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Abstract The paper presents a dual approach with respect to the local mean square error criterion to multi-
degree-of-freedom nonlinear systems under stationary Gaussian random excitation. It results in new values of
linearization coefficients that are obtained as global averaged values of all local linearization coefficients. Two
examples of typical two-degree-of-freedom nonlinear systems under zero-mean stationary Gaussian random
excitation are demonstrated. The results show that the accuracy of solutions by the proposed criterion is
significantly improved in comparison with the one by the classical equivalent linearization method, especially
when the nonlinearity is strong.

1 Introduction

Stochastic equivalent linearization or Gaussian equivalent linearization (GEL) proposed by Caughey [1] is a
popular method used for analysis of stochastic nonlinear systems. The method is based on the replacement
of a nonlinear oscillator under Gaussian excitation by a linear one under the same excitation. The standard
way of implementing this technique is that the coefficients of linearization are to be found from the classical
mean square error criterion which minimizes the equation error. Although the method is very efficient, its
accuracy decreases as nonlinearity is increasing and in many cases it results in unacceptable errors. For this
reason, a good deal of research has been conducted in recent decades on improving GEL, for example [2-6].
The method has also been investigated by many criteria [7—12]. In 2006, Crandall’s work [13] described a
number of interesting episodes in the history of the linearization technique that have arisen in the past half

N.D. Anh - L. D. Viet - N. C. Thang
Institute of Mechanics, VAST, 264, Doi Can, Hanoi, Vietnam
E-mail: ndanh@imech.ac.vn

L. D. Viet
E-mail: ldviet@imech.ac.vn

N. C. Thang
E-mail: caothang2002us @yahoo.com

N.D. Anh - L. D. Viet - N. C. Thang
University of Engineering and Technology, VNU, Hanoi, Vietnam

L. X. Hung (<)

Hanoi Metropolitan Rail Board, 8 Ho Xuan Huong, Hanoi, Vietnam
E-mail: hunglx_hatd @fpt.vn

Tel.: 84-4-39445146

Fax: 84-4-39435126


http://crossmark.crossref.org/dialog/?doi=10.1007/s00707-015-1332-4&domain=pdf

3012 N. D. Anh et al.

century. In 1995, based on the assumption that the global integration domain taken in the mean square error
criterion should be reduced to a local one where the response would be concentrated, Anh and Di Paola
[14] proposed a local mean square error criterion (LOMSEC). Further investigation [15-17] has showed an
improved accuracy of this criterion; however, the local domain in question was unknown and it has resulted
in the main disadvantage of LOMSEC. Recently a dual conception was proposed in the study of responses to
nonlinear systems [18] and has been developed in [19-21]. One significant advantage of the dual conception
is its consideration of two different aspects of a problem in question, which allows the investigation to be
more appropriate. In 2012, in a new development based on the dual conception to LOMSEC by Anh, Hung
and Viet [22], the authors proposed a global-local mean square error criterion (GLOMSEC) to single-degree-
of-freedom (SDOF) stochastic nonlinear systems, considering local and global levels, and thus new values of
linearization coefficients are obtained as global averaged values of all local linearization coefficients. Although
SDOF systems may provide an adequate mathematical representation of a considerable number of physical
problems, dynamic systems with multi-degrees-of-freedom (MDOF) must be used in most cases of engineering.
Thus, itis needed to address the issue of application of GEL to MDOF systems subjected to random excitation.
The transition from the SDOF to the MDOF problem has been gradual over a half-century, and some researches
can be mentioned for example: Atalic and Utku [23] presented the GEL procedure for MDOF systems with
state space nonlinear equation of motion that are linearized according to the iterative scheme; Spanos [24]
developed GEL for symmetric or asymmetric MDOF nonlinear systems; Faravelli, Casciati and Singh [25]
provided two new procedures to GEL and their applicability to hysteretic systems; Casciati and Faravelli [26]
developed GEL for three-dimensional frames; Casciati, Faravelli and Venini [27] investigated complex and
plane structures under random excitation by means of the frequency domain method; Paola, Loppolo and
Muscolino [28] analysed MDOF systems under stochastic seismic; Falsone [30] developed GEL for MDOF
systems under parametric excitation; and others [31-33]. The above-mentioned researches are useful references
to this paper’s subject. This paper presents an extension of GLOMSEC to MDOF stochastic nonlinear systems
and implements two examples for demonstration. The same as results obtained by the analysis of SDOF
nonlinear systems [22], the numerical results for the two-degree-of-freedom nonlinear systems under white
noise excitation demonstrate a significant improvement in the accuracy of solutions, especially when the
nonlinearity is strong.

2 Formulation

We consider a MDOF nonlinear stochastic system in the following form:
MG +Cq+Kq+ Plg.9) = Q), (1

where M = [m;jlyxn, C = [Cijluxn, K = lkijlaxn are n x n constant matrices, defined as the inertia,
damping and stiffness matrices, respectively. ®(g, §) = [®1 D5 --- ,]” is a nonlinear n-vector function of
the generalized coordinate vector ¢ = [q1¢2 - - - ¢,]! and its derivative ¢ = [{142 - - - §,]” . The symbol (T)
denotes the transpose of a matrix. The excitation Q(¢) is a zero-mean stationary Gaussian random vector
process with the spectral density matrix Sp(w) = [S;;j(@)]nxn, where S;;(w) is the spectral density function
of elements Q; and Q.

An equivalent linear system to the original nonlinear system (1) can be defined as

Mg+ (C+C4+ (K +K)q = Q(1), (2)
where C¢ = [ij]nxm K¢ = [kfj]nxn are deterministic matrices. They are to be determined so that the
n-vector difference ¢ = [g1, €3, ..., &,]7 between the original and the equivalent system is minimized. For

the conventional linearization method, as shown in [29] by Roberts and Spanos, the matrices C¢, K¢ and are
determined by the following criterion

E{STS}—> min: G, j=1,2...,n), 3)
cfj,kfj
where E {.} denotes the mathematical expectation operation and ¢{., k¢, are the (i, j) elements of the matrices

ijoij
C¢, K¢ and
e=®(q,9)—C°q— K. “4)
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Upon utilizing the linearity property of the expectation operator E {.}, criterion (3) can be written in the
following form [29]

}—> min; (¢a=1,2,...,n). (5)

The necessary conditions for the criterion (5) to be true are

ad

e
E)cl.j

E{e2} =0, ——E{2}=0; (,j=12....n. ©)

ok¢)

Utilizing equations (4) and (6), and implementing some necessary algebraic analyses, one obtains the expres-
sions to determine cfj, kfj as follows

0d; , 0d;
cszE!—,'}, k;sz[—’], (7)
99, 3q;
where ®; is the (i) element of ®(q, g).
The spectral density matrix of the response process ¢ (¢) is of the form

Sq(@) = [Sgiq; @), Gy j=1,2,...,n), (8)

where Sqiq; (@) is the (i, j)th element of S, (w).
Using the matrix spectral input—output relationship to the linear system (2), one gets

Sq(@) = a(@)Sg(@)a’ (w), ©)
where o (w) is the matrix of frequency response functions. It is known as
a(@) = [-0*M +io(C +C%) + (K + K9] (10)

The mean values of the response can be calculated by the following equations:

E{giq;} = / Sugy@do, E{qq"} = / a(~w)Sg(@)a” (@)do,
E{qu} - / o (—0)So(@)e (w)dw. (1)

Equations (2), (7), (9—11) establish a set of nonlinear algebraic equations to determine the mean values of the
response.

Denoting by p(g) the stationary joint probability density function (PDF) of the vectorg = [g1, ¢2, - . ., gn]",
we can write criterion (5) in the following form

+o0 +00
E{e;} = / (n) / eap(q)dg — C{}}ilcrg; (i, j=1,2,...,n). (12)
—00 —00 R

The square error criterion (the classical criterion) is very efficient, however, its accuracy decreases as
nonlinearity is increasing and in many cases it leads to unacceptable errors. Thus, the problem of modifying
the classical criterion in order to improve the accuracy has attracted the attention of many researches [2—
12]. Since the integration is taken over the entire coordinate space (—o00, +00), criterion (12) may be called
global mean square error criterion. In 1995, based on the assumption that the global integration domain taken
in the classical criterion should be reduced to a local one where the response would be concentrated, Anh
and Di Paola [14] proposed a local mean square error criterion (LOMSEC) and established an algorithm for
SDOF stochastic nonlinear systems. The further investigations [15-17] have developed LOMSEC to MDOF
stochastic nonlinear systems, in which criterion (12) is modified by

+4qo1 +4on

(n) / egp(q)dq — mirgirltleum, (13)

ijokij
—qo1 —qon
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where qo1, 902, - - -, qon are given positive values. The expected integrations in (13) can be transformed to
non-dimensional variables by qo1 = roy1,q02 = 1042, ...,q0n = rog, with r a given positive value;
041,042, - - - , Ogn are the normal deviations of random variables of g1, ¢, . . ., gu, respectively. Thus, criterion
(13) leads to
+rogi +rogn

E [82] = / (n) / eﬁp(q)dq — minimum, (14)

ke,

—rO'q] —I’O'qn Y J

where E [.] denotes the local mean values of random variables, which are taken as follows:

+rog1 +rogn +rog1 +rogn
E[]= / (n) / Opl@)dg  —  E|qqj]= / (n) / qiq; p(q)dq. (15)
For example
—rog1 —rogn —rog1 —Iogn
In GEL, the values 041, 042, . . . , 04 are considered to be independent from cf]. , kfj in the process of minimizing

(14). Criterion (14) results in the necessary conditions for determining cfj, kfj as follows:

a

e
8cij

9
E[e] =0, e E [£2]=0 (16)
ij

It is seen from (14) to (16) that the elements of cfj, kfj obtained by LOMSEC are functions depending on the
local mean values of random variables and also depending on r (i.e. cf]. = cf]. (r), kfi = kf]. (r)), which is not
explicitly expressed here. 4 ‘ ' ‘

Since the linearization coefficients cfj (r), kfj (r) determined by (16) are functions depending on the parame-
ter r, they become constant values when r is determined. In this sense, the linearization coefficients cfj (r), kiej (r)

can be called local linearization coefficients. Equations (2), (15) and (16) allow to determine the unknowns
cf ! (r), kfj (r) and the vector ¢ (¢) when r is given. Some advantages of LOMSEC can easily be seen as follows
[15-17]: First, by changing values of r, LOMSEC can create a series of various approximate solutions, and as
r = 00, LOMSEC gives the same solution as the classical criterion does; LOMSEC also implies the existence
of a value (rexact) that in principle allows to obtain the exact solution, while this is impossible for the classical
criterion; the most important advantage of LOMSEC is that it enables to obtain much more accurate solutions
than the ones of the classical criterion [15—17]. The main disadvantage of LOMSEC, however, is that the local
domain of integration, namely in our case the value of r, is unknown and the open question is how to find it.
Recently a dual conception was proposed in the study of responses to nonlinear systems [18] and has been
developed in [19-21]. One of the significant advantages of the dual conception is that its consideration of
two different aspects of a problem in question allows the investigation to be more appropriate. Using the dual
approach to LOMSEC, it is suggested that instead of finding a special value of r one may consider its variation
in all the global domain of integration. Thus, the linearization coefficients cfj (r), kfj (r) can be suggested as

global mean values of all local linearization coefficients as follows:

s N
1 1
;= <cfj(r)> = Lim E/cfj(r)dr, ki; = <kfj(r)> = Lim ;/kfj(r)dr, (17)
0 0

where (.) denotes conventionally the average of operators of deterministic functions.

Now Egs. (2), (15), (16), (17) allow to determine the unknowns without specifying any value of r. The
dual approach to LOMSEC leads to a new criterion that may be called global-local mean square error criterion
(GLOMSEQC).

3 Two-degree-of-freedom oscillator with nonlinear stiffness

For the purpose of proving the great advantage of GLOMSEC to the solution accuracy, this part investigates
a two-degree-of-freedom system with nonlinear stiffness under white noise excitation [32] which is described
by

0
)'C.i-i-h)'ci—l-—a U(xi,x) =w;i(t), i=1,2, (18)
Xi
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where U (x1, x7) is the potential energy and is given by

1 1
U(xy,x2) = Ea)%xlz + Eng% + yle + y3x12x§ + y5x§ (19)

and h, w1, w3, Y1, V3, V5 are positive constants; w; (#) with i = 1, 2 are the components of the vector w(?),
which is a zero-mean Gaussian white noise stationary random vector process with the following correlation
function:

Kij(t) = E{wi(Ow;(t + )} =278;8;;8(r), G, j=1,2), (20)

where §(7) is the Dirac delta function, §;; is the Kronecker symbol, S, S are constant values of the spectral
density of the random excitations w1 (¢), w2 (¢), respectively.

3.1 Exact solution

In the case of the same spectral density of random excitations S| = S = Sy, the Fokker—Planck equation
gives an exact stationary PDF to system (18) as follows:

h
P(X1,X2)=C6XP[—ﬂ—SOU(XWQ)}, 2D

0 o0 N -1
C = / /exp[——U(xl,xz)]dxldxz . (22)
7 So
00 —00

Here C is the normalization constant.
The exact mean square responses are defined by

“+00 +00 "
E{xiz}ex =C / / xizeXP[—n—SoU(m,xz)]ddeL i=12. (23)

—00 —00

The exact solution (23) is used for evaluating relative errors of approximate solutions.

3.2 LOMSEC
By utilizing (19), Eq. (18) can be rewritten in matrix form as
X h 07+ 20 4y1x] + 2y3x1%3 t
[?‘.l}[ }H+ “r 0 H+ 1 2 =[wl<>]. 24)
X2 0 h]lx 0 w5 X2 4)/5)(; + 2y3x12x2 w2 (1)

Following Eq. (1), we denote

M=[1 o] C:[h o] w_ et 0 o 4y1x] + 2y3x1x3 x:[xl]_ 03)
0 1 0 h 0 w% 4V5X§+2)/3X%X2 X2

The linear system to (24) is taken in the following form:

2 e e
i : oy +k§, k
k31 wy + k3,
where kfj (i, j = 1, 2) are the linearization coefficients.

According to formula (4), the difference ¢ between (24) and (26) is

e =d(x) — K, 27)
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where 3 5
82[81] qu[(bl}: 4y1x] + 2y3x1x5 Ke:[k‘fl kfz} x:[xl] 28)
& ®2 dysx3 + 2y3x3x; k3y k3 2
Utilizing (16) for determining the components of K¢ yields
9 271 _ 9 [ 3 2 e e 2
oki, oky, L
= —4y E [xf'] —2nE [xlzx%] +k{ E [xlz] + ki, E [x1x2] = 0,
0 a r 27
5 E [g%] = . E (4y1xf + 2]/3)61)6% — k?l)q - kfzxz)
ok{, ki, L _
= -4y E [x%xz] —2nBE [xlxg] +kf1E [x1x2] + sz [xg] =0,
0 a I 27
—E (3] = o E | (4533 + 2y3x7x2 — k5,31 — kSp0)
ks, ks, L _
= —4y5E [xlx;] —2E [x?xz] + k5 E [xlz] + k5, E [x1x2] = 0,
a r 27
—E[e3] = —E | (4ysx3 + 2y3x7x2 — k5 x1 — Ky x2)
k3, oky, L _
= —4ysE [x3] = 203 E [x{x3] + &5, E [x1x2] + kS, E [x3] = 0. (29)

Since x1, xp are independent as assumed, E [x12n+1 x%’"“] =0,and E [x%” x%m] is expressed by (A.10)
and (A.11) in the Appendix. Thus, equation system (29) gives k{,(r) = k5,(r) = 0 and the equations for
determining k{, (r), k5,(r) as follows:

E ]+ 2mE [x3x3] _ 4n2a, (E{x1))’ 270, + 29271, E (x}} 271, E {x3}

1) = 2 2
E [x7] 2Ty E {x{} 2T0,,
T, 2 T,
=4y E x? —— +2nEix —,
(3} 725+ 2k i)
2
iy = SEL 20 [33] _ dys2o, 2, (E L))’ + 29527, £ (s} 2 £ (i3]
2 E [+3] 270,27, E {x3)
TZ r 2 Tl r
=dysE {x2} =25 + 213 {x L (30)
(3} 725+ 2k i) 71
where, To , T1.r, T, are defined by (A.9) in the Appendix as follows:
r r r 1
2
To, =/ ndr, Ty, :/t2 (Hdt, T, =/t4 Hdt, n(t) = —e /2, (31)
r n(t) 1.r n(t) 2. n(t) n( N
0 0 0
3.3 Conventional linearization method
Utilizing (31) with » — oo, the following factors in (30) are defined:
o o
[ t*n()dt . [ 2n()dt
2,00 0 _ 3, l,oo 0 -1 (32)

oo X Toco @
b [ 2n(ndr 00 @)
0 0

Equation system (30) and the values given by (32) allow determining k{, k3, by the conventional linearization
method:
kK = 2nE {xf} +2mE {x3}, kS, = 125E {x3} + 215 E {x7}. (33)
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3.4 GLOMSEC

Utilizing (17) and (30), one obtains the equations for determining k{,, k5, by GLOMSEC:

N S S
1 1 T 1 T;
e __ [1e R - e _ 2 : - 2,r 2 : - 1,r
k{y _<k11(r))_£)1glos/ ll(r)dr_4y1E{x1}SI_,_1)1g}js/ T]yrdr+2y3E{x2}SI_,_1)rglos/ To,rdr’
0
17 1T 1T
e _ [pe Y o e _ 2 . L 2.r 2 . L 1,r
k5 = <k22(r)) = SL_1)I£10 . /kzz(r)dr =4ysE {XZ}SL_I)IOI}) . / T dr + 23 E {xl}sli%lo . / To, dr. (34)
0 0 0

The limitation expressions in (34) can be approximately computed, and their outputs are

S S
1 [T 1 [T
Lim — | =2"dr ~2.41189, Lim — [ =

§—>00 § 1.r §—>00 § 0.r

dr ~ 0.83706. (35)

3.5 Approximate mean square responses

Under the assumption (20) and S; = S2 = S, the spectral density matrix Sy, (w) of w(t) is defined by

S O
seo=[0 4] (36)
The matrix of frequency response function to linear system (26) is

a(@) = [~0*M +ioC + (K + K9], (37)

2 k¢, k¢
o R 1 A B
@“2 k3 k3,

and k{, = k5, = 0, which are the outputs from the above analyses since the given assumption. Utilizing (38),
the formula (37) can be expanded as follows:

where

2 : 24k, 0 -
—w= 0 ioh 0 ] + K7
cw=|[0” a6 T
Lo e R0 ek ] g W} + k5,
[ —0? +iwh + o + k¢, 0 -
o —0? + iwh + 0} + kS,
_ [ +ioh+of+k{)7 0 (39)
o (—o? +ioh+ w3 + k)" |
Introduce the following notations:
Wi = 0] Fh{j Wy =03 +ks, L) = (—0 +ioh +opy) (~0? +ioh + wp,) . (40)
Utilizing (40), formula (39) can be replaced by
2 2\
ot(w):M (—0? +ioh+w2 )" 0 o .
L(w) O (—w” + ioh + ©2,,)
I [—o?+ioh+oh, 0
= | @ Tt ®n T > |- (41)
L(w) |0 —w° +ivh + g,
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Table 1 Mean square of xj versus So = 1,7 =0.5, 01 =2, w2 =4, y1 =3 = 5 = ¥ (0.1 — 100)

1% E {x%}ex E {xlz}m Error (%) E {xlz}gl Error (%)
0.1 1.1782 1.1514 2.275 1.2028 2.088
1 0.6038 0.5567 7.801 0.6059 0.348
10 0.2252 0.2008 10.835 0.2220 1.421
100 0.0746 0.0659 11.662 0.0732 1.877

Utilizing (9), (11) together with (36), (41), one obtains a matrix of mean square elements as follows:

7| _ i T _ i 1 rii(@) 0
E {xx } = / a(—w)Sy(w)a' (w)dw = / m |:0 r22(w)j| dw, (42)

where 5 5
(@) = So ((—w2 + o) + hzwz) (@) = So ((—w2 +a2)) + hzwz) . (43)

By expanding L(w) in (40), one obtains a polynomial function of argument i as follows:
L(®) = R(iw) = Mio)* + 13(iw)® + 1(iw)? + 1i((w) + Ao. (44)

The coefficients in (44) can be easily found by comparison with the respective coefficients of the expanded
L(w), the results are

By applying formula of integrals presented in [29], the integrals in (42) can be computed as follows:

E{x,z} _ / ri1(w)dw 3 E{x%} _ / rp(w)dw 46)

R(iw)R(—iw R(iw)R(—iw)’
—00 —0o0
Then one gets
0 & & o |lrs -2 O o1
n_ T —A4 A2 X0 O —A4 A2 X O
E{xl} - A 0 —A3 Al 0 0 —A3 Al 0 ’
0 A —A2 X010 Ay —A2  Ag
m2 pr pollAz —A1 O 0!
T —Ag A -0 O —A4 A2 -0 O
E {XZ} - )»_4 0 —A3 A 0 0 —A3 A 0 ’ (47)
0 A4 —XA2 Ao | |0 A4 —A2 Ao
where
_ _ 2 2 _ 4
& =380, &1 = So(h” —2w,), &0 = Sowgyn:
wa = S0, w1 =So(h* —2w;), o= Sowy; (48)

Combining (47) with either (33) or (34), we get close algebraic equation systems for determining the unknowns
k$,. kS, E {x?}, E {x3} that are given by conventional method and GLOMSEC, respectively. Such close
algebraic equation systems are in general nonlinear and can be computed by numerical approaches.

Consider the system parameterstobe So = 1,7 = 0.5, 01 =2, w02 =4, y1 = y3 = y5 = y(0.1 — 100).
Denoteby E {x?} .E{x?} .E {x?}gl the mean square responses of x; (i = 1, 2) given by the exact solution,
conventional method, and GLOMSEQC, respectively. Tables 1 and 2 give the numerical results including the
relative errors.

Based on the relative errors of the approximate solutions with respect to the exact solution, it can be seen
that for the considered case, GLOMSEC gives the significant improvement in the accuracy of the solution



Global-local mean square error criterion 3019

Table 2 Mean square of x3 versus So = 1,7 =0.5, w1 =2, w2 =4, y1 = y3 = 5 = y(0.1 — 100)

1% E {x%}ex E {x%}w Error (%) E {x%}gl Error (%)
0.1 0.3768 0.3766 0.053 0.3793 0.663
1 0.3064 0.3028 1.175 0.3135 2.317
10 0.1699 0.1602 5.709 0.1727 1.648
100 0.0677 0.0612 9.600 0.0674 0.443
xl
77—_1-0—0.5 0.0 0.5 1.0

Fig. 2 PDF (21), with U = 0.50%x? — 0.503x3 + y1x] + y3x7x3 + ysx3

in comparison with the conventional GEL method, especially when the nonlinearity is strong. The authors
investigated lots of various values of the parameters, greater Sp included, the obtained outputs results in the
same remark as above.

PDF (21) of the considered case is symmetric as shown in Fig. 1 to arbitrary value of the parameters.
However, in the potential energy function (19) if the first term or the second one is negative, then PDF will
have two peaks, as shown in Fig. 2. Anh and Hung [16] applied LOMSEC for a Duffing system with two
peaks, which happen when the first-order stiffness term is negative (X 4+ 2% — Bx 4+ ex> = 0£(1)). The result
indicates that the GEL methods are not efficient (the solution errors are unacceptable) when the parameter ¢ is
small. However, when ¢ is larger, the solution accuracy by LOMSEC is significantly improved in comparison
with the conventional GEL.

Return to the considered system when the potential energy function is taken as U = O.Sw%xl2 — O.Sngg +
ylx‘l‘ + yycfx% + y5x§ and PDF shown in Fig. 2. The mean square responses of x; (i = 1, 2) given in Tables 3
and 4.

The results indicate that when y is small (y < 1), the GEL methods are not efficient. However, when y
is larger (y >> 1), the solution accuracy by GLOMSEC is significantly improved in comparison with the
conventional GEL.
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Table 3 Mean square of xj versus So = 1,7 =0.5, 01 =2, w2 =4, y1 = y3 = 5 = ¥ (0.1 — 100)

1% E {x%}ex E {xlz}m Error (%) E {xlz}gl Error (%)
0.1 0.5082 1.1776 131.720 1.2274 141.519
1 0.4346 0.5980 37.600 0.6489 49.310
10 0.2078 0.1919 7.652 0.2107 1.396
100 0.0728 0.0650 10.714 0.0720 1.100

Table 4 Mean square of xp versus So = 1,h =0.5, w1 =2, w2 =4, y1 = y3 = 5 = y(0.1 — 100)

1% E {x%}ex E {x%}m Error (%) E {x%}gl Error (%)
0.1 39.3378 0.3872 9016 0.3886 9012
1 3.2700 0.3340 898 0.3445 895
10 0.3722 0.2850 23.428 0.3279 11.902
100 0.0867 0.0736 15.110 0.0828 4.498
y2
1’1‘12\ I _'T/
7 --r
[ [
I I
[ [
! ! yi
F(t) I' ' )y —
RS .
T cl
m—{ { 4
/ [I 1 —[ |—
i \ mi m2
| | >( J— 5
’ Q_© ®
(@) (b)

Fig. 3 Two-degree-of-freedom system with nonlinear damping and stiffness. a Two-storey building structure. b Equivalent
mass-spring-damper model

4 Two-degree-of-freedom oscillator with nonlinear damping and stiffness

4.1 Equation of motion

Consider a two-storey building structure shown in Fig. 3a [29]. Here, the structure may be idealized as two rigid
masses m | and my, which move horizontally as the result of applied fluctuating force F'(¢) acting on massnz1. An
equivalent two-degree-of-freedom model of the structure is then shown in Fig. 3b. The absolute displacements
of m1 and m, measured from the static equilibrium position are denoted by y; and y», respectively. Mass m
is connected to the foundation by a linear damper with coefficient c; and a nonlinear spring of the linear-
plus-cubic type with coefficient k1, whereas m and m, are connected by a linear spring of stiffness k> and a
nonlinear damper of the linear-plus-quadratic type with coefficient c;. The force of the nonlinear spring is given
by k1y1 (1461 ylz), whereas the force in the nonlinear damper is given by c2(y2 — y1) (14682 |y2 — y1|). Assume
that F(t) = m1 p(t), where p(t) is obtained by passing white noise through a linear first-order filter. The spectral
density function S, (w) of p(¢) is assumed to be a first-order spectrum with form S, (@) = So/ (@ + 0?),
where «, S are constants. The equation of motion of the equivalent model in terms of the coordinates y; and

y2 may be written as

mi¥1 +c191 — ka(ya — y1) +kiy1(1+ 8137) — a2 — 3 (1 + 82 32 — $11) = m1p(r),

ma¥yy +ka(y2 — y1) +c2(y2 =y + 82 1y2 — y11) = 0. (49)

Since the nonlinear damping element force and the linear spring force depend on relative velocity and relative
displacement, respectively, it is convenient to introduce the following transformation:

q1=y1, q2=Y2— 1. (50)
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Denote
k k m 81k Soc c c
2 1 2 2 2 1K1 2C2 1 2
wp = —, Wy =—"", =—, =—, =—, = ——, =— (51
i, 2= iz - B1 - B2 s & SN @) >l (5D
Utilizing (50) and (51), system (49) can be rewritten as
G1 + 200141 + 0iq1 — 2000242 — pwrqy + B1gi — wBagz g2l = p(1),
1 + G2 + 2000292 + w392 + f2d2 |42] = 0. (52)
Apply the standard form (1) to system (52), in which the matrices are defined as
2 2 .o
_|1 0 _ | 26101 —2pudrm0 _ | @1 —uw; _ [ Big} = nB2g2 1dnl
M = ,C = , K = ) , 0 = L ,
11 0 20w 0 ol B2q2 192
t
Q(t):[g()] (53)

4.2 LOMSEC

The equivalent linear system to (52) is taken in standard form as in Eq. (2). The difference ¢ between (52) and
the equivalent linear equation is defined by (4) to be

e=®(q,q)—C°q— K, (54)
where
€1 . @ B1d; — 1pPag2 14| e i1 ch
= s CI) y = = .1 . y C = s
‘ H @ [%} [ﬂzqz 2l &1 <
q1 ki ki q1
;= | 4 K¢ = - )
1 [‘12]’ [k§1 k§2]’ 1 [‘12} (53)

Equation (54) and the matrices given by (55) result in the following equation:

e— |61 = B1a; — uBrdn o] — ¢§1d1 — ¢$hd2 — k§1q1 — kg0
= = 1~ 21 ol c ) .
) B2G21q2| — ¢5191 — ¢55G2 — k5191 — k3,q2

Utilizing (16) for determining the components of C¢ and K¢ yields

(56)

E[el] =—BiE [¢id1]+1B2E (6142 142 1+¢$, E [4F ]+ E [1d2)+KS E [q1611+k, E [§1921=0,

dcfy
5 E [8%] =—pE [61136]2]+M/32E [6222 421 ]+ ¢y E [d142]+5H E [422] + k{ E [q1G2] + kL E [g242]1 = 0,
12
s B[] = —hE (01421921 + ¢, E [47] + 5 E [d1d2] + K3, E (01611 + K5, G121 = 0,
21
E[e2] = —BE[d? |4 ¢ Elq1go] + ¢S, E [¢2] + kS E [q1G2] + kS E [g2g2] = 0
acs, [82] =—h [‘Iz qul] + S Elq192]1 + ¢, [‘12] 21 £ 19192 »n 19221 =1,
0 2 4 . . e . e . e 2 e
ke E[e7] ==B1E [¢)] + uB2E (9142 16211+ ¢S E [q1d11+¢5H E [q1G21+k5 E [g7 | +kS E [91921=0,
11
e E[e}] =—BiE [ai 2]+ RB2E (9242 14211+ 5, E [G1G21+ €5 E [2d2) 4K, E [q1921+k, E [¢5] =0,
12
e E [e3] = —B2E [q1d2 14211 + 5, E [q161] + ¢S, E [q1G2] + k5, E [q7 ] + k5, E (91921 = 0,
21
0 .. ) )
E[e3] = —B2E (9242 16211+ ¢S, E (41921 + ¢, E (92421 + K5, E [q192] + kS, E [g3] = 0. (57)

ks,
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In order to simplify the calculation, it is assumed that the responses g1 and ¢» are independent. Moreover, as
known that if ¢(¢) is a stationary Gaussian random process with zero mean, so is g (¢). Besides, a stationary
random process is orthogonal to its derivative, so ¢, g> are independent from ¢, g2, respectively.

By denoting x = (x1, x2, x3, x)T = (q1, 41,92, ¢2)T, we can utilize formulas (A.10), (A.11) and (A.13) in

the appendix to calculate the local means in (70) and note that E [xzn +1 f’"“] = 0(i # j). Thus, system (70)

leads to the following result of the linearization coefficients which are considered as the functions depending
onr

e e upE[G1l]  up2(E{id) T 12 Ta,

G0 =0 ) =~ = ) —nb2 (Efaz}) ™

e BE[BIpl]  p2EBYN T, i Tas

) =0 = E[43] a 2T\ E {43} =F2 (E{a)) T’
BiE[at]  p2Ta, (Efa}))

kK (r) =

T2 r
= =BIE{qi} = k() =0
E[42] 271, E {42} tar) T, "
k5 (r) =0, k5,(r) =0. (58)
where T ,, T2 » are defined by (A.9) and 7}s , is defined by (A.13) in the Appendix as follows:

r r r

2 4 3 1 —12/2
Ty, = [ tn®)dt, Tr,, = | t'n(®)dt, T3, = [ t"n)dt, heren(t) = —Ee . (59)
0 0 0
4.3 Conventional linearization method
Utilizing (59) with r — o0, the following factors in (58) are defined
T 3 7" 4
t’n(t)dr tn(t)dr
Tseo 0 _» 2 Do 0 _3 60
Tioo TN T T (60
1,00 fﬂn(t)dt 00 f 2n(r)dt

Equation system (58) and the values given by (60) allow determining c{; I kf] by the conventional linearization
method

2 .
¢, =0, cfz__z\f wa (E{a3))'?, & =0, c§2=2\/;,32(E{q22})1/2,

K, :SﬂlE{ql}, ¢ =0,k =0, k% =0. (61)

4.4 GLOMSEC

Formula (17) and equation system (58) allow determining C; , kf] by GLOMSEC:

1 [T,
cf; =0, ¢f,= <C12(r)> le /clz(r)dr = —up> (E {qzz}) Lim _/ 723, dr,

§—>00 § l,
0
17 1T
. 3
1 =0, =(C§z(r))=sL;rglo;/sz(r)dr =2 (E{q 2}) A_ngog/ ;l’r dr,
\r
0
N N
= (k§, () = Lim & [ k¢ 0dr = BiE {47} Lim L [ Brge xe =0
i 11 57500 § 11 PRy A 7, 12 )
0 0

kS, =0, kS =0. (62)
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The limitation expressions in (62) can be approximately computed, their outputs are

s s
. 1 Tt3 r . 1 T,
Lim — —dr ~ 1.39831, Lim — —dr ~ 2.41189. (63)
§—>00 § 1r §—>00 § 1.r

0 0

4.5 Approximate mean square responses

As assumed in section (4.1) that the spectral density function S,(w) of p(¢) has the form S,(w) =
So/ (o + w?), so the spectral density matrix Sg(w) shall be

_ [ So/@@*+ 0?0
So(w) = |: 0 ol (64)
The matrix of frequency response function to standard form (2) of the equivalent linear system is

a(@) = [-0*M +io(C +C*) + (K + K] (65)

The matrices in (65) were determined herein before in (53), (55), (61), (62), which are

M:[l 0}, C:[2C1w1 —2M§2w2}’ Ce:[o sz]’ Kz[wf _ZWU%] Kez[](;fl 0]

1 1 0 28wn 0 ¢, 0 0
(66)
The values of cfj defined in (58) as well as (61) and (62) result as a consequence to be
cy = —uc, (67)
Denote
Ce
fe =0+ 2, o =of +kf (68)
207
Utilizing (66-68) for expanding (65), the matrix of the frequency response function is found as follows:
. . -1
oe(a)) — 1] (C()) alZ(w) — _a)2 + 2i {1(1)1(1) + wg _21M§2€w2w - Mw% (69)
a1 (@) axn(w) —w? —? + 2w+ w3 |
Matrix (69) gives elements «;; (), (i, j = 1, 2) as follows:
—? 4 2i e + a)%
(X]] (C()) = . N 2 N 2\’
(—w? +2iC1w10 + 2) (—0? + 2iLerw + ©3) — W (2i prewr® + pw3)
12 (@) 2iplrewnw + w3
12 = ; - ; ,
(—a)2 +2iciwiw + a)g) (—a)2 + 2iewrw + a)g) — w? (ZlMQewzw + /Lw%)
>
az1(w) = , , , ,
(—w2 +2iciwiw + a)g) (—a)2 + 2iwrw + w%) — w? (ZIMQea)ga) + ng)
2 . 2
—w* 4+ 2iliwiw + o
() = ‘ ‘ (70)

(—w2 + 2iiwiw + a)g) (—a)2 4+ 2i{,wrw + w%) — w? (Ziugzewza) + /ng) )

In order to establish a close equation system for determining the unknowns, the mean square responses
E{q?}, E{q3}. E {43} must be defined. Utilizing (11), (64) and (69), we obtain the following results:
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™ _ [ E{4}} E{qm}}
Elaa )= [E{qlqz}E{qg}

_ / |:0111(—w) 0!12(—60)] [so/@ﬂ +o?) o} [0111(60) om(w)]dw

a1 (—w) axn(—w) [ |0 0| ai2(w) axn(w)
TS [an@en(—w) an(—w)a @)
B / o? + »? [an(w)cxz](—w) azl(a))azl(—w)]dw’ 1)

o [E{?) E{‘}IQ'z}:|
Elgd'} = [E{q'lqz}E{q%}

/ o [0111(—60) 0!12(—60)] [So/(a2 + w?) 0] [an(w) am(ﬁ))} do

a1 (—w) an(—w) [ |0 0| ai2(w) axn(w)

_ / Sow” T ani(@)eri(~o) aii(-0)a @) ] 4 2
a? + w? | o)z (—w) a1 (w)az) (—w) ’
—o0
Now E {qlz} ,E {qzz} ,E {qzz} can be obtained from (71) and (72) as follows:
[ o (@) (@)
arp(w rii(w
E{q?} = 5 2 dw =S Y 4o,
fay =S [ 7 zde 0/ RGo)R(—iw) "
—00 —00
T lesi (@) [
a21(w milw
E{g?} =S ————dw=S_S —————dow,
{2} 0/ 2+ 0/ RGo)R(—iw) "
—00 —0
o o
2 2 2
) o~ |az) (@) / w ra1(w)
E {32} = 5 ——————dw =S ——dow, 73
{a2} 0/ 2t T RioR(—iw) " (73)
—00 —0Q
where
) = &' + £0° + &, 1) = o*,
R(iw) = As5(iw)> + r(io)* + 23(iw)® + A (iw)? + A1 (@) + Ao. (74)
The coefficients in (74) are determined as follows:
H=1, & =04 -2), &=o0,
As =1, A =a+ 201 + 20,02 + 282,02,
A3 = 0F + wp + P + 401 0ew1 0 + o (202w + 20101 + 21182002)
A = 200103 + 20,0207 + a (@3 + 401 5ew102 + ©F + po3)
A= wfa)% + (2§1a)1w% + 2{2402505) , A) = awgw%. (75)

By computational calculation, the integrals in (73) give the following results:

0 0 & & &||r =22 2o 0 0]
—As A3 —A1 O O||—Xxs5 A3 —A1 O O
E{ 21 _ S0 _ _ _ _
ql} = k_ 0 Ay Ap M O 0 Ay Ao o O ,
3 0 X3 —x3 21 O 0 X5 —x3 A1 O
0 0 Xl —X2 X 0 0 Xl —X2 X
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Table 5 Mean square of g; versus w; = w2 = 1,41 =0.05, 0, =02, u =1, =2, 5 = 1, B2 = 0.05, 81(0.01 —5)

ﬂl E {qlz}MC E {qlz}co Error (%) E {qlz}gl Error (%) E {q22}MC E {qg}c‘o Error (%) E {q22}g1 Error (%)
0.01 1.9258 2.0210 4.943 2.0842 8.225 0.8856 0.8870 0.158 0.9046 2.145

0.05 1.4307 1.4336 0.203 1.5366 7.402 0.8288 0.8172 1.399 0.8435 1.774
0.10 1.1421 1.1229 1.681 1.2246 7.223 0.7743 0.7627 1.498 0.7933 2.454
0.20 0.8809 0.8360 5.097 0.9247 4972 0.7104 0.6930 2.449 0.7273 2.379
0.50 0.5875 0.5353 8.885 0.5993 2.008 0.6042 0.5822 3.641 0.6195 2.532

1.00 0.4226 0.3733 11.666 0.4196 0.710 0.5166 0.4891 5.323 0.5270 2.013
2.00 0.3017 0.2593 14.054 0.2913 3.447 0.4289 0.3924 8.510 0.4292 0.070
5.00 0.1950 0.1619 16.974 0.1813 7.026 0.3114 0.2685 13.776 0.3008 3.404

Table 6 The mean square of ¢; versus w; = wy = 1,41 =0.05, 0, =02, u =1, a0 =2,8 =1, o =2, £1(0.01 —5)

B Elatlyc Elat}, Emor(e) Efat}, Brmor(%) Efai}yc Efai}, Emor(%) Ef{gs}, Eror (%)
001 1.8728 20255 8154 20225 7993 02737 02428 11290 02648 3252

0.05 1.4442 1.5122 4.709 1.5662 8.448 0.2464 0.2160 12.338 0.2397 2.719
0.10 1.1931 1.2178 2.070 1.2842 7.636 0.2268 0.1970 13.139 0.2208 2.645
0.20 0.9381 0.9307 0.065 0.9973 6.311 0.2025 0.1746 13.778 0.1978 2.321
0.50 0.6360 0.6110 3.931 0.6658 4.685 0.1665 0.1427 14.294 0.1638 1.622

1.00 0.4581 0.4281 6.549 0.4711 2.838 0.1397 0.1189 14.889 0.1377 1.432
2.00 0.3230 0.2930 9.288 0.3250 0.619 0.1148 0.0967 15.767 0.1128 1.742
5.00 0.1988 0.1732 12.877 0.1937 2.565 0.0854 0.0711 16.745 0.0836 2.108

0 0 1 0 Of|xrxs =22 2o 0 0!
—As A3 —A1 O O||—Xs5s A3 —A1 O O

S,
E{q%}:? 0 —hs 2o =20 0| 0 —ag 22 20 O .
10 s —A3 AL Of] 0 a5 —a3 A1 O
0 0 X —X2 X 0 0 Xl —X2 X
0 1 0 0 Of|xs =22 2o 0 0!
—As A3 —A1 O O||—Xs A3 —A1 O O
7w So

E{Clzz} = s 0 =24 A2 =20 O 0 —Xx4 Ap =20 O ) (76)
10 s A3 A1 O] 0 As =23 A O
0 0 Az —X2A 0 0 Az —X2A

Combine (76) with either (61) or (62), one gets close nonlinear algebraic equation systems for determining
the unknowns that given by the conventional method and GLOMSEC, respectively. These equation systems
are solved by computationally numerical procedures.

Tables 5 and 6 present the numerical results of mean square responses of g; (i = 1, 2) versus two cases of the
given parameters of system (52). For evaluating the relative error, a Monte-Carlo simulated solution to system
(52) that is presented in [33] shall be used. Denote E {g7},,c . E {4}, - E {qiz}gl mean square responses of

qi(i = 1, 2) given by Monte-Carlo simulation, the conventional method and GLOMSEC, respectively.

Based on the relative errors of the approximate solutions with respect to Monte-Carlo simulated solution,
it is seen that generally when the nonlinearity is strong, GLOMSEC gives significant improvement on the
accuracy of solution in comparison with the conventional GEL method.

5 Conclusion

GLOMSEC was first proposed in the previous study [22] where the algorithm formulated and investigations
were targeted at SDOF nonlinear systems under zero-mean stationary Gaussian random excitation. This study
develops the proposed technique to MDOF nonlinear systems under the same excitation. The mode of formula-
tion of the algorithm is also mainly based on the classical GEL, in which a key problem is to define the matrix of
equivalent linearization coefficients. There are two important improvements to formula GLOMSEC: Firstly, the
matrix of equivalent linearization coefficients is defined by using LOMSEC, and the elements of this matrix shall
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be functions depending on the non-dimensional parameter » which is the local domain of integration. Secondly,
based on the dual conception, r is considered as varying in the global domain of integration. Thus, the constant
linearization coefficients can be suggested as global mean values of all local linearization coefficients. In order
to evaluate the accuracy of the solution given by the proposed technique, the paper presents two examples
to be typical two-degree-of-freedom nonlinear systems under the excitation as mentioned, and the numerical
results indicate an outstanding advantage of GLOMSEC that when the nonlinearity is strong, GLOMSEC
gives significant improvement in the accuracy of solution in comparison with the classical GEL method.

However, two points should be further investigated: The first, the examples considered in the paper are just
for a two-degree-of-freedom system, so the systems with higher-degree-of-freedom need investigation; The
second, in some applications, for example, the reliability evaluation problem, like for the tails in the PDF, may
be interesting to assume a weigh in the local value. In this way, we may have a loss of accuracy in the mean
square value, but a greater accuracy in the evaluation of the PDF where the weight is greater.

Acknowledgments Thisresearchis funded by Vietnam National Foundation for Science and Technology Development (NAFOS-
TED) under Grant Number “107.04-2013.19”. The authors would like to say thank you to the reviewers for the sound comments
and suggestions to the paper.

Appendix

Suppose that the components of the vector x = (x1, X2, ..., x,)7 are zero-mean stationary Gaussian random
variables. Denote by E{.} global mean values of random variables, which are taken as follows:

+0o0 +o0
E{}= / (n)/(.)p(x)dx, (A1)

where p(x) is the stationary joint probability density function. For the Gaussian random processes with zero
mean (E{x;} = 0), one has the following general expressions for expectations [3,12]:

Ef{xixy... 20041} =0, E{xix2...x0,} = Z HE{x,-xj} , (A.2)
all dependent pairs \ i #j

where the number of independent pairs is equal to (2rn)!/(2"n!). For example, some consequences from (A.2)
are as follows:

E {x1x2x3} =0,
E {x1x2x3x4} = E {x1x2} E {x3x4} + E {x2x3} E {x1x4} + E {x1x3} E {x2x4},
E {x1x2x3x4x5} = 0. (A.3)

If x; and x; (i # j) are uncorrelated, i.e. independent, then E{x;x;} = 0 and E{x?"“sz.mﬂ} = 0. Besides,
formula (A.2) results in the following consequences:

m
E {x,?"xf.m} = E[x)E {szm} = 2n— DI (E{x2))" @m — 1)1 (E {sz-}) , (A4)
where n and m are natural numbers.
Denote by [.] the local mean values of random variables, which are taken as follows:

+x01 +Xon
El]l= / (n) / () p(x)dx, (A.5)

—X01 —X0n
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where xo1, xo2, . . ., X0, are given positive values. The expected integrations in (A.5) can be transformed to
non-dimensional variables by xo; = roy1, X0 = roy2,...,Xon = Foy,, where o1, 0x2 ..., 0y, are the
normal deviations of random variables, respectively, and r is a given positive value:

+rox +roxn
El]= / (n) / () p(x)dx. (A.6)
—roy| —FOxpn
Due to the symmetry of the expected integrations in (A.6), hereby (A.2) and (A.3) are also applied to the local

2n+1xgm+1] _

mean values. If x; and x; (i # j) are uncorrelated, i.e. independent, then E [x,-x j] =Q0and E [xl F

0. Moreover, all higher even-order local means £ [xiz"sz.m] can be expressed in terms of second order global

means E {xlz} and E {sz} as presented hereafter:
The stationary joint probability density function of x; and x; has the following form

2
1 x? 1 Yj
xi,xi) = pxj)plx), Xj) = —exp|—5|, Xj)=—exp|——5|, (A7

where 0,;, 0, are the normal deviations of random variables, respectively. By replacing x; = foy;, x; = toy;
and using formulas (A.6), (A.7), one gets

+royi +roy;j
2n 2 2 2
E [xi”xj’"] = / x7 p(x;)dx; / x™p(x;)dx;
—FrOyj 71‘0)(/'
r r
1 252 152 1 252 192,
= tznafi"—eft %i /2% o dt tzmafjm—e ! ij/20x10-xjd[
V2w oy Vznaxj
2 Z
r r
1 2 1 2
= 202" / " ——e"" P20 / " ——e”" s (A.8)
N2 V2
0 0

Introduce o' = (E {x?})", af}"

and use the following replacements:

m
(E {sz }) since x; and x j are zero-mean Gaussian random variables

r r
1 2
Tnr =/t2”n(t)dt, Tonr =/t2'"n(t)dt, n(t) = Neh £, (A.9)
0 0
Thus, one gets
E [x,?"xj.m] = E[x"|E [xf.'"] = 2T, (E {x2))" 2T, (E {sz})m (A.10)

Ifn=0,m #0orn # 0,m =0, then (A.10) leads to the following results, respectively:
-
E [x?xf’"] = 2T, 2T} (E {xf.})m E [x?"x;?] =27, (E{x2))' 2Ty, with Tp, = / n(0)dt.
0
(A.11)

In (A.10) and (A.11), if » — o0, one gets the same result as (A.4) of the classical case.
Consider the local mean of xi2 |x;| that arises in an example of the paper. By exactly the same way as pre-

sented in formula (A.8) and noting that xi2 |x; | is an even function, its local mean can be determined as follows:
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+roxn +roxn
E[Z il = [ «FlxlpGd =2 / 2 plap)d,
—FOxn 0
r r
=2 [ %3 L et g =203, / B3 (t)dr (A.12)
N2moyi

0

where 7 () is given by (A.9). Moreover, since a)fl. =F {xl.z}, formula (A.12) can be rewritten as

r r

E[<2Ix|]=2(E {xiz})3/2/t3n(t)dz =2(E{:2))? s, whereT;s, :/t3n(t)dt. (A.13)
0 0
If we consider that x = (x, x2, ..., xn)T is the displacement vector, then x = (X1, x2, ...,)'cn)T is the velocity

vector and we also obtain exactly the same formulas, respectively, for the random variables of velocity.
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