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Abstract On the basis of the three-dimensional theory of elasticity, a graded finite element method capable
of modeling static and dynamic behaviors of elliptical plates made of functionally graded materials (FGMs)
subjected to uniform pressure is developed. In the present paper, two different material properties distributions
are considered. For the dynamic analysis, the effective through-the-thickness continuous material properties
distribution of the FGM (which is assumed to be composed of ceramic and metallic constituents) is determined
based on Mori—Tanaka homogenization technique. The three-dimensional graded finite element formulation
is derived based on the principle of minimum potential energy and Rayleigh Ritz method. To solve the time-
dependent equations, Newmark’s direct integration method is employed. To present the efficiency of the present
work, several numerical examples are included. Since similar results are not available in the literature, results
of the present formulations are verified by comparing them with available ones of a homogenous elliptical
plate.

1 Introduction

A new category of composite materials known as functionally graded materials (FGMs) has given signif-
icant attention in recent years. An FGM is a composite material fabricated from two or more constituent
phases with a defined composition [1,2]. Unlike the traditional composites which are piecewise homoge-
neous mixtures or layered structures, material properties of an FGM are affected by those of all constituent
materials, so that mechanical properties of the FGMs can be monitored to vary continuously throughout the
structure. An FGM can be customized to an application by specifying the form of the gradation function
of the material properties, to fit the design requirements. The FGMs can be ideal in applications where the
operating conditions are severe, for example, in heat engine components or rocket heat shields. Different
closed-form and approximate solutions have been proposed so far for structures with spatially varying mate-
rial properties [3—11]. However, full utilization of the FGM structures potential requires development of new,
accurate, and more adequate modeling techniques. This evidence is generally due to the mathematical com-
plexities that accompany the FGM models when deriving exact solutions for various physical problems. Many
researchers have modeled continuous variations of the material properties in the FGM structures by divid-
ing the structure into slices or substructures with isotropic material properties [12,13]. It is evident that this
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type of modeling leads to approximate rather than accurate global results and unreliable local (such as stress)
results.

Plates have been used in various configurations in the engineering structures. Hence, it is important to
investigate responses of the functionally graded plates to optimize their resistance against mechanical fail-
ures. Mechanical responses of the plate-type structures under mechanical loads have generally been studied
for limited (simplest) configurations, that is, rectangular [14] and circular plates [15]. However, elliptical
plates have been employed in many engineering structures, (e.g., as flat heads of the fluid carrying tank-
ers).

The elliptical plates are inherently three-dimensional structures, but often have been treated by the two-
dimensional plate theories. Several two- [16] and three-dimensional [17] theories are available for analyzing
the nonhomogeneous structures. Since variations of the transverse displacement and transverse normal and
shear stress components are discarded in the traditional equivalent single-layer plate theories (that are the bases
for the shell or plate element of the commercial finite element softwares). Many researchers have attempted
to develop closed-form solutions for homogeneous elliptical plates [18-25]. Yiice and Wang [25] determined
fundamental natural frequencies of moderately elliptic plates with concentric circular cores analytically, using
a boundary perturbation method.

However, since analytical methods can only be successfully applied to structural analyses of plates with
very simple geometrical and loading conditions, employing the numerical methods is inevitable for more
complex situations. Due to difficulties in obtaining analytical solutions for dynamic responses of the graded
elliptical plates, many researchers have focused on static analyses. A closed-form solution was obtained
for thermomechanical deformations of a clamped FGM elliptic plate by Cheng and Batra [17]. Lee et al.
[26] presented an optimization method based on a genetic algorithm for the homogenous elliptical plates.
Hsieh and Lee [27] dealt with the inverse problem of an FGM elliptical plate with large deflections and
disturbed boundary under uniform loads based on the classical plate theory and nonlinear von Karman kine-
matic relations. Chakraverty et al. [28] studied the effects of the inhomogeneity of the material of a plate
on the natural frequencies using Gram—Schmidt technique in the Rayleigh Ritz method. Ceribasi et al. [29]
analyzed the static behavior of clamped homogeneous Kirchhoff super elliptical plates under uniformly dis-
tributed surface loads, using Galerkin’s method. A double side approach combining the mathematical pro-
gramming and the subdomain method in the form of the weighted residuals is presented by Tang et al.
[30] for analyzing the deflection of clamped elliptical plates. Ceribasi [31] investigated the elliptical FGM
plates using Kirchhoff’s assumptions and the meshless approximate method for the solution of the govern-
ing equations of the plate. The finite element (FE) technique has been the most powerful and reliable tool
for analyzing the FGM structures in recent years. The majority of the published works on FGM plates have
been presented based on the conventional finite element techniques [32-36]. However, these methods were
based on the classical, first-order and third-order shear deformation plate theories. Kim and Paulino [37],
and Zhang and Paulino [38] developed a graded FE approach for modeling the nonhomogeneous structures.
They compared the results of the graded versus conventional homogeneous elements under various load-
ing conditions. In these studies, it was shown that the conventional FE formulations cause a discontinuous
stress field in the direction perpendicular to the material property gradation, while the graded elements gave
a continuous and smooth variation. Ashrafi et al. [39] presented a comparative study between graded finite
element and boundary element formulations capable of modeling nonhomogeneous behaviors of the FGM
structures.

To the best knowledge of the authors, there are no studies available in the literature on considering the
effects of the material nonhomogeneity of the FGM elliptical plates based on the graded elements. The present
study is aimed to develop a numerical approach for the FGM elliptical plates based on the three-dimensional
theory of elasticity. The governing equations are derived based on the principle of minimum potential energy
and Rayleigh Ritz method. In this regard, variations of the material properties are interpolated using general
shape functions. By using the three-dimensional graded elements for the analysis of the elliptical plates, dis-
continuities of the stress distribution, which are present in the conventional FE results, are eliminated. Two
different material distributions are used to investigate the static and dynamic behaviors of the FGM ellipti-
cal plates. For the static analysis, material properties are considered to vary through-the-thickness direction
according to an exponential law. For the dynamic analysis, variations of the volume fractions through the
thickness are assumed to obey a power law function. In this case, the effective material properties at each point
are determined by the Mori—Tanaka scheme. To solve the time-dependent equations, Newmark’s numerical
integration method is used.



Three-dimensional static and dynamic analysis 1851

Fig. 1 Geometric parameters of the elliptical FGM plate

2 The governing equations
2.1 Description of variations of the material properties

Consider the elliptic FGM plate shown in Fig. 1. According to the adopted rectangular Cartesian coordinate
system, the coordinates vary within the (—a < x < a), (—b < y < b),and (0 < z < h) intervals where a and
b are the semimajor and semiminor axes of the elliptical plate. The plate is subjected to a uniform pressure on
its upper surface, while its lower surface is free of tractions.

Two different material distributions are used. For the static analysis, a functionally graded material whose
material properties vary through-the-thickness direction according to an exponential law is considered,

h—=z\"
E=Eoexp(( A )) (D)

where 7 is the material gradient parameter and E( is Young’s modulus of the upper surface of the plate.

For the dynamic analyses, it is assumed that the FGM plate is made of two randomly distributed isotropic
phases and the composition of the FGM varies only in the thickness direction. The volume fraction of ceramic
and metal is given by

Vi =1 — (%) 2.1)
Ve=1-Vy 2.2)

where n is a nonnegative volume fraction exponent and the subscripts ¢ and m stand, respectively, for the
ceramic and the metal.

Mori-Tanaka homogenization method [40] is used to determine the effective properties at each point.
According to the Mori-Tanaka homogenization method, the effective bulk modulus (K) and the effective
shear modulus (G) of the FGM elliptic plate are given by [40]

K—-K. Vi 3)
Km— K 14 =V En=Ko)’
m c 1+ Kc+%Gc
G-G Vi
G = ) e )
m = Ve TGt
where
G:(9K. +8G
fc — C ( C + C) (5)
6(K:+2G.)
The effective values of the modulus of elasticity and Poisson’s ratio of the structure are found from
9KG
E=—, (6)
3K+G
3K —2G
V= ————. (7
23K + G)

According to these distributions, the bottom surface of the FGM plate is pure metallic, the top surface is pure
ceramic, and different volume fractions of the constituent materials can be obtained for different values of n.
However, the effective mass density of the FGM plate may be determined by the rule of mixtures.
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2.2 Equations of motion

In the absence of the body forces, the equations of motion for an FGM elliptic plate can be written as follows:

doyy  doyy Doy 3%u
= p(z)—, 8.1
dx + dy + 9z ) 02 6.1
doxy Doy, oy, 3%v
= = 0(2) = 8.2
0x + dy + 0z ) ar? (8-2)
doye  doy, Doy, 32w
= p(2)— 8.3
ox + dy + 0z p@) 012 83)

where p is the mass density which depends on z coordinate. «, v and w are the displacement components along
the x, y and z axes, respectively, and 0;; (i, j = x, y, z) are the stress components.

2.3 Stress—strain relationships

The stress—strain relationships of the linear elasticity may be written based on Hooke’s generalized law as
follows [41]:

o =De )
in which

a:{axx Oyy Ozz Oxy Oy JZX}T, (10)
e:{sm Eyy Ezz Exy &y SZX}T, (11)

1 = = 0 0

= 1 = 0 0

Foa_w | 10 0 0
Tdrwa-m | 0 0 0 g2 0 0 1

0 0 0 0 5% 0

0 0 0 0 0 A2

= E()A

where D is the elastic coefficients matrix. It is assumed that the elasticity modulus E varies in the z direction
while Poisson’s ratio v is constant. The constant part of matrix D is defined as A.

2.4 Strain—displacement relationships

The strain—displacement relationships of the infinitesimal theory of elasticity in the rectangular Cartesian

coordinates are
. _8u . _av . _Bw . _1 8u+8v
w ’ yy_By’ Tz VT2 ay ox)’

1 [ov n Jw 1 fow n ou (13)
cvo==—+—), ex==(—+—1,
Y72 \9z ' ay Y2 \ax oz
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Fig. 2 Nodal degrees of freedom of the ith node of the adopted graded three-dimensional element

The strain—displacement relationships (13) may be written as

e=dq (14)
where
2 0 0
0 i 0
d= ’ ’ i (15)
1/2% 124 0 |
0 1/2% 1/2%
128 0 124
u
q=1v ¢. (16)
w

For a clamped elliptical plate, the essential boundary condition is

u, v, w (x2/a* + y*/b* = 1,z) = 0. (17)

3 Graded finite element modeling

Consider the three-dimensional 8-node linear brick element shown in Fig. 2. As it has been mentioned in the
foregoing sections, in contrast to the conventional solid (brick) elements, material properties are among the
nodal degrees of freedom (Fig. 2).

Following the common FE approximation, the displacement components vector ¢ of an arbitrary point of

the element may be related to the nodal displacement vector of the element § through the shape function
matrix N, where the spatial and time variables are separated as

qE 0,60 =NE 10890 (18)
where

8O ={(U, v Wy...Ug Vg Ws}T, (19)
Nty O ON, O ON; O ONs O ONsO ONeOON; 0 ONgO O

NE )= 0N O ON, O ON; O ONsg O ONs O ONgOON; O ORNgO |,

0 ON O ON0O ON;3 O ON4 0 ONs O ONsO ON;0 O Ng
(20)

and the natural coordinates &, 1, and ¢ are along the coordinate axes x, y, and z, respectively. The components
of the shape matrix may be expressed in terms of the natural coordinates shown in Fig. 2 as [41]:

1
Ni(n.6) = ¢ (L&) (L) (14 6:0) @1
where (=1 <& < 1), (=1 <p < Dand (=1 <¢ < 1).
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In addition to the displacement field, the heterogeneity of the material properties of the FGM may also
be determined based on their nodal values. This procedure can be used even for multi-directional function-
ally graded materials. Therefore, a graded finite element method (GFEM) may be used to effectively trace
smooth variations of the material properties at the element level. Using the graded elements for the modeling
of gradation of the material properties leads to more accurate results than dividing the solution domain into
homogenous elements. In this regard, shape functions similar to those of the displacement field may be used:

8
E@¢)= Y Ei Ni(¢n,¢) =NE,
=1 (22)

8 —~
p(0) = pi NiE.1.£) = N®

i=1

where E; and p; are the modulus of elasticity and mass density values corresponding to node i (Fig. 2), and
E and N are, respectively, vectors of the nodal elasticity moduli and mass densities, and

N=(Ny Nr...Ng),E=(Ey E» ... E&)" ,%=(o1 po ... ps)'. (23)
Therefore, Eq. (12) may be rewritten as:
D=A (ﬁ :) . (24)
Substituting (18) into (14) gives the strain matrix of the element (e) as
e = dN§“ = B8, (25)

The governing equations of the FE model may be derived based on the principle of minimum potential energy
and Rayleigh Ritz method. The total potential energy of the plate may be expressed as

1 T
n<e>=§ / (s@) o©av — / (q@7p dA—i—/,o(q)Tij(e)dV

(e Al®) (e

1 T ~ T
_ ! ©\ BT A (N2) Bs©dV — @\ NT
_2/(8)BA(N)B3dV /(5)diA

v () Al©)

T ~ .
+ / (8@) NT (Nsn) N3“av (26)
v (e

where V() and A are, respectively, volume and area of the element. p is the traction vector, and the last term
of Eq. (26) represents the work of the inertial loads.
Therefore, employing the principle of minimum total potential energy leads to the following result:

or1©
) (W)T

= /NT (ﬁm)Ndv 5+ /BTA (&E)de 5<€>=/NTpdA, 27)
v (e (e Ale)

or in a compact form:

M@ 4 KO§© = F© (28)
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where
K© = / B A (ﬁ:) BdV, (29)
v (e)
M© = / N (ﬁm) NdV., (30)
v
FO — / N pdA (31)
Al©)
and
0
p=101. (32)
Pz

Since the plate is subjected to a uniform pressure at its upper surface, the components of the traction vector are
equal to zero in the x and y directions. Integrals of the mass and stiffness matrices are evaluated numerically
using 8-point Gaussian points and Gauss—Legendre technique [41].

By assembling the element matrices, the governing finite element equations of motion of the FGM elliptic
plate will have the following form:

MS$ + K§ =F. (33)

Various numerical methods can be employed to solve Eq. (33) in the space and time domains. To solve the
equilibrium equation, Newmark’s numerical integration method [41] is used. Newmark integration parameters
[41] are chosen as: y = % and § = %, which lead to a constant average acceleration. This choice of parameters
corresponds to the trapezoidal rule which is unconditionally stable in linear analyses. Moreover, to achieve
convergent results, the time step is adopted as 2e—6s.

For static analysis, Eq. (33) reduces to

K$ = F. (34)

4 Numerical results and discussion
4.1 Static analysis
4.1.1 Verification

The prepared three-dimensional GFEM code for analyzing the FGM elliptic plates can be verified using the
results of a homogenous plate obtained by the authors in ANSYS finite element analysis software. The elliptic
plate is fully clamped and subjected to a uniform pressure on its upper surface. Parameter values of the loading
and the homogenous elliptic plate are:

h=02m, Ey=70GPa, v=03, P =20MPa.

To achieve convergent results in the present study and ANSYS software, about 2,000 solid elements (8-node
brick elements) are considered. Through the thickness distribution of the lateral deflection, the central section
of the plate is shown in Fig. 3 and compared with ANSY'S results. Figure 3 shows a good agreement between
the results. These results are obtained for two different ratios of major to minor radii of the elliptic plate, that
is,m=a/b=2andm =a/b=3.
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Fig.3 A comparison between through-the-thickness distributions of the lateral deflection of the central section of the homogenous
elliptic plate predicted by present results and ANSYS software
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Fig.4 Through-the-thickness distribution of lateral deflection (w) of the central section of the elliptical plate for different gradation
exponents

4.1.2 Numerical results

Consider an FGM elliptical plate with major and minor radii @ = 1 and » = 0.5m, and thickness # = 0.1 m.
The material properties vary through the thickness direction according to an exponential material gradation
presented in Eq. (1) with Eg = 70 GPa. The plate is subjected to a uniform pressure loading P in the z-direction
on its upper surface, while its sides are fully clamped. The static pressure is taken as P = 20 MPa. To obtain
convergent results, about 2,000 brick elements are considered.

Through-the-thickness distribution of the lateral deflection of the central section of the FGM elliptical plate
is shown in Fig. 4 for different gradation exponents n = 1, 3, and 5. It is seen from Fig. 4 that the deflections
increase as n increases from n = 1 to 5. This behavior is due to the resulting decrease in the modulus of
elasticity with an increase in the exponent n. Variations of the stress component o, at the central section of the
FGM elliptical plate in the transverse direction is shown in Fig. 5. Results illustrated in Fig. 5 reveal that the
transverse distribution of the stress component o, does not change significantly with the gradation exponent
n. As it can be readily seen from this figure, the natural boundary conditions of upper and lower surfaces are
adequately satisfied.

Distributions of the lateral deflection and the displacement component u of the mid-plane of the elliptical
plate are illustrated along the major axis (y = 0, z = h/2) in Figs. 6 and 7 for different gradation exponents.
Figure 6 shows that the lateral deflection increases by increasing the gradation exponent n. Distributions of
the stress components oy, 0yy, and o, of the mid-plane are depicted in Figs. 8,9, and 10, respectively, along
the major axis of the elliptical FGM plate, for different gradation exponents. Figures 8 and 9 show that the
stress components oy, and oy, decrease by increasing the heterogeneity exponent n. Furthermore, Fig. 10
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Fig. 5 Through-the-thickness distribution of the stress component (o;) of the elliptical plate at the central section for different

gradation exponents
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Fig. 6 Distribution of the lateral deflection of the mid-plane, along the major axis of the elliptical plate for different gradation
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Fig. 7 Distribution of the displacement component («) of the mid-plane, along the major axis of the elliptical plate for different

gradation exponents

illustrates that the distribution of the stress component o, does not change significantly with the heterogeneity

exponent 71.

Distributions of the lateral deflection and the displacement component v of the mid-plane are illustrated in
Figs. 11 and 12, respectively, along the minor axis (x = 0, z = h/2) of the elliptical FGM plate for different
gradation exponents. These results show that the values of the displacement components increase by increasing
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Fig. 8 Distribution of the stress component (o) of the mid-plane, along the major axis of the elliptical plate for different
gradation exponents
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Fig. 9 Distribution of the stress component (oyy) of the mid-plane, along the major axis of the elliptical plate for different
gradation exponents
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Fig. 10 Distribution of the stress component (o;,) of the mid-plane, along the major axis of the elliptical plate for different
gradation exponents

the heterogeneity exponent n. Although in Fig. 12 similar behaviors are noticed for » = 1 and n = 3, the
resulting behavior for n = 5 is different. Indeed, this phenomenon is due to nonlinear behaviors of the material
properties.

Distributions of the stress components oy, oy, and o, of the mid-plane of the elliptical FGM plate are
depicted in Figs. 13, 14, and 15, respectively, along the minor axis for different gradation exponents. Moreover,
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Fig. 11 Distribution of the lateral deflection of the mid-plane, along the minor axis of the elliptical plate for different gradation
exponents
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Fig. 12 Distribution of the displacement component (v) of the mid-plane, along the minor axis of the elliptical plate for different
gradation exponents
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Fig. 13 Distribution of the stress component (o) of the mid-plane, along the minor axis of the elliptical plate for different
gradation exponents

Fig. 16 shows the variations of the stress o, along the minor axis of the nonhomogeneous elliptical plate for
different gradation exponents. As can be seen from the results of the stress components, both the through-
the-thickness and longitudinal distributions of the stress components have continuous variations due to using
graded elements.
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100

Fig. 14 Distribution of the stress component (o) of the mid-plane, along the minor axis of the elliptical plate for different
gradation exponents

100 |

Fig. 15 Distribution of the stress component (o) of the mid-plane, along the minor axis of the elliptical plate for different
gradation exponents
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Fig. 16 Distribution of the stress component (o;) of the mid-plane, along the minor axis of the elliptical plate for different
gradation exponents

4.2 Dynamic analysis

Consider the elliptic FGM plate of the previous section once again. As mentioned before, it is assumed that the
FGM plate is fabricated from two randomly distributed isotropic constituent materials. Mori—Tanaka homoge-
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Fig. 19 Time histories of the stress component (o;) of the center point of the elliptical plate for different gradation exponents

nization method is used to find the effective properties at each point. The material properties of the constituent
materials are assumed to be E. = 380 GPa, p. = 3,800 kg/m3, and E,, = 70GPa, p,, = 2,707 kg/m3.

The plate is fully clamped and subjected to a uniformly distributed impact load at its upper surface.
The loading function is assumed as

_ [ por t=0.005s
P(”—io £ > 0.005s
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Fig. 21 Time histories of the stress component (o) of the center point of the elliptical plate for different gradation exponents

where pg is considered as 4 GPa/s. The plate is unloaded in r = 0.005 s. It is obvious that after the unloading a
transient vibration which is affected by the wave propagation, reflection, and interference would occur. Results
of different values of the power law exponents are presented and discussed in the next paragraphs.

Figure 17 shows the time history of the lateral deflection of the center point (x = y = 0,z = h/2) of
the elliptical plate after unloading for different gradation exponents. Figure 17 shows that by increasing the
gradation exponent the volume fraction of the metallic phase increases and subsequently the amplitude of the
vibration increases. Figures 18, 19, 20, and 21 show the time histories of the stress components oy, 07z, Oyy,
and o,; of the center point of the elliptical plate for different gradation exponents, respectively. Results reveal
that the propagation of the stress waves following the unloading is strongly affected by the gradation exponent.
The obtained results denote that using a graded element has several advantages over using conventional ele-
ments in the dynamic and wave propagation analyses. In the conventional FE methods, continuous variations
of the material properties are approximated by discrete and homogenous ones. Therefore, adjacent elements
may have quite different isotropic material properties. Boundaries of these homogenous elements experience
jumps in the material properties, cause artificial wave reflections, and have cumulative effects on magnitude
and speed of the stress waves propagation. Therefore, by using the graded elements wherein the material
properties vary continuously, improved accuracy may be attained without refining the mesh size.

5 Conclusions

Static and dynamic analyses of the FGM elliptic plate are accomplished in the present research based on the
three-dimensional theory of elasticity. Graded elements, the principle of minimum energy, and Rayleigh—Ritz
energy method are employed. Newmark’s numerical integration method was used to derive time histories of



Three-dimensional static and dynamic analysis 1863

the displacement and stress components. For the static analysis, it is assumed that material properties vary
through-the-thickness direction according to an exponential material gradation, and for the dynamic analyses,
the effective material properties distribution of the FGM plate was determined using Mori-Tanaka homog-
enization technique. The proposed approach is validated through comparing the present results for a fully
clamped homogenous elliptical plate with results of ANSYS commercial FE software. The obtained results
reveal that the distribution of the mechanical stress components can be modified to meet a specific requirement
by selecting an appropriate heterogeneity parameter. Furthermore, results confirm that using graded elements
provides smoother and more accurate results than homogeneous elements.
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