction
of a plate with an elliptic hole. The results for the stresses and strains are compared with the predictions that
are obtained by using the constitutive equation of the classical linearized theory of elasticity.

1 Introduction

Some new types of constitutive relation have been proposed recently for the modelling of elastic bodies
[2,5,6,25-31]. One such class corresponds to an implicit relation of the form F(T, B) = 0, where T is the
Cauchy stress tensor and B is the left Cauchy—Green strain tensor. As presented, for example, in Section 2.2
of [25], if one considers the case |Vu| ~ O(5), § < 1, the approximation B & 2¢ + I is obtained and from
T (T, B) = 0 we have the relation € = §(T). The latter class of constitutive equation is very interesting on
its own and has been studied in different works [3-10,13,21,24,25,31]. About some possible applications
of ¢ = §(T), we mention, for example, the modelling of some metal alloys [32,34], rock! [17], and the
analysis of cracks in brittle bodies [3,4,13,21]. For brittle bodies, expressions for § such that & remains small
independently of how big |T| is, can be of great interest in the study of stress concentration problems, where
from the experimental point of view ‘large’ stresses,” elastic behaviour, and small strains are expected (see
[31] for a thorough discussion on the potential use of € = §(T)).

Considering the number of possible applications for the new class of constitutive equation & = §(T), it is
important to solve different boundary value problems using such relations. This has been done, for example, in
[7-9,19,24,25] using exact and numerical methods. In the present work, the finite element method is used in
order to study three problems where strain-limiting behaviour and concentration of stresses are present. This
paper is organized as follows: in Sect. 2, a summary of the important equations is presented giving some details
about the new class of above-mentioned constitutive relations for elastic bodies. Section 3 provides results for
a thin plane plate with hyperbolic boundaries (see Sect. 3.1), for the problem of a semi-infinite medium (plane
stress case) under the influence of a concentrated load (see Sect. 3.2), and finally, Sect. 3.3 provides results for

! If in a first approximation we assume that rock can be modelled as an elastic material.

2 In order to be able to speak about large or small stresses, we need to compare |T| with some characteristic values for the
stresses, which can be denoted by oy.
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the case of a plate with an elliptic hole under traction, where one of the semi-axes is very small in comparison
with the other, thereby complementing the results for the same problem that were presented in [25].
This work is based on the results that are presented in the Master’s thesis by Montero [22].

2 Basic equations
2.1 Kinematics and equation of equilibrium

Let X denote a point of a body 4. The reference configuration is denoted by «,(#), and the position of each
particle in that configuration is denoted by X. The position of the same particle at time ¢ in the current deformed
configuration is denoted by x, where the current configuration is k; (%). It is assumed there exists a one-to-one
mapping x such that x = x (X, ¢). The deformation gradient F, the left Cauchy—Green deformation tensor B,
the displacement field u, and the linearized strain tensor € are defined, respectively, as

F= B_FF u=x-X e:l(VXu-i-VXuT) (1)
aX b 9 b 2 9
where it is assumed that / = detF > 0 and where Vy is the gradient operator with respect to the reference
conﬁguration.3 More details about the kinematics of deformable bodies can be found, for example, in [11,36].
In this paper, time effects are not considered. The Cauchy stress tensor is denoted by T and must satisfy
the equilibrium equation (quasi-static deformations)

divT + pb =0, ()

where p is the density of the body and b corresponds to the body forces in the current configuration.

2.2 Constitutive relations

Rajagopal and co-workers [26,28-30] have proposed some new classes of constitutive relations for elastic
bodies, which cannot be classified as neither Cauchy nor Green elastic bodies. Let us consider in particular
the implicit relation

$(T,B) =0, 3)
which in case that § is an isotropic relation (see [33]) becomes
ool + 1B + aoB? + 3T + s T? + a5(BT + TB) + a6(BT> + TB) + o7(B>T + TB?)
+ ag(B°T? 4+ T?B?) = 0, (4)

whereo;, j =0,1,2, ..., 8are scalar functions that depend on the invariants tr B, %tr B2, %tr B3, trT, %tr T2,

1t T3, tr (BT), tr (B>T), tr (T?B), tr (T?B?) and L is the identity tensor. In [25] (see Sect. 2.2 therein), it has
been proved that when |Vu| ~ O(6), § < 1, and using the approximation B ~ 2¢ + I, Eq. (4) can be used to
obtain

e =§(T) = pl+nT+nT>, (5)
where yy, y1, and y; are scalar functions that depend on the invariants (see, for example, [25])
1 > 1 3
I =trT, Iz:itrT, I3=§trT‘. (6)

If the existence of a scalar function W = W (T) is assumed such that e = f(T) = %—I,}TV, where W is an isotropic
function, we obtain

e = Wil + WoT + W3T>. (7)

In(7), W; = %—1”;, where i = 1,2, 3 and I; has been defined previously.

3 In the present communication, it is assumed that |Vyu| ~ O(8), § < 1, which implies that only small strains and displace-
ments are considered; therefore, it is not necessary to make an explicit distinction between the gradient operator with respect to
the reference configuration Vy and the gradient operator with respect to the current configuration V.
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Table 1 Values for the constants used in (8) and (9)

o B (1/Pa) y (1/Pa) ¢ (1/Pa?) E (Pa) v

0.01 9.277 x 1078 4.020 x 107 10-14 3.234 x 108 0.3

Equation (6) can be very useful to model the behaviour of elastic bodies, where stress concentration may
appear but strains are always small. Let us consider in particular the expression:

14

—T
V1420 ®

Wy, L) = —% In[cosh(B1)] + % 1 +2uhh, = &=—atanh(BI)I+

where «, 8, y, ¢ are constants given in Table 1.
The results for the boundary value problems using (8) will be compared with those obtained using the
linearized constitutive equation for an isotropic elastic body

v w+1)
=——/1
e=—gt g

T, )

where E is the Young’s modulus and v is the Poisson’s ratio. The values of E and v are presented in Table 1
and are adjusted such that when |T| — 0, the behaviour of an elastic body that results from using (8) and (9)
is coincident (see Figures 1 and 2 in [10]). As remarked in Section 2.3 of [10] (see also Section 2.2 of [25]
for a similar expression of W), this particular form for W has not been obtained from real experimental data,
because (5) and (7) have been proposed very recently in the literature.

The particular expression for W presented in (8) has been proposed in [10] (see, in particular, Figures 1, 2
Section 2.3 therein) to study the behaviour of bodies that present ‘large’ stresses, but where strains are always
small. In Fig. 1, we show some plots, where on the left results are presented for the axial ¢, and radial &,
components of the strain, for a cylinder deforming under the influence of the uniform stress tensor distribution
T = oe, ®e,, comparing (8) (denoted NL) and (9) (denoted L). On the right, results are presented for the shear
deformation of a block deforming under the influence of the uniform shear stress T = 7(e; Q@ ex + €2 ® ey),
also comparing the results considering (8) and (9) (denoted by NL and L, respectively).

In Fig. 2, results are presented for the axial component of the strain &, for the same cylinder described
above, under an axial uniform stress o, considering different sets of values for the different constants that
appear in (8), where for each case the values of the other parameters remain constant and are given in Table 1.
This plot can help us to understand better the influence of the different material parameters in that model.

0.03

0.02

0.01f ot

-1 -0.5 0 05 1
X ‘108

Fig. 1 On the left, behaviour of €, and ¢, for a cylinder under the influence of an axial uniform stress o Pa. On the right, behaviour
of the shear deformation for a block deforming due to the application of a uniform shear stress ¢ Pa
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Fig. 2 ¢, as a function of o Pa considering different possible values for constants in (8). aa, b 8 x 1078 1/Pa, ¢ y x 107 1/Pa,
d:x 1071 1/Pa?

2.3 Boundary value problem

The boundary value problem consists in finding T and u from Egs. (2), (7), and (1)3, which for clarity of the
exposition are written again as follows:

div T + pb = 0, (10
e = Wil+ WoT 4+ W5T?, (11)
Vu + Vu'! = 2e, (12)
with the boundary conditions
Tn=t x€d (B, u=1u Xxe (B),, (13)

where t is a given known external traction applied on the surface d«, (%);, n is the unit outward normal vector
to dxr(AB);, i is a known displacement field on d«, (%), and 3k, (A) is the boundary of the body «,(#);. In
addition, it is assumed that 9k, (%), U 0k, (B), = dk,(A) and dk,(B), N 0k, (B), = D.

3 Numerical examples

In Sects. 3.1, 3.2, and 3.3, the boundary value problem (10)—(13) is solved using the finite element imple-
mentation presented in* Section 3 of [25], and we use the expression for W shown in (8) and we assume
b = 0. Three problems are analysed: the traction of a thin flat plate with hyperbolic boundaries, a semi-infinite
medium (plane stress case) with a concentrated load applied on it, and a thin flat plate with an elliptic hole under
traction applied sufficiently far from the hole. The numerical results obtained using (7) can be compared with
the results considering (9), using well-known exact solutions that can be found, for example, in [14,18,35].

aT;; . .
.skfl is presented. The correct expression there should

4 Itis necessary to mention that there is a typo in Eq. (20) of [25] where

be
oT;; af ayl ay
_ 818k — T T + ——le— (8481 + 81511).
dow (Lt AL RN T (e T T e Gikdit o djkdin)

where the constants «, 8, y, and ¢ belong to a different model for W as the one used in the present communication.
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Fig. 3 Sketch of a plane plate with hyperbolic boundaries under traction

Table 2 Values for the dimensions of the plate with hyperbolic boundaries

L=1m b=0.1m a 1/10 1/5 1/2 1 2 3

3.1 Plane plate with hyperbolic boundaries

A sketch of a flat plate with hyperbolic boundaries is presented in Fig. 3. This plate is under the action of a
uniform load o acting sufficiently far from the hyperbolic boundaries. The dashed line represents the tangent
line to the hyperbolic boundary at point A. It is assumed that L is sufficiently large (in comparison with a
and b) such that the stresses and strains are uniform sufficiently far from the hyperbolic boundaries and the
thickness of the plate is very small in comparison with a and b. As a result, this problem is solved assuming
a plane stress condition. In the present work, L and b are fixed and different values are considered for a as
presented in Table 2.

For a very large plate with hyperbolic boundaries and using (9), the boundary value problem (10)—(13) has
the exact solution’ (see Fig. 3)

Tee + Ty = 4R[Y/ ()], (14)
Tyn — Tee +2iTey = 2¢”°[29"(2) + x" (@)1, (15)
where
Ai Ai
v(z) = —%{, x(z) = —% — Bci sinh(¢), (16)
and
. Oxo L 2
c=&+4in, A=-— B = —Acos“(n9), (17)

T — 219 + sin(2n9)’

where L is the width of the plate (see Fig. 3), « is the angle between the tangent line defined by n = constant
and the axis x, and

c=+a?+b?% no=arctan(b/a). (18)

When n = 0, the co-ordinate & coincides with x and Tz = T11, Ty = 122, and T, = T15.
Because of symmetry, only a quarter of the plate is considered for the finite element model. Linear quadri-
lateral elements have been used for this and for the rest of the examples presented in this paper.

5 See, for example, [14] and also the original works by Griffith [15] and Neuber [23].
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e22 s22 [Pa]
0.033508 3.4855e+07
0.03312 3.3384e+07
0.032731 3.1912e+07
-0.032343 - 3.044e+07
0.031954 2.8968e+07
0.031566 2.7496e+07
0.031178 2.6024e+07
0.030789 2.4552e+07
0.030401 2.308e+07
0.030013 2.1608e+07
g | 0.056 ’ L ‘ 0.056
h. A,
(a1) (a2)
e22 s22 [Pa]
0.031748 2.8714e+07
0.028518 2.5618e+07
0.025288 2.2523e+07
- 0.022058 - 1.9427e+07
0.018828 1.6331e+07
0.015598 1.3235e+07
0.012368 1.014e+07
0.0091384 7.044e+06
0.0059085 3.9483e+06
0.0026787 8.5254e+05
H : 0.056 ‘ H
| g | g
(b1) (b2)
e22 s22 [Pa]
0.036617 8.2013e+07
0.032525 7.2893e+07
0.028433 6.3772e+07
- 0.024341 - 5.4652e+07
0.020249 4.5531e+07
0.016156 0.056 3.6411e+07 0.056
0.012064 (c1) 2.729e+07 (c2)
0.0079719 1.817e+07
0.0038797 9.049%e+06
-0.00021254 -71541
. .

Fig. 4 al and a2 are the contour plots for €2 and T», (in Pa), respectively, with oo = 2.5 x 107 Pa and % = %; b1 and b2 are
the contour plots for €25 and T», (in Pa), respectively, with oo = 5 % 10° Pa and % = 1; ¢l and c2 are the contour plots for €2,
and 77 (in Pa), respectively, with 0o = 2.6 X 10° Pa and % =3

In Figure 6.30 of [22], results are presented6 for Ty = Z—z and &7 in terms of the natural logarithm of the
degrees of freedom DOF where for a refined mesh, the results would be independent of the element size. More
details regarding the mesh used for the different cases presented in Table 2 can be also be found in pp.79-86
of [22]. For brevity, such results are not presented here.

As mentioned in the Introduction, one of the possible uses of (7) is in problems involving concentrations
of stresses for brittle bodies, where we can expect that ‘large’ stresses can be obtained, while strains remain
small. In Fig. 4, results are presented for the fields &5, and 7>, near point’ B (see Fig. 3) and for 7= %, 4 =1,
and § = 3, respectively. It is observed that when £ = 3, which represents the case where the concentration of
stresses near B is higher, the strains remain small and the distribution is less concentrated around B.

6 The results are presented for point B (see Fig. 3) and for 5 =3

7 In the contour plots presented here and in the next sections, the components €22, T2, €11, and Ty are denoted by €22, 522,
ell, and s11, respectively.
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Fig. 5 Plate with hyperbolic boundaries. Results for T (see scales on the left) and €75 (in %, see scales on the right) for different
relations for %, with the material described by the nonlinear constitutive relation (8) (denoted by NL), and the results obtained

from the linearized theory (9) (denoted by L). a 4 = {5 with 00o = 2 x 107 Pa;b ¢ = £ with 0oo = 107 Pay ¢ § = } with
0oc = 10" Pa;d % = 1 with 0o =5 x 109 Paj e ¢ =2 with 0o = 5 x 10° Pa; f % = 3 with 0oe = 2.5 x 10° Pa

For the results presented in Fig. 5, the origin of the coordinate system has been translated to point B. In
those plots, results for 23 and T2, are presented, for the full spectrum of the ratio % given in Table 2, and
compared with the results that are predicted by the linearized theory of elasticity (14)—(18).

In these plots,

g=r"%a xaza[cosh(%>—1]. (19)

Xa

Finally, in Fig. 6 results are presented for €77 and 7>, for % = 3 with different external traction 0.

3.2 Concentrated force at a point on a straight boundary

In this section, some results are presented for the classical problem of a semi-infinite medium deforming due
to the application of a point load, as depicted in Fig. 7. The body is assumed to be very thin in the direction z,
so the plane stress formulation is appropriate for this setting.
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€22 522 [Pa)
0.0065646 2.1274e+06
0.0058327 1.8902e+06
' 0.0051009 I 1.6529e+06
- 0.004369 . 1.4157e+06
0.0036371 1.1785e+06
0.0029053 9.4134e+05
0.0021734 7.0414e+05
0.0014415 4.6694e+05
0.00070967 0.048 2.2974e+05 0.048
-2.2191e-05 (al) -7465 (a2)
e22 s22 [Pa]
0.028144 1.444e+07
l 0.025004 l 1.2831e+07
0.021865 1.1223e+07
-0.018726 -9.6141e+06
0.015586 8.0056e+06
0.012447 6.397e+06
0.0093079 4.7885e+06
0.0061686 3.18e+06
0.0030293 0.048 1.5715e+06 0.048
-0.00010994 (b1) -37059 (b2)
e22 s22 [Pa]
0.035981 5.8207e+07
I 0.031962 l 5.1732e+07
0.027942 4.5257e+07
£0.023923 . 3.8783e+07
0.019904 3.2308e+07
0.015885 2.5834e+07
0.011866 1.9359e+07
0.0078463 1.2884e+07
0.0038271 0.048 6.4096€+06 0.048
-0.00019212 (c1) 65041 (2)

Fig. 6 al and a2 are the contour plots for €2 and T»; (in Pa), respectively, with o5, = 250,000 Pa; b1 and b2 are the contour
plots for €25 and T2, (in Pa), respectively, with 0o, = 1,250,000 Pa; ¢l and ¢2 are the contour plots for €2; and T2 (in Pa),
respectively, with oo, = 2,250,000 Pa

Fig. 7 Semi-infinite medium with a point load applied on it

When the classical relation (9) is used and a force P = Pje| + P»e; is applied on the semi-infinite medium,
this problem has the exact solution (see, for example, [18] and the original works by Boussinesq [1] and
Flamant [12]):

Pi(1 [ 2 2y P [ 2 2997

T = — 1(I+v)  x +(x )| PRO+v)  y v +(x y9) o)
dr (2 +y) [ 14+v (@2 +y?) | dr 2+ y) [ 14+v (2 +y?) |

oo Pty x 2 0 @y R4y oy [ 2 P —yD)] en
22 A 2+ y) [ 1+v (2 +y?) | A 2+ y) | 1+v @2+yH ][

- _ P4y x ‘1—v+ 2x2 1 PU+vy)  x [1—v 2y ] 2
12 4 (x2Hy) [1+v (2 +y2) | dr (24 y) [1+v (24D ]
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—0.00062501

0.00062501

e22 22 [Pal
0.0039685 1.1898e+05
-0.0021361 -1.6732e+07
o 1 -0.0082406 o M .3.3582e+07
S --0.014345 S . .5.0433e+07
S | --0.02045 S | ..6.7284e+07
Q) 1+ -0.026554 N | -8.4134e+07
9 - -0.032659 < - -1.0098e+08
— [ -0.038763 = B -1.1784e+08
-0.044868 -1.3469e+08
-0.050972 -1.5154e+08
¥ y
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(a1) (a2)
0.00062501——— 0.00062501——
ell s11 [Pa]
0.0088017 39297
' 0.0043635 -1.3627e+07
B .7.4767e-05 -2.7294e+07
© 1 ..0.004513 © ' ..4.096e+07
S - -0.0089512 S - -5.4627e+07
S | -0.013389 S | -6.8293e+07
N | -0.017828 £ |- -8.196e+07
S | -0.022266 S | -9.5627e+07
= B -0.026704 = B -1.0929e+08
-0.031142 -1.2296e+08
: 4 Yy
_____ A U
(b1) (b2)

Fig. 8 al, a2, b1, and b2 are the contour plots for €22, T2, €11, and T11 (components of the stress in Pa), respectively, with
P =10*N

which predicts stresses whose magnitudes go to infinite as one approaches the point where the load is applied;
however, from (9), such a solution would also predict strains whose magnitudes would go to infinite near the
point of application of the load, which contradicts the basic assumption of the linearized theory of elasticity
(see [31] and the introduction section in [3]).

In this section, we show that using (7) with the expression for W proposed in (8), stresses can be very
‘large’ but strains remain small.

Equations (10)—(13) are solved using (8) and the finite element method. To deal with the semi-infinite
setting, we use a finite size plate of sides L, %, as depicted as dashed lines in Fig. 7. The hypothesis is that for
L ‘large’ enough, the results for ;; and T;; near the point of application of P are not significantly affected by
such value of L. That is indeed the case as presented in Figures 6.42 of [22], which for brevity are not shown
here. For the results presented in this work, we have assumed that L = 4 m. Because of the symmetry of the
problem (see the location of the co-ordinates x — y), only one half of the plate is considered for the numerical
analysis.

In Figure 6.49 of [22], results are presented for 77 and T = % as functions of the natural logarithm

of the degrees of freedom DOF, where &7, and T», have been evaluated at point (x, y) = (0, y) with y very
close® to 0. For brevity, again such results are not presented in this communication.

In this problem, only one geometry is necessary for the numerical analysis. In Fig. 8, results for €11, €22, 711,
and T», near the point of application of P = 10* N are presented. It is interesting to observe the differences in
the distributions for the normal components of the stress tensor, when compared with the way the longitudinal

8 From the point of view of the numerical results, it is not possible to evaluate T>» exactly at (x, y) = (0, 0), because in that
point T», is expected to go to infinite.
The stress o is calculated in the following way. Consider (20)—(22) with P; = 0, P, = P and evaluate 73; atpoint (x, y) = (0, L)

to obtain o, = — d g;zv) , which is the value used to obtain the dimensionless expression T>, above.
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Fig. 9 Half-space with a point load applied on it. Results for T (see scale on the left) and €7 (in %, see scale on the right) for

the line (0, y) with the material described by nonlinear constitutive relation (8) (denoted by NL) and the linearized theory (9)
(denoted by L, see (20)—(22). The external load is P = 10* N

10

— NL Ty,
---LTy
———NL €11

T x10°

Fig. 10 Half-space with a point load applied on it. Results for 71; (see scale on the leff) and &1 (in %, see scale on the right) for

the line (x, 0) with the material described by the nonlinear constitutive relation (8) (denoted by NL) and the linearized theory (9)
(denoted by L, see (20)—(22). The external load is P = 10* N

components of the linearized strain tensor behave. In Fig. 8, a zooming into the tip is shown to better observe
the ‘size’ of the zone of stresses and strains concentrations. We also observe that strains remain small.
Figures 9 and 10 present results for €11, T = % as functions of x
oo

= 7, and &, T», as functions of
y = %, respectively, using the new constitutive theory (7), (8), and the constitutive equation for the linearized

theory of elasticity (9) (see (20)—(22). In Fig. 9, results are shown for the line (0, y), whereas the results
presented in Fig. 10 are obtained for the line (x, 0).

In Fig. 11, results for 2> and T»; (contour plots) are presented for different external loads P.
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(c1)

(c2)

W | e22 M| s22 [Pa]
0.0019735 ' 97007
l -0.003404 I -1.2624e+06
g -0.0087815 o B .26219¢+06
S - -0.014159 .-3.9814e+06
S | -0.019536 - -5.3408e+06
1 -0.024914 | -6.7003e+06
- -0.030291 - -8.0597e+06
-0.035669 -9.4192e+06
-0.041046 -1.0779e+07
-0.046424 -12138e+07
€22 s22 [Pa]
0.0019735 1.2688e+05
I -0.003404 I -8.454e+06
o I -0.0087815 L -1.7035e+07
S -0.014159 S -25616e+07
S - -0.019536 S | -34197e+07
U1 0024914 Y1 427786407
- -0.030291 - -5.1359e+07
I -0.035669 I -5.9939e+07
-0.041046 -6.852e+07
-0.046424 (b2) -7.7101e+07
€22 s22[Pa]
0.003595 1.2125e+05
l -0.0023901 I -1513e+07
o +-0.0083752 o M -30381e+07
o  --0.01436 S -45632e+07
S | -0.020345 S .5.0883e+07
U1 0.026331 | .76134e+07
--0.032316 - -9.1385e+07
-0.038301 -1.0664e+08
-0.044286 -12189e+08
-0.050271 -1.3714e+08

Fig. 11 al and a2 are the contour plots for €37 and Ty, (in Pa), respectively, with P = 1000 N; b1 and b2 are the contour plots
for €27 and T», (in Pa), respectively, with P = 5000 N; ¢l and ¢2 are the contour plots for €22 and T> (in Pa), respectively, with
P =9000 N

3.3 Elliptic hole in an uniformly stressed plate

In this section, results are presented for the problem of a thin plate under uniform traction o applied sufficiently
far from a central elliptic hole. The results shown here complement the solutions already published in [25]
for the same problem. Here, additional relations between the semi-axes of the elliptic hole are considered. In
Fig. 12, a schematic depiction of the plate is presented. The semi-axes of the elliptic hole are denoted by a and

A

Y

2L

Fig. 12 A thin flat plate with an elliptic hole under traction. Point A is located at (x, y) = (b, 0)
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Table 3 Values for the semi-axes of the elliptic hole

‘5’ 1/25 1/30 1/35 1/40 1/45 1/50
e22 s22 [Pa]
0.0021712 7.6028e+05
0.0019273 6.7577e+05
I0_0016835 '5.9126e+05
-0.0014396 - 5.0674e+05
0.0011958 4.2223e+05
0.00095196 3.3771e+05
0.00070812 2.532e+05 \
0.00046428 ] 1.6869e+05 R,
0.00022044 0.00002 84172 0.00002
-2.3397e-05 (al) -341.56 (a2)
e22 s22 [Pa)
0.020607 8.3375e+06
0.018291 7.4108e+06
I 0.015975 I 6.484e+06
-0.013659 . 5.5572e+06
0.011343 4.6304e+06
0.0090271 3.7037e+06
0.006711 2.7769e+06
0.0043949 1.8501e+06
0.0020789 0.00002 9.2336e+05 0.00002
-0.00023722 (b1) -3415.7 (b2)
e22 s22 [Pa]
0.091561 3.698e+08
0.081071 3.2871e+08
0.070581 2.8761e+08
-0.06009 - 2.4652e+08
0.0496 2.0543e+08
0.03911 1.6434e+08
0.02862 1.2324e+08
0.01813 ] 8.2151e+07
0.0076393 0.00002 4.1058e+07 0.00002
-0.002851 (c1) -34257 (c2)

Fig. 13 al and a2 are the contour plots for €22 and T»; (in Pa), respectively, with oo, = 5000 Pa; b1 and b2 are the contour plots
for 22 and T (in Pa), respectively, with oo, = 50,000 Pa; ¢l and ¢2 are the contour plots for €3 and T» (in Pa), respectively,
with oo = 500,000 Pa

b. The list of cases that are considered is presented in Table 3. These cases complement the results presented
in [25], where the minimum value for 7 was %.

When the linearized constitutive relation (9) is considered, the boundary value problem has the same exact
solution presented in the previous section, where in this case’

4 (2) = oooc [ezfo cosh ¢ + (1 - eZSO—Z"ﬂ) sinh g] , (23)
4x(2) = —00oC? [(cosh(zgo) —cosh(2B)) ¢ + %ezfo cosh(2(¢ — & — i,B)):| , (24)

with 8 = 0 and z, ¢, ¢, and « already defined in Sect. 3.1. When n = 0, the axis £ is equivalent to x and
Tee = Ty, Tyy = T2z, and Ty = To.

In this work, it is assumed that L = 1 m and b = 0.1 m. On considering such dimensions, it is possible to
show that the model is close to what can be considered as an ‘infinite’ plate; i.e. for L longer than 1 m, there
are slightly negligible differences among the distributions of ¢;;, T;;, and u; (in terms of L) for a given oo
(see [22]).

Because of the symmetries of the problem, only a quarter of the plate is considered. Due to the expected
high concentration of stresses for % = % (see Table 3), it is necessary to have refined meshes for the finite

9 See, for example, [35] and the original works by Inglis [16] and Kolosoff [20].
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500 20 500 20
N N N
~ R o
S
0
1000 800 20
N (d) — NL TQQ
N
600f ~ - = LTy |15
N
& 500 §
0
800 1000 40
600
N N
400 g 500 120 §
200
0 0 0
0 0.5 1 1.5 2

i’l x 10

Fig. 14 Plate with an elliptic hole. Results for 7>, (see scales on the leff) and €2, (in %, see scales on the right) for different

relations for % with the material defined by the nonlinear constitutive relation (8) (denoted by NL) and the linearized theory (9)
(denoted by L). a § = 5= with 0se = 106 Pa; b § = 5 with 00e = 106 Pa; ¢ § = 35 with 0oo = 7 x 10° Pa; d % = 5 with
000 =7 x 10° Paje & = & with 0o = 7 x 10° Pa; f § = 55 with 006 = 7 x 10° Pa

elements around point A (see Fig. 12). In Figure 6.10 of [22], results are presented for £, and 7>, evaluated at
point A in terms of the natural logarithm of the number of degrees of freedom DOF of the finite element model

for the cases % = 2—15, %, %, %, and 51—0. From that figure, it is seen that the results become approximately

constant for larger number of DOF; however, the same is not apparent for the cases % = % and % = %;

therefore, for the results shown below, care must be taken when considering those cases. As in the previous
two sections, for brevity such results are not presented here.

In Fig. 13, results are presented for 2> and 7> for different magnitudes of o, near the point A. To compare
the size of the zone where the concentration of the stresses and strains happens, special attention must be paid
to the scale presented in each figure. Note that in these three cases (see pp. 65-67 and Figure 6.12 of [22] for
similar results), the strains remain small and the distributions for £, are ‘smoother’ than for 7»;.
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Figure 14 presents the results for €77 and Ty = %, for the line (x, y) = (x, 0), starting from point A to

the right, where x = %, and using the cases listed in Table 3. These results are juxtaposed with the results
that are obtained from the constitutive models (8) and (9).

4 Conclusions

In this work, we have presented some numerical solutions for some boundary value problems, considering a
relatively new class of constitutive relation, where the linearized strain tensor is assumed to be a nonlinear
function of the Cauchy stress, in the particular case where we can observe strain-limiting behaviour (see Fig. 1).
The hypothesis is that such models could be used to study the behaviour of brittle bodies when there is stress
concentration. Three boundary value problems have been considered, where we observe stress concentration
but where we can see that strains remain small, unlike the case of using the linearized constitutive relation (9),
where strains can also be large (see, for example, Figs. 10 and 14), which is a contradiction with one of the
main assumptions of the linearized theory of elasticity.

In future works, actual experimental data will be used to propose more realistic expressions for the functions
in (5), and more boundary value problems will be solved, in particular considering time effects.
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