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Abstract This paper deals with the study of mechanical behavior of a circular functionally graded material
(FGM) micro-plate subjected to a nonlinear electrostatic pressure and mechanical shock. It is assumed that the
FGM micro-plate is made of metal and ceramic and that material properties are changed continuously along the
plate thickness according to a typical function. The nonlinear equation of static deflection and dynamic motion
is solved using a step-by-step linearization method and Galerkin-based reduced order model, respectively.
In order to find the response of the FGM micro-plate to the electrostatic load and analyze stability of fixed
points, static deflection, time history and phase portrait for different applied voltages and initial conditions
are illustrated and the effects of different percentages of metal and ceramic constituent on the response of the
system are investigated. In addition, effects of mechanical shocks characteristics (amplitudes and durations)
on the stability of FGM micro-plate are studied.

1 Introduction

Functionally graded materials (FGMs) are new materials made of a mixture of two different materials, usually
metal and ceramic, and are characterized by continuous variation of properties from one surface to another.
FGMs are designed to achieve a functional performance with gradually variable properties in one or more
directions [1]. Due to continuously varying material properties, FGMs have striking advantages over tradi-
tional homogeneous materials. For example, FGMs made of ceramic and metal are capable of both resisting
a high-temperature environment because of better thermal resistance of the ceramic phase and exhibiting
stronger mechanical performance due to the metal phase guaranteeing the structural integrity of FGMs [2].

The concept of FGMs was first considered in Japan in 1984 during a space plane project, thereafter FGMs,
due to their specific changing in their material properties, were developed for a wide range of applications, such
as automotive industries, space vehicles, biomedical materials, reactor vessels, military applications, semicon-
ductor industry and general structural elements in high thermal environments [3-5], and wide research efforts
in many engineering fields during the recent years. Recently, FGMs are widely used in micro and nano-electro-
mechanical systems (MEMS and NEMS) [6—10] and also atomic force microscopes (AFMs) [11]. So, analysis
of the static and dynamic behavior of FGM structures under different actuation is very important.

Dynamic and static response of the FGM plates to external pressures has been investigated in different
past researches, for example: Birman [12] provided buckling analysis of functionally graded hybrid composite
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plates, Feldman and Aboudi [13] carried out elastic buckling analysis of FGPs subjected to axial load and also
investigated the optimal spatial distribution of the volume fraction to improve buckling resistance, Praveen
and Reddy [14] analyzed the nonlinear static and dynamic response of functionally graded ceramic—metal
plates subjected to transverse loads and temperature distribution by using the finite element method, Reddy
[15] developed both theoretical and finite element formulations for thick FGM plates according to the higher-
order shear deformation plate theory (HSDPT), and studied the nonlinear dynamic response of FGM plates
subjected to suddenly applied uniform pressure. Ng et al. [16] studied parametric resonance or dynamic
stability of simply supported FGM thin plates under harmonic inplane loading, Yang and Shen [17] pre-
sented the dynamic response of initially stressed FGM thin plates, He et al. [18] gave the active control of
dynamic response of FGM plates bonded with piezoelectric actuators, Shen [19] studied the nonlinear bending
response of functionally graded plates subjected to transverse loads and in thermal environments, Javaheri
and Eslami [20] analyzed the thermal buckling of FGPs based on higher-order theory, Qian et al. [21,22]
employed the meshless local Petrov—Galerkin method to analyze free and forced vibrations of a homogeneous
FG thick plate based on both the higher-order shear and the normal deformable plate theory of Batra and
Vidoli [23], Liew et al. [24] carried out static and dynamic piezothermoelastic analysis for the active con-
trol of FGPs bonded with integrated piezoelectric sensors and actuators in thermal gradient environments,
Woo et al. [25] presented an analytical solution for the post-buckling behavior of moderately thick FGM
plates and shells under thermal and mechanical loading, Na and Kim [26] studied the nonlinear bending
response of FGPs subjected to uniform pressure and thermal load using a three-dimensional finite element
analysis, Navazi et al. [27] analyzed the nonlinear cylindrical bending of shear deformable functionally graded
plates under different loadings using analytical methods, Najafizadeh et al. [28] studied an exact solution for
buckling of functionally graded circular plates based on higher-order shear deformation plate theory under
uniform radial compression, Sofiyev [29] analyzed the vibration and stability of freely supported FGM trun-
cated and complete conical shells subjected to uniform lateral and hydrostatic pressures and, Xia and Shen
[30] studied the nonlinear vibration and dynamic response of a shear deformable functionally graded mate-
rial (FGM) plate with surface-bonded piezoelectric fiber-reinforced composite actuators (PFRC) in thermal
environments.

MEMS devices are generally classified according to their actuation mechanisms. The electrostatic actua-
tion is one of the most important of them [31]. Study of different systems, which are driven by an electrostatic
force, because of their small size, batch production, low energy consumption, low cost and compatibility
with integrated circuits (ICs) are very important. These systems are main components of many devices such
as accelerometers [32], micro-actuators [33], micro-resonators [34], switches [35], micro-mirrors [36] and
tunable capacitors [37].

With applying a DC voltage to a capacitive MEMS device, attractive electrostatic and elastic restoring
forces are created and with increasing voltage, both of them are increased until the applied voltage reaches
the critical value where the elastic restoring force can no longer balance the electrostatic force and pull-in
happens. Static and dynamic pull-in voltages are two different cases of pull-in phenomena that are due to
local and global bifurcation, respectively. Among the studies dealing with the pull-in phenomena, owing to a
electrostatic actuation, we can refer to a paper of Lin and Zhao [38] in which the pull-in instability of micro-
switch actuators is deeply investigated and results for three models (one-dimensional lumped model, linear
supposition model and planar model) are compared. Clamped micro-plates under voltage driving are widely
used in many MEMS devices, too, such as capacitive microphones and micro pumps.

One of the other parameters directly related to MEMS reliability, is shock. Thermal and mechanical are
the two most important shocks that apply to systems and affect their mechanical behavior. Some of the early
studies in this field have been carried out by Yin and Yue [39], who studied the transient plane strain responses
of multilayered elastic cylinders subjected to axisymmetric impulse, Sadowski et al. [40], who focused on the
problem of temperature field and evaluation of the heat transfer coefficient in FGM cylindrical plates subjected
to thermal shock, and Santos et al. [41] in whose work the study of thermoelastic analysis of functionally
graded cylindrical shells subjected to transient thermal shock loading is carried out.

In this paper, a Galerkin-based step-by-step linearization method (SSLM) and reduced order model have
been used based on a continuous plate model to investigate the static and dynamic response of MEMS devices
employing a clamped FGM micro-plate. For five several types of FGM micro-plate that have different per-
centages of ceramic, initially, it is focused on the static deflection, natural frequency, stability of equilibrium
position due to static application of a DC voltage and investigating the static pull-in voltage of the system.
Next, the dynamic response and pull-in voltage is studied and the effect of shock duration and amplitude on
the response of the system for different states and ceramic constituent percent is depicted.
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Fig. 1 Schematic view of electrostatically actuated clamped circular FGM micro-plate under mechanical shock

2 Mathematical modeling of clamped circular FGM micro-plate

A clamped circular FGM micro-plate with radius R, thickness / and gap g is shown in Fig. 1, which is subjected
to a mechanical shock and a distributed electrostatic force created by an applied DC voltage.
It is assumed that the properties of the FGM micro-plate are varying continuously along the plate thickness,

as follows:
P = (PPl g (%) n [Vm (Pm>P+ mm} ’ )

where P is an arbitrary mechanical property of the plate, i.e., Young’s modulus E, density p and Poisson’s
ratio v; m and ¢ are symbols referring to metal and ceramic, respectively. V,, and V, are the metal and ceramic
volume fractions, respectively. The Top and bottom surfaces of the micro-plate have the same mixture of metal
and ceramic, its middle surface is made from the pure metal, and the ceramic constituent fraction varies through
the micro-plate thickness from 0 to 100%.

Based on Kirchhoff’s thin plate theory, the relationship between the displacement components along the
radial u,, circumferential ug and transversal direction w can be expressed, as follows:
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According to Hooke’s law, the stress-strain relations for a plate in the cylindrical coordinate system can be
expressed as the following [42]:
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Substituting Eq. (3) into Eq. (4) leads to the following stress components:
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Bending and twisting moments can be calculated as follows:

I I

M, = /orzdz, My = /@zdz, Mg =/trezdz. (6)
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The equation of transverse motion of a circular micro-plate is [43]:
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where f is an external force. Assuming the deflection of the clamped circular micro-plate is axisymmetric

Jw

£ =0,179=0, Myg = O) and substituting Eq. (5) into Eq. (7), the equation of transverse motion for a

(7

ci(;zular FGM micro-plate subjected to a nonlinear electrostatic force takes the following form:
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where g is the permittivity of the air within gap, g is the initial gap between the FGM micro-plate and sub-
strate, V is the applied DC voltage and V* is the biharmonic operator in the polar coordinate system for the
axisymmetric circular plate:
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Denoting the acceleration of a mechanical shock by A, the governing equation of motion for the transverse
motion of the micro-plate including shock effects can be written as:
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Acceleration of the package is assumed to be in the form A = aS () in which a and S (¢) are the amplitude
and shape of the acceleration, respectively. The clamped micro-plate’s boundary conditions are given by

ow
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For convenience, the following nondimensional parameters are defined to transform Eq. (10) into nondimen-
sional form:
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Substituting Eq. (12) into Eq. (10), the nondimensional equation of transverse motion takes the following form:
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3 Numerical solution
3.1 Static analysis

Because of the nonlinearity of the electrostatic force and the complexity of obtaining an exact solution, a
step-by-step linearization method (SSLM) [33] is used to linearize the equation of static deflection:

1% 2
L (s, V) = (1) Vi — () ( ) =0. (14)

1 — g

The SSLM is performed by introducing ﬁ}f as the displacement of the micro-plate due to the voltage V*

applied in the (k)th step. To move forward to the next step, voltage is increased to a new valueVA*!, and the

displacement will be changed to 11)?“. The increase in the transverse displacement is denoted by v (7):

AR
W = @F 4 sy = dF 4w (7). (15)
Therefore, Eq. (14) for the (k + 1)th step can be rewritten as follows:
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Considering a small value of 8§V, the value of ¥ (7) will be expected to be small enough to obtain a desired
accuracy. Using the calculus of variation theory and considering first two terms of the Taylor‘s expansion, we
can obtain the following linearized equation to calculate :
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The unknown ¥ (7) based on a function space can be expressed in terms of base functions as following:
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where ¢; are the base or shape functions, which satisfy the accompanying boundary conditions. The v (f)
can be approximated by truncating the summation series to a finite number 7:

¥ (F) =y (F) = D aje;(). (19)
j=1

By substituting Eq. (19) into Eq. (17), and multiplying by ¢; (7) as the weight function in the Galerkin-based
weighted residual method, and integrating the outcome over 7 = 0 to 1, a set of algebraic equations will be
obtained. By solving them, the deflection at any given applied voltage can be determined.

3.2 Dynamic analysis

To study the response of the clamped circular FGM micro-plate to a dynamic load, a Galerkin-based reduced
order model can be used [44]. In this case, the equation of dynamic motion (13) is rewritten in the following
form:

(@) (Vi) + (az_w) — @~ sk () = F (V. 0,5, A) 0)
072 =2 5 8 A

Because of the nonlinearity of the electrostatic force, direct application of the Galerkin method is very com-
plicated, therefore the nonlinear term is considered as a forcing term and integration over this term is repeated
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at each time step. By selecting small enough time steps, this assumption leads to an accurate enough result.
To achieve a reduced order model w (f, t), can be approximated as

b (7, 1) = by (7.1) = D q; (F) 9 (P, (1)
=1

where g (f) are the generalized coordinates and ¢; (7) are the shape functions. By substituting Eq. (21) into
Eq. (20) and multiplying by ¢; (7) as the weight function in the Galerkin method, and integrating the outcome
over 7 = 0 to 1, a Galerkin-based reduced order model is generated as

> Mij; (f) + (@) D Kijq; (f) = Fi. (22)
j=l1

j=1

where M, K are the mass and stiffness matrices, respectively, and F introduces the forcing vector. The element
of the M, K and F are calculated as follows:

1 1 1
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By solving Eq. (23), the response of the micro-plate can be determined at any time.

4 Numerical results and discussion

For comparison of the obtained results with the results existing in references, since there are no experimental or
theoretical results for FGM micro-plates, a simple and homogeneous micro-plate is used. The considered sim-
ple micro-plate properties are E = 169 Gpa, v = 0.3, 7 = 20 um, R = 250 um, g = 1 um. The calculated
pull-in voltage for §V = 0.05 v is 318.4 v, which has a good agreement with those reported in [45].

In order to study the clamped FGM micro-plate, we consider a case with the geometrical and material
properties as listed in Tables 1 and 2, respectively.

Based on the ceramic constituent fraction of the top and bottom surfaces, five different types of FGM
micro-plates (V. = 0, 25, 50, 75 and 100%) are investigated. The first type is indeed a simple and homoge-
neous classic micro-plate from pure metal, and for 5th type, the middle surface is made from pure metal and
the top and bottom surfaces are pure ceramic.

It is noted that the bottom surface of the micro-plate should be conductive as an electrode for creating
electrostatic pressure, thus the bottom surface of the micro-plate can be covered with a golden thin layer.

Table 1 Geometrical properties of the FGM micro-plate

Parameters Values
Radius (R) 250 um
Thickness of the (h) 2 um
Permittivity of air (go) 8.85 pF/m
Initial gap (g) 1.5 pm

Table 2 Material properties of the FGM micro-plate

Parameters Values

Metal Ceramic
Material type Steel Alumina
Young’s modulus (E) 210 Gpa 390 Gpa
Poisson’s ratio (v) 0.29 0.24

Density (p) 7,850 kg/m? 3,940 kg/m?3
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4.1 Stability of equilibrium position due to static application of a DC voltage

Figure 2a depicts the center deflection and equilibrium positions or fixed points of the clamped FGM micro-
plate (V. = 50%) versus different applied voltages. As shown in Fig. 2a for a given applied voltage, the
micro-plate has two fixed points. Of course, it must be noted that there exists another fixed point underneath
the substrate, which is physically impossible. Figure 2b depicts the static pull-in voltage of the system for dif-
ferent values of the ceramic constituent fraction. As shown in this figure with raising the ceramic constituent
fraction, the static pull-in voltage is increased due to growing equivalent micro-plate stiffness.

Motion trajectories of the FGM micro-plate center (V. = 50%) for different initial conditions for four
different applied voltages are shown in Fig. 3a (V = 0),b (Vpc = 15v < Wpyi—in), ¢ (Vbc = Vpull-in =
23.60 v) and d (Vpc = 26 v > Vpy1—in). Based on these figures, the first point is a stable center and the sec-
ond is an unstable saddle node. In the state-control space, the stable and unstable branches of the fixed points
(Figs. 2a, 3c), meet each other at a saddle-node bifurcation point as the applied voltage is increased. The
voltage corresponding to the saddle node bifurcation point is a critical value, which is well known as static
pull-in voltage, in MEMS literature. In other words, when the applied voltage reaches the static pull-in voltage,
the micro-plate becomes unstable for every initial condition. Obviously the position of the substrate plays the
role of a singular point and the system velocity in its vicinity approaches infinity.

4.2 Natural frequency

Figure 4a illustrates the variation of the nondimensional first natural frequency of the clamped FGM micro-plate
(V. = 50%) versus applied voltages. As shown, the value of the natural frequency decreases as the applied DC
voltage is raised, and becomes zero when the applied voltage approaches the static pull-in voltage. The value
of the nondimensional natural frequency for different ceramic constituent fractions is depicted in Fig. 4b, that
with raising V,, the value of the natural frequency is increased due to growing equivalent micro-plate stiffness.

4.3 Dynamic response of the FGM micro-plate to step DC voltage loadings

Time history and phase portrait of the clamped FGM micro-plate undergoing different input step DC voltages
are illustrated in Fig. 5, and the dynamic pull-in voltages for different ceramic constituent fractions (V,), are
illustrated in Fig. 6. Similar to the static pull-in voltage, by increasing the value of V, the dynamic pull-in
voltage is increased. Of course, it must be noted that the scenario of instability in the case of applying a step DC
voltage is different from its static application. The saddle node bifurcation observed in the static application
of DC voltage is a local stationary bifurcation and can be analyzed based on locally defined eigenvalues, but
in the case of step voltage input periodic orbits encounter phenomena that cannot be analyzed based on locally
defined eigenvalues. Such phenomena are called global bifurcations [46,47]. Figure 5 shows a metamorphosis
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Fig. 2 Static response of the clamped FGM micro-plate to an applied voltage: a center deflection for V., = 50% b static pull-in
voltage versus different values of V,.
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Fig. 4 Nondimensional natural frequency of the clamped FGM micro-plate: a variation of the natural frequency versus applied
voltages (V. = 50%) b nondimensional natural frequency for different values of V., (V = 0)

of how a periodic orbit approaches a homoclinic orbit at the dynamic pull-in voltage. Indeed, the periodic
orbit is ended at the dynamic pull-in voltage where a homoclinic orbit is initiated, in other words, when the
applied voltage approaches the dynamic pull-in voltage due to the displacement dependency of the nonlinear
electrostatic force and decreasing the equivalent stiffness, the period of oscillations tends to infinity and a
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Fig. 5 Dynamic response of the clamped FGM micro-plate (V. = 50%) to different step DC voltages
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Table 3 Characteristics of 5 several types of FGM micro-plates

Type  Ceramic percentage Static pull-in  Dynamic pull-in  Nondimensional Statues of top and
of top and bottom voltage (v) voltage (v) natural frequency bottom surfaces
surfaces (%)
1 0 20.75 18.68 (10.09) Metal rich
2 25 22.25 20.04 (10.69) Mixture of metal and ceramic
3 50 23.60 21.26 (11.34)
4 75 24.87 22.37 (11.93)
5 100 25.95 23.39 (12.47) Ceramic rich

symmetry breaking occurs in motion trajectories. It may be said that there happens a homoclinic bifurcation
when the periodic orbit collides with a saddle point at the dynamic pull-in voltage.

As shown in Fig. 6, by enhancing the ceramic constituent percentage, the bending stiffness of the micro-
plate is increased and therefore system deflection due to the applied voltage is decreased, and it reaches pull-in
instability later.

Based on the ceramic constituent fractions of the top and bottom surfaces, results for five different types
of the FGM micro-plate are given in Table 3.
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Fig. 7 Dynamic response of the clamped FGM micro-plate (V. = 50%) to shocks with different durations and same amplitude
(a= 1,300 g) and same starting point (z; = 0.05)
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Fig. 8 Comparison of maximum deflections of the clamped FGM micro-plate due to shocks with different durations and same
amplitude (a = 1, 300 g) and same starting point (¢, = 0.05) for different values of V.

4.4 FGM micro-plate behavior considering shock loadings

Assuming a sinusoidal profile, the shock pulse can be represented as the following:
A=aS(id 7)) S(d i) =sin (% (=) (HG-&) - H (- (@ +a)), (24)

where H (1) represents the unit step function. As the formulation suggests, the shock is a function of three
parameters d, 7, and a. d and 7, are nondimensional shock duration and starting point, respectively, and a is the
shock amplitude.

4.4.1 Effects of the shock duration

In this section, the FGM micro-plate (V. = 50%) is subjected to shocks with 1300 g amplitude, starting point
is £, = 0.05 for different values of duration. The time history and phase portrait of the system for different
applied voltages are illustrated in Fig. 7. This act is carried out three times with different values of duration
d =0.1,d =0.5,and d = 1 for a typical voltage (V = 15v).

Figure 8 depicts the maximum center deflection of the clamped FGM micro-plate for different V. due to
shocks with different durations. As shown in the diagram, by enhancing the ceramic constituent percentage,
bending stiffness of the micro-plate is increased and therefore the system deflection due to the applied shock
is decreased.
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Fig. 9 Dynamic response of the clamped FGM micro-plate (V. = 50%) to shocks with different amplitudes and same duration
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Fig. 10 Minimum unstable amplitude of applied shocks with same duration (d = 0.4) and same starting points (ﬁ = 0.05) for
different values of V,

4.4.2 Effects of the shock amplitude

Figure 9 depicts time history and phase portrait (V = 15 v) for different shocks with same duration time but
different amplitudes, which are applied to the FGM micro-plate (V. = 50%) at time 7; = 0.05.
As shown in Fig. 10, with increasing the ceramic constituent percentage the system deflection, due to

growing bending stiffness, is decreased and the value of the shock amplitude, leading the structure to the
pull-in instability, is increased.

5 Conclusion

In the present work, the mechanical behavior of a clamped circular FGM micro-plate under electrostatic force
and mechanical shock was studied. It was assumed that the middle surface was made of pure metal but the
top and bottom of middle surface from a mixture of metal and ceramic. Considering a typical function for
representation of continuously varying material along the plate thickness, a nonlinear differential equation of
motion was derived.

In the case of static deflection of the FGM micro-plate step-by-step Linearization method and Galerkin-
weighted residual was employed to obtain the results, and for the dynamic motion, a Galerkin-based reduced
order model and integration of the resultant over the time was used to achieve results. For different voltages
applied to the micro-plate, fixed points or equilibrium positions were determined and by drawing the phase
portrait the stability of the fixed points was studied. It was shown that for a given applied voltage there exist
two fixed points; the first fixed point is a stable center and the second one is an unstable saddle node. The
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pull-in voltages of the structure in the cases of the static and dynamic actuating by an applied DC voltage
were calculated. The effect of different shock durations on the pull-in instability of the FGM micro-plate was
studied and time histories and phase portraits for different material volume fractions were shown. It was shown
that when the duration of the shock was set close to the natural period of the system and shock amplitudes
have more than a specific value, that can render the structure behavior unstable at a lower applied voltage than
the dynamic pull-in voltage. The results of the aforementioned parameters on the behavior of the micro-plate
are recommended to be taken into consideration in the designing process of microelectromechanical systems,
so that occurrence of mechanical shocks would not cause undesired instability and possible failure.
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