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Abstract Targeted energy transfer (TET) in a compound nonlinear 2 degrees-of-freedom system during free
and forced excitations is studied analytically and numerically. The nonlinearity of the system is represented
intentionally by a non-smooth piece-wise linear function for the sake of practical investigations. Further sta-
bility analysis of the system is demonstrated and commented upon and the behavior of the system during
relaxation and its strongly modulated response is studied and pinpointed.

1 Introduction

The new generation of nonlinear passive control devices is nonlinear energy sink (NES) devices which can be
designed to oscillate with any frequencies and hence can be implemented for the control of broad frequency
bands of systems. The theoretical background of these devices is quite extensive [1-14]. There have been
some experimental verifications of these devices as well. Readers can refer to [15-23] for detailed information
about experimental studies of passive control by NES devices. Most of these studies are based on the cubic
nonlinearity of the NES. Nucera et al. [24] and Lee et al. [25] studied the TET in systems with vibro-impact
NES, while the TET in a 2 dof system consisting of a linear dof and a nonlinear NES with non-polynomial
and piece-wise potential is investigated by Gendelman [26]. In this paper, we did a detailed investigation on
a 2 dof system with a non-smooth NES under free and forced vibrations. The organization of the article is as
it follows: The general description of the system under consideration is illustrated in Sect. 2. The mentioned
system under impulse loadings is pinpointed in Sect. 3. The behavior of the system in the form of ampli-
tudes of two oscillators, effective system parameters on this behavior, further stability analysis, and finally the
comparison between analytical and numerical results are carried out in the same section. The system under
external solicitations is studied in Sect. 4. The behavior of the system during the TET and stability analysis are
discussed in the same section. SMR of the system and necessary conditions for the relaxation are investigated
in Sect. 5. Finally, conclusions are gathered in Sect. 6.
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2 The general description of the system

Let us consider following mathematical model of the system under consideration [26] which represents a 2
dof system involving a linear master dof and a non-smooth NES. The mass of the NES is considered to be very
small compared with the mass of the master structure. € is the mass ratio between the NES and the master dof,
respectively, so € < 1.

3;14‘6)‘()”1._)"2)"‘)’14‘6}7()71 _)’Z)ZGfOSIH(CUt)’ (1)
€yy +er(y2 —y1) +eF(y2—y1) =0,
where the non-smooth potential function F'(z) is defined as
0 if —a<z<a,
F(z)=1c(z—a) ifz>a, (2)
c(z+a) ifz<-—a.

We study the system (1) in the vicinity of the 1:1 resonance. Let us introduce coordinates of the center of mass
and the relative displacement of the 2 dof system:

vV=1y] + €y, 3)
w =Yy — Y2,

then the system in the new coordinates takes the form

v+ ﬁ(v + ew) = efysin(wt),

“)
W+ e (v + ew) + (1 + )rb + (1 + €) F(w) = ef sin(wt).
3 The system under free oscillation
Let us consider the system when fy = 0. We introduce complex variables of Manevitch as follows [27]:
(ple’:’ =V0+iv,
Lﬂze” =w+iw, ©)
where i = 4/—1. We can present the function F'(w) in the form of a Fourier series [26]:
i ) ) +00 N
Fw)=F (—E(wze” - (p’zke”)) = D filga, ¢)e", (6)

j=—00

where the .* represents the complex conjugate of the function under consideration. The above-mentioned
variables and assumptions lead the averaged system (4) to

: (7)
92+ 315 (92 — 90) + 250 + (1+ €) fi(g2, 93) =0,

!¢)1 + 3455 (91 —92) =0,
where f1(¢2, ¢3) is the first Fourier coefficient:

2
1 P N
filg2, 93) = Z/F (‘5(‘”6” —pye ”)) e~ dt. (8)
0

It is proved by Gendelman [26] that

filp2.43) = =226 (Ipal?). ©)
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where

0 if |pa| < a,
1
T

2y _ 2 2
G (I(pzl ) - (2c arccos (L) — W) if |p2] > a. (10)

2] lg2]?

To deal with the averaged system of (7), an asymptotic approach [28] by introducing slow times 7y, 72, . . .
with the fast time 7y can be implemented as follows:

t = 19, T = €710, ..., (11D

SO
ad n ] n d
PR € —— e = —,
RN aT1] dr

The system of equations (7) is now examined for different orders of €.

12)

3.1 Order €Y

For order of €°, the expansion (12) yields:

2%; =0= ¢1 = ¢1(r1),
oy | i(1=Gp2P)+2 i (13)
9 T2 2= 391
Fixed points ® (1) of the system (13) are evaluated as
i(1—G(|19?)+ i
( ( )) D= —q. (14)

2 2

Let us assume that 1 = N 191 and ® = Nye'®2, so Eq. (14) can be re-written in the following form:
Nz — ixN2 — G(N3) Ny = Np e/ @179, (15)

By separating real and imaginary parts of Eq. (15), one can reach the following system:

[ N> (1= G(N3)) = Nycos(8: — 81), (16)
ANy = Npsin(8y — &),
SO

Ny = Nz\//\Z +(1- G(sz))z. (17)

Depending on the combination of system parameters, there will be one, two, or three fixed points. The
variation of N1 with respect to N, for some chosen system parameters is illustrated in Fig. 1. This figure shows
that for given system parameters and depending on the initial value of Ny, the system can have one, two, or
three fixed points. Local extrema of Eq. (17) can be revealed by the criterium

N (18)
aN?
which finally yields the equation
1+ 2%+ G*(N3) — 2G(N3) — 2N3G'(N3) + 2N3G'(N3)G(N3) = 0. (19)

Equation (19) can not be verified for N> < a, so local extrema associated to (19) have to be traced for
N > a. Let us assume that

Y = 2 arccos (i), (20)
N

2
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Fig. 1 N; vs. N; for the system under free vibration
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Fig. 2 Nj vs. N, for varying parameter a
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C c

This equation does not depend on the parameter a and gives two solutions for Y (¥;,i = 1,2); so the
position of the extreme N3 ;, i = 1, 2 can be evaluated by endowing Eq. (20) as follows:

a
Naj = — (22)

Y; )
COoS (7)

PR 1 . 2
[y p—— \/Az 4+ (1 e sm(Yl))) ‘ @3)
cos (3) T

Extreme values are proportional to value of the parameter a. Figure 2 summarizes effects of the parameter
a on the position of the extrema. The sensitivity of the system to the parameter c is illustrated in Fig. 3 which
shows that for ¢ < 1 the system does not have any extremum. This fact can be clarified by examining Eq. (21)

which shows that the function f(Y) = (%”)2 + (Y - %)2 —sin?(Y), Y € [0, 7] does not have any extremum
for ¢ < 1. Finally, variation of N versus N, with respect to A is depicted in Fig. 4. For A > 0.4, there is no
extremum. This critical value of damping for the given system can be understood and explained by examining
the above-mentioned function. Moreover, it can be seen that for a system without damping the local minimum
is zero.
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Fig. 4 Nj vs. N, for varying parameter A
3.1.1 Stability analysis
Let us assume following perturbation:
N1 — Ni+ ANy,
81 — &1 + Ady,
Ny — Nr + ANs, 24)
8y — 8 + Ads.
We linearize the system (16) around its fixed points. We obtain:
2 2 2
G((Na+ £N2)%) = G(N2) + H(N2) AN, (25)
0, N, <a,
(26)

H(N}) =1 4ac [v2 2
(2) HLNC; Nz—aZ,sza.
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After some mathematical manipulations, the linearized form of the above-mentioned system reads

[~ I(AND T
BEA))
3(3A81) AN,
K Ay
=M , 27
d(AN,) AN, @n
R Ao
3(A8))
L d1o
where
0O 0 0 o0
Y 0O 0 0 o0 28)
M3 M3 —5 M3y
My % Myz —5
and
M3 = % ,
My = I Na(1 - G(ND)),
Mss = LN, (1 — G(N2)), (29)
Ma = (-G(O),
Mz = —55; (1 = G(N3)) + 3 H(N).
The characteristic equation of the matrix M is:
22
P(X)=X? (X2 +2X + T M34M43) ) (30)

Two eigenvalues of the system are always zero. The sum of the eigenvalues is —A < 0 and their product is
22

7 — M34M43. In order to pinpoint the system from a stability view point, we consider the following cases:

- % — M34My3 < 0
Two eigenvalues are real with opposite signs. The fixed point is unstable.
- % — M34My3 > 0

Two eigenvalues can be complex or real. If they are complex, then they will have the same real part equal
to —% < 0; so the fixed points are stable. If the eigenvalues are real, then they will be negative; again the
fixed points will be stable.

2
- % — M34My3 =0
One of the eigenvalues is zero and the other one is —A < 0. The fixed point is stable.

As a summary, the necessary condition for the stability can be studied by following criteria:

22
7~ MuMi >0 A2+ (1-G(N3))(1 = H(N3)N> — G(N3)) = 0. 31
By endowing introduced variables of (20), the condition of (31) is equivalent to
2
A 2
(_n) + (Y - z) —sin’Y > 0, (32)
c c

so we can distinguish two different cases:

- c<l1
All fixed points are stable.
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Fig. 5 Stable and unstable zones of fixed points

- c>1
Let us suppose that A, is the critical damping which defines the maximum damping value for the system
in order to have extrema: if A > A, then all fixed points are stable. If A < A, then fixed points staying
between two extrema (i.e. Np1 < Ny < N»p) are unstable.

Typical stable and unstable zones of fixed points for given system parameters are depicted in Fig. 5.

3.2 Order ¢!

Let us pinpoint the system (7) around the order €' of the perturbed equations. The first equation of the mentioned
system reads

dpr 1
— 4+ —(p1 — ®) =0. 33
ot + 2(<01 ) (33)

By replacing the ¢ from (14) in Eq. (33), the following system can be derived:

] , A i
a—ﬂ(@—mq>—q>G(|cl>|2))+5¢— §<I>G(|d>|2) =0. (34)

By separating the real and imaginary parts of Eq. (34), one can reach the following system:

dIN> —AN,

a2 _ , 35
dr1 2 (1+ A2+ G%(N3) —2G(N3) —2N3G'(N3) 4+ 2N3G(N3)G'(N3)) 59
0 _ 2+ G(N3) — G (N3) —2M3G(V3) 56
at1 2(14+ 22+ G2(N3) —2G(N3) — 2N3G'(N3) +2N3G(N3)G'(N3))

Let us study the zeros of the denominator of Egs. (35) and (36).
2(1+ 22+ G*(N3) — 2G(N3) — 2N3G'(N3) + 2N3G(N3)G'(N3)) = 0. 37)

Equation (37) does not have any solution when ¢ < 1, so the system (35) and (36) will not be singular. If
¢ > 1, two scenarios are possible for the behavior of the system:

If L > X, then Eq. (37) will not have any solution, the system will not be singular and Eq. (35) will not
change its sign and it will always be negative.

If A < X, then Eq. (37) will have two solutions and there will be a sudden drop and jump in the N1 — N;
diagram.
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Fig. 6 The system without TET:ac < 1;bc¢ > land A > A,

3.3 Description of the phenomenon

Let us consider different possibilities of the system under consideration:

331c<lori> A,

The equation (17) does not have any extremum, all fixed points of the system are stable and Egs. (35) and (36)
are not singular. The energy of the system decreases continuously without any sharp drop. This is a classic
case of control without any evidence of the TET which is summarized in Fig. 6.

332c>1ork < A,

The equation (17) has two extrema where Eqs. (35) and (36) are singular. Let us suppose that Ny, is the local
maximum of the system; according to the initial energy two scenarios are possible:

If Ni < Niac, then systems (35) and (36) would not face singularities and the energy of the system
decreases continually and smoothly. As a results, the system will not experience the TET. Figure 7 schemati-
cally illustrates a typical system without sufficient activation energy for the TET.

If N1 > Niac, then energy of the system will decrease continually until it reaches to the singularity points
of systems (35) and (36). Then the system will face an abrupt decrease in energy, which indicates the evidence
of the TET (see Fig. 8).
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Fig. 7 Insufficient initial energy for the TET
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Fig. 8 Sufficient initial energy for the TET

3.4 Numerical verifications

By considering the definition of ¢ and ¢, N1 and N> can be defined in terms of original system of equations
(N§*t and N5**) as follows:

NPt = \/ 1+ ey2)? + (1 + €)2)?, (38)
NSt = (1 = 20 + G — )2, (39)

where y; and y, can be evaluated by direct integration of the system (1); moreover, we suppose following
initial conditions for the system:

[ y1(0) =4, 51(0) =0, (40)

y2(0) =0, y2(0) =0.

Numerical results obtained by integration of the system (1) by the “rk45” function of Matlab and corre-
sponding analytical ones which are revealed from the averaged system (7) in terms of N1 and N, are illustrated
in Figs. 9 and 10, respectively. These figures show that N> increases rapidly until # = 25 s, which means that
the energy of the master system is transferred to the non-smooth auxiliary oscillator and then there is an abrupt
decrease in Ny due to the singularity and sudden jump. Moreover, these figures give a hint about the good
agreement between numerical and analytical results until just after the sudden jump of the system. After this
moment, numerical and analytical results of the N> do not match well. This can be due to the 1 : 1 resonance
that is not valid any more. But it is not important since the control has been performed.
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= Numerical result
= = Analytical result
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Fig. 9 Numerical and analytical results for N during the free vibration
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. 8 : ~€=0.01"1
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Fig. 10 Numerical and analytical results for Na during free vibration

Let us suppose following initial conditions of the system:

i) =15, 51(0) =0,
[ %2(0) =0,  $2(0) =0. (41)

The responses of the system in terms of N| versus N> that are obtained from numerical integration for
two different € parameters and analytically obtained from Eq. (17) are depicted in Fig. 11. Since the initial
energy is greater than the activation energy N,ct, and the damping is less than the critical damping, the system
experiences the TET. There are some differences between numerical and analytical results in Fig. 11a. These
differences are due to the parameter €. In fact, smaller € provides more precise numerical results (see Fig. 11b).
This figure shows the efficiency of NES devices with non-smooth nonlinearities in controlling the main system
under impulse loadings provided that the initial energy is large enough to activate the NES. Figure 12 shows
histories of displacements of the master system and non-smooth NES versus time with the initial conditions
(41). One can observe that the displacement of the main oscillator decreases rapidly while a large part of the
energy is transferred to the attached non-smooth oscillator which exhibits strong oscillations.

4 Forced system

Here, we examine the behavior of the system (1) when fy # 0. Moreover, we suppose that ® = 1 + oe€. In
this case, the complex variables of Manevitch take the following form [27]:

iot (42)

@1l =10 +iowv,
e =w +iow,
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Fig. 12 Displacement histories of two oscillators

so the functions F(w) and f1(¢2, ¢3) read:

F(w):F(

+0o0
—%(ﬁt)ze"”’—wie—'w’)) = > filp2. g3)e' ", (43)
Jj=—00
2 .
Filga o)) = — / F (=== (pae™ — p3ei") ) e ds (44)
2 2 20w 2 ’
0
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or

fi(p2.43) = =226 (Ig2P), (45)

and the function G (|(p2 |2) is governed by Eq. (10). Considering all above mentioned definitions in the system
(4), one can reach the following averaged system of equations:

¢1=—§db+zﬁ:5@1+€m)—éw%,
92 = —%efo + gy (@1 + €92) — 20 — S (46)

+ G (192 ) 02
After introducing slow and fast time scales as in Eq. (11) and using multiple scale analysis technique [28],
different orders of € should be considered.
4.1 Order €

The system (46) at the order € yields:

9
P 0= 01 =pi1(), @7
RN

dpr i (1=G (lg2?)) + 2 i

—= + ( ( )) @2 = @1, (48)
970 2 2

so, fixed points of the system can be evaluated by the following equation:

i (1-G (l9%) + 2 '
‘( (2'¢')) = o1, (49)

which is exactly Eq. (14); i.e., fixed points for the system under free and forced oscillations are the same. So,
we will have the same relationship between Ny and N as is illustrated in Eq. (17).

4.2 Order €'
At the order €, the first equation of the system (46) reads:

or _ L L -
90 = 3/0 = 3(Qo e - @), (50)

By replacing the ¢ from Eq. (49) in the system (50), one can obtain

9
Fo (® —ird — G (|2*) @)

—% (—fo—20 (®—ir®— G (|9) ) +ird + G (|0*) D). (51)

Let us consider that in the Eq. (51), ® = Na(z1)e!®(™); by separating real and imaginary parts of the
obtained system, following compact form of the equations comes out:

ANy _ f1(N2,82)
gt g(N2)
9% f2(N2, 82)
dty  g(N2)

; (52)

: (53)
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Fig. 13 fy versus N;
where
f1(Na, 82) = fosin(82) (G (N22) — 1) — ANy + Afpcos(82), (54)
1 — G (N?) —2N2G’ (N? A
(N2, 82) = — (”NZ (Jmmm——ﬁm@)
p) Ny
—32(1+20) + (1 = G (N3) —2N3G' (N3)) (—20 +20G (N3) + G (N3)), (55
g(N2) =2 (1+ 4% —2G (N3) —2N3G' (N3) + G* (N3) + 2N;G (N3) G' (N3)) . (56)

Since g(N>) is the same as the denominators of Eqs. (35) and (36), all singular points and necessary con-
ditions for pumping in the free and forced vibration cases are the same.
Let us study the behavior of the system during its steady-state regime. From Eq. (51), we have:

5 (~fo—20 (= ir® = G (j0]) @) +ir® +G (j0?) @) =0 (57)
SO
— 2 2 2 2
fo= Nz\/k (1+20)2+ ((14+20)G (N5) —20)". (58)
For given parameters, a typical diagram of fy versus N> is illustrated in Fig. 13.
Local extrema of the function fy in Eq. (58) can be revealed by imposing the following criterion:
P 2
LOZ =0, (59)
IN;
SO
2 2 2 2
2N, (32142007 + ((1+20)G (V3) - 20)°)
+4N3(1+20)G' (N3) (1 +20)G (N3) =20) =0 N> >a. (60)
Let us introduce the variable Y of Eq. (20) in the system (60); this yields:
2 2
AT 201
)
YV=|— Yy ———|) . 61
e (c)+( d%+D) ©0
As in the case of the system under free vibration, this function can be studied in the interval [0, 7]. If
c(2%r6+1) <O0or C(ziil) > 1 then the function fj doesn’t have any extreme. If 0 < 42?7—11) < 1, then according

to ¢ and A parameters, the system will have no or two extrema.
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4.3 Stability analysis

Let us perturb N> and §> as in Eq. (24). If we define following parameters:

A=1-G(N3)— H(N3) N,

B =-1Q20 +1),

C =—Q20 + )G (N3) + 20, (62)
D =G (N3) + H (N3) Ny,

A= (A(1=G(N3)+2%)Na,

and H (sz) given by (26), then after some mathematical manipulations the linearized form of the system
around its fixed points reads:

-]
3T
where
w=[3 i ] )
and

[ M1 = (53 (1-G(N3))+5(D—20A4) Ny,

My = (% (1- G(sz)) - %) sz,

(65)
My = 4(D —20A) + 28,
| M2 = (5 +55) Mo
Necessary conditions for the stability of the system around its fixed points can be summarized as
2 2
A 2
MY iy ) - sin?(Y) > 0. (66)
c co+1)

Now, we can distinguish two different cases:

20 20
<O0or > 1
co +1) c(2o +1)
All fixed points are stable.
20
O0< —— <1
co+1)

Let us suppose that A, is the critical damping which defines the border between existence of extrema and

the system without any extreme. If A > A., then all fixed points are stable. If A < A., those fixed points
which remain between two extrema are unstable.

A diagram similar to Fig. 5 can be obtained for defining stable and unstable zones of a forced system.
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Fig. 14 Numerical and analytical results for N during the forced vibration
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Fig. 15 Numerical and analytical results for N, during the forced vibration

4.4 Numerical verification

Let us define N1 and N3 in terms of the original system of equations:

N?““=V@ﬂ@1+6mﬂ-kﬁl+6bﬂ,

NPt = a2 (31 — 12)% + (1 — 2)°.

(67)

(68)

The behavior of the system in terms of N1 and N, versus time with the initial conditions (40) is illustrated
in Figs. 14 and 15, respectively. Figure 15 shows that amplitude of the non-smooth NES suddenly jumps after
a while and reduces abruptly. In fact, when the system reaches the vicinity of the unstable zone, it jumps to
the other stable zone. After this abrupt jump of the system, numerical and analytical results do not match well

but the energy of the master structure has been transferred.

As a second example, let us consider the described initial conditions in (41). The behavior of the system
and the abrupt reduction of the energy of the master structure is depicted in Fig. 16 (analytical results are
evaluated by endowing Eq. (17)) while Fig. 17 summarizes displacement histories of the main structure and
the NES during the transient and steady-state regimes. Figure 17a shows that the displacement of the main

structure reduces rapidly during the transient regime.
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Fig. 17 Displacement histories of two oscillators during the forced vibration during: a transient regime; b steady-state regime

5 SMR response of the system

Quasi-periodic response of a linear oscillator attached to “cubic” NES under external sinusoidal forcing in the
vicinity of main resonance has already studied analytically and numerically [6,29], while Starosvetsky and
Gendelman [30] did a detailed investigation on the SMR of a linear system which was coupled to a cubic NES.
The SMR is not related to the fixed points of average modulation equations of the system and it appears in the
system as a result of global fold bifurcation of limit cycles. Here, we are interested to grasp the behavior of
the non-smooth system during its SMR regime.
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Fig. 18 Analytical and corresponding numerical results for the system until time at = 70 s; b7 =250 s; ¢ ¢ =8,000 s

Suppose that € = 0.01 and o0 = 1, so @ = 1.01 which is very close to the frequency of the main struc-
ture. Figures 18 summarizes obtained analytical results and corresponding numerical ones until three different
times, namely ¢+ = 70 s, t = 250 s, and ¢ = 8,000 s, for a system possessing only one unstable fixed point.
These results show that the system jumps from a higher stable branch to lower one and vice versa.

If we consider the behavior of the system in some far time intervals such as ¢ € [40000, 41000], we observe
that the oscillations exhibit beating phenomenon which represents a SMR (see Fig. 19).

The same simulations are carried out for the system with € = 0.0001 and obtained results during the
interval ¢ € [40000, 95000] are depicted in Fig. 20 showing the hysteresis jumps between two stable branches
of the system during beating phenomenon as is illustrated in Fig. 21. The Poincaré sections of the main system
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Fig. 19 Beating response of two oscillators a master system; b non-smooth NES
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Fig. 20 Beating of the master oscillator of a system with € = 0.0001

and the non-smooth NES are shown in Fig. 22; both sections are closed loop sections, characterizing the strong

quasi-periodic behavior of the system during forced oscillation.

5.1 Detailed investigation on the SMR of the compound non-smooth system

Let us consider the case fo = 0 and o = 0. Figure 23 summarizes obtained numerical and analytical results
for N1 and N, of the system under considerations, while the phase portrait of systems (52) and (53) is shown
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in Fig. 24 by tick lines. The averaged system (46) is solved numerically for following initial conditions:
©1(0) = ¢2(0) = 1.2. These results are shown by the tick continuous line in Fig. 24 as well. In this figure, the
upper area of the fold line N»» corresponds to the upper stable branch and the lower area of the the fold line
N3 corresponds to the lower stable branch while the bounded area between N2 and N3 in Fig. 24 represents
unstable branches of the Fig. 23. With the above-mentioned initial conditions, the initial energy is greater than
the upper fold line, so the system after stabilizing itself flows immediately to the upper stable branch, then
reduces its amplitude and phase continuously until it experiences an abrupt jump to the lower stable branch,
and afterward its amplitude goes to zero. It can be seen that all stream lines at the upper stable branch aim at
the fold line Ny, while they aim at the zero point at the lower stable area. This means that the flow can jump
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Fig. 24 Phase portrait for the system under free oscillation (¢ = 1, ¢ =1.5,A =0.2,0 =0, fo =0,¢ =0.01)

from the upper stable zone to the lower stable one, while the reverse process or relaxation phenomenon for the
system under free oscillation is impossible.

5.2 Necessary condition for relaxation
The possible relaxation of the system can occur if the flow in the vicinity of the lower fold line undergoes some
bifurcations; this means that for some points at the lower fold, N; should change its sign, so phase trajectories

of the lower branch can change their direction and converge toward the fold line N3 for a jump to the upper
branch. This criterion will be satisfied if in Eqgs. (52) and (53)

fi(N2, 82) =0,
(N2, 62) =0, (69)

which is equivalent to the following system:

ajp a2 | [ cos() | | B
[0121 azz} [sin(az)] - [ﬁz} ’ (70)
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where

[ a11 = Afo,
a2 =—fo (1 -G (N3)),
fo(1=G(N3)-2N3G' (N3))

Az = —

B ’ (71)
o = —%,
B1 = AN2,

| B2 = 22(1 +20) — (1 = G (N?) —2N3G' (N3)) (=20 +20G (N3) + G (N3)).

The system (70) has two kinds of solutions. The first kind exists when the determinant of the a-matrix is
not zero, 1.€. 11022 — 1202 = — —g(Nz) = 0. Since g(N>) # 0, these kinds of solutions correspond to the

ordinary fixed points. The second kind of solutions is related to the case when the determinant of the o-matrix
is zero. This corresponds to g(N2) = 0; here, the singularity and equilibrium points coincide, so N» = Npj
or N = Npp. This kind of singularities is called fold singularities. Let us consider the first equation of the
system (70) when the system has folded singularities:

Afocos(8) + fo (1 — G (N3)) sin(82x) = ANx, (72)
or
_ 2
~ cos(82k) —— (Nzk) sin(xx)
Va4 (1- G (V3)) Va4 (1= G (V3))
ANog (73)

fO\/)‘2 NZk)) |

where k = 1, 2. We introduce a new variable yq so that

A
cos(yok) = , (74)
V24 (-6 (V3))
so Eq. (73) yields the following system:
ANy
cos(yok — d2k) = ; (75)
f 0\/ A2+ (N3))*
and then
AN
82k = Yok T arccos 2k . (76)
fo\/ A2+ (N3))°
The first pair of folded singularities on the first fold, i.e., (N2, 821) and (N21, 822) exists if
AN3
fO > fO(lcrmcal) = > (77)
i+ (-6 (v3)
and the second pair of folded singularities on the second fold, i.e., (N22, 821) and (N22, 872) exists if
AN2)
Jfo= fO(Zcrmcal) = . (78)
U+ (-6 (v3)

According to the above-mentioned criteria, we can distinguish three different cases as follows:
Jo < Jfodieritical:
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Fig. 26 Phase portrait for the system under forcing term fo(icriica) = 0.279 < fo = 0.28 < foeriticaty = 2.97 (a = 1,

c=15,1=0.2,0 =2,¢ =0.01), a the overall view; b the zoomed area

This is the case when external forcing is relatively small; there is not any bifurcation nor folded singulari-
ties near the fold line N,;. The relaxation is impossible. Figure 25 illustrates the behavior of the system when
fo = 0.1 < foqeriticay = 0.279. In the lower stable zone and in the vicinity of the fold line N5, none of the

streams change their directions and consequently there is no folded singularity.
Jo(ieritical) = fo < fo(eritical):

When fo = focicritical), then saddle and node coincide and they can be evaluated just by yo in Eq. (76). By
increasing the force, folded singularities gradually become distinct and near the fold line directions of streams
change and between two folded singularities streams converge toward the fold line N;;. Figure 26a depicts
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the case when folded singularities of a system with external forcing fo = 0.28 > fi(1criticaly = 0.279 start
to become distinct. The detail is illustrated in Fig. 26b. The saddle and node singularities of the system are
821-Saddle = —1.41 and 821_Node = —1.28, respectively. The latter figure shows that streams between folded
singularities change their directions and aim at the fold line N>; which gives a hint of existence of the possible
relaxation.

Jo = fo(eritical):

In this case, folded singularities fell on the fold line N»». Let us consider the system with a forcing term
Sfo = 3 (fo@eriticaty = 2.97). Behavior of the system is illustrated in Fig. 27a showing that folded singularities
are on the fold line N;;. Zoomed area of the Fig. 27a is depicted in Fig. 27b and it can been seen that the saddle
and node singularities of the system are §77_saddle = —0.26 and §22_Node = —0.53, respectively.

The condition fy > fo(icritical) 15 @ necessary condition for the system in order to face a SMR, but it is
not sufficient. Initial condition of the system and o parameter lead the system to three different behavior as it
follows:

— permanent SMR;
— permanent periodic after a transient relaxation oscillation;
— permanent periodic regime.

Figure 28 summarizes the behavior of a system for fixed parameters but varying o, namely o = 1, 2, 3.
As it can be seen in Fig. 28a when o = 1, there is no fixed point in the system and the only stable regime is
SMR. By increasing the value of the o, the fixed points of the system remain at the lower stable part and the
system can face relaxation then experiences the periodic regime (Fig. 28b) or it experiences just the periodic
regime without any relaxation (Fig. 28c). The fixed point of the system can be located at the upper stable zone
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for very large external forces. This case is not interesting from the TET view point and it should be avoided
(see Fig. 29).

6 Conclusion
A 2 dof system with a nonlinear energy sink device under impulse and sinusoidal loadings is studied ana-

lytically and numerically. The nonlinearity of the energy sink is replaced by a non-smooth piece-wise linear
function for the sake of practical investigations. It is seen that the main system is able to transfer the majority
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of its energy during a 1:1 resonance to the non-smooth device by an abrupt jump from the upper stable system
branch to its lower stable branch; moreover, the system under forcing and during its 1:1 resonance can lead to
a strongly modulated response which is characterized by a relaxation phenomenon between stable branches
of the system.
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