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Abstract The medium is composed of an elliptic inclusion and many confocal elliptic layers. The crack is
embedded in the elliptic inclusion. The remote loading is applied at the remote place of the matrix. Complex
variable method and conformal mapping are used to study the mentioned problem. This paper provides a
numerical solution for the mentioned crack problem. The continuity condition for the traction and displacement
along the interface is reduced to a relation of two sets of Laurent series coefficients for the complex potentials
defined in the interior or exterior to the interface. This formulation is called the matrix transfer method in
this paper. From the following three conditions, the traction-free condition along creak face, the continuity
condition for the traction and displacement along the interfaces and the remote loading condition, the problem
is finally solved. Servable numerical examples are provided. For the exterior finite matrix case, the relevant
solution is also provided.

1 Introduction

In an earlier year, Eshelby [1] studied the eigenstrain problem. It was proved that the elastic field in an ellipsoidal
inclusion is also uniform if the uniform eigenstrains are applied in an inclusion. Later Mura [2] studied the
inclusion problem in more detail. He suggested that inclusions can be categorized into (i) inhomogeneities,
(i1) homogeneous inclusions and (iii) inhomogeneous inclusions.

Studies in the field of inhomogeneities and inclusions are numerous [3—11]. We only cite a portion of them.
A problem with three-phase elliptic inclusion in antiplane shear was studied [4]. It was proved that the stresses
within a multiphase elliptic inclusion are uniform provided that all interfaces consist of confocal ellipses. The
existence of a uniform hydrostatic stress state inside an arbitrary-shape (non-elliptical) inclusion bonded by
an interphase layer to an infinite elastic matrix subjected to remote uniform in-plane stresses is studied [5].
The null-field integral equation for an infinite medium containing circular holes and/or inclusions was derived.
Using the suggested null-field integral equation, the multi-inclusion problem under antiplane shear was solved
numerically [6].

Based on a complex variable boundary integral equation (CVBIE) suggested previously, a numerical
solution for the elastic inclusion problem using CVBIE was provided [7]. For a finite plate containing two
dissimilar inclusions, the boundary value problem for a finite plate containing two dissimilar inclusions was
solved by using the CVBIE [8].

A review of recent works on inclusions was proposed [9]. The problems of a single inclusion, two inclusions,
and multiple inclusions, dislocations and cracks as well as various methods used to address these problems
are discussed. The review concludes with an outlook on future research directions.
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The problem of a confocally multicoated elliptical inclusion in an unbounded matrix subjected to an
antiplane shear was studied [10]. For the Eshelby’s elliptic inclusion in antiplane elasticity, a closed-form solu-
tion was provided [11]. In the formulation, the prescribed eigenstrains are not only for the uniform distribution,
but also for the linear form.

Some researchers studied the crack problem for the crack outside of the inclusion. The interaction problem
between a circular inclusion and a symmetrically branched crack embedded in an infinite elastic medium is
solved [12]. By using the new integral equation method, the solution for the problem of a two-dimensional
infinite isotropic medium with various inclusions and cracks was presented [13]. A curved crack problem
for an infinite plate containing an elastic inclusion is considered [14]. A fundamental solution is proposed,
which corresponds to the stress field caused by a point dislocation in an infinite plate containing an elastic
inclusion. The solution to a curved matrix crack interacting with a circular elastic inclusion is presented [15].
The problem is formulated using the Kolosov—Muskhelishvili complex stress potential technique [16].

A crack problem in a confocal elliptic inhomogeneity embedded in an infinite medium was studied [17].
Plane and antiplane solutions associated with remote loading conditions are obtained.

In the present study, the medium is composed of an elliptic inclusion and many confocal elliptic layers.
The crack is embedded in the elliptic inclusion. The remote loading is applied at the remote place of matrix.
Complex variable method and conformal mapping are used to study the mentioned problem [16]. This paper
provides a numerical solution for the mentioned crack problem.

All complex potentials in the mapping plane are expressed in the form of Laurent series. In a weaker
formulation, the traction-free condition along the crack is reduced to a relation between coefficients of Laurent
series for two complex potentials. In addition, the continuity condition for the traction and displacement along
the interface is reduced to a relation of two sets of Laurent series coefficients for the complex potentials,
which are the interior or exterior to the interface. This formulation is called the matrix transfer method in this
paper. Finally, from the loading condition at the remote place, all complex potentials defined on layers can
be evaluated. In addition, the stress intensity factor at the crack tip can be evaluated. The stress distributions
along the both sides of interfaces are also presented in the study. Several numerical examples are provided in
the paper.

Previously, we studied the problem for multiply confocal layers with dissimilar elastic properties [18]. In
that paper, the matrix transfer method was suggested. Therefore, the relation between two layers is the same
as used in the present paper. However, the perfect inclusion is assumed in [18], and a crack is embedded in the
inclusion in the present study. Therefore, the matrix transfer method itself cannot provide the final solution in
the present paper.

2 Analysis
2.1 Some basic equations in complex variable method in plane elasticity

The following analysis depends on the complex variable function method in plane elasticity [16]. In the method,
the stresses (oy, 0y, 0xy), the resultant forces (X, Y) and the displacements (u, v) are expressed in terms of
two complex potentials ¢, (z) and V. (z) such that

ox + 0y = 4Re¢)(2),

Oy — Oy + Ziny = 2[E¢Z(2) + w;(Z)], (1)
F ==Y +iX = ¢4(2) + 29, (2) + ¥« (2), (2)
2G(u +iv) = k«(2) — 29, (2) — ¥ (2), (3)

where z = x + iy denotes a complex variable, G is the shear modulus of elasticity, « = (3 —v)/(1 4+ v) is
for the plane stress problems, x = 3 — 4v is for the plane strain problems, and v is Poisson’s ratio. In the
present study, the plane strain condition is assumed thoroughly. In the following, we occasionally rewrite the
displacements “u,” “v” as uy, uz, oy, oy, Oxy a8 011, 022, 012 and “x,” “y” as x1, x2, respectively.
In the analysis, we use the following conformal mapping [16] (Fig. 1):
a+b a—b>b

z=w(g):R(g+?),withR= 7 mzm, (@Y)

2R
() = R (1 - %) (o) = §—3’" (5)
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Fig. 1 Mapping relations: (a) the finite elliptic inclusion with two half-axes “a” and “b,” with a crack (—c, ¢) with ¢ = v/a? — b2
(in the z-plane) and elastic constants G|, x| mapped into the ring region o/m < |¢| < 1 [in the ¢-plane withm = (a—b)/(a+Db)],
(b) the elliptic layer bounded by two interfaces X'| and X (in the z-plane) with elastic constants G, k> mapped into a ring region
bounded by two circles I} and I, or p; < |g| < p2 with p; = 1 (in the g-plane), (c) the infinite matrix region exterior to the
interface X, (in the z-plane) with elastic constants G3, k3 mapped into the infinite region exterior to circle I, or |g| > ps (in
the ¢-plane)

The mapping function maps the exterior region of a unite circle in the ¢-plane to the elliptic contour with two
half-axes “a” and “ b” in the z-plane. In addition, this mapping function also maps the ring region defined by
/m < |¢| < 1l in the ¢-plane to the finite elliptic region with a cut interval (—c, ¢) (¢ = v/a% — b?) in the
z-plane (Fig. 1).

The inversion of the mapping z = w(¢) is defined by

2 ++/22 — 4mR?

§ =021 = R (6)
In the following analysis, we denote
#(S) = (2 |;zw(c)» ¥ (S) = V(D) li=w() - (7
Clearly, after using the mentioned conformal mapping, from Egs. (1) to (3) we have
#'(s)
oy +oy = 4Rea)/(g) ,
@)@ () (5) = ()" (5) | Y(s)
oy — 0y +2ioyy = 2( @) + o (©) ) (8)
F=—Y4iX=¢) +0) 2 1700, ©)
@'(5)
2G(u +iv) = kp(s) —w(g)& —v¥(s). (10)
@'(5)

From Egs. (8) to (10) we see that, if one obtains the complex potentials ¢ (¢) and ¥ (¢) in the mapping plane,
one can get the stress and displacement in the physical plane.
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2.2 Relation derived from traction-free condition along the crack face

In the study, the whole region is composed of three-phase composites: (i) the elliptic inclusion with a crack
with the elastic constants G, k1, (ii) the elliptic layer bound by two interfaces ¥| and X, with the elastic
constants Gy, k7, and (iii) the inﬁnite matrix exterior to the interface X, with the elastic constants G3, k3. In
addition, the remote tensions o >° and o ° are applied at infinity (Fig. 1).

The elliptic 1nclus10n with the elastlc constants G 1, 1 has two half-axes “a” and “b” (Fig. 1). In addition, a
crack (—c, ¢) (c =+a b?) is embedded in the inclusion. The assumed complex potentials in the inclusion
region are denoted by ¢>(1)*(z) and ¢ (D*(z). After using conformal mapping shown by Eq. (4), we can define
the relevant complex potentials in the mapping plane as follows:

dV() = 0V* @) ey, ¥V () =¥V @) limw). Wm<lsl = D). (11)

In addition, since the elliptic plate with two half-axes “a” and “b” and the crack line (—c, ¢) (in the z-plane)
maps into the ring region \/m < |¢| < 1(in the ¢-plane), two complex potentials can be expressed in the
following Laurent series form:

N

N
#V) =D "a"ck y D)= D Bk (m<lsl <. (12)
k=—N

k=—N

In Eq. (12), “N” denotes the terms truncated in the derivation and computation. Because of no influence for

the term of k = 0 in Eq. (12) for the continuity condition along the interface, in Z,}(\’:_ »/ the prime means that
the term k = 0 has been excluded in the summation.

In fact, in the case of many confocal elliptic layers and symmetry loading with respect to two axes “ox” and
“0y,” the even terms in complex potentials ¢ (¢) and ¥V (¢) do not exist. However, if the applied loading
on the exterior layer is only symmetric with respect to the axis “ox,” both the odd and even terms exist in the
mentioned complex potentials. For the complex potentials shown by Eq. (12), we design the form of those
complex potentials which can be used to a general loading condition.

From a general analysis in the fracture mechanics, the complex potentials ¢V*'(z), (V¥ (z) are singular
at the points z = ¢ and z = —c. Alternatively speaking, ¢V (¢)/w/(¢)(= ¢™M¥(2)) and v V' (¢) /o (¢) (=
¥ (D¥ (7)) are singular at the points ¢ = /m and ¢ = —/m.

From Egs. (2) and (4), the traction-free condition along the crack face is as follows:

9V (5) + ((g))d)’(”(g) +9 () =0, (s €I with ¢ = Vime™) (13)
or
) M) = —y (), ( & 1 with ¢ = Vme'?). (14)

From Eq. (14), we see that two complex potentials ¢V (¢) and vV (¢) are not independent. The equality
shown by Eq. (14) can be satisfied in a weaker form. To this end, we can apply the following operator:

1

o [ J¢/7lde¢ (j=-N,-(N=1),...,-2,-1,1,2,...,N—1,N) (15)
Tl

to both sides of Eq. (14). After performing this operation, we have

[Kilanson{A1plan = [Kolonxon{A1g}on (16)

where the two vectors are defined by

1 1 1 1 1 1
(b = {a ey el ol o) a7

T
(Aighan = [pNp 0y b0 b0 b0 (18)
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For evaluating all elements in the matrices [Kj]onxon and [Ka]onxoN, we can refer to some results in
“Appendix A.”
From Egq. (16), we have

{Aighon = [Glonxon{A1p)on (19)

where
[Glanxan = [K5 Tonxan[Ki lanxon. (20)

From Egs. (17), (18) and (19), we have

{Ar}ay = [Hlanxon{A1p)on 2D

where
[HlanxoN = {IG]ﬁ:ng (22)
Artow = a0ty ol B0 b ] 2

In Eq. (22), [T]onx2N denotes the unit diagonal matrix.

2.3 Evaluation of the transfer matrix from the continuity condition along the interface

The elliptic layer with the elastic constants G», k2 is bound by the interfaces X and X» (in the z-plane).
Clearly, the two elliptic interfaces ¥; and X, are confocal. After using the conformal mapping, the layer is
mapped on the ring region bound by two circles I} and I5(in the ¢-plane) (Fig. 1). In addition, two circles I
and I have the relevant radius p; = 1 and py, respectively.

The assumed complex potentials in the layer are denoted by ¢®*(z) and ¥ P*(z). After using conformal
mapping shown by Eq. (4), we can define the relevant complex potentials in the mapping plane as follows:

$?() =P @ limwiers ¥V () =¥ Q@) Lo - (24)
Similarly, two complex potentials can be expressed in the Laurent series form

N

N
P = > aPk YD ()= D "bP* (o1 =gl = p). (25)
k=—N k=—N

A similar notation Z,ivsz "used in Eq. (12) is used for Eq. (25).
The infinite matrix with the elastic constants G3, «3 is located outside the interface X» (in z-plane). After
using the conformal mapping, the matrix is mapped on the region outside to the circle /> with the radius p;
(in the ¢-plane) (Fig. 1).
The assumed complex potentials in the matrix are denoted by ¢3*(z) and 1/f(3)* (z). After using conformal
mapping shown by Eq. (4), we can define the relevant complex potentials in the mapping plane as follows:

V() = @) locwie). ¥V =¥ @) |wio - (26)

Similarly, two complex potentials can be expressed in the Laurent series form

N N

$V)= > a0t v =D bk (sl = ). @7)

k=—N k=—N

A similar notation for Z,ivz_ ~ " usedin Eq. (12) is used for Eq. (27). In the present study, all the coefficients, or

algl), b,(cl), algz), b,iz)a,?), b,(f)(k =—-N,—(N—-1),...,—1,1,2,..., N) in the assumed complex potentials
take a real value.
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In the case of the remote loading o 2°,
as [16]

oy, ©°_the complex potentials in the matrix portion can be expressed

-1
¢(3)*(Z) — hlZ + Z p(3) k’ I//(?))*(Z) — h2Z+ Z C]/?)Zk (28)
k=— k=—N

where pf) and q,?) are some undetermined coefficients, and %1, h, are defined by

o 4+ o o

hy zu, hz:y—' (29)

4

Naturally, the continuity conditions for displacements and tractions [see below Egs. (32) and (33)] can be

satisfied with a difference of a constant. Therefore, the term of the constant is not included in Egs. (27) and

(28).

After using conformal mapping shown by Eq. (4), from Egs. (28) and (29), we can define the relevant

complex potentials in the mapping plane as follows:

—1 —1
@) =mRs+ > a’c* ¥y =mRc+ D bk (sl = p). (30)
k=—N k=—N

Comparing Eq. (27) with (30), we see the following relations:

aV=mR, a =0 (fork=>2),
b =mR, b =0 (for k >2). 31)
Physically, Eq. (31) represents the condition for the applied remote loading o>° and o;".
Without losing generality, we consider the continuity condition for traction and displacement along the
interface X' (Fig. 1). Since the resultant force function and the displacement should be continuous along the
interface, from Egs. (9) and (10) we have
¢V (o) + (( ))qb’(”(g) +9 () = ¢ (c) +

(( ))qb’<2)(g) +y (), (e, (32)
w($) —oy, -

w'(s)

) 0@, N Tm } 1 { @
[¢() ——¢" ' (c) — ¥ I(g) 2G 207 (6)—

e ——¢'P(c) - w@(g)], (cel).

(33)

2G

It is seen that the continuation conditions shown by Eqs. (32) and (33) are expressed in the continuous
form, which is formulated along the interface ¢ € Iy with ¢ = pre'? (Fig. 1). Now we want to convert two
conditions into a discrete form. To this end, we can apply the following operator:

1

5 { Jol Mg, (j=—-N,—(N—=1),...,-2,—1,1,2,...,N — 1, N) (34)
Tl

to both side of Egs. (32) and (33). After making the mentioned operation, from Egs. (32) and (33) we will
obtain the following transfer matrix relation:

{A2}an = [S21lanxan{A1}an (35)
where the two vectors are defined by
1 H 1 D (1) (1 1, 1 1
Ay = 1% 0y --aDa® a2, a0 6B 6D, 060 6D BT 6
2) (2 2) @ 2 2) (2 .2 2,2 2 2
{A2}an = {a (1)\fa£()N 1) -~a(1)a§) : 1(v)1 z(v)b() b ()N - b(fibi)"'ij)—l‘bgv)}T' (37)

The matrix [Sy1]anxan is called the transfer matrix, which provides a relation between the two vectors {A|}an
and {A2}4N.
For evaluating all elements in the matrices [S>1]4Nx4N, We can refer to some results in “Appendix A.”
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Similarly, after using the continuity conditions for traction and displacement along the interface I» (Fig. 1),
we have

{As}an = [S32]anxan{Az}an (38)
where
ok = (a6 o a o oD B0, b o2 T 9
After linking Egs. (35) and (38) together, we will find
{As}an = [S31]anxan {A1}an (40)
where
[S31]aNxan = [S32]aNx4N [S21]anxan. (4D

The obtained matrices [Sz1 Janx4N, [S32]4anx4an and [S31]anx4N (=[S32]anx4an [S21]anx4n) are called the trans-
fer matrix hereafter. The idea for the formulation of transfer matrix in the antiplane shear problem was also
suggested earlier [ 10]. For the problem of multiple elliptic layers in plane elasticity, the transfer matrix method
was suggested in [18,19].

As stated previously, there is a relation between the two vectors {A1}4n and {A;,}on shown by {A1}ay =
[H]anx2N {A1p}2n in Eq. (21). By using this relation and Egs. (35) and (40), we have

{A2}an = [T21lansoN {A1plan, 42)
{As}an = [T31lanxoN {A1plon (43)
where
[T21]anxon = [S21]anxan [HlanxoN, (44)
[T31]anx2N = [S31]anxan [H]4nx2N- (45)

From the above derivation, we see that if the vector {A,}oy is evaluated from a numerical solution, the
solution for the three vectors {A1}4n, {A2}an and {A3}an by using Eqgs. (21), (42) and (43), respectively, is
obtained.

2.4 Reduction in the transfer matrix from the properties of the complex potentials in the matrix and solution
of the problem

For solving the problem, we should use the particular property for the vector {A3}4n shown by Eq. (39). The
mentioned property is as follows: a?) =h|R, af) =0 (fork > 2), b?) = h)R, b,(f) =0 (for k > 2).

In Eq. (43), we can preserve some lines for positive power in the Laurent series expansion in the matrix
[T31]anx2N and delete those lines for negative power, and obtain

{Asplon = [R31onxon {A1p N (46)
where
T
(Asplaw = [af” ) a5 0] @)

Note that the matrix [R31]onx2N is obtained from the matrix [ T3] Janx 2N by using the above-mentioned property
shown by Eq. (31).
We prefer to write Eq. (46) in the form

[Ra1lonxon {A1play = {Asplon. (48)

Clearly, Eq. (48) represents an algebraic equation for the unknown {Aj,}on ({A1plon = {a(_lj)v a(,l()N,l) S

H 1 1 - 3 3 3,03 3 3
a(_l) a% ). -al(vll al(v)}T). In addition, {A3,}ony ({A3plony = {af )'"“1(\7)—1 "1(\/) bﬁ )--~b§\,) 1bg\,)}T) repre-

sents the right-hand term. Substituting af) = IR, a,E3) =0 b?) = R, b,?) = 0 (for k > 2) [from
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Fig. 2 An elliptic inclusion with a crack (—c, ¢) ¢ = v/a? — b? with elastic constants G, k| embedded in the infinite matrix
with elastic constants G, k2

the condition (31)] in the vector {A3,},n5 shown by Eq. (47) and solving the algebraic equation shown by Eq.
(48), we can get a solution for {Aj,}an.

As stated previously, after the vector {A,}oy is evaluated from the numerical solution for Eq. (48),
we can obtain the solution for the three vectors {Aj}ay, {A2}an and {Az}sy by using Egs. (21), (42)
and (43), respectively. Alternatively speaking, we obtain a numerical solution for the complex potentials
D (), ¥V ()@ (). ¥ P(c). 6P (), ¥ (s), respectively.

Finally, we can evaluate the stress intensity factor (SIF) at the crack tip by [19]

K1 =227 = )¢ (@) e = 2V271(0(6) — ) 6V () /0 ($) | ooy (49)

or

N
K = ‘/%( > ’kek_la,(cl)) with ¢c=va2 -2, e=ym=\/(a—bja+b). (50

R k=—N

3 Numerical examples for the infinite matrix case

Example 1 In the first example, the case for two phases is considered (Fig. 2). The elastic constants for the
inclusion and the matrix are denoted by G, «1 and G3, k2, respectively. k] = k» = 1.8 is assumed in
the example. The inclusion has a shape of an ellipse with two half-axes “a” and “b.” In addition, a crack
(—c,c)(c = ~/a* — b?) is embedded in the inclusion. The remote loading oyoo is applied at infinity. In
computation, we truncate N = 55 terms in the Laurent series expansion for the complex potentials. Clearly,
the general technique used for the case of three phases can easily be used for the present example.

Under the conditions (i) b/a = 0.25,0.5,0.75 and 0.9, (ii) G»/G = 10,2, 1, 0.5 and 0.1, and (iii) the
remote loading o)‘?o, the stress intensity factors can be expressed as

Ki = fi(b/a, G2/ G oV/e, (with ¢ =a? = 5?). 51)

The computed results for fi(b/a, G2/ G1) are listed in Table 1.

It is seen from the plotted results that, in the case of G2/G1 = 10 or for a very weaker inclusion, the
non-dimensional SIFs generally take the value less than unity. For example, we have fi [/4=0.56,/G6,=10 =
0.1548 and f1 1p/4=0.5G,/G,=2 = 0.6130. Since a weaker inclusion has a lower traction response under some
deformation, this result is easy to see.
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Table 1 Non-dimensional stress intensity factors f1(b/a, G2/ G1)(= Kl/a}‘,’o./nc) [see Fig. 2 and Eq. (51)]

G»/G 10 2 1 0.5 0.1
b/a=
0.25 0.1467 0.5992 1.0000 1.5682 3.9101
0.50 0.1548 0.6130 1.0000 1.5245 3.2993
0.75 0.1758 0.6497 1.0000 1.4052 2.2645
0.9 0.2099 0.7002 1.0000 1.2878 1.7240

304 _~2.965 ,

frex_ % inf _inf

254 I'. \"l '-‘ y X =0 ’/’

2004 ,/1.?768‘. bla=0.5 !

1.5-\\\ fT,in\/”\,,".\\ L G,/G=2 )

\
\ /
\
Y N ,
1.04 ) . [
\ | \ /
\\ ! N
L
fo: o)
/
Nin /-,
,

/
.
B

Non-dimensional stresses along interface
fN,in fN,ex fNT,in fNT,ex fT,in fT,ex

T T T T 1
0 60 120 180 240 300 360
0 (degree)

Fig.3 Non-dimensional stresses fi in(6), fnT,in(€), fr,in(0) (inthe interior side of the interface), fn ex(0), fnT,ex(0), fT,ex(0)
(in the exterior side of the interface) in the case of (i) b/a = 0.5, (ii) remote loading oyoo and (iii) G2/ G = 2 [see Fig. 2 and
Egs. (52), (53)]

On the contrary, in the case of G2/G1 = 0.5 or G2/G1 = 0.1, or for a very rigid inclusion, the non-
dimensional SIFs generally take a value large than unity. For example, we have f1 1,/4=0.56,/G,=0.5 = 1.5245
and f1 lp/a=0.5G,/G,=0.1 = 3.2993.

As stated previously, all the distributions of stresses can be found from the solution based on the suggested
technique. In the case of b/a = 0.5 and the remote loading G;X’, the computed results for oy, o7 and o7 in
the interior side of the interface, or from the inclusion side, are denoted by (Fig. 2)

on = fnin(@)oy", onT = fnrin(0)0y°, or = frin(@)oy” (atpointx =acos6, y=bsind). (52)

Similarly, the computed results for oy, oy7 and or in the exterior side of the interface, or from the matrix
side, are denoted by (Fig. 2)

on = fnex @)y, onT = fnrex ()07, o1 = frex(0)0)”.
(at pointx = acos@, y = b sin6) (53)

For the case of (i) b/a = 0.5, (ii) remote loading ayoo and (iii) G2/G| = 2, the computed results for
non-dimensional stresses fn in(6), fNT.in(0), fT.in(0), fn.ex(0), fNT.ex(0), fr.ex(0) are plotted in Fig. 3.
Theoretically, there should be fy in(0) = fn.ex(0) and fyr1.in(6) = fnT.ex(8). From Fig. 3, we see that those
curves are merged together. This will prove that an accurate result is achieved in the present technique. On the
other hand, a significant difference can be found between the f7i(6) and fr ex(6). For example, from Fig. 3
we find f7.in(0) lo=1800 = 1.368, f7.ex(6) lo=180c = 2.965 and f7.in(0) lo=180> < ST.ex(6) lg=180°-

Similarly, for the case of (i) b/a = 0.5, (ii) remote loading o'S° and (iii) G2/ G| = 0.5, the computed results
fornon-dimensional stresses fn,in(6), far.in(0), fT.in(0), fN.ex(0), fNT.ex (), fr.ex(0) areplottedinFig. 4.
The same results in computation, or fi in(6) = fn.ex(6) and fy7,in(6) = fnT.ex(0), can be found from Fig. 4.
Contrary to the previous case, in this case we find frin(0) lg—1800 = 1.690, fr.ex(0) lg—180- = 1.094 and
J1.in(0) lo=180° > JT.ex®) lo=180°-
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Fig.4 Non-dimensional stresses f in(0), fy7.in(0), fr.in(0) (in the interior side of the interface), fy ex(0), fNT.ex(0), fT.ex(0)
(in the exterior side of the interface) in the case of (i) b/a = 0.5, (ii) remote loading a§’° and (iii) G2/ G| = 0.5 [see Fig. 2 and
Egs. (52), (53)]
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Fig. 5 Non-dimensional stress intensity factors g (,0;2, G1/G>) [see Fig. 2 and Eq. (55)]

Example 2 In the second example, the case for two phases is considered (Fig. 2). In the example, the interface
is the substitution of ¢ = /mp, exp(if)(p, > 1) in the mapping function z = w(¢) = R(¢c +m/¢). In this
case, we have the following two half-axes for the interface:

1 1 b 21 Y
apozg(p0+_), bpozf(po__), ﬂz p;+1 with ¢ = az—bz. (54)

Po 2 Lo Apo 12

From Eq. (54) we see that if p, — 00, byo/ay, — 1 or the interface becomes a large circle. The elastic
constants for the inclusion and the matrix are denoted by G, x| and G, 3, respectively. k| = k» = 2.2 (to
coincide with the value used in [17]) is assumed in the example.

Under the conditions (i) ,00_2 =0.1,0.2,...,0.9, (ii) G1/G> = 2, 1.5,1, 0.5 and 0.3 and (iii) the remote
loading 03¢, the stress intensity factors can be expressed as

K| = gl(,oo_z, G1/G2)a;°«/ﬂc, (withc =Va? — bz) ) (55)

The computed results for g1 (o, 2, G1/G») are plotted in Fig 5. In addition, the previously obtained results
in [17] are also plotted in Fig. 5.

From the plotted results, we see that the differences for the computed results from different sources of
computation are minor. Those differences may come from the following factors. In the present study, the
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Fig. 6 Non-dimensional stress intensity factors g (,0;2, G1/G>) [see Fig. 2 and Eq. (55)]

traction-free condition along the crack is satisfied in a weaker form. To this end, we can apply the following
operator 2%” fl“o[‘ . .]g-i_ldg (j=—-N,—(N-=-1),...,—-2,—-1,1,2,..., N — 1, N) to Eq. (14). In addition,
in Ref. [17], the traction-free condition along the crack is satisfied along the crack face by expanding the
complex potentials in Laurent series. Secondly, the terms truncated in two sources may not be the same.

Under the other conditions (i) ,00_2 =0,0.1,0.2,...,0.9,1, (i1)) G /G2 = 0,0.1,0.2, ..., 1.0 and (iii)
the remote loading o5, the stress intensity factors are still expressed by Eq. (55). The computed results for
g1 (,00’2, G1/G») are plotted in Fig 6. In computation, the case for ,00’2 = 0 is approximated by ,o;2 =1077.
The result for p;2 = 1 is derived from the computed results for p;2 = 0.9 and p, > = 0.95 and usage of
an extrapolation. The case for G1/G, = 0 is approximated by the case for G1/G> = 1073, In addition, the
previously obtained results in [17] are also plotted in Fig. 6.

From Fig. 6, we see that for the case of p, 2 — 0or p, — 00, the results from two sources are nearly
the same. In addition, for the case of p, — 1(p, > 1) some differences are found from different sources of
computation. The reason for the difference has been explained previously.

Example 3 In the third example, the case for three phases is considered (Fig. 1). The elastic constants for the
inclusion, the elliptic layer and the matrix are denoted by G, 1, G2, k2 and G3, k3, respectively. We choose
k1 = k2 = k3 = 1.8. The inclusion has a shape of an ellipse with two half-axes “a” and “b.” The elliptic layer
is bound by two interfaces X; and X, which are the mappings of the circles I} (or ¢ = ,olem e Il with
p1 = 1)and I (or ¢ = pgeie € I’), respectively. In the example, pp = 1.5 is assumed.

The remote loading oyoo is applied at infinity. It is truncated at N = 55 terms in the Laurent series expansion
for the complex potentials. Clearly, the general technique used for the case of three phases can easily be used
in the present example.

In computation, we assume the following conditions: (i) p; = 1, pp = 1.5, (ii) b/a = 0.25, 0.5, 0.75,0.9
and (iii) G3/G1 = ,10,2,1,0.5and 0.1, G2/ G| = /B = /10 = 3.162, v/2 = 1.414, 1, /0.5 = 0.7073
and m = 0.316, respectively.

The computed stress intensity factors can be expressed as

Ki = f(b/a, G3/Golme with Go/Gi = \/G3/G1. (56)

The computed results for f>(b/a, G3/G) are listed in Table 2.
As stated previously, all the distributions of stresses can be found from the suggested technique. In the case
of b/a = 0.5 and remote loading o-5°, the computed results for o, o7 and o7 in the interior side and the

exterior side of the first interface X1 (z = w(¢) € X1, ¢ = €'’ € I') are denoted by
on = fnim (@)oo, onr = fnrin1(0)0,°, or = frin1(0)oy°
(at pointx = a cosf, y = b sin 6 in the interior side of the first interface X'y), 57

on = fNex1(@)oy°, onT = fNT.ex1(0)0)°, o1 = frex1(0)0)°
(at pointx = acosf, y = b sin6, in the exterior side of the first interface 7). (58)
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Table 2 Non-dimensional stress intensity factors f>(b/a, G3/G1)(= Kl/ay?oa/rrc) with G2/G1 = /G3/G [see Fig. 1 and
Eq. (56)]

G3/Gq 10 2 1 0.5 0.1
b/a =

0.25 0.1746 0.6187 1.0000 1.5500 3.6793
0.50 0.1844 0.6376 1.0000 1.4792 2.9301
0.75 0.2092 0.6770 1.0000 1.3641 2.1312
0.9 0.2453 0.7212 1.0000 1.2714 1.7056
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Fig. 7 Non-dimensional stresses fn in1(6), fn7.in1(0), fr.in1(0) (in the interior side of interface X1), fy.ex1(6), fNT.ex1(0),
Jf1.ex1(6) (in the exterior side of interface X'y) in the case of (1) b/a = 0.5, (2) remote loading cff,’o and 3) G2/G| = V2 =
1.414, G3/G1 = 2 [see Fig. 1 and Egs. (57), (58)]

Similarly, the computed results for oy, o7 and o7 in the interior side and the exterior side of the second
interface X» (z = w(c) € X», ¢ = p2e'? € I with py = 1.5), are denoted by

on = fnim(0)0y", ont = farin2(@)oy",  or = frin@)oy’
(at pointx = R(py +m/p2)cos6, y = R(pp —m/py)sin6

in the interior side of the second interface X), (59)
on = fyex2(0)07°, onT = faT.ex2(0)0y°, 0T = frex2(0)o)”
(at pointx = R(p2 +m/p2)cos@, y = R(pp —m/py)sinf

in the exterior side of the second interface X5). (60)

In the first group of computation, assuming b/a = 0.5, G2/G1 = /B, G3/G1 = B with /B =
1.414, B = 2, the computed results for non-dimensional stresses fy.in1(0), fn7.in1(0), fr,in1(6) and
Inex1(0), fnT.ex1(0), frex1(6) along the interface Xy are plotted in Fig. 7. From Fig. 7, we see that
Snin1(0) = fn.ex1(0), fnT.in1(0) = fnT.ex1(6). Thatis to say, the continuity conditions for the stress compo-
nents oy and oy along the interface are satisfied with higher accuracy in the numerical example. In addition,
we find that f7in1(0) # f7.ex1(0). For example, f7.in1(0) lg=180c = 1.547, fr,ex1(60) lg=1800 = 2.059, and
J1,in1(0) lo=1800 < fT,ex1(6) lo=180°-

Under the same condition G2/G1 = /B, G3/G1 = Bwith B = 2, the computed results for non-
dimensional stresses fi.in2(0), fy7.i2(0), fr.in2(0) and fyex2(0). fnT.ex2(0). fr.exa(6) along the interface
X5 are plotted in Fig. 8. In addition, we still find that f7 12 (0) # f7.ex2(6). For example, f7,in2(0) lg—=1g00 =
1.293, fr.ex2(0) lg=1800 - = 1.763, and fr.in2(0) lp=180° < fT.ex2(0) lg=180°-

In the second group of computation, assuming b/a = 0.5, G2/G = /B, G3/G1 = B with
/B = 0.707, B = 0.5, the computed results for non-dimensional stresses IN.in10), fnT.in1(0), f1.in1(6)
and fn.ex1(9), InT.ex1(0), fr.ex1(0) along the interface X are plotted in Fig. 9. From the plotted results,
we see that fnin1(0) = fn.ex1(0), fT.in1(0) = fnT.ex1(6). That is to say, the continuity conditions for
the stress components oy and oy along the interface are satisfied with higher accuracy. In addition, we
find that f7in1(0) # fr,ex1(6). For example, f7in1(0) lo=1800 = 2.241, fr.ex1(0) lg=1300 = 1.745, and
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Fig. 9 Non-dimensional stresses fuy.in1(0), fnT.in1(0), fr.in1(0) (in the interior side of interfaceX), fy.ex1(6), fnT.ex1(0),
f1.ex1(6) (in the exterior side of interface X'1) in the case of (1) b/a = 0.5, (2) remote loading oy°° and (3) G2/G1 = /0.5 =
0.707, G3/G1 = 0.5 [see Fig. 1 and Eqgs. (57), (58)]

Srin1(0) lo=1800 > fr.ex1(0) lg=180-- This result, or f7in1(6) lo=180c > fr.ex1(6) lp=180> (in the case of
B = 0.5), is different from the result in the first group, where f7in1(6) lg=180° < fT.ex1(0) lg=180~ (in the
case of g = 2).

Similarly, under the same condition the computed results for non-dimensional stresses fn in2(0), fn7,in2(0),
J1.in20) and fy ex2(0), fnT.ex2(0), frex2(60) along the interface X» are plotted in Fig. 10. In addition, we
still find that f7in2(0) # fr.ex2(0). For example, f7.in2(0) lg—180c = 1.312, fr.ex2(0) lg=180> - = 0.965, and

Srin2(0) lo=180° > JT.ex2(0) lo=180°-

4 A crack embedded in multiple elliptic layers with different elastic properties for the exterior finite
elliptic matrix case

The problem for a crack embedded in multiple elliptic layers with different elastic properties for the exterior
finite elliptic matrix case is studied below (Fig. 11). This topic is first investigated in this paper.
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Fig. 10 Non-dimensional stresses fy in2(0), fnT.in2(0), f7.in2(6) (in the interior side of interface X3), fn ex2(6), fnT.ex2(0),
Jf1.ex2(6) (in the exterior side of interface X») in the case of (i) b/a = 0.5, (ii) remote loading rryoo and (iii) G2/ G = ~/0.5 =
0.707, G3/G1 = 0.5 [see Fig. 1 and Egs. (59), (60)]
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Fig. 11 Mapping relations: (a) the finite elliptic inclusion with two half-axes “a” and “b” with a crack (—c, ¢) ¢ = ~/a? — b2 (in
the z-plane) and elastic constants G, ] mapped into ring region ./m < |¢| < 1 (in the g-plane with m = (a — b)/(a + b)),
(b) the elliptic layer bound by two interfaces X and X, (in the z-plane) with elastic constants G2, k2 mapped into ring region
bound by two circles I and I3, or p; < |¢| < p2 with p; = 1 (in the ¢-plane), (c) the elliptic layer bound by two interfaces X»
and X3 (in the z-plane) with elastic constants G3, «3 mapped into ring region bound by two circles 1% and I3, or p2 < |g| < p3

(in the ¢-plane)

4.1 Analysis for the exterior finite elliptic matrix case

For the exterior finite elliptic matrix case, the whole region is composed of three-phase composites: (i) the

elliptic inclusion with the elastic constants G1, «.In addition, a crack (—cc) with ¢ = v/a? — b? is embedded
in the inclusion. (ii) The elliptic layer bound by two interfaces X'; and X» with the elastic constants G, 2,
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and (iii) the elliptic layer bound by two interfaces X» and X3 with the elastic constants G3, k3. In addition,
the normal traction “p” is applied along the boundary X3 (Fig. 11).

Clearly, since only the boundary condition at the exterior layer in this paper has a difference with respect
to that studied in the Sect. 2, Eqgs. (1) to (27) and (32) to (45) are still useful in the present case.

However, the condition at the exterior layer is quite different from that in Sect. 2. In Sect 2, or in the
infinite matrix case, for the vector {A3}4y we have the following property: a = IR, a = 0 (for k > 2),

b§3) = hyR, b,(f) = 0 (for k£ > 2). In addition, for the finite matrix case, the vector { A3}4y must satisfy the
traction boundary condition addressed below or Eq. (61).
Now we consider the boundary value condition along the boundary X3 (Fig. 11). In the present study, a

normal traction “p” is applied along the boundary X'3. On the mapping plane, the condition can be expressed
as

o (S) 3, m
¢ (o) + e )¢'<3>< )+ ¥ () = po(s) = pR(s + o) el (61)
After applying the following operator 2m fn Jei e, (j = =N, —(N =1),...,=2,—1,1,2,...,
— 1, N) to both sides of Eq. (61), we have the following algebraic equation:

[Ulonxan {As}an = {g}on (62)

where the matrix [U]onx4N can be evaluated by the technique used previously. In addition, the vector {g},n
can be expressed as

{g}an ={00...0...pRmpRO...00}T

(orgny = pR, gn+1 =mpR, Gk lkzNor kxN+1 = 0). (63)
Substituting Eq. (43) in (62), we will find
[Usilonson {A1plany = {g}on (64)
where
[UsilonxoN = [Ulanxan[T31]aNxoN. (65)

Finally, from Eq. (64) we can get a solution for the vector {A},}2x. In addition, from the obtained vector
{A1p}2n,wecanobtain three vectors {A1}on, {A2}on and {A3}oy by using Eqs. (21), (42) and (43), respectively.
Alternatively speaking, the boundary value problem is finally solved.

4.2 Numerical example for the exterior finite elliptic matrix case

In the example, the case for three phases is considered (Fig. 11). The elastic constants for the inclusion and the
two elliptic layers are denoted by G, «1, G2, k2 and G3, k3, respectively. We choose x| = k» = k3 = 1.8.
The inclusion has a shape of an ellipse with two half-axes “a” and “b.” The crack (—c, ¢) with ¢ = v/a? — b?
is embedded in the inclusion. The first elliptic layer is bound by two interfaces ¥ and X», which are the
mappings of the circles I'1 (or ¢ = p1€? € Il with p; = 1) and I (or ¢ = et € I), respectively. In the
example, pp = 1.5 is assumed. The second elliptic layer is bound by the interfaces X5 and the boundary X3,
which are the mappings of the circles I>(or ¢ = pre? € Ih) and Is(or ¢ = p3el? € ), respectively. In the
example, p3 = 2 is assumed (Fig. 11).

Along the exterior boundary X3, the loading oy = p is applied. It is truncated at N = 55 terms in the
Laurent series expansion for the complex potentials.

In the computation, we assume the following conditions: (i) po = +/m, p1 = 1, p» = 1.5 and p3 = 2, (ii)
b/a = 0.25,0.5,0.75,0.9,and (iii) G3/ G| = =10,2,1,0.5and 0.1, G2 /G| = /B = V10 = 3.162, /2 =
1.414, 1, /0.5 = 0.7073 and +/0.1 = 0.316, respectively.

The computed stress intensity factors can be expressed as

Ki = g(b/a, G3/G)pJmc withG2/Gy =/G3/G, ¢ =+/a? — b2. (66)
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Table 3 Non-dimensional stress intensity factors g(b/a, G3/G1)(= K1/p+/7c) with G2/G| = /G3/G] [see Fig. 11 and Eq.
(66)]

G3/G 10 2 1 0.5 0.1
b/a=

0.25 0.6123 1.5352 2.1604 2.9431 5.4091
0.5 0.4797 1.1578 1.5680 2.0329 3.2295
0.75 0.4302 0.9609 1.2254 1.4842 2.0005
0.9 0.4431 0.8939 1.0804 1.2420 1.5109

The computed results for g(b/a, G3/G1) are listed in Table 3.

It is seen from the plotted results that, in the case of G,/ G| = 10 or for a very weak inclusion, the non-
dimensional SIFs (stress intensity factors) generally take a value smaller than their counterparts in the case
of G2/Gl = 1. For example, we have 8 |b/a:0.5 Gy/G1=10 = 0.4797 and g |b/a:0.5 G2/G1=2 = 1.1578 and

8 lbja=0.5G,/G,=1 = 1.5680. Since a weaker inclusion has a lower traction response under some deformation,
this result is easy to see.
On the contrary, it is seen from the plotted results that, in the case of G2/G; = 0.1 or for a very

rigid inclusion, the non-dimensional SIFs generally take a value larger than their counterparts in the case
of G2/G = 1. For example, we have g |;/,—056,/6,=0.1 = 3.2295 and g 15/4—0.5G,/G,=0.5 = 2.0329 and
8 lbja=0.5G,/G,=1 = 1.5680. Since a rigid inclusion has a higher traction response under some deformation,
this result is easy to see.

As stated previously, all the distributions of stresses can be found from the suggested technique. In the
case of b/a = 0.5 and loading oy = p along X3 (Fig. 11), the computed results for o, o7 and o7 in the
interior side and the exterior side of the first interface X (z = w(c) € X, ¢ = ¢'? € I) are denoted by

oN = fnin1(@)p, onT = fyr,in1(@)p, or = frin1(@)p

(at pointx = acos6, y = b sin6 in the interior side of the first interface X'y), (67)
oN = fNex1(@)p, onT = fNT.ex1(@)p, o7 = frex1(0)p
(at pointx = acos#, y = b sin6, in the exterior side of the first interface 7). (68)

Similarly, the computed results for oy, on7 and o7 in the interior side and the exterior side of the second
interface 2> (z = w(¢) € X, ¢ = pe'? € I with py = 1.5), are denoted by

on = fNin2@)p, onT = fnrin2@)p, or = frin2@)p
(at pointx = R(py +m/p2)cos6, y = R(py —m/p2)sinf
in the interior side of the second interface X,), (69)

oN = fyex2(@)p, onT = [NT.ex2(0)p, o7 = frex2(0)p
(at pointx = R(py +m/p2)cos6, y = R(py —m/p2)sinf
in the exterior side of the second interface X»). (70)

In the first group of computations, assuming b/a = 0.5, G2/G| = /B, G3/G| = B with /B =
1.414, 8 = 2, the computed results for the non-dimensional stresses fi in1(6), fnT.in1(0), fr.in1(8) and
Inex1(0), fnT.ex1(0), frex1(6) along the interface Xy are plotted in Fig. 12. From Fig. 12, we see that
Inin1(0) = fnex1(0), far.in1(0) = fnr.ex1(0). That is to say, the continuity conditions for the stress
components oy and oy7 along the interface are satisfied with higher accuracy in the numerical example. In
addition, we find that f7in1(0) # f7.ex1(6). For example, f7in1(0) lo=1800 = 2.585, fr.ex1(0) lg=1800 =
3.315, and f7.in1(0) lg=180° < fT.ex1(6) lg—180°-

Under the same condition G,/ G| = /B, G3/G1 = B with B = 2, the computed results for the non-
dimensional stresses . in2(6), fn7,in2(0), fr.in2(0) and fy ex2(0), fnT.ex2(0), f1,ex2(6) along the interface
2 are plotted in Fig. 13. In addition, we still find that f7in2(6) # f1.ex2(0). For example, f7.in2(0) lg—180c =
1.574, fr.ex2(0) lp=180c - = 2.010, and f7in2(0) lg=180° < SfT.ex2(0) lo=180°-

In the second group of computation, assuming b/a = 0.5, G,/G1 = /B, G3/G1 = Bwith /B =
0.707, B = 0.5, the computed results for non-dimensional stresses fw in1(6),fnT,in1(8), f7,in1(8) and
IN.ex1(0), fNT.ex1(0), fT.ex1(0) along the interface X'y are plotted in Fig. 14. From the plotted results, we
see that fyin1(0) = fyvex1(6), fnT.in1(0) = fnr.ex1(0). That is to say, the continuity conditions for
the stress components oy and oy7 along the interface are satisfied with higher accuracy. In addition, we
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Fig. 12 Non-dimensional stresses fn in1(0), fy7,in1(0). fr,in1(0) (in the interior side of the interface X1), fn,ex1(0),
InT.ex1(0), fr.ex1(0) (in the exterior side of the interface X') in the case of (i) b/a = 0.5, (ii) boundary loading oy = p

and (iii) G2/ G = +/2=1.414, G3/ G, = 2 [see Fig. 11 and Egs. (67), (68)]
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Fig. 13 Non-dimensional stresses fn in2(0), fn7,in2(0), f1,in2(0) (in the interior side of interface X7), fn ex2(6), fnT,ex2(0),
fr.ex2(0) (in the exterior side of interface X) in the case of (1) b/a = 0.5, (2) boundary loading oy = p and (3) G2/G| =

V2 = 1414, G3/G; = 2 [see Fig. 11 and Egs. (69), (70)]

find that f7in1(0) # fr.ex1(60). For example, f7in1(0) lg=1300 = 2.733, fT.ex1(0) lg=1300 = 2.287, and
J1in1(0) lg=180c > JT,ex1(6) lg—180o- This result, or f7,in1(0) lg=180c > JfT,ex1(6) lg—10 (in the case of
B = 0.5), is different from the result in the first group, where frin1(0) lg—=ig0c < fT.ex1(0) lg—180> (in the
case of B = 2).

Similarly, under the same condition the computed results for non-dimensional stresses fy.in2(6), fnT.in2(60),
Jr.in2(0) and fn.ex2(0), fnT.ex2(0), fr.ex2(0) along the interface X, are plotted in Fig. 15. In addition,
we still find the result f7in2(0) lg=1g00 > fT.ex2(0) lg=180c- In addition, we find f7in2(60) lg—90° max =
1787, fr,ex2(0) lo=90° max = 1.363.

5 Conclusions

The continuity conditions for traction and displacement have been introduced in Egs. (32) and (33). In addition,
those conditions were reduced in the following weaker form:
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Fig. 14 Non-dimensional stresses f in1(0), fnT.in1(0), f7.in1(6) (in the interior side of interface X1), fy.ex1(6), fNT.ex1(0),
J1.ex1(6) (in the exterior side of interface X'1) in the case of (i) b/a = 0.5, (ii) boundary loading oy = p and (iii) G2/ G| =

v/0.5=0.707, G3/G1 = 0.5 [see Fig. 11 and Egs. (67), (68)]
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Fig. 15 Non-dimensional stresses fy in2(0), fa7,in2(0). fr,in2(0) (in the interior side of interface X»), fy ex2(0), fnT,ex2(0).

Jf1.ex2(0) (in the exterior side of interface X5) in the case of (i) b/a = 0.5, (ii) boundary loading oy

/0.5 =0.707, G3/G1 = 0.5 [see Fig. 11 and Egs. (69), (70)]

= p and (iii) G2/ G| =

1

= @Y+ (5)¢/<”<g>+x/x<1><g>>

Tl J ( )

—(@ () + ((g))¢'<2><g>+w<2><g))} “ldg=0 (j=-N,...,—1,1,...,N), (71)
! ) @(S) M T

e —(x¢ (5) — ==¢'D(s) — y(D(c))

Tl Fl @' (g)

——(K @ () — ((§))¢,<2)(§) W)(g))}g“dg:o (j=-N,...,—1,1,...,N). (72)

After using Egs. (71) and (72), the transfer matrix for the continuity conditions for traction and displacement
is therefore obtained. In fact, Eqs. (71) and (72) represent a kind of weight residue formulation, or a weaker

formulation for the boundary conditions along the interface.
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In fact, for example, if we expand the term (¢V (¢) + Z/(zg)(f’/(l)(s‘) + (D (¢)) in a Laurent series, the

derivation for the continuity conditions shown by Egs. (32) and (33) must be complicated. It is seen that the
weaker formulation shown by Eqgs. (71) and (72) is a particular advantage in the present paper.

Appendix A: Derivation of the transfer matrix from continuity conditions for traction and displacement
along the interface

First of all, we define two particular integrals as follows:
1

L =— [ " 'd¢,  (n-integer) (A.1)
27i I
1 " )
L = —/ ——=dg, (n-integer) (A.2)
2mi ¢z g2

where I'| denotes a circle with radius p;, and “g” is a positive real value with property g > o1 (Fig. 16).
Clearly, we have

1
Lh=-— [ ¢"'ds =3, (A.3)
2mi I
where
dp=1 for n=0, and 6, =0 forn #0. (A4)
In addition, we have [16]
/ =L/ & = / Ll o o =mga, (A5)
STl 2mi r12q§ g s+q '
where
I-(=D"
hn(g) = —————q""", (A.6)
Ap,=1 forn<—-1, and A, =0 forn > 0. (A7)
Clearly, for the point ¢ € I, or ¢ = ple“’, we have (Fig. 16)
2
_ _ P
cT=pf, or T= ?1 (A.8)
In addition, we define two complex potentials as follows:
N .
¢ () = Z g’k y D)= D bk (e =pe. py < p < p1), (A.9)
k=—N
N .
$? () = Z ‘aPk YD ()= D Pk (c=pe? 1< p < p2). (A.10)
k=—N

-
<

r

1

Fig. 16 A path I for integration
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By using Eqgs. (A.3) and (A.9), we have
N

1
oV ()g/ dg = —/ Z ) e = > iy jal, (A.11)
27‘” I P
After using Egs. (4), (5), (A.8) and (A.9), along ¢ € "1 or ¢ = p1e?, we will find
N 2
w(S) S, < ) 1 /012 2 2 1, () 2k _—k : Pi
—=¢""(g) = —G¢ +p kay 'p7"¢™", with ¢ = —. (A.12)
@'(s) g2 \mo k_z ¢ vm
In addition, by using Egs. (A.5) and (A.12) we have
N
1 w(&) =y -1 Pt /
— d¢ = —— k h_ A_
ol M )¢ (s)s s=-— k; o1 ak ktj+1(@) A gt j+1
N
—0F D" kptra s 1 (@) Airj1. (A.13)
k=—
By using Eqgs. (A.8) and (A.9),along ¢ € [N or ¢ = p1€e'?, we have
y((g) = Z b 7K, (A.14)
1
— [ v 1dg__/ z i e TR lag = Z S (A15)
i Jn Ty k=—N
Similarly, along ¢ € I'] or ¢ = p1e'’ we will obtain
| N
j— 2
= [ 9P = D> Sirja, (A.16)
27 »/1—‘] kZZ—:N AR
N
1 @(5) —m N ,
— ko aPh i (@A ki
2ri n o'(s) m k_z_: b o o
N
2
—pt D kptral h iy 1 (@A ks, (A.17)
k=—N
N
1 _—
—/ V()i e = D "ok iy b, (A.18)
2mi I kN

It is known that the continuity condition for the traction and displacement along the interface X', or along
It in the mapping plane in Fig. 1, can be expressed as follows:

oV (c) + (g))¢/“><g>+w<l>(g> @ (c) + (g))¢/<2>(g)+w<2>(g> (cel), (A.19)
—{ 191 () — ((g)) —y ()} = —{K @ () — ((g)) — YD)}, (g € M.

(A.20)

It is seen that the continuation conditions shown by Egs. (A.19) and (A.20) are expressed in the continuous
form, which is formulated along the interface ¢ € I} with ¢ = pre'? (Fig. 1). Now we want to convert two
conditions in a discrete form. To this end, we can apply the following operator:

1

o { Je/ e, (j=-N,—-(N-1),...,-2,—-1,1,2,...,N =1, N) (A.21)
T
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to both side of Egs. (A.19) and (A.20). After making the mentioned operation, from Egs. (A.19) and (A.20)
we have

[Milanxan {A1}any = [Molanxan{A2}an (A.22)

where the two vectors are defined by

[A)ay = {a(l) ()] 1 1) (1) (1) b(l) p b(_l% b}l) . -bﬁ\}),l b;\})}T’ (A.23)

NA_(N—1) a1 4 —~(N=1)"
2 2 2 2) 2 2 2 2 2 2 2
{Agday = (@B a®y_y - -a® al? - --a,(v_la}v)b(_])\,b(_()N_l)---b(_l)bﬁ)-~-b§V)_lb§V)}T. (A.24)

In Egs. (A.23) and (A.24), the vectors {A{}4x and {A,}4n are composed of the coefficients in the Laurent
series expansion for the complex potentials ¢>(1)(g), Ip(l)(g), d)(z)(g), tp(z)(g) shown by Egs. (A.9) and
(A.10), respectively.

From Eq. (A.22), we have

{A2}an = [So1lanxan{At}an (A.25)

where
[S21]lanxN = [M2_1]4N><4N [M ]4Nx4N. (A.26)

In Eq. (A.25), (M, 1]4N><4N represents the inverse matrix of [Mj]aNx4N-

Appendix B: Asymptotic solution for a small crack in the inclusion

In the case of the remote stresses o >° and cr (Fig. 17), for solving the inclusion problem we can assume the
following complex potentials in the 1nc1u510n

¢V (c) = fR( —), orpV*(2) = fz, (B.1)
My = mn M,y —
v(s) =¢R (g + ;) ,oory(z) = gz (B.2)
where “ f” and “g” are two real constants.

After using the mapping relation shown by Eq. (4), the complex potentials for the matrix in the mapping
plane will be

) - Ck .
¢(c) =RI¢+ Z % (cxr—some real constant coefficients), (B.3)
=0
[o¢]
w(z)(g) = RI¢+ Z —]]{( (dy—some real constant coefficients) (B.4)
:O
o, o) o”, o
AY
G,x,
b
G Kk | ol o R R
\\ _
a small crlack with|length 2e
(a) (b)

Fig. 17 a An inclusion in an infinite matrix, b a small crack with length “2e”in the inclusion
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where

crxoo—i—cr)?o o —o

After using the displacement and traction continuity conditions along the elliptic interface, we can get an

[TPant)

algebraic equation for “ f” and “g,” and the final solution is as follows [20]:

f= g5 [0 0B 40~ mpio — 0], (B.6)
g= i{—2m(1—oz—ﬁ)(afo+a;°)+2(a+,3)(a;°—afo)} (B.7)
where
QZM, ﬂ:M’ (B.8)
Gi1(1+«2) Gi1(1+«2)
A=(@+p)(1—p)—m*B2—a-p). (B.9)

From Eq. (1), we can evaluate the stress components in the inclusion (Fig. 17)

. 1
o =2f—g= Al +mU—a =)= A +m)B] F +0) = @+ B+ 2mP) (o — o)}

2A
(B.10)
ot =2f +g= i {[1 —m(1 —a—p) — (1 +mDB] (@2 +03°) + (@ + B — 2mB)(65° —a;O)}.
(B.11)

It is assumed that a small crack with length “2e” is placed in the comparatively large inclusion. In addition,
we have the following stress intensity factor solution:

Ky =o"/me. (B.12)

If we let 07° = po®, K| can be written in the form

Ky =0y /me (B.13)
where
1
8= {[1-m(—a—p)—A+mHB] (L + p)+ (@+ B —2mB)(1 - p)}, (B.14)

In a particular case of the circular inclusion, or a = b and m = 0, we have

1
8= ﬂ{(l =B A+ p)+(«@+ B —p)} (B.15)
where

A= (a+p)1-B), (B.16)

Clearly, Eq. (B.15) can be rewritten as

S =

2|larg T 1-p ®17

The result shown by Egs. (B.13) and (B.16) was first obtained in [17].

1[1—|—p l—p]
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