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Abstract A numerical method is presented for form-finding of free-form tensegrity structures. The topology
and an initial randomly generated force density vector are the required information in the present form-finding
process. An approach of defining a unique configuration of free-form tensegrity structures by specifying an
independent set of nodal coordinates is rigorously provided, which means that the geometrical and mechanical
properties of the structure can be at least partly controlled by the proposed method. Several numerical examples
are presented to demonstrate the efficiency and robustness in searching new self-equilibrium stable free-form
configurations of tensegrity structures.

1 Introduction

Over the past few decades, tensegrity structures first proposed by Fuller [1] have attracted considerable atten-
tion in a wide diversity of fields including aerospace [2], architecture [3,4], civil engineering [5–7], biology
[8–10], mathematics [11,12] and robotics [13,14]. They belong to a class of free-standing pre-stressed pin-
jointed cable-strut system where contacts are allowed among the struts [15]. Their classification is presented
as class 1 (where bars do not touch) and class 2 (where bars do connect to each other at a pivot) [16]. It is well
known that a tensegrity structure has been considered as an appropriate model for capturing the mechanical
behaviour of the cytoskeleton of living cells [8–10]. The cytoskeleton shown in Fig. 1 is a complex structure
composed of three different polymer filaments: microfilaments (in tension), microtubules (in compression) and
intermediate filaments (connecting microfilaments and microtubules to one another). However, the geometry
and topology of the filament networks are so complex and free-form that current tensegrity models [17–19]
cannot fit such configurations. Hence, there is still a demand to look for new methods allowing the design of
complex and free-form tensegrity structures.

For the form-finding of regular tensegrities, there have been extensive researches in which analytical meth-
ods are suitable only for simple tensegrities with high symmetry [20–23]. As a pioneering work of numerical
form-finding, the so-called force density method was proposed by Schek [24] for form-finding of tensile struc-
tures. Motro et al. [25] then presented the dynamic relaxation that has been reliably applied to tensile structures
[26] and many other nonlinear problems. Recently, Masic et al. [27], Zhang and Ohsaki [28] and Estrada et
al. [29] developed new numerical methods using the force density formulation. Pagitz and Mirats Tur [30]
suggested a form-finding algorithm that is based on the finite element method. Most recently, Tran and Lee
[31] proposed an advanced form-finding for tensegrity structures based only on the given topology and types
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Fig. 1 Cytoskeleton polymer networks of a living cell [8]

of members, i.e., either tension or compression. A review of the existing methods for form-finding of regular
tensegrity structures can be found in [32–34].

For irregular tensegrities, the form-finding problem is very difficult to be solved analytically, to authors’
knowledge. So far, only a few numerical approaches have been proposed for this. Zhang et al. [35] and Baud
et al. [36] employed the dynamic relaxation method for form-finding of nonregular tensegrities by modifying
their corresponding regular ones. Micheletti et al. [37] used a marching procedure for finding stable placements
of irregular tensegrities based on their given regular counterparts. Moreover, these two approaches are effective
only for tensegrities with a small number of members. Recently, Rieffel et al. [38] introduced an evolution-
ary algorithm for producing large irregular tensegrity structures. Following their track, Xu and Luo [39] also
proposed a genetic algorithm, but applied different optimization models from that in [38]. These methods are
mainly based on the discrete optimization technique associated with the dynamic relaxation method for solving
the irregular form-finding problem. However, in each iteration step of dynamic relaxation, all nodes are moved
simultaneously with velocities calculated from unbalanced nodal forces. The solution may oscillate around
some particular states of a structure. Consequently, the dynamic relaxation method can be ineffective when
the number of nodes in the structure increases [34,39]. In most available form-finding methods for irregular
tensegrities, initial nodal coordinates or member lengths and some initial member forces must be assumed
known in advance in a dynamic relaxation procedure, as presented in [35,36,38,39]. Material properties or
axial stiffness of all members are also specified at the beginning [35,36,39]. Force density coefficients are
considered as symbolic variables that cannot be applied for structures with large number of members [34].
Moreover, the obtained configurations cannot be ensured to be stable even though they are in self-equilibrium
state [23].

The present paper is an extension of the authors’ previous work [31] and is aimed at form-finding of
free-form tensegrity structures in which both classes 1 and 2 of tensegrities are investigated. The topol-
ogy and the initial force density vector, which is randomly generated with the sign of each component
of this vector based on the types of members, are the required information in this form-finding process.
The eigenvalue decomposition (EVD) of the force density matrix and the singular value decomposition
(SVD) of the equilibrium matrix are performed iteratively to find the feasible sets of nodal coordinates
and force densities which satisfy the minimum required rank deficiencies of the force density and equi-
librium matrices, respectively. Any assumption about initial nodal coordinates or member lengths, mate-
rial properties and the positive semi-definite condition of the force density matrix [29] is not necessary in
the proposed form-finding procedure, which is considered as the advantage of the proposed method com-
pared to the available ones. The self-equilibrium state of free-form tensegrities can be achieved in a few
of remarkable iterations. An approach of defining a unique configuration of free-form tensegrity struc-
tures by specifying an independent set of nodal coordinates is rigorously provided, which implies that the
geometrical and mechanical properties of the structure can be at least partly controlled by the proposed
method.
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2 Self-equilibrium equations and rank deficiency conditions

2.1 Basic assumptions

In this study, the following assumptions are made in tensegrity structures:

• The topology of the structure in terms of nodal connectivity is known.
• Members are connected by pin joints.
• No external load is applied and the self-weight of the structure is neglected during the form-finding proce-

dure.
• There are no dissipative forces acting on the system.
• Both local and global buckling are not considered.

2.2 Self-equilibrium equations

For a d-dimensional (d = 2 or 3) tensegrity structure with b members, n free nodes and n f fixed nodes
(supports), its topology can be expressed by a connectivity matrix Cs(∈R

b×(n+n f )) as discussed in [31,40].
Suppose member k connects nodes i and j (i < j), then the i th and j th elements of the kth row of Cs are set
to 1 and −1, respectively, as follows:

Cs(k,p) =
⎧
⎨

⎩

1 for p = i,
−1 for p = j,
0 otherwise.

(1)

If the free nodes are numbered first, then the fixed nodes, Cs can be divided into two parts as

Cs = [C C f ] (2)

where C(∈R
b×n) and C f (∈R

b×n f ) describe the connectivities of the members to the free and fixed nodes,
respectively. Let x, y, z(∈R

n) and x f , y f , z f (∈R
n f ) denote the nodal coordinate vectors of the free and fixed

nodes, respectively, in x-, y- and z-directions.
The equilibrium equations of the free nodes in each direction of a general pin-jointed structure given by

[24] can be stated as

CT diag(q)Cx + CT diag(q)C f x f = px , (3.1)

CT diag(q)Cy + CT diag(q)C f y f = py, (3.2)

CT diag(q)Cz + CT diag(q)C f z f = pz (3.3)

where px , py and pz (∈R
n) are the vectors of external loads applied at the free nodes in x-, y- and z-directions,

respectively. The symbol, (·)T , denotes the transpose of a matrix or vector. And diag(q)(∈R
b×b) is a diagonal

square matrix of q(∈R
b) which is the force density vector as suggested in [24], defined by

q = {q1, q2, . . . , qb}T (4)

in which each component of this vector is the force fk to length lk ratio qk = fk/ lk(k = 1, 2, . . . , b) known
as force density or self-stressed coefficient in [23].

When external load and self-weight are ignored, the tensegrity system does not require any fixed nodes
(supports). Its geometry can be defined by the relative position of the nodes. That is, the system can be
considered as a free-standing rigid-body in space [31,40]. In this context, Eq. (3.1) becomes:

Dx = 0, (5.1)

Dy = 0, (5.2)

Dz = 0 (5.3)
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where D(∈R
n×n) known as force density matrix [29,34] or stress matrix [20,41,42] is given by

D = CT diag(q)C. (6)

For simplicity, Eq. (5.1) can be reorganized as

D[x y z] = [0 0 0] (7)

where [x y z](∈R
n×d) is a matrix of nodal coordinates for a d-dimensional (d = 2 or 3) tensegrity structure.

On the other hand, by substituting Eq. (6) into (5.1), the self-equilibrium equations of the tensegrity
structures can also be reorganized as

Aq = 0 (8)

where A (∈R
dn×b) is known as the equilibrium matrix in [31,40], defined by

A =
⎛

⎝
CT diag(Cx)

CT diag(Cy)

CT diag(Cz)

⎞

⎠ . (9)

Equation (7) presents the relation between the force densities and the nodal coordinates, while Eq. (8)
shows the relation between the projected lengths Cx, Cy, Cz in x-, y-, z-directions, respectively, and the force
densities. Both Eqs. (7) and (8) are linear homogeneous systems of the self-equilibrium equations with respect
to the nodal coordinates and the force densities, respectively.

2.3 Rank deficiency conditions

From Eq. (6), D is always square, symmetric and singular with a nullity of at least one since the sum of
all components in any row or column is zero for any tensegrity structure [31,34]. Hence, the vector Ī1 =
{1, 1, . . . , 1}T (∈ R

n) is a solution of Eq. (5.1). There are two rank deficiency conditions that need to be
considered [31]. The first one related to the semi-definite matrix D of Eq. (7) is defined by

nD ≥ d + 1 (10)

where nD(=n − rD) denotes the dimension of the null space of D or rank deficiency of D; and rD = rank(D).
This condition forces Eq. (7) to yield at least d useful particular solutions [45], which exclude the above vector
Ī1 due to degenerating geometry of the tensegrity structure [31,34]. These d particular solutions form a vector
space basis for generating a d-dimensional tensegrity structure.

The second-rank deficiency condition related to matrix A of Eq. (8) which ensures the existence of at least
one state of self-stress can be stated as

s = nA ≥ 1 (11)

where nA(=b − rA) denotes the dimension of the null space of A or rank deficiency of A; rA = rank(A); and
s is known as the number of independent states of self-stress, while the number of inextensional mechanisms
as presented in [43,44] is computed by

m = dn − rA. (12)

Note that since the tensegrity structure is free-standing, it possesses two types of mechanisms: rigid-body
mechanisms (rigid-body motions) and infinitesimal mechanisms. The number of infinitesimal mechanisms
min is determined by excluding rb(=d(d + 1)/2) independent rigid-body mechanisms in m inextensional
mechanisms above.
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3 Form-finding process

The initial force density vector is randomly generated as follows with the sign of each component of this vector
based on the type of each member, i.e. either cable or strut which is under tension or compression, respectively:

q0 = {+r1 + r2 · · · + rc︸ ︷︷ ︸
cables

−rc+1 − rc+2 · · · − rb
︸ ︷︷ ︸

struts

}T (13)

where r1, r2, . . . , rc, rc+1, rc+2, . . . , rb are all random numbers distributed in the interval (0, 10); and c denotes
the number of cables. Note to keep positive sign for cables (tension) and negative for struts (compression).
While in the previous method [31], the components of this vector consist of unitary entries +1 and −1 for
cables and struts, respectively.

Subsequently, the force density matrix D is calculated from q0 by Eq. (6). After that, the nodal coordinates
are selected from the EVD of the matrix D, which is discussed in Sect. 2.1. These nodal coordinates are
substituted into Eq. (8) to define the force density vector q by the SVD of the equilibrium matrix A, which
is presented in Sect. 2.2. The force density matrix D is then updated by Eq. (6). The process is calculated
iteratively for searching two feasible sets of nodal coordinates [x y z] and force densities q until the rank
deficiencies of Eqs. (10) and (11) are satisfied, which forces Eqs. (7) and (8) to become true. In this context,
at least one state of self-stress can be created, s ≥ 1. In this study, based on required rank deficiencies from
Eqs. (10) and (11), the form-finding process is stopped as

n∗
D = d + 1, (14.1)

n∗
A = 1 (14.2)

where n∗
D and n∗

A are minimum required rank deficiencies of the force density and equilibrium matrices,
respectively.

3.1 Determination of a feasible set of nodal coordinates

The square symmetric force density matrix D can be factorized as follows by using the EVD [45]:

D = ���T (15)

where �(∈R
n×n) is the orthogonal matrix (��T = In , in which In ∈R

n×n is the unit matrix) whose i th
column is the eigenvector basis φi (∈R

n) of D. �(∈R
n×n) is the diagonal matrix whose diagonal elements are

the corresponding eigenvalues, i.e., �i i = λi . The eigenvector φi of � corresponds to eigenvalue λi of �.
The eigenvalues are in increasing order λ1 ≤ λ2 ≤ · · · ≤ λn . It is clear that the number of zero eigenvalues
of D is equal to the dimension of its null space. Let p be the number of zero and negative eigenvalues of D.
There are two cases that need to be considered. The first one is p ≤ n∗

D, and the other is p > n∗
D.

Case 1 The first n∗
D orthonormal eigenvectors of � are directly taken as potential nodal coordinates

[x y z] ∈ �̄ = [φ1 φ2 · · ·φn∗
D
]. (16)

The force density vector q, which is repeatedly approximated from Eq. (25), is in fact the least-square solu-
tion of the linear homogeneous system Eq. (8) solved by the SVD technique of the equilibrium matrix A as
presented in Sect. 3.2. In other words, the algorithm iteratively modifies the force density vector q as small as
possible to make the first n∗

D eigenvalues of D become null as

λi = 0, (i = 1, 2, . . . , n∗
D). (17)

All the projected lengths L(∈R
b×n∗

D) of �̄ along n∗
D directions for b members are computed by

L = C�̄ =
[(

Cφ1
) (

Cφ2
) · · ·

(
Cφn∗

D

)]
(18)

to remove one vector φi among n∗
D eigenvector bases of �̄ if

Cφi = 0 (19)
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or which φi causes a zero length to any member among b members of the structure whose lengths are defined
by

lk =
√

(
lx
k

)2 + (
l y
k

)2 + (
lz
k

)2 (20)

where lk(=l) ∈ R
b (k = 1, 2, . . . , b; and assuming d = 3) indicates the vector of lengths of b members from

any combination of d singular vectors among n∗
D above singular vector bases in d-dimensional space; and

lx
k (=lx ), l y

k (=ly) and lz
k(=lz) ∈ R

b denote the coordinate difference vectors of the b members in x-, y- and
z-directions, respectively, which are calculated from

lx = Cφi ,

ly = Cφ j (φi ,φ j , φk ∈ �̄), (21)

lz = Cφk .

Equation (19) shows that φi is linearly dependent with the above vector Ī1, while Eq. (20) is very useful in
checking whether there exists any member with zero length (a zero length of a member exists when its two
nodes coincide with each other) among b members of a d-dimensional structure. If there is no φi that satisfies
Eq. (19) or causes a zero length to any member of the structure, the first three eigenvectors of �̄ are chosen as
nodal coordinates [x y z] for the three-dimensional tensegrity structure.

Accordingly, D will finally have the required rank deficiency n∗
D without any negative eigenvalue. It implies

that D is positive semi-definite, and any tensegrity structure falling into this case is super stable regardless of
material properties and level of self-stress coefficients [42,46].

Case 2 Where p > n∗
D, the rank deficiency may be forced to be larger than required or sufficient, but D may

not be positive semi-definite during iteration. Additionally, the proposed form-finding procedure will evaluate
the tangent stiffness matrix of the tensegrity structure, which is given in [28,47–49]. If the tangent stiffness
matrix is positive-definite, then the structure is stable when its rigid-body motions are constrained. Using this
criterion, the stability of any pre-stressed or tensegrity structure can be controlled by checking the eigenvalues
of its tangent stiffness matrix (for more details, see [31]).

In short, the best scenario of configuration in three-dimensional space is formed by the three best can-
didate eigenvectors selected from the first four eigenvector bases which correspond to the first four smallest
eigenvalues, respectively. These eigenvalues will be gradually modified to be zero by the proposed iterative
form-finding algorithm. In other words, the proposed form-finding procedure has repeatedly approximated the
equilibrium configuration such that

D[x y z] ≈ [0 0 0]. (22)

3.2 Determination of the feasible set of force densities

The equilibrium matrix A is computed by substituting the set of approximated nodal coordinates [x y z] from
Eq. (22) into (9). In order to solve the linear homogeneous system Eq. (8), the SVD [45] is carried out on the
equilibrium matrix A:

A = UVWT (23)

where U(∈R
dn×dn) = [u1u2 · · · udn] and W(∈R

b×b) = [w1w2 · · · wb] are orthogonal matrices. V(∈R
dn×b)

is a diagonal matrix with non-negative singular values of A in decreasing order as

σ1 ≥ σ2 ≥ · · · ≥ σb ≥ 0. (24)

As indicated in Eq. (14.2), the iterative form-finding algorithm is successful in case of n∗
A = 1. Accordingly,

there are also two cases for s during the iterative form-finding procedure:

Case 1 s = 0, there exists no null space of A. The form-finding procedure defines the approximated q that
matches in signs with q0, as presented in [31], such that

Aq ≈ 0. (25)
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Case 2 s = 1, it is known [50] that the bases of vector spaces of force densities and mechanisms of any
tensegrity structure are calculated from the null spaces of the equilibrium matrix. In this case, the matrices U
and W from Eq. (23) can be expressed, respectively, as

U = [u1u2 · · · urA |m1 · · · mm], (26.1)

W = [w1w2 · · · wb−1|q1] (26.2)

where the vectors mi ∈ R
dn(i = 1, 2, . . . , m) denote the m inextensional mechanisms; and the vector q1(∈R

b)
matching in signs with q0 is indeed the single state of self-stress which satisfies the homogeneous Eq. (8).

In summary, the EVD of the force density matrix D and the SVD of the equilibrium matrix A are per-
formed iteratively to find the feasible sets of nodal coordinates [x y z] and force density vector q by selecting
the appropriate singular vector bases in each decomposition as the least-square solutions until the minimum
required rank deficiencies of these two matrices are satisfied, respectively, as presented in Eq. (14.1).

Since the tensegrity structure should satisfy the self-equilibrium conditions, the vectors of unbalanced
internal forces εx , εy and εz(∈R

n) in x-, y- and z-directions, respectively, defined as follows can be employed
for evaluating the accuracy of the results:

εx = Dx, (27.1)

εy = Dy, (27.2)

εz = Dz. (27.3)

The Euclidean norm is utilized to define the design error ε as

ε =
√

(εx )T εx + (εy)T εy + (εz)T εz . (28)

3.3 Determination of the unique configuration

A new approach of defining the unique configuration of free-form tensegrity structures is fully described in this
Section. Once the feasible sets of nodal coordinates and force densities are obtained, the unique configuration
of free-form tensegrities can be defined by specifying the independent set of nodal coordinates. It is noted that
from Eqs. (7) and (14.1) there are (n∗

D × d) components of n∗
D independent nodes [23] in the matrix of nodal

coordinates [x y z] that can be arbitrarily specified, because the value of the rank deficiency of matrix D is n∗
D.

The solution of Eq. (7) can be stated as

[x y z] = NB (29)

where B(∈R
n∗

D×d) is the coefficient matrix obtained by specifying a matrix [x̄ ȳ z̄](∈R
n∗

D×d) that consists of
the given coordinates of a set of n∗

D independent nodes; N(∈R
n×n∗

D) is the null space of the n∗
D rank deficient

matrix D, which satisfies

DN = [0 · · · 0](n×n∗
D). (30)

Let � ⊂ {1, 2, . . . , n} denote the set of indices of the n∗
D independent nodes whose coordinates are to be

specified among n nodes of the structure. [x̄ ȳ z̄] is defined as the given nodal coordinates matrix consisting of
coordinates [x j y j z j ]( j ∈ �) of the above n∗

D independent nodes that are specified by designers. By assem-
bling the corresponding rows of N based on � to generate a submatrix N̄(∈R

n∗
D×n∗

D), the relation between
[x̄ ȳ z̄] and B can be expressed as

[x̄ ȳ z̄] = N̄B. (31)

If N̄ is full-rank, i.e. rank(N̄) = n∗
D, Eq. (31) can be solved as

B = N̄−1[x̄ ȳ z̄]. (32)

By substituting B into Eq. (29), the matrix of coordinates [x y z] of all nodes is obtained as

[x y z] = NN̄−1[x̄ ȳ z̄]. (33)
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Fig. 2 Graphical illustration of defining the unique configuration of the three-dimensional tensegrity structure in terms of nodal
coordinates. Note that k, m, r and s are the four arbitrarily independent nodes corresponding to kth, mth, r th and sth row of
matrix N, whose nodal coordinates can be specified to define a unique solution of coordinates of n nodes

Note that the rank of [x̄ ȳ z̄] must be equal to d to avoid obtaining degenerate d-dimensional tensegrity struc-
tures. Equation (33) can be expressed explicitly by Fig. 2. Let N j denote the j th row vector of N corresponding
to the node number j . The following algorithm generates � and N̄.

Algorithm 1

• Step 0: Let � = ∅, N̂ = ∅, and feasible set 	 = {1, 2, . . . , n}. Set i = 0.
• Step 1: If i = n∗

D, then N̄ = N̂, and STOP. Otherwise, set i = i + 1.
• Step 2: Choose node number j (∈	) whose coordinates are to be specified. Add this node to the set of

indices of the independent nodes � = � ∪ j , and simultaneously remove it from the feasible set 	 = 	\ j .
• Step 3: Determine N by Eq. (30). Choose N j , then generate N̂ by adding N j to matrix N̂, i.e., N̂ = N̂ ∪ N j ,

and go to Step 1.

3.4 Form-finding procedure for free-form tensegrity structures

Two sets of parameters that are the nodal coordinates and the force density vector of the free-form tensegrity
structures can be simultaneously defined by the proposed form-finding through the following procedure. An
approach of defining the unique configuration of tensegrities based on a specified independent set of nodal
coordinates is also provided.

Form-finding procedure
• Step 1: Define C by Eq. (1) for the given topology of the tensegrity structure.
• Step 2: Specify the types of members to randomly generate the initial force density vector q0 by Eq. (13).

Set i = 0.
• Step 3: Calculate Di using Eq. (6).
• Step 4: Carry out Eq. (15) to define [x y z]i through Eq. (22).
• Step 5: Determine Ai by Eq. (9).
• Step 6: Perform Eq. (23) to define qi+1 through Eq. (25).
• Step 7: Define Di+1 with qi+1 by Eq. (6). If Eq. (14.1) is satisfied, the solutions exist. Otherwise, set

i = i + 1 and return to Step 4.
• Step 8: The process is terminated until Eq. (28) has been checked. The final coordinates and force density

vector are the solutions. Otherwise, set i = i + 1 and return to Step 4.
• Step 9: If you want to obtain the unique configuration, then specify [x̄ ȳ z̄] and define N̄ by using Algorithm

1. Otherwise, STOP.
• Step 10: Define the unique configuration in terms of [x y z] by Eq. (33).

4 Numerical examples

Numerical examples are presented for several free-form tensegrity structures using Matlab Version 7.4
(R2007a) [51]. Based on the algorithm developed, both the nodal coordinates and the force density vector are
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Fig. 3 A two-dimensional hexagonal tensegrity structure. The thick and thin lines represent the struts and cables, respectively

Table 1 The force density coefficients and lengths of the 2-D regular and free-form hexagonal tensegrity structure

Elements Initial value Final value

q0 q l

Regular Free-form Regular Free-form Regular Free-form
(Ref. [31]) (Present) (Ref. [31]) (Present) (Ref. [31]) (Present)

1 1 5.4701 1.0 1.0000 0.5774 1.5000
2 1 2.9632 1.0 0.3359 0.5774 1.8185
3 1 7.4469 1.0 1.0316 0.5774 1.6262
4 1 1.8896 1.0 0.6063 0.5774 2.7581
5 1 6.8678 1.0 0.6775 0.5774 1.1442
6 1 1.8351 1.0 0.4915 0.5774 3.1245
7 −1 −3.6848 −0.5 −0.1645 1.1547 2.0000
8 −1 −6.2562 −0.5 −0.3439 1.1547 4.6036
9 −1 −7.8023 −0.5 −0.3654 1.1547 4.8062

simultaneously defined with limited information of the nodal connectivity and the initial randomly generated
force density vector. The unique configuration of the tensegrity structure can also be defined by specify-
ing the independent set of nodal coordinates. A hexagon, expandable octahedron, truncated icosahedron and
seven-strut cylindrical tensegrities belong to class 1, while the octahedral cell tensegrity is of class 2.

4.1 Two-dimensional free-form tensegrity structures

4.1.1 Hexagon

The initial topology of the hexagonal tensegrity structure comprising three struts and six cables (Fig. 3) was
studied by Tran and Lee [31] for its regular form. The known information is the incidence matrix C and the
initial force density vector q0, which is randomly generated by the proposed form-finding procedure as listed
in Table 1. The obtained force density vector q normalized with respect to the force density coefficient of the
cable 1 is presented in Table 1.

Once the EVD of the force density matrix D and the SVD of the equilibrium matrix A are calculated, the
values of their rank deficiencies are easily determined by counting the number of zero eigenvalues and zero
singular values, respectively. A threshold value Tol(=10−10) is set in this study. All eigenvalues and singular
values smaller than Tol are considered as zero, and the rank deficiencies as well as the ranks of D and A are
defined accordingly. In this example, at the third iteration the obtained eigenvalues of matrix D are as follows:

0 ≈ λ1 < λ2 < λ3 = 3.1900 × 10−13 < Tol < λ4 = 1.7877 < · · · < λ6 = 2.4716 (34)

which means nD = 3; i.e., rD = n −nD = 6−3 = 3. Hence, D satisfies the minimum required rank deficiency
condition as mentioned in Eq. (14.1). While the obtained singular values of matrix A are

σ1 = 1.8919 > σ2 > · · · > σ8 = 0.4072 > Tol > σ9 = 7.6090 × 10−12 ≈ 0 (35)

which also means nA = 1; i.e., rA = b − nA = 9 − 1 = 8. Hence, A also satisfies the minimum required rank
deficiency condition (Eq. (14.2)).
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Fig. 4 The obtained geometry of the two-dimensional hexagonal tensegrity structure, a free-form shape, b regular shape (Ref.
[31]), c free-form shape with the specified coordinates of a set of independent nodes

Table 2 The specified independent set of nodal coordinates of the 2-D free-form hexagonal tensegrity structure

Node 1 2 4

(x, y) (0, 0) (1.5, 0) (0, 2)

The associated stable free-form configuration of the structure whose members’ lengths are different from
one another (as can be seen from Table 1) is plotted in Fig. 4a. It is thoroughly different from its regular form
(Fig. 4b) presented by Ref. [31]. The form-finding procedure converges in three iterations with the design error
ε = 2.033 × 10−11. The structure obtained has only one self-stress state (s = 1) and one infinitesimal mech-
anism (m = 1) when its three rigid-body motions are constrained indicating it is statically and kinematically
indeterminate [44].

If the coordinates of nodes 1, 2 and 4 are specified as shown in Table 2, the unique configuration of the
structure can then be achieved by Eq. (33) and plotted in Fig. 4c. All members of the structure have different
lengths compared to only one strut and one cable length of its regular counterpart in Fig. 4b. Therefore, by
specifying the coordinates of the n∗

D(=3) independent nodes, the location of some members (e.g. members 1
and 7, which connect nodes 1 and 2, and nodes 1 and 4, respectively) as well as their lengths in the structure
can be easily controlled.

4.2 Three-dimensional free-form tensegrity structures

4.2.1 Expandable octahedron

An expandable octahedron consisting of 6 struts and 24 cables (Fig. 5) was investigated first by Tibert and
Pellegrino [34], Estrada et al. [29] and then by Tran and Lee [31] for its symmetric form. The initial randomly
generated force density vector q0 and the calculated force density vector q after normalizing with respect to
the force density coefficient of the cable 1 are reported in Table 3.
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Fig. 5 An expandable octahedron tensegrity structure

Table 3 The force density coefficients and lengths of the regular and free-form expandable octahedron tensegrity structure

Elements Initial value Final value

q0 q l

Regular Free-form Regular Free-form Regular Free-form
(Ref. [31]) (Present) (Ref. [31]) (Present) (Ref. [31]) (Present)

1 1 3.8577 1.0 1.0000 0.5477 0.6683
2 1 6.8832 1.0 1.8755 0.5477 0.4038
3 1 9.6124 1.0 2.0442 0.5477 0.2732
4 1 9.4216 1.0 3.7029 0.5477 0.2998
5 1 5.1210 1.0 0.2334 0.5477 0.0933
6 1 3.1643 1.0 0.5660 0.5477 0.5733
7 1 7.8751 1.0 2.4219 0.5477 0.2325
8 1 7.8339 1.0 1.9283 0.5477 0.5851
9 1 7.6658 1.0 1.9903 0.5477 0.3503
10 1 7.6932 1.0 1.9688 0.5477 0.5559
11 1 1.9533 1.0 0.5696 0.5477 0.6983
12 1 7.1340 1.0 1.1547 0.5477 0.6854
13 1 5.1693 1.0 1.3680 0.5477 0.6749
14 1 2.9095 1.0 0.4481 0.5477 1.0443
15 1 1.8867 1.0 0.4962 0.5477 0.7762
16 1 8.4122 1.0 2.2148 0.5477 0.4704
17 1 2.5751 1.0 0.9185 0.5477 0.6693
18 1 2.4721 1.0 1.3417 0.5477 0.6493
19 1 6.9939 1.0 2.6782 0.5477 0.3022
20 1 9.0495 1.0 1.1022 0.5477 0.8439
21 1 5.6490 1.0 0.3302 0.5477 0.9613
22 1 7.3243 1.0 1.4515 0.5477 0.3155
23 1 2.3823 1.0 0.2819 0.5477 0.5491
24 1 9.5811 1.0 2.2933 0.5477 0.4397
25 −1 −5.8680 −1.5 −1.7221 0.8944 0.7389
26 −1 −7.1176 −1.5 −2.4570 0.8944 0.6798
27 −1 −1.3291 −1.5 −1.2125 0.8944 0.2460
28 −1 −8.2828 −1.5 −1.9214 0.8944 1.0403
29 −1 −7.7376 −1.5 −1.7577 0.8944 1.0384
30 −1 −2.0817 −1.5 −1.6561 0.8944 1.2654

The obtained stable free-form configuration of the structure is presented in Fig. 6. All members of the
structure have different lengths, which makes it distinguished from its regular counterpart (Fig. 7) given by
Ref. [31]. The form-finding procedure converges in eighteen iterations in comparison with thirteen iterations
[31] for its regular form. The design error convergence is described in Fig. 8 with ε = 1.964 × 10−9. The
structure obtained has only one self-stress state (s = 1) and one infinitesimal mechanism (m = 1) except for
its six rigid-body motions. Accordingly, it belongs to a statically and kinematically indeterminate structure
[44].
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Fig. 6 The obtained free-form geometry of the expandable octahedron tensegrity structure, a top view, b perspective view
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Fig. 7 The regular geometry of the expandable octahedron tensegrity structure (Ref. [31]), a top view, b perspective view
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Fig. 8 The convergence of the proposed iterative algorithm for the free-form expandable octahedron

4.2.2 Truncated icosahedron

A more complicated example is the truncated icosahedron tensegrity system with 30 struts and 90 cables, which
was analyzed by Estrada et al. [29] and then by Tran and Lee [31] for its regular form. The initial randomly
generated force density vector q0 and the calculated force density vector q after normalizing with respect to
the force density coefficient of the cable 1 are reported in Table 4. The obtained stable free-form configuration
of the structure is plotted in Fig. 9. The design error (ε = 9.951 × 10−9) is shown in Fig. 10 that exposes
the convergence of the proposed form-finding in 66 iterations compared with 45 iterations [31] for its regular
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Table 4 The initial random and obtained force density coefficients of the free-form truncated icosahedron tensegrity structure

q0 q0
1 q0

2 q0
3 q0

4 q0
5 q0

6 · · · q0
115 q0

116 q0
117 q0

118 q0
119 q0

120

1.3902 1.2183 1.2183 1.0246 1.0248 1.0456 · · · −1.1168 −1.2282 −1.1923 −1.2693 −1.4959 −1.3776
q q1 q2 q3 q4 q5 q6 · · · q115 q116 q117 q118 q119 q120

1.0000 2.0608 1.2391 1.3458 1.0040 2.2232 · · · −0.3387 −0.4622 −0.4094 −0.5970 −0.5007 −0.3750
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Fig. 9 The obtained free-form geometry of the truncated icosahedron tensegrity structure, a top view, b perspective view
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Fig. 10 The convergence of the proposed iterative algorithm for the free-form truncated icosahedron

form. It needs more iterations than the corresponding regular one. The obtained structure possesses one state
of self-stress (s = 1) and 55 infinitesimal mechanisms (m = 55) excluding its six rigid-body motions.

4.2.3 Octahedral cell

The system shown in Fig. 11 has five struts and eight cables. Table 5 shows the initial randomly generated force
density vector q0 and the calculated force density vector q after normalizing with respect to the force density
coefficient of the cable 1. The achieved free-form configuration of the structure is displayed in Fig. 12. The
form-finding procedure converges in four iterations with the design error ε = 1.000 × 10−15. The structure
obtained has only one state of self-stress (s = 1) and no infinitesimal mechanism (m = 0) after constraining
its six rigid-body motions, indicating it is statically indeterminate and kinematically determinate [44]. If the
coordinates of nodes 1, 2, 5 and 6 are specified as shown in Table 6, the unique free-form configuration of the
structure can then be obtained and shown in Fig. 13.
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Fig. 11 An octahedral cell tensegrity structure

Table 5 The initial random and obtained force density coefficients of the free-form octahedral cell tensegrity structure

q0 q0
1 q0

2 q0
3 q0

4 q0
5 q0

6 q0
7 q0

8 q0
9 q0

10 q0
11 q0

12 q0
13

7.4313 3.9223 6.5548 1.7119 7.0605 0.3183 2.7692 0.4617 −0.9713 −8.2346 −6.9483 −3.1710 −9.5022
q q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13

1.0000 0.5965 0.4306 0.8180 1.4545 0.7941 0.6567 1.1065 −0.8677 −0.6320 −0.7158 −1.0581 −1.6656
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Fig. 12 The obtained free-form geometry of the octahedral cell tensegrity structure, a top view, b perspective view

Table 6 The specified independent set of nodal coordinates of the free-form octahedral cell tensegrity structure

Node 1 2 5 6

(x, y, z) (−1,−1, 0) (−1, 1, 0) (0, 0,−1) (0, 0, 1)
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Fig. 13 The obtained free-form geometry of the octahedral cell tensegrity structure with the specified coordinates of a set of
independent nodes, a top view, b perspective view
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Fig. 14 A three-dimensional seven-strut cylindrical tensegrity structure

Table 7 The initial random and obtained force density coefficients of the seven-strut cylindrical tensegrity structure

q0 q0
1 q0

2 q0
3 q0

4 q0
5 q0

6 q0
7 q0

8 q0
9 q0

10 q0
11 q0

12 q0
13 q0

14

9.2547 3.5726 7.8148 7.7836 4.4240 6.1104 1.6827 1.4856 5.7772 8.0125 9.4061 2.1692 6.1194 5.2245
q0

15 q0
16 q0

17 q0
18 q0

19 q0
20 q0

21 q0
22 q0

23 q0
24 q0

25 q0
26 q0

27 q0
28

1.1071 4.0341 2.4596 8.1486 3.8009 5.7568 2.4908 −6.4178 −3.3667 −6.8867 −7.2029 −7.7334 −5.0549 −1.7544
q q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14

1.0000 0.6150 0.7928 0.6523 0.6779 2.1392 0.4703 0.3988 1.6935 0.9314 0.8808 0.6112 0.9084 0.4639
q15 q16 q17 q18 q19 q20 q21 q22 q23 q24 q25 q26 q27 q28

0.2956 0.4803 0.2912 0.9942 0.4569 1.0719 0.4569 −0.5328 −0.0839 −0.8039 −0.5116 −0.7162 −0.8003 −0.1693

(a)

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3
1

12
14

10

3

5

13

11

2

8

4
7

6

9

(b)

−0.4
−0.2

0
0.2

0.4

−0.6
−0.4

−0.2
0

0.2
0.4

−0.4

−0.2

0

0.2

0.4

5

12

3

14

2

1

4

7

13

10

9

8

11

6

Fig. 15 The obtained free-form geometry of the seven-strut cylindrical tensegrity structure, a top view, b perspective view

4.2.4 Seven-strut cylindrical tensegrity

A three-dimensional seven-strut cylindrical tensegrity displayed in Fig. 14 has 7 struts and 21 cables. The
initial randomly generated force density vector q0 and the calculated force density vector q after normalizing
with respect to the force density coefficient of the cable 1 are displayed in Table 7. Figure 15 shows the
obtained self-equilibrium stable free-form configuration. The design error convergence is described in Fig. 16
with ε = 1.964 × 10−9 achieved within 32 iterations. The structure obtained has only one state of self-stress
(s = 1) and nine infinitesimal mechanisms (m = 9) after constraining its six rigid-body motions, indicating it
is statically and kinematically indeterminate [44]. Similarly, if the coordinates of n∗

D (=4) independent nodes
1, 2, 3 and 14 are specified as shown in Table 8, the unique free-form configuration of the structure can be
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Fig. 16 The convergence of the proposed iterative algorithm for the free-form seven-strut cylindrical tensegrity structure

Table 8 The specified independent set of nodal coordinates of the seven-strut cylindrical tensegrity structure

Node 1 2 3 14

(x, y, z) (1, 1,−1) (−0.5,−1, 1) (0.5,−1,−0.5) (1,−0.5, 1)
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Fig. 17 The obtained free-form geometry of the seven-strut cylindrical tensegrity structure with the specified coordinates of a set
of independent nodes, a top view, b perspective view

defined and shown in Fig. 17. Hence, by specifying the coordinates of a set of independent nodes, the location
of some members (e.g. members 8, 15 ,16 and 22, which connect nodes 1 and 3, nodes 1 and 14, nodes 2 and
3, and nodes 1 and 2, respectively) as well as their lengths in the structure can be easily controlled.

For all mentioned examples excluding the octahedral cell, the force density matrices D are positive semi-
definite, which lead structures to be super stable regardless of materials and prestress levels [42,46]. The
stability of the octahedral cell has also been confirmed by checking the eigenvalues of its tangent stiffness
matrix [31].

5 Concluding remarks

The numerical form-finding procedure of free-form tensegrity structures for both classes 1 and 2 has been
presented. The topology and the initial force density vector randomly generated with the sign of each compo-
nent of this vector based on the types of members are the required information. Any assumption about initial
nodal coordinates or member lengths, material properties and the positive semi-definite condition of the force
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density matrix is not necessary in the proposed form-finding procedure. The eigenvalue decomposition of the
force density matrix and the singular value decomposition of the equilibrium matrix are performed iteratively
to find the range of feasible sets of the nodal coordinates and the force densities which satisfy the required
rank deficiencies of the force density and equilibrium matrices, respectively. The self-equilibrium state of
free-form tensegrities can be achieved in a few of remarkable iterations. The approach of defining the unique
configuration of the free-form tensegrity structure by specifying the independent set of nodal coordinates is
clearly given, which implies that the geometrical and mechanical properties of the structure can be at least
partly controlled by the proposed method. In the numerical examples, a very good convergence has been
shown for two- and three-dimensional tensegrity structures. The proposed form-finding procedure is capable
of searching new free-form configurations with limited information of the topology and the initial randomly
generated force density vector.
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