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Abstract A two-dimensional problem for an infinite thermoelastic half-space with a permeating substance
in contact with the bounding plane is developed. The formulation is applied to the generalized thermoelastic
diffusion based on Lord—Shulman theory. The bounding surface is traction free and subjected to a known
axisymmetric temperature distribution, and the chemical potential is assumed to be a known function of
time. Integral transform technique is used to find the analytic solution in the transform domain by using a
direct approach. Inversion of transforms is done employing a numerical scheme. The mathematical model is
prepared for copper material, and numerical results for temperature, stress, displacement, chemical potential
and concentration are obtained and illustrated graphically.

1 Introduction

For the last few decades, generalized problems of dynamic thermoelasticity have been the crux of active research
in the fields of engineering where the coupling between temperature and strain fields is of importance, and
various studies have been carried out. The theories of generalized thermoelasticity remove the paradox of
infinite speed of propagation of thermal signals inherent in the classical coupled thermoelasticity introduced
by Biot [1]. Lord and Shulman [2] developed a theory modifying the Fourier law of heat conduction by
introducing the heat flux rate and a relaxation time for the special case of an isotropic body. The heat equation
associated with this theory is of wave type. This theory comes under the label of hyperbolic thermoelasticity,
see the survey of Hetnarski and Ignaczak [3].

Diffusion is one of the several naturally occurring transport phenomena. The diffusion in thermoelastic
solids is governed by Fick’s laws where diffusion is the passive movement of molecules or particles along a
concentration gradient. Thermoelastic diffusion in an elastic solid involves the coupling of the fields of tem-
perature, mass diffusion and strain. Heat and mass exchange take place during thermoelastic diffusion in an
elastic solid. The diffusion phenomenon has generated a great amount of interest due to its many applications
in geophysics and industrial applications. In particular, diffusion is used to form the base and emitter in bipo-
lar transistors, form integrated resistors, form the source/drain regions in metal oxide semiconductor (MOS)
transistors and dope poly-silicon gates in MOS transistors. The study of the phenomenon of diffusion is used
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to improve the conditions of oil extractions and is of great interest for oil extraction companies. Nowacki [4—7]
developed the theory of thermoelastic diffusion within the context of classical coupled thermoelasticity and
studied some dynamical problems of diffusion in solids. The theory of Nowacki uses Fick’s law. It has a major
drawback that it predicts infinite speed of wave propagation. Olesiak and Pyryev [8] reported the influence
of cross effects while studying thermoelastic diffusion in an elastic cylinder. They observed that the thermal
excitations result in an additional mass concentration and vice versa. Recently, Sherief et al. [9] introduced
the theory of thermoelastic diffusion in the framework of Lord—Shulman theory by introducing a thermal
relaxation time parameter and diffusion relaxation parameters governing the field equations. Sherief and Saleh
[10] and El-Maghraby [11] studied problems of thermoelastic diffusion in a half-space. Aouadi [12] discussed
thermoelastic diffusion in anisotropic media. Many researchers [13—16] studied various types of problems in
thermoelastic diffusion. Kothari and Mukhopadhyay [17] presented the Galerkin-type representation of solu-
tions for thermoelastic diffusion theory. Elhagary [18] discussed a two-dimensional generalized thermoelastic
diffusion problem for a half-space subjected to harmonically varying heating. Recently, El-Sayed [19] studied
a two-dimensional problem in generalized thermoelastic diffusion for a half-space under thermal shock.

This work is aimed at studying the thermoelastic diffusion interactions in a half-space under axisymmetric
distributions within the context of Lord—Shulman theory of generalized thermoelastic diffusion (TEDLS). The
classical coupled thermoelastic diffusion theory (TEDCT) is recovered as a special case. Analytic solutions
for temperature, concentration, chemical potential, displacement and stresses are obtained in the Laplace
transform domain using a direct approach. Numerical inversion of Laplace transform is performed using
the Gaver—Stehfast algorithm [20-22], which is considerably more stable and computationally efficient than
inversion using the discrete Fourier transform [23,24]. Convergence of the Gaver—Stehfast algorithm was
discussed by Kuznetsov [25]. All the integrals were evaluated using Romberg’s integration technique [26]
with variable step size. A mathematical model is prepared for copper material, and results are discussed along
with the graphical representation.

2 Governing equations

The field equations for the generalized thermoelastic diffusion in an isotropic medium in the absence of body
forces and heat source are given by [9]:

1. The equation of motion is given by
pil; = pu jj + A+ wujij— B1T,i —2C,i (D
where T is the absolute temperature, C is the concentration of the diffusive material, p is the density, A and p are

Lamé’s constants, and 81 and $; are material constants given by 81 = (3A + 2u) oy and B2 = 3L 4+ 2u) o,
where «; is the coefficient of linear thermal expansion, and «. is the coefficient of linear diffusion equation.

2. The energy equation is given by
3 82
kT; = (5 + Toﬁ) (pCgT + ToBre + ToaC) 2)
where k is the thermal conductivity of the medium, Cg is the specific heat at constant strain, 7 is the thermal
relaxation time, 7 is the reference temperature chosen such that |(T — Ty)/Ty| << 1, a is the measure of

thermoelastic diffusion effect, and e = u;; is the cubical dilatation where u;,i = 1, 2, 3 are the components
of the displacement vector.

3. The equation of mass diffusion is given by
2

d 0
Dpse,ii +DaT,;; + (5 + tﬁ) C =DbC,; (3)

where D is the diffusion coefficient, b is a measure of the diffusive effect and 7 is the diffusion relaxation time.

4. The constitutive equations are
oij = 2ueij + 8ij (Ae — B1 (T — To) — p2C), 4)
P =—Bre+bC —a(T —Ty) 5)

where o;;,i, j = 1,2, 3 are the components of stress tensor, P is the chemical potential of the material per
unit mass, and e;;, i, j = 1, 2, 3 are the components of the strain tensor, given by
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el‘j=5(ui,j+uj,i), i,j=1,2,3. (6)

3 Formulation of the problem

We shall consider a homogeneous isotropic thermoelastic solid occupying the region z > 0. The z-axis is taken
perpendicular to the bounding plane pointing inward. The problem is considered within the context of the theory
of generalized thermoelastic diffusion with one relaxation time. We shall assume that the initial state of the
medium is quiescent at a temperature 7p. The surface of the medium is traction free and subjected to a known
axisymmetric temperature distribution, and chemical potential is a known function of time. Axisymmetric heat
sources permeate the medium. Cylindrical polar coordinates (r, ¢, z) are used.

The problem is thus two-dimensional with all functions considered depending on the spatial variables r
and z as well as on the time variable 7.

The displacement vector, thus, has the form # = (u, 0, w).

For the two-dimensional problem, the components of the strain tensor in Eq.(6) can be written in the

form
ou u ow 1 fou ow
errza—r, eW:;, ezzza—z, e’zzi(a_ﬁ?)’ (7
and e is the cubical dilatation given by
u du Jw 19 ow
e=;+§+8_z=;5(m)+8_z'

The Laplacian operator is given by
32 Lo 32
arr  ror  09z2

In addition, the governing Eqgs. (1)—(5) will take the form

vZ=

aT aC 92u

uvzu——u+<x+m——ﬂ1——ﬂz =r5g (®)
aT aC 32w
w+(>~+u)——ﬁ1——ﬂz——pat2, C))
2 9 9* -
V2T = (o + 1055 ) (pCET + prTodivii + aToC) (10)
o ) B] 92 5
DBV (divii) + DaV>T + | = + 755 | € = DbVC =0, (11)
Opp = 21eppy + Ae — B (T — Ty) — B2C, (12.1)
Orr = 2uerr +re — B1 (T — Tp) — B2C, (12.2)
0z = 2uez; +re — B1 (T —Tp) — BC, (12.3)
Or; = Uerz, (12.4)
Orp = 02y =0, (12.5)
P = —pre+bC —a(T — Tp). (13)

We shall use the following nondimensional variables:

! =cipr, Z=cpz, v =cipu, wW=cmw, t\)= C%nl’o, t = C%nt, T = C%U‘L’,

p/zﬂ o = i , B (T —Tp) ,  pC

B Y a2 (h42w) T A+2u

where n = &£ CE is the dimensionless characteristic length, and ¢; = /A + 2/ p is the speed of propagation
of isothermal elastlc waves.
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Using the above nondimensional variables, the governing Egs. (8)—(13) take the form (dropping the primes

for convenience)

1 de T aC 92u
V2, — — 2 )28 g%t 0% g0
L Gl el R ¥ 212
de aT aC %w
v2 228 g2l g0 20 Y
w (ﬂ )8z p 0z p 0z at2

5 3 32
Vo = E—i_mm 0+ ce+carC),

9 2
Vze+a1V29+a2 — + 10— C—a3V2C:0,
ot at?
2u  (B*-2)
C’w:p;-i-Te—@—C,
29 22
O—rrz_z_u+(lg—2>e_9_cs
B- or p
29 22
O—ZZZ_z_w_i_Me_g_C’
B~ 9z p

1 [ou n ow
Oz =—5|—+—
g2 \az  ar )’

P=—-e+a3C — a0

2
_ a(+2p) _ (42w b(A+2p) _ B
where o) = “EB 0 2= Dl — g 0 €= socpon:

The boundary conditions of the problem at z Z 0 are taken as
0, 0,t) = fi(r,t), 0<r < oo,
0,:(r,0,1) =0, 0<r <oo,
0,,(r,0,1) =0, 0<r <oo,
P(r,0,t) =H() f(r), 0<r <oo

o3 =

where fi(r, t)and f>(r) are known functions and H (¢) is the Heaviside unit step function.

4 Analytical solution

We use the Laplace transform defined by the relation

fUJJD=LLﬂhLUL=/ e f(r,z, ndt
0

where s is the Laplace transform parameter.

(14)

(15)

(16)

a7

(18.1)

(18.2)

(18.3)

(18.4)

19)

(20)
2
(22)
(23)

The Hankel transform of order zero with respect to r of a function f (r, z, s) is defined by the relation

ff,z,8)=H [f(r, Z, s)] = / fr,z, s)rdo(ar)dr
0

where « is the Hankel transform parameter and J is the Bessel’s function of the first kind of order zero.

The inverse Hankel transform is given by the relation

f(rz,s)=H! [/, z, 9] 2/0 (@, z, )ado(ar)da.
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Applying the Laplace transform to Egs. (14)—(19) and using the homogeneous initial conditions, we get

1 de 90 aC
V23— —i 2o 2 g g2 22
" r2u+('3 )8r p or p or prstu
de 90 aC
v2i 2 )% _ 2% g2 = 8252w,
w+(/3 )az 0z 0z prstw

V20 = (s + 105%) (0 + €& + ea; C)
v2e + a1V29_ + g (s + 'cosz) C — a3V2€_‘ =0,

_ 2a (BP-2)_ - -
GW):E;—F%@—@—C,
) 20a (BA-2)_ - .
O‘rr:EE —,32 e—0—-C,

29w (BP-2). -
UZZZEE Te—@—c,

B} 1 (di N dw
o, =—\—+—1,
g2\ or

P= —E—}-Olgé —a16.
On simplifying Egs. (24) and (25), we get
(V2 —s?)é= V%) + V°C.
On applying the Hankel transform to Egs. (26), (27) and (30) we get
(D2 — a2) 0" = (s + tosz) (0% + e&* + ea1 C*),
(D2 — az) e* + aj (D2 — az) 0* + an (s + tos2) C* — a3 (D2 — az) C*=0,

where D = 0/0z.

(24)

(25)

(26)
27)

28.1)

(28.2)

(28.3)

(28.4)

(29)

(30)

(3D
(32)
(33)

Eliminating the transformed strain e* and concentration C* from Egs.(31), (32) and (33), we obtain the

following sixth-order differential equation for the transformed temperature 6*:
(D6 — a1D4 + a2D2 — 613) 0* =0

where the coefficients ay, ay, az are given by

ar = _(as_l){(sm + 1) (@1e (@1 +2) a3 (e + 1) — D) +ar (st + D) +ass),
s
S2 2
e {0+ 1) (afes +azs +aa (sT+ 1) (e + 1)) +ans (st + D},
4
a3 = i(sro—l—l)(sr—i—l).
(az — 1)

(34)

Similarly, we can show that the transformed strain &* and concentration C* satisfy the ordinary differential

equations

(D6 — a1D4 +a2D2 — a3) e* =0,
(D6 — a1D4 + a2D2 — 613) C*=0.

(35)
(36)
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Equation (34) can also be written as
(D* = k?) (D* = k3) (D* = k3) 6* = 0 37)
where +k|, =k, and +k3 are the roots of the characteristic equation given by
kS — aik* + ark® — a3 = 0. (38)

The roots ki, k> and k3 are given by

1 .
ki = \/5 (2p1 sin(p2) + ay),

o= [+ a1 = 1 (V3cos(n) + sinp)) |

ks = \/ % a1+ p1 (v3cos(p2) = sin(po) )|

- 2a3 —9ayar+27
where p; = ‘/a% —3a;, pr= o 3(V), and y = — (—a1 [121;2 =

The solution of Eq.(37) is of the form

3
0% = ZAi(oe, s)e iz (39
i=1

where A;(a, s),i = 1,2, 3 are parameters depending on « and s.
Similarly, the transformed strain e* and concentration C* can be obtained from Egs. (35) and (36) as

3
&= Aj(a, s)e ", (40)
i=1
3
C*=> Al(a, s)e ¥ (41)

i=1

where A;, Aland A7, i = 1,2, 3 are parameters depending on o and s. Substituting from Egs. (39), (40) and
(41) into Eqs. (32) and (33), the parameters A} (c, s) and A/ (a, s),i = 1,2, 3 can be expressed in terms of
A;i(a, s) as

A, 8) = fiAi(a, s), Al (e, 8) = d; Ai(a, 5) (42)

_ K=l Gstmos?) A —aro)Ji?}

: o {k}—[(s+7052) (1+e)+52]k2+ (s+7052) 5%}
where f; = e(s+10s2) {kZ (14+a1)—as2}’ - .

di e(s+1052) {kZ (14+a1)—as2}

Applying the inverse Hankel transform to Egs. (39), (40) and (41), we get

3

é:/(ZA,-(a, s)e—qu]aJO(ar)da, (43)
0

i=1

3

é:/IZA;(a, s)e—W]aJO(ar)da, (44)
0

i=1

oo 3
C= / {Z Al(a, s)e—‘ffZ]aJo(ar)da. (45)
0

i=1
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Inserting Eqgs. (43)—(45) into Eqgs. (24)—(25), solutions for the displacement components in the Laplace
transform domain are obtained as

o0 Ai
u(r, z, )=/ —a?Ji (ar) | Bla, s)e™ 1 4+ > —"—~e %% |da, (46)
u\r,z,s ) o 1ar|: a,s)e Z(ql q) i|C(

i=1
w(r,z,8) = /OoootJo (ar) |:C(oz s)e 9% 4 Z m —qi2i|da @7

where the parameters B(«, s) and C(«, s) depend on « and s only.

Also g2 = o? + B3s%, C(a,s) = %, ro={(1- B?) fi + B2 (1 +di)} A
Using Egs. (28.1)—(29) and the solutions given in Eqs. (46)—(47), we obtain the stress components and the

chemical potential in the Laplace transform domain,

_ 2 P o i}

= —— J B Tt D e i |da + G, 48
Sop =5, /0 mm[ (o s)e™ Z @ _qz)e ] o (48)
S e p B(a RIS =, o 40
Grr——p/o o o 1 (ar) — Jo (ar) +Zz— _q)e —giz o+ G, (49)
5 2 [ —qz — hid] —qiz :
Oy = p\/o —qC(oz,s)e T — ZWE OZJ() (OKV) do + G, (50)
Gre = i/ (a 4 )B(a $)e ‘qz+2—‘% UH ) —gie |02 ), (ar) da (51)

B2 q = (7 -4?) ’

2 e[S
P(r, z7,8) = E/O |:Z MiAie_‘iiZ:|aJo (ar)da,

i=1

00 3
G = / aJo (ar)(Zs,-eW)da (52)
0

i=1

(. L (B .
where u; = (—fi +a3zd; —ay), & = B2 fi—di—1)A;.

Applying Laplace and Hankel transform to the boundary conditions given in Egs. (20)—(23) and making
use of Egs. (43)-(52), we get

3
> Ailes) = fi(a,s) =0, (53)
i=1
2 o’B(a, s)—i—zle =0 (54)
'82 i=1 ql (]) -
o+ qz) 2iqi (14 qi)
B(a,s)+2) ——5——==0, (55)

(757 pe g s
2 3
i [Z mAl} = f3@. (56)

i=1

Equations (53)-(56) are a system of linear equations with Ay, A>, A3 and B as unknown parameters.
Solving the above system of linear equations, the complete solution of the problem is obtained in the Laplace
transform domain.
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5 Inversion of double transforms

The Laplace transform of a continuous function f(¢) is given by

oo

Fs) = / ¢ F(0)dt 57)

0

fort > 0and s = x +iy.
If the solution is given in the Laplace domain, the inversion integral is used to find the original function

f@),

y+ioo

f@) = / e f(s)dt, (58)

y—ioo

where the contour must be taken to the right of any singularities of f (s). The direct integration of Eq. (58) is
usually difficult and in many cases analytically not possible.
A detailed discussion on application of Gaver—Stehfast algorithm can be found in [24,25]. Only the final
formula for the inverse of the Laplace transform as obtained by Gaver [20] and Stehfast [21,22] is given below.
By this method, the inverse f(¢) of the Laplace transform f'(s) is approximated by

m2& In2
f === ;1)(1, K)F (]T) (59)
with
min(j,M) M
. L AM n" (2n)!
DG K)==D zm M —m)nl(n — DI —n)!2n — j)! (60)

where K is an even integer, whose value depends on the word length of the computer used. M = K /2 and m is
the integer part of (j + 1)/2. The optimal value of K was chosen as described in Gaver—Stehfast algorithm, for
the fast convergence of results with the desired accuracy. This method is easy to implement and very accurate
for functions of the type e~*'. The Romberg numerical integration technique [26] with variable step size was
used to evaluate the integrals involved. All the programs were made in mathematical software MATLAB.

6 Numerical results and discussion

The function fi(r, t) considered in the problem is
Si(r,t) =60H(a —r)H(1) (61)

where 6 is a constant. This means that the surface of the half-space is suddenly heated to the temperature 9y at
the start inside a circle of radius “a” and center at the origin. The rest of the surface is kept at zero temperature.
Thus on applying Laplace and Hankel transforms to Eq. (61) we get

- 60J
Fra,s) = ol@a),
so
The chemical potential is taken as
fo(r) = PoH(a —r) (62)

where Py is constant.
On applying Hankel transform to Eq. (62), we get

P
@) = 2 (@),
o
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2.5
TEDCT
- = = TEDLS
1 2 3 4 5 6 7 8 9 10
05 r
Fig. 1 Temperature 6 distribution along the radial direction
0.25 1
0.2 4
0.15 4 TEDCT
- — = TEDLS

S 0149

0.05 A

o]

¢ 1 2 3 4 5 6 7 8 9 10

-0.05 - r

Fig. 2 Radial displacement component u distribution along the radial direction

The mathematical model is prepared with copper material for purposes of numerical computations. The
material constants of the problem are thus given in S.I. units [10]:

To=293K, p=28954kgm™>, 17=0.02, 1=02, k=38JK 'm's' & =178x10K"!
ac =178 x 107K, ¢x=383.1JKg "K', 1 =3.86x10"Nm2, 1=7.76x 10'"Nm~2
1 =4.158x10°ms™", a=12x10"m?/s’k, b=0.9 x 10°m’ /kgs®>, D =0.88 x 10 8kgs/m>.

Using these values, it was found that n = 8886.73sm™2, ¢ = 0.0168 NmJ~!, 2 = 4, o) = 5.43, 0y =
0.533 and a3 = 36.24. It should be noted that a unit of nondimensional time corresponds to 6.5 x 10712,
while a unit of nondimensional length corresponds to 2.7 x 10~8m. The computations were carried out for
time ¢t = 0.07,0.1.

Figures1, 2, 3, 4, 5 and 6 exhibit the variations of temperature 6, radial displacement component u,
axial displacement component w, chemical potential P, concentration C and axial stress component o,; with
distance r. The variations of the various components with distance r are shown as (a) solid line for TEDCT
theory and (b) dotted line for TEDLS theory. The numerical simulations are done at the bounding plane, i.e.,
z=0.
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0.3

0.25

0.2

2 015

0.1

0.05

TEDCT
- — —=TEDLS

Fig. 3 Axial displacement component w distribution along the radial direction
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Fig. 4 Chemical potential P distribution along the radial direction
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Fig. 5 Concentration C distribution along the radial direction
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TEDCT

0.ZZ

-0.2 1 - — =~ TEDLS
-0.25 A
031 t=0.07
-0.35 A
-04 T T T T T T T T T ]
0 1 2 3 4 6 7 8 9 10

Fig. 6 Axial stress o, distribution along the radial direction

Figure 1 exhibits the variation of temperature 6 as a function of radius. It is observed that the temperature
decays to zero as distance r increases. At large value of time + = 0.1, TEDLS and TEDCT theories show
similar results; however, large variation is seen in the values of temperature for TEDLS and TEDCT theories
at small time ¢+ = 0.07. It is observed that the behavior and trend of variations in values of temperature for
TEDCT and TEDLS are almost similar except for the difference in magnitudes. In the region 3 < r < 6 there
is an increase in the values of temperature, and it follows a sinusoidal pattern afterward. As the disturbance
travels through the medium, it encounters sudden changes, resulting in a nonuniform pattern of the curves
which shows the effect of coupling of the fields of temperature, diffusion and strain.

In Fig. 2, the radial displacement component u increases and attains a maximum value near r = 4, and
then, it decreases to zero. It is observed that the behavior and trend of variations in values of displacement for
TEDCT and TEDLS are almost similar except that the magnitude of radial displacement in TEDCT is more
as compared to TEDLS.

From Fig. 3, we observe that the axial displacement component w decreases with the increase in the radial
distance. The axial displacement under TEDCT theory shows large variations as compared to TEDLS theory
for small time ¢+ = 0.07, whereas for large time r = 0.1, the axial displacement shows small variations in
magnitudes for both the theories.

From Fig. 4, we observe that the chemical potential P distribution along the radial direction shows oscil-
latory behavior throughout the medium. At time ¢ = 0.07, the values of chemical potential for TEDCT theory
is more than TEDLS theory in the regions 0 < r < 3 and 7 < r < 9, whereas for the region 3 < r < 7 the
magnitude of chemical potential for TEDLS theory is more than TEDCT theory. It is also observed that the
values of chemical potential for TEDCT and TEDLS are similar in magnitudes for time ¢t = 0.1.

In Fig. 5, the concentration C shows an oscillatory behavior throughout the medium. For time # = 0.07, the
magnitude of concentration for TEDLS theory is more than TEDCT theory till » < 1.5, and then onward, the
magnitude of concentration for TEDCT theory is more than TEDLS. For large time ¢ = 0.1, the magnitudes
of TEDCT are more than TEDLS throughout the medium.

Figure 6 exhibits the variation of axial stress o, along the radial direction. One can observe that the
variation in values of axial stress is more for small time t = 0.07 as compared to the values for large time
t = 0.1. The axial stress values are compressive in the medium and gradually increase to zero. It is also
observed that the behavior and trend of variations in values of axial stress for TEDCT and TEDLS are almost
similar except for the magnitudes.

7 Conclusions

In this work, a two-dimensional problem for a half-space with a permeating substance was investigated.
The transform method was used to obtain the analytical solution for the temperature, displacement, stress,
concentration and chemical potential of the diffusive material. The method used in this study provides quite a
successful approach in dealing with thermoelastic diffusion problems without any assumed restriction on the
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field variables. Coupling of the diffusion field, temperature and strain plays an important role in the deformation
of an elastic body. As the disturbance travels through the medium, it encounters sudden changes, resulting in
a nonuniform pattern of the curves. It was observed that the temperature and concentration of the diffusive
material converge to a steady state with the passage of time. The results of this problem are very useful in
the two-dimensional problems in axisymmetric half-space, which have various geophysical and industrial
applications.
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