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Abstract A refined high-order global-local laminated/sandwich beam theory is developed that satisfies all the
kinematic and stress continuity conditions at the layer interfaces and considers effects of the transverse normal
stress and transverse flexibility, e.g. for beams with soft cores or drastic material properties changes. The
global displacement components, described by polynomial or combinations of polynomial and exponential
expressions, are superposed on local ones chosen based on the layerwise or discrete-layer concepts. Further-
more, the non-zero conditions of the shear and normal tractions of the upper and lower surfaces of the beam
may also be enforced. In the present C1-continuous shear locking-free finite element model, the number of
unknowns is independent of the number of layers. Comparison of present bending and vibration results for
thin and thick beams with results of the three-dimensional theory of elasticity reveals efficiency of the present
method. Moreover, the proposed model is computationally economic and has a high convergence rate.

1 Introduction

Due to their high specific strength and stiffness to weight ratios, laminated composite structures have been
widely used in various mechanical and structural components, e.g. in space vehicles and smart structures
with integrated piezoelectric sensors and actuators. Due to the discrete variations of the mechanical properties
from a layer to the adjacent one, local variations of the stress distribution have to be determined accurately
to avoid local failure phenomena such as delamination, matrix breakage and local excessive plastic deforma-
tions. Consequently, choosing an adequate mathematical model to accurately predict the local behaviors and
performances of the mentioned structures under various environments is a key issue. Carrera and Brischetto
[1], Zhang and Yang [2], and Hu et al. [3] have reviewed some theories that have been developed to investigate
variations of the inter-laminar stresses of the laminated structures.

The most accurate approach to analyze the laminated plates/beams is solving the governing differential
equations of the three-dimensional (3D) theory of elasticity [4–6]. However, the development of these solutions
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is a difficult task and the resulting solution cannot be expressed in a closed form for the general case of arbitrary
geometry, boundary, and loading conditions. The computational 3D finite element analysis of these structures
is expensive and, in some circumstances, not practical, especially when one dimension of the structure becomes
much smaller than the other dimensions. These drawbacks encouraged some researchers to employ the two-
dimensional (2D) models, prescribing variations of the displacement components in the transverse direction.
This idea is the origin of all of the beam/plate theories. The differences among the available theories are
mainly in the additional conditions that are employed to ensure that the prescribed transverse variations are
accurate enough, especially when the number of layers increases or the differences in the material properties
of the layers become significant. The available 2D theories in the literature can be classified into three broad
groups: global or equivalent single layer theories (ESLT), local theories (e.g. layerwise (LWT) theories) and
global-local theories.

Although in ESLT the number of the unknowns is independent of the number of layers, the transverse
shear stress continuity condition in the interfaces of the layers is not guaranteed. Thus, in some circumstances,
classical [7], Reissner-Mindlin-type first-order shear deformation [8–10] and third-order shear deformation
[11] theories, which are variants of the ESLT, may lead to inaccurate results.

In order to overcome the drawbacks of the ESLT, the idea of LWT or discrete-layer theory was presented
by some researchers [11–15]. The displacement field along the thickness of each ply was approximated by
a piecewise continuous function. In spite of the fact that LWT reduces the restrictions of ESLT, in this type
of theories the number of the unknowns is dependent on the number of layers, which in turn increases the
computational cost of the analysis. To overcome this shortcoming, Heuer [16] employed a layerwise theory to
study static and dynamic behaviors of the transversely isotropic, moderately thick sandwich beams imposing
the continuity condition of the transverse shear stresses across the interfaces. Adam and Ziegler [17] presented
a theory for predicting the elastic-plastic dynamic response of symmetrically designed composite beams with
thick layers, assuming piecewise continuous and linear in-plane displacement fields through the layer thick-
ness and defining an effective cross-sectional rotation. Moderately large vibrations of imperfect elastic-plastic
composite beams with thick layers were analyzed by Adam [18]. Mindlin–Reissner kinematic assumptions
were implemented layerwise, and Berger’s approximation of the von Karman nonlinear strain–displacement
relations was used. Adam [19] studied the nonlinear response of doubly curved panels composed of three thick
isotropic layers subjected to time-varying lateral loads, employing a first-order layerwise theory which includes
the transverse shear flexibility, initial geometric imperfections and Berger-type geometric nonlinearities.

In order to improve the accuracy of the results and reduce the number of the unknowns for the multilayered
composites, zigzag (ZZ) theories were proposed by some researchers. These theories are able to reproduce
piecewise continuous displacement and transverse stress fields in the thickness direction of the laminated struc-
tures. The first ZZ theory was proposed by Lekhnitskii [20] for multi-layered beams. Ren [21,22] extended
Lekhnitskii’s theory to orthotropic and anisotropic layered plates. ZZ theories were used and developed by
Ambartsumyan [23], Whitney [24], Icardi [25–27], Reissner [28], Murakami [29,30] and Carrera [31,32].
Vidal and Polit [33] and Beheshti-Aval and Lezgy-Nazargah [34] presented ZZ theories for the analysis of
laminated beams based on sine functions. An excellent review in the ZZ theories has been introduced by
Carrera [35].

Based on the double superposition of the local components of the in-plane displacements on the global
ones, Li and Liu [36] proposed the first global-local laminate theory. Using this theory, the in-plane stresses
and transverse shear stresses can be well estimated from the constitutive equations. Shariyat [37–39] extended
the double superposition theory of Li and Liu and proposed a generalized global-local higher-order theory
for the composite laminates. This generalized global-local higher-order theory satisfies the transverse shear
and normal stresses continuity at the interfaces and is calibrated based on the general nonlinear Green’s strain
tensor.

The transverse normal stresses and strains and the transverse flexibility, which are the cause of many failure
modes such as wrinkling and delamination, have important roles in the analysis of the laminated/sandwich
structures, especially those with soft cores. However, the majority of the 2D theories ignores the transverse
normal stress and strain and the transverse flexibility (e.g. to avoid Poisson’s thickness locking [40] occur-
rence). Thus, in these theories the transverse normal stress cannot be calculated directly from the constitutive
equations, and prediction of this stress requires integration of the equilibrium equations in the transverse direc-
tion. The majority of the available ZZ theories either does not consider the transverse flexibility or does not
impose the continuity condition of the transverse normal stress at the interfaces [41,42].

With the exception of some limited theories, e.g. the generalized global-local higher-order theory of Shariyat
[37–39], the available global-local laminated beam/plate theories have discarded influences of the transverse
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Fig. 1 Geometric parameters of the laminated beam

Fig. 2 Global and local coordinate systems of the laminated beam

flexibility and the transverse normal stress. To overcome restrictions of the available theories, in the present
study a novel refined global-local laminate theory is presented based on the superposition hypothesis for bend-
ing and vibration analyses of the laminated/sandwich composite beams. In the proposed theory, the global
in-plane displacement components are described by combinations of polynomial and exponential expressions
whereas the global transverse displacement component is adopted as a fourth-order polynomial. To improve
the results, local terms have been added to the global expressions employing either the layerwise or discrete-
layer concepts. The boundary conditions of the shear and normal tractions are satisfied on the upper and lower
surfaces of the beam. Besides, continuity conditions of the displacement components, transverse shear and
normal stresses, and the transverse normal stress gradient at the layer interfaces are satisfied. In comparison
with the other available similar theories (the generalized global-local theory of Shariyat [37–39] and LWT or
3D models employed in the commercial softwares), the present model is computationally significantly eco-
nomic and has only four independent generalized unknown parameters (three displacement and one rotation
parameters).

Based on the proposed model, a three-nodded shear locking-free beam element with C0-continuity for
the in-plane displacements and C1-continuity for the in-plane variations of the lateral deflection is employed.
Various bending and vibration validation examples are treated using a written computer code whose algorithm
is based on the present model. Having some additional advantages, the obtained numerical results exhibit good
agreements with the available published and the 3D finite element results.

2 Theoretical formulations of the proposed global-local theory

2.1 The geometric parameters and the coordinate system of the beam

The considered beam is a prismatic one with a rectangular uniform cross section of height h and width b. The
beam is made of Nl layers of different linearly elastic composite materials. The geometric parameters of the
laminated beam and the chosen Cartesian coordinate system (x, y, z) are shown in Fig. 1. As it may be noted
from Fig. 1, the x, y and z axes are respectively along the length, width and thickness of the beam. Since it
is intended to develop a global-local beam theory, transverse global and local coordinate systems shown in
Fig. 2 are chosen to present the beam model.
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2.2 The constitutive equations

The stress–strain relations of each orthotropic layer of the laminate can be expressed as:

σ (k) = C(k)ε(k) (1)

where k denotes the layer number and:

σ (k) =

⎡
⎢⎢⎣
σ
(k)
11

σ
(k)
33

τ
(k)
13

⎤
⎥⎥⎦ , ε(k) =

⎡
⎢⎢⎣
ε
(k)
11

ε
(k)
33

γ
(k)
13

⎤
⎥⎥⎦ , C(k) =

⎡
⎢⎢⎣

c(k)11 c(k)13 0

c(k)13 c(k)33 0

0 0 c(k)55

⎤
⎥⎥⎦

and c(k)i j are the elastic coefficients.

2.3 The displacement field description

In the present study, the following global-local displacement field is proposed (k = 1, 2, . . . , Nl):

uk(x, y, z, t) = u0(x, t)− zw(x, t),x + ze−2(z/h)2 [
θ(x, t)+ w(x, t),x

] + ūk
L(x, z, t)+ ûk

L(x, z, t),

wk(x, y, z, t) = w0(x, t)+ zw1(x, t)+ z2w2(x, t)+ z3w3(x, t)+ z4w4(x, t)

+
k−1∑
i=1

ψi (x, t)(z − zi+1)H(z − zi+1)+
k−1∑
i=1

�i (x, t)(z − zi+1)
2 H(z − zi+1) (2)

where H is Heaviside’s function. The functions u(x, y, z, t) andw(x, y, z, t) represent the horizontal (in-plane)
and vertical (transverse) displacement components, respectively. The u0(x, t), w0(x, t), w1(x, t), w2(x, t),
w3(x, t) and w4(x, t) are global displacement parameters of the reference layer (e.g. the first layer). t is
time and θ(x, t) denotes the shear-bending rotation around the y axis. ψi (x, t) and �i (x, t) are functions
to be determined in order to fulfill the transverse normal stress and stress gradient continuity conditions at
the laminate interfaces. The local components ūk

L and ûk
L can be chosen based on the layerwise variations

concept. Therefore, if they are chosen as combinations of the Legendre polynomials to simplify the numerical
integration process, one may write:

ūk
L(x, z, t) = z̄kuk

1(x, t)+ 3z̄2
k − 1

2
uk

2(x, t), (3)

ûk
L(x, z, t) = 5z̄3

k − 3z̄k

2
uk

3(x, t) (4)

where z̄k = ak z − bk, ak = 2
zk+1−zk

, bk = zk+1+zk
zk+1−zk

.
Local variations of the transverse displacement component are represented by the two summations appear-

ing in Eq. (2), employing a discrete-layer concept [43].
The continuity conditions of the displacement components at the laminate interfaces should be satisfied.

Due to using a layerwise description for the local term, the transverse displacement component satisfies the
kinematic continuity condition automatically. By imposing the continuity conditions of the in-plane displace-
ment component, the following two equations are obtained:

ūk
L = ūk−1

L , k = 2, . . . , Nl , (5)

ûk
L = ûk−1

L , k = 2, . . . , Nl . (6)

Equations (5) and (6) lead to the following equations:

uk
2 = uk−1

1 + uk−1
2 + uk

1, (7)

uk
3 = (−1)k−1u1

3. (8)
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Since ZZ models based on the constant transverse displacement assumption have been capable of estimating
the transverse shear stress satisfactorily from the constitutive equations [23–25,33], the simplifying assumption
w(x, y, z, t) = w0(x, t) is used in computation of the transverse shear stress only to avoid the computational
complexity. Hence, the transverse shear stress of the k-th layer may be determined from the following equation:

τ (k)xz =Gk

(
e−2(z/h)2 − 4

( z

h

)2
e−2(z/h)2

) (
θ + w0,x

) + Gkakuk
1 + 3Gk z̄kakuk

2 + Gk

(
−3

2
ak + 15

2
ak z̄2

k

)
uk

3

(9)

where Gk = c(k)55 is the transverse shear modulus of the kth layer. By imposing the transverse shear stress con-
tinuity condition at the mutual interfaces of the adjacent layers, the following recursive condition is obtained:

Gk

(
e−2(zk/h)2 − 4

( zk

h

)2
e−2(zk/h)2

) (
θ + w0,x

) + Gkakuk
1 − 3Gkakuk

2 + 6Gkakuk
3

= Gk−1

(
e−2(zk/h)2 − 4

( zk

h

)2
e−2(zk/h)2

) (
θ + w0,x

) + Gk−1ak−1uk−1
1

+3Gk−1ak−1uk−1
2 + 6Gk−1ak−1uk−1

3 . (10)

Furthermore, the boundary conditions of the prescribed values of the shear tractions (that are generally non-
zero values) on the top and bottom surfaces of the beam should be satisfied. Thus, the following two boundary
conditions are obtained:

τ (1)xz

(
z = −h

2

)
= G1a1u1

1 − 3G1a1u1
2 + 6G1a1u1

3 = X−(x, t), (11)

τ (Nl )
xz

(
z = h

2

)
= G Nl aNl u

Nl
1 + 3G Nl aNl u

Nl
2 + 6G Nl aNl u

Nl
3 = X+(x, t) (12)

where X−(x, t) and X+(x, t) are the prescribed shear tractions of the bottom and top surfaces of the beam,
respectively. By using Eqs. (7) and (10), the following recursive equations are obtained:

uk
1 = Ak(θ + w0,x )+ Bkuk−1

1 + Ckuk−1
2 + Dkuk

3, (13)

uk
2 = Ek(θ + w0,x )+ Fkuk−1

1 + Hkuk−1
2 + Ikuk

3 (14)

where the coefficients Ak, Bk, Ck, Dk, Ek, Fk, Hk and Ik are:

Ak =
(

e−2(zk/h)2 − 4(zk/h)2e−2(zk/h)2
)
(Gk − Gk−1)

2Gkak
, Bk = (−Gk−1ak−1 − 3Gkak)

2Gkak
,

Ck = (−3Gk−1ak−1 − 3Gkak)

2Gkak
, Dk = (6Gk−1ak−1 + 6Gkak)

2Gkak
, Ek = Ak, (15)

Fk = (−Gk−1ak−1 − Gkak)

2Gkak
, Hk = (−3Gk−1ak−1 − Gkak)

2Gkak
, Ik = Dk .

Substituting Eq. (8) into Eq. (11) yields:

uk
3 = (−1)k−1 X−

6G1a1
+ (−1)k

6
u1

1 + (−1)k−1

2
u1

2. (16)

The above equation expresses uk
3 in terms of u1

1, u1
2 and X−. Substituting Eq. (16) into the recursive Eqs. (13)

and (14) relates uk
1 and uk

2 to u1
1, u1

2, (θ+w0,x ) and X−. After calculating uNl
1 , uNl

2 and uNl
3 from the recursive

Eqs. (13), (14) and (16), respectively, and substituting them into Eq. (12), u1
2 can be eliminated. Thus Eqs.

(13), (14) and (16) can be rewritten as:

uk
1(x, t) = αk

1

(
θ(x, t)+ w0(x, t),x

) + βk
1 u1

1(x, t)+ δk
1 X+(x, t)+ λk

1 X−(x, t),

uk
2(x, t) = αk

2

(
θ(x, t)+ w0(x, t),x

) + βk
2 u1

1(x, t)+ δk
2 X+(x, t)+ λk

2 X−(x, t), (17)

uk
3(x, t) = αk

3

(
θ(x, t)+ w0(x, t),x

) + βk
3 u1

1(x, t)+ δk
3 X+(x, t)+ λk

3 X−(x, t)
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where the coefficients αk
1, α

k
2, α

k
3, β

k
1 , β

k
2 , β

k
3 , δ

k
1, δ

k
2, δ

k
3, λ

k
1, λ

k
2, λ

k
3 are obtained from the procedure

described above. These coefficients are only dependent on the shear modulus and the global coordinates
of the layers.

The transverse normal stress and stress gradient within the k-th layer may be determined from the following
equations:

σ (k)zz = c(k)13 ε
(k)
xx +c(k)33 ε

(k)
zz = c(k)13 (u0,x − zw0,xx +(θ,x +w,xx )J (z)+T (z)u1

1,x +P(z)(X+),x +R(z)(X−),x )

+c(k)33

(
w1 + 2zw2 + 3z2w3 + 4z3w4 +

k−1∑
i=1

ψi H(z − zi+1)+ 2
k−1∑
i=1

�i (z − zi+1)H(z − zi+1)

)
,

(18)

σ (k)zz,z = c(k)13 (−w0,xx + (θ,x + w0,xx )J (z),z + T (z),zu1
1,x + P(z),z(X

+),x + R(z),z(X
−),x )

+c(k)33

(
2w2 + 6zw3 + 12z2w4 + 2

k−1∑
i=1

�i H(z − zi+1)

)
(19)

where

J (z) = ze−2(z/h)2 +
Nl∑

k=1

(
z̄kα

k
1 +

(
−1

2
+ 3z̄2

k

2

)
αk

2 +
(

−3z̄

2
+ 5z̄3

k

2

)
αk

3

)
(H(z − zk)− H(z − zk+1)) ,

T (z) =
Nl∑

k=1

(
z̄kβ

k
1 +

(
−1

2
+ 3z̄2

k

2

)
βk

2 +
(

−3z̄

2
+ 5z̄3

k

2

)
βk

3

)
× (H(z − zk)− H(z − zk+1)) ,

(20)

P(z) =
Nl∑

k=1

(
z̄kδ

k
1 +

(
−1

2
+ 3z̄2

k

2

)
δk

2 +
(

−3z̄

2
+ 5z̄3

k

2

)
δk

3

)
× (H(z − zk)− H(z − zk+1)) ,

R(z) =
Nl∑

k=1

(
z̄kλ

k
1 +

(
−1

2
+ 3z̄2

k

2

)
λk

2 +
(

−3z̄

2
+ 5z̄3

k

2

)
λk

3

)
× (H(z − zk)− H(z − zk+1))

and H(z) denotes Heaviside’s function.
Continuity of σzz,z and σzz must be fulfilled at Nl − 1 interfaces:

σ (k+1)
zz,z (zk+1) = σ (k)zz,z(zk+1), k = 1, 2, . . . , Nl − 1, (21)

σ (k+1)
zz (zk+1) = σ (k)zz (zk+1), k = 1, 2, . . . , Nl − 1. (22)

From the recursive Eqs. (21) and (22),ψk(x, t) and�k(x, t)will have the following form (k = 1, 2, . . . , Nl−1):

�k = Ak
1w0,xx + Ak

2w2+ Ak
3w3+ Ak

4w4+ Ak
5θ,x + Ak

6(u
1
1),x + Ak

7(X
+),x + Ak

8(X
−),x , (23)

ψk = Bk
1w0,xx +Bk

2w1+Bk
3w2+Bk

4w3+Bk
5w4+Bk

6 (u0),x +Bk
7θ,x +Bk

8 (u
1
1),x +Bk

9 (X
+),x +Bk

10(X
−),x .

(24)

Moreover, the boundary conditions of the transverse normal stress and transverse normal stress gradient on
the upper and lower faces of the beam must be satisfied:

σ (Nl )
zz,z (zNl+1) = σ (1)zz,z(z1) = 0, (25)

σ (1)zz (z1) = Z−(x, t), σ (Nl )
zz (zNl+1) = Z+(x, t) (26)

where Z−(x, t) and Z+(x, t) are the distributed lateral loads acting on the bottom and top surfaces of the
beam, respectively. From Eqs. (25) and (26), the unknowns w1, w2, w3 and w4 can be expressed in terms of
u0,x , w0,xx , θ,x , (u1

1),x , (X
+),x , (X+),x , Z+, and Z−:

w1(x, t) = 11(u0),x +12w0,xx +13θ,x +14(u
1
1),x +15(X

+),x +16(X
−),x +17 Z++18 Z−, (27)

w2(x, t) = 21(u0),x +22w0,xx +23θ,x +24(u
1
1),x +25(X

+),x +26(X
−),x +27 Z++28 Z−, (28)

w3(x, t) = 31(u0),x +32w0,xx +33θ,x +34(u
1
1),x +35(X

+),x +36(X
−),x +37 Z++38 Z−, (29)

w4(x, t) = 41(u0),x +42w0,xx +43θ,x +44(u
1
1),x +45(X

+),x +46(X
−),x +47 Z++48 Z−. (30)



A refined high-order global-local theory 225

By substituting Eqs. (27) to (30) into Eqs. (23) and (24), ψi (x, t) and �i (x, t) can be rewritten as follows
(k = 1, 2, . . . , Nl − 1):

�i (x, t) = Ci
1(u0),x + Ci

2w0,xx + Ci
3θ,x + Ci

4(u
1
1),x + Ci

5(X
+),x + Ci

6(X
−),x + Ci

7 Z+ + Ci
8 Z−, (31)

ψi (x, t) = Di
1(u0),x + Di

2w0,xx + Di
3θ,x + Di

4(u
1
1),x + Di

5(X
+),x + Di

6(X
−),x + Di Z+ + Di

8 Z−. (32)

Finally, the expression of the transverse displacement takes the following form:

wk(x, y, z, t) = w0(x, t)+�k
1(z)u0,x +�k

2(z)w0,xx +�k
3(z)θ,x +�k

4(z)(u
1
1),x +�k

5(z)(X
+),x

+�k
6(z)(X

−),x +�k
7(z)Z

+ +�k
8(z)Z

− (33)

where

�k
1(z) = 11z +21z2 +31z3 +41z4 +

k−1∑
i=1

Di
1(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
1(z − zi+1)

2 H(z − zi+1),

�k
2(z) = 12z +22z2 +32z3 +42z4 +

k−1∑
i=1

Di
2(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
2(z − zi+1)

2 H(z − zi+1),

�k
3(z) = 13z +23z2 +33z3 +43z4 +

k−1∑
i=1

Di
3(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
3(z − zi+1)

2 H(z − zi+1),

�k
4(z) = 14z +24z2 +34z3 +44z4 +

k−1∑
i=1

Di
4(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
4(z − zi+1)

2 H(z − zi+1),

�k
5(z) = 15z +25z2 +35z3 +45z4 +

k−1∑
i=1

Di
5(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
5(z − zi+1)

2 H(z − zi+1),

�k
6(z) = 16z +26z2 +36z3 +46z4 +

k−1∑
i=1

Di
6(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
6(z − zi+1)

2 H(z − zi+1),

�k
7(z) = 17z +27z2 +37z3 +47z4 +

k−1∑
i=1

Di
7(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
7(z − zi+1)

2 H(z − zi+1),

�k
8(z) = 18z +28z2 +38z3 +48z4 +

k−1∑
i=1

Di
8(z − zi+1)H(z − zi+1)+

k−1∑
i=1

Ci
8(z − zi+1)

2 H(z − zi+1).

At this stage, all the unknowns of the proposed global-local displacement fields (Eq. (2)) are determined only
in terms of four independent unknown parameters u0, w0, θ and u1

1.
Using Cauchy’s definition of the strain tensor, the in-plane, transverse shear and normal strain components

may be calculated based on the proposed global-local description of the displacement field as:

εxx = u0,x − zw0,xx + (θ,x + w0,xx )J (z)+ T (z)u1
1,x + P(z)(X+),x + R(z)(X−),x ,

εzz = �k
1(z),zu0,x +�k

2(z),zw0,xx +�k
3(z),zθ,x +�k

4(z),z(u
1
1),x

+�k
5(z),z(X

+),x +�k
6(z),z(X

−),x +�k
7(z),z Z+ +�k

8(z),z Z−,

γxz = (θ + w0,x )J (z),z + T (z),zu1
1 + P(z),z X+ + R(z),z X−.

(34)
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Fig. 3 Representation of the proposed laminated beam element as well as its degrees of freedom

Since the functions u(x, y, z, t) andw(x, y, z, t)are coupled in the strain energy expression, it is expected that
the presented global-local theory compensates to some extent for the simplifying assumption w(x, y, z, t) =
w0(x, , t) used only in computation of the transverse shear stress.

3 The governing equations of the beam element

Using appropriate shape functions and nodal variables, a finite element representation of the displacement field
description given in Eq. (2) may be introduced. It is known that the order of the differentiation operators ofw0
in the expression of the strain energy is higher in comparison with the remaining displacement components
[44–47]. Moreover, for more accurate results, the slope continuity of the beam must be guaranteed. For these
reasons, the in-plane variations of the transverse displacement component,w0, must be C1-continuous. There-
fore, compatible Hermite cubic shape functions may be employed to interpolate the in-plane variations of the
transverse displacement component w0. The rotation θ can be C0-continuous but it is interpolated by qua-
dratic Lagrangian shape functions to ensure obtaining more accurate results. Furthermore, if identical orders
are adopted for the shape functions ofw0,x and θ parameters in the relevant transverse shear strain components,
the shear locking phenomenon may be avoided due to using a consistent displacement field [33,35,48]. Finally,
u0, u1

1, X+, X−, Z+ and Z− may be interpolated using Lagrangian quadratic shape functions. The proposed
laminated beam element as well as its nodal degrees of freedom are shown in Fig. 3. Both the transverse
shear stresses of the top and bottom layers and the displacement parameters are defined at the nodal points of
the element. Therefore, interlaced discretization meshes are employed to present a mixed formulation (in the
global sense). Therefore, based on Eqs. (2), (17), (33) and (34), the displacement and strain components may
be expressed in the following form:

u = Au uu, ε = Lu uu (35)

where u = [
u w

]T
, uu = [

u0 w0 θ u1
1 X+ X− Z+ Z− ]T

, ε = [
εxx εzz γxz

]T , and

Au =
⎡
⎢⎣

1 −z d
dx + J (z) J (z) T (z) P(z) R(z) 0 0

�k
1(z)

d
dx 1 +�k

2(z)
d2

dx2 �k
3(z)

d
dx �k

4(z)
d

dx �k
5(z)

d
dx �k

6(z)
d

dx �k
7(z) �k

8(z)

⎤
⎥⎦ ,

Lu =

⎡
⎢⎢⎢⎢⎣

d
dx −z d2

dx2 + J (z) d
dx J (z) d

dx T (z) d
dx P(z) d

dx R(z) d
dx 0 0

�k
1(z),z

d
dx �k

2(z),z
d2

dx2 �k
3(z),z

d
dx �k

4(z),z
d

dx �k
5(z),z

d
dx �k

6(z),z
d

dx �k
7(z),z �k

8(z),z

0 J (z),z
d

dx J (z),z T (z),z P(z),z R(z),z 0 0

⎤
⎥⎥⎥⎥⎦
.

The displacement vector of the reference layer uu may be expressed in terms of the nodal variables vector ue
u

as follows:

uu = Nu ue
u (36)
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where

ue
u = {

(u0)1 (w0)1 θ1 (w0,x )1 (u1
1)1 (X

+)1 (X−)1 (Z+)1 (Z−)1 (u0)3 θ3 (u1
1)3

(X+)3 (X−)3 (Z+)3 (Z−)3 (u0)2 (w0)2 θ2 (w0,x )2 (u1
1)2 (X

+)2 (X−)2 (Z+)3 (Z−)3
}T
,

Nu =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N̄1 0 0 0 0 0 0 0 0 N̄3 0 0 0
0 N1 0 Nd1 0 0 0 0 0 0 0 0 0
0 0 N̄1 0 0 0 0 0 0 0 N̄3 0 0
0 0 0 0 N̄1 0 0 0 0 0 0 N̄3 0
0 0 0 0 0 N̄1 0 0 0 0 0 0 N̄3

0 0 0 0 0 0 N̄1 0 0 0 0 0 0
0 0 0 0 0 0 0 N̄1 0 0 0 0 0
0 0 0 0 0 0 0 0 N̄1 0 0 0 0

0 0 0 N̄2 0 0 0 0 0 0 0 0
0 0 0 0 N2 0 Nd2 0 0 0 0 0
0 0 0 0 0 N̄2 0 0 0 0 0 0
0 0 0 0 0 0 0 N̄2 0 0 0 0
0 0 0 0 0 0 0 0 N̄2 0 0 0

N̄3 0 0 0 0 0 0 0 0 N̄2 0 0
0 N̄3 0 0 0 0 0 0 0 0 N̄2 0
0 0 N̄3 0 0 0 0 0 0 0 0 N̄2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

in which N̄i (i = 1, 2, 3) are the Lagrangian quadratic shape functions defined as:

N̄1 ≡ N̄1(ξ) = −ξ(1 − ξ)/2, N̄2 ≡ N̄2(ξ) = ξ(1 + ξ)/2, N̄3 ≡ N̄3(ξ) = (1 + ξ)(1 − ξ)/2, (37)

and the Hermitian shape functions are

N1 = N1(ξ) = 1

4
(1 − ξ)2(2 + ξ), N2 = N2(ξ) = 1

4
(2 − ξ)(1 + ξ)2,

Nd1 = Nd1(ξ) = le
8
(1 − ξ)2(1 + ξ), Nd2 = Nd2(ξ) = − le

8
(1 − ξ)(1 + ξ)2

(38)

where ξ is the natural coordinate and le denotes the length of the element. Using Eqs. (35) and (36), the
displacement and the strain vectors may be expressed as follows:

u = Auuu = AuNuue
u = N ue

u, (39)

ε = Lu uu = Lu Nu ue
u = Bu ue

u . (40)

The principle of virtual displacement is employed to extract the governing equations of the beam element.
According to this principle, for a mechanical medium with volume � and regular boundary surfaces �, one
may write:

δ� = δU − δW =
∫

�

δεT σd�−
∫

�

δuT FdS −
∫

�

δuT fd�− δuT
c f c +

∫

�

ρδuT üd� = 0 (41)

where δu, F, f , and f c are the admissible virtual displacement, traction, body force, and concentrated force
vectors, respectively. U, W , and ρ are the strain energy, work of the externally applied loads, and mass density,
respectively.

Substituting Eqs. (1), (39) and (40) into Eq. (41), and assembling the element matrices, the following
general equations of motion are obtained for the entire beam:

M ü(t)+ K u(t) = F (t) (42)
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where

M =
∫

�

ρN T N d�,

K =
∫

�

BT
u C̄Bud�,

F =
∫

�

N T f dV +
∫

�

N T FdS + N T f c.

4 Results and discussions

In the present Section, static and free vibration analyses of composite beams with different stacking sequences
and boundary conditions are considered to evaluate the efficiency and the accuracy of the present theory.
Results of the present theory are compared with either previously published results of well-known references
or the finite elements results obtained based on the 3D theory of elasticity (ABAQUS and ANSYS softwares).
Present results are extracted from a MATLAB program written by the authors based on the proposed refined
global-local theory. It is worth mentioning that the proposed beam element has a proper rank, because the exact
integration method is employed to calculate the stiffness matrices. Moreover, since comparisons available in
literature reveal that results of the global (equivalent single layer) theories and the majority of the available
local theories may encounter serious accuracy problems in some circumstances [37–39], results of the present
theory have been compared mainly with results obtained based on the three-dimensional theory of elasticity.

4.1 Bending analysis results

4.1.1 A simply supported three-layer [0◦/90◦/0◦] beam

In the current example, a three-layered [0◦/90◦/0◦] simply supported composite beam with a length to thick-
ness ratio of S = 4 (thick beam) is analyzed using the proposed finite element formulation. The beam is made
of carbon/epoxy with the following material properties:

(EL , ET ,GLT ,GT T ) = (172.4, 6.895, 3.448, 1.379)G Pa, (νLT , νT T ) = (0.25, 0.25),

L and T denote directions parallel and normal to the fibers, respectively. All layers of the beam have equal
thickness. The beam is subjected to a sinusoidal pressure p = p0 sin(πx/L) on its top surface. The exact
solution of the problem has been previously obtained by Pagano [4] based on the three-dimensional theory of
elasticity. The accuracy of the results of the present formulation is evaluated by comparing the obtained results
with of those of Pagano [4]. The following normalized quantities are used for the mentioned comparison:

(ū, w̄) = ET (u/hp0, 100w/hS3 p0), (σ̄xx , σ̄zz, τ̄xz) = (σxx , σzz, τxz)/p0.

Due to the symmetry, only half of the beam is modeled. Results of the mesh convergence study are shown in
Table 1. This table shows that the convergence rate of the proposed finite element model is very high. Only 2

Table 1 Results of the mesh convergence study for the three-layer [0◦/90◦/0◦] beam with S = 4

Number of the elements
2 4 8 12 15 Exact

w̄(0.5L , 0) 2.9061 2.9051 2.9051 2.9051 2.9051 2.8872
ū(0, 0.5h) −9.4651 −9.4616 −9.4614 −9.4614 −9.4614 −9.2097
τ̄13(0, 0) (C) 1.4205 1.4192 1.4191 1.4191 1.4191 1.4515
τ̄13(0, 0) (C) 1.2842 1.3789 1.4031 1.4077 1.4090 1.4515
σ̄33(0.5L , 0) (E) 0.5 0.5 0.5 0.5 0.5 0.4966
σ̄33(0.5L , 0) (E) 0.3396 0.4578 0.4897 0.4982 0.4988 0.4966
σ̄11(0.5L , 0.5h) 19.8358 19.1757 18.9996 18.9665 18.9570 18.6630
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Table 2 w̄(L/2, 0) of the three-layer beam for different values of the length to thickness ratio

S w̄(L/2, 0)
Exact Present Difference (%)

4 2.8872 2.9051 0.62
10 0.9272 0.9329 0.61
20 0.6173 0.6174 0.02
30 0.5578 0.5577 0.02
40 0.5367 0.5367 0
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Fig. 4 The normalized transverse deflection versus the aspect ratio for the three-layer beam

elements were adequate to predict the deflection of the beam. A mesh with 4 elements gives excellent results
for the in-plane displacement and stress components. The transverse shear and normal stresses have been
calculated using two different methods: (i) employing the constitutive equations; (ii) integrating the elasticity
equilibrium equations in terms of the stress components, along the thickness of the laminate. Results of these
two approaches are denoted by (C) and (E), respectively.

The normalized numerical results for the maximum values of the transverse deflection are given in Table 2
for different length to thickness ratios. It can be deduced from this Table that the present model has predicted
the deflection of the laminated beam with an error that is less than 0.65%. Although the differences are mainly
due to using different solution procedures, the present fourth-order approximation of the transverse displace-
ment component has improved the prediction of the deflection of the beam considerably. Variations of the
normalized deflection versus the aspect ratio are shown in Fig. 4. A comparison of the present results with
results of the classical beam theory (CLT) reveals that the present beam element is free of shear locking.

Through-the-thickness variations of the normalized in-plane displacement and stress components are shown
in Fig. 5. It may be readily seen from Fig. 5 that the proposed finite element formulation predicts the in-plane
stress very accurately. The transverse shear stress distribution obtained from the equilibrium equations is in
better agreement with the exact solution. As it may be expected, the presented refined global-local model pre-
dicts the transverse shear stress with sufficient accuracy from the constitutive law (the maximum error is about
4.5%). The predicted results of the transverse normal stress based on integrating the equilibrium equations
agree very well with results of the theory of elasticity. The transverse normal stress calculated based on the
constitutive equations is compared well with the elasticity solution with a relative error of 9%. The obtained
results also show that the presented model predicts the in-plane displacement of the thick beam with an error
that is less than 5%. It can be deduced from these results that the proposed finite element model performs very
well in the bending analysis of the thick laminated beams.

4.1.2 A simply supported two-layer [0◦/90◦] beam

A two-layered [0◦/90◦] simply supported composite beam with a length to thickness ratio of S = 4 is ana-
lyzed using the proposed refined global-local model to evaluate the accuracy of the proposed model for an
asymmetric lamination scheme with an extensional-bending coupling. Material properties and load conditions
of the present example are the same as those of the previous example. The 3D exact solution of this case study
has been also obtained by Pagano [4].

Results of the mesh convergence study for this example are shown in Table 3. Results of Table 2 show
a high convergence rate, due to using the proposed finite element model. For the prediction of the in-plane
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Fig. 5 Through-the-thickness distribution of σ̄xx , τ̄xz, σ̄zz , and ū for the simply supported three-layer beam (S = 4)

displacement and stress components, only 4 elements were required. A mesh with 2 elements was adequate to
predict the lateral deflection of the thick laminated beam with a less than 0.30% error.

In Fig. 6, the normalized lateral deflection of the beam versus its aspect ratio is shown. It can be inferred
from this figure that the presented beam element is free from shear locking as the element is developed based
on a field consistency approach.

Figure 7 depicts variations of the normalized in-plane displacement and stress components along the thick-
ness direction. The prediction of the transverse shear and normal stresses based on the equilibrium equations
agrees very well with the exact elasticity solution. The proposed refined global-local model also predicts the
in-plane stress very accurately. Similar to the previous case study, the presented finite element model predicts
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Table 3 A convergence study by adopting various meshes for the two-layer beam [0◦/90◦] with S = 4

Number of the elements
2 4 8 12 15 exact

w̄(0.5L , 0) 4.6827 4.6819 4.6818 4.6818 4.6818 4.6950
ū(0, 0.5h) −4.8333 −4.8323 −4.8322 −4.8322 −4.8322 −4.5286
τ̄13(0,−0.25h) (C) 2.5753 2.5719 2.5717 2.5717 2.5717 2.7107
τ̄13(0,−0.25h) (C) 2.5313 2.7176 2.7654 2.7743 2.7768 2.7107
σ̄33(0.5L , 0) (E) 0.7202 0.7281 0.7292 0.7292 0.7292 0.7786
σ̄33(0.5L , 0) (E) 0.5420 0.7303 0.7813 0.7909 0.7952 0.7786
σ̄11(0.5L ,−0.5h) −33.4641 −32.3332 −32.0316 −31.9749 −31.9586 −30.1181
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Fig. 6 Variations of the normalized transverse deflection versus the aspect ratio for the two-layer beam

the transverse shear stress of the two-layer beam satisfactorily from the constitutive equations. The obtained
results also show that the proposed model predicts the transverse normal stress from the constitutive equations
with an error that is less than 8%. The in-plane displacement of the thick beam is compared well with the
elasticity solution within a 6.7%. error.

4.1.3 A four-layer cantilever beam with a symmetric lay-up

A four-layer cantilever beam with a length of L = 10 m and a unit width is analyzed using the proposed finite
element formulation for S = 4, 10 and 50 length to thickness ratios. These ratios correspond to thick, relatively
thick and thin beams, respectively. Some theories encounter serious accuracy problems when the number of the
layers increases. The cantilever beam has a [90◦/0◦/0◦/90◦] lamination scheme, and its material properties are
similar to those mentioned in Section 4.1.1. The laminated beam is subjected to a distributed uniform pressure
Z+ on its top surface, and shear tractions X+ and X− on its top and bottom surfaces, respectively (Fig. 8).
In the analysis of the beam with length to thickness ratio S = 4, values Z+ = 100 N/m2, X+ = 500 N/m2

and X− = −500 N/m2 are assumed for the applied loads. In S = 10 and S = 50 cases these values are
adopted as (Z+ = 100 N/m2, X+ = 1250 N/m2, X− = −1250 N/m2) and (Z+ = 100 N/m2, X+ =
6250 N/m2, X− = −6250 N/m2), respectively. Since no exact 3D solution is available for the considered
example, a 3D finite element analysis was performed in ABAQUS with a very refined mesh, using the 20-node
C3D20R solid element.

In order to analyze the problem, the beam was mathematically discretized into 20 beam elements of equal
lengths. For different values of the length to thickness ratio, the maximum transverse deflections are given in
Table 4. The obtained results have a good agreement with results obtained from ABAQUS. It can be concluded
from this Table that the present refined global-local model predicts the deflection of the thin and moderately
thick laminated beams with an error that is less than 2.5%.

To assess the accuracy of the present model in predicting the local variations, variations of the stress compo-
nents are depicted in Fig. 9 for the thick beam (S = 4). Although in case of homogenous boundary conditions
of the shear stresses the presented model can estimate transverse shear stresses well from the constitutive
equations, an accurate and reliable prediction of them in case of non-zero boundary shear tractions requires
integrating the equilibrium equations. It may be easily seen from Fig. 9 that the depicted stress components
are correlated well with ABAQUS results.

In S = 10 and S = 50 cases, the through-the-thickness distribution of the stress components and the
in-plane displacement along the thickness direction are shown in Figs. 10 and 11. These figures show that the
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Fig. 7 Through-the-thickness distribution of σ̄xx , τ̄xz, σ̄zz and ū for the simply supported two-layer beam (S = 4)

Fig. 8 Description of the geometry, boundary conditions and loadings of the [90◦/0◦/0◦/90◦] beam
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Table 4 w(L , 0)of the clamped [90◦/0◦/0◦/90◦] beam for different S ratios

S w(L , 0)
ABAQUS Present Difference (%)

4 −4.5829 × 10−6 −4.0816 × 10−6 10.94
10 −5.7154 × 10−5 −5.5787 × 10−5 2.39
50 −6.8018 × 10−3 −6.7884 × 10−3 0.20
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Fig. 9 Through-the-thickness variations of σzz(N/m2) and τxz(N/m2) for the clamped [90◦/0◦/0◦/90◦] beam with S = 4

new finite element model performs very well in the prediction of the transverse shear and normal stresses. Con-
cerning the in-plane stress, the obtained results are also good. The maximum error in the case of a moderately
thick beam is approximately 7.5%. For higher S values, the error has reduced significantly. The present model
predicts the in-plane displacement of the thin to moderately thick beams within a 6.5% error. These results
show that the present laminated beam model is suitable for predicting behaviors of the composite laminated
beams under non-homogenous shear and normal traction boundary conditions.

4.1.4 A four-layer cantilever beam with an anti-symmetric lay-up

Geometry, material properties, and boundary and loading conditions of the laminated composite beam of the
present example are the same as those of the previous Section. The only difference is that the considered beam
has an asymmetric [0◦/90◦/0◦/90◦] lay-up.
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Fig. 10 Through-the-thickness distribution of σxx (N/m2), τxz(N/m2), σzz(N/m2) and u(m) for the clamped [90◦/0◦/0◦/90◦]
beam with S = 10
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Fig. 11 Through-the-thickness variations of σxx (N/m2), τxz(N/m2), σzz(N/m2) and u(m) for the clamped [90◦/0◦/0◦/90◦]
beam with S = 50
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The through-the-thickness distribution of the transverse shear and normal stresses are depicted in Fig. 12
for the relatively thick beam (S = 10). The obtained results agree well with those of the ABAQUS solution.
It can be seen from Fig. 12 that the model predicts the transverse shear and normal stresses very accurately.
Since fibers of the top surface are in the longitudinal direction, it is expected that the stress components and,
consequently, the in-plane displacements of the outermost layers become smaller than in the previous case.
The obtained results also confirm this idea. The maximum values of lateral deflection are given in Table 5 for
different values of the length to thickness ratio. As in the previous example, for higher values of S, the dis-
crepancies reduce significantly. The obtained results confirm the efficiency of the proposed new finite element
formulation for the bending analysis of laminated beams with non-homogenous normal and shear traction
boundary conditions.

4.1.5 A three-layer sandwich beam with a soft core

As a final example in the bending analysis, a three-layer sandwich beam with a soft core is considered. In this
case, results of the majority of the available theories may become unreliable due to neglecting the continuity
conditions of the transverse shear and normal stress components at the layer interfaces, and ignoring effects of
the transverse flexibility and the normal stress. In this regard, a simply-supported sandwich beam with length
L = 10 m, cross section width b = 1 m, and length to thickness ratio S = 4 is considered. The thickness of
each face sheet is 0.1 h, and the thickness of the soft core is 0.8 h. The face sheets are made of graphite-epoxy
with the following material properties:

(E11, E22, E33,G12,G13,G23)=(131.1, 6.9, 6.9, 3.588, 3.088, 2.3322) GPa, (ν12, ν13, ν23)=(0.32, 0.32, 0.49).

The material of the core is a DivingH60 Cell with the following material properties [49]:

Ec = 56 MPa, νc = 0.27.

The sandwich beam is subjected to uniform pressures Z+ = −500 N/m2 and Z− = 500 N/m2.
Through-the-thickness distributions of the in-plane and transverse shear stresses are plotted in Fig. 13. In

Fig. 14, through-the-thickness distributions of the transverse normal stress and lateral displacement are shown.
These results are compared with results of the 3D finite element analysis (ABAQUS) as a benchmark. It may
be observed that the depicted stress components based on the present formulation are in excellent agreement
with those extracted from the 3D finite element analysis. It may be readily noted that the proposed refined
global-local model predicts the through-thickness changes of the transverse displacement with an error that
is less than 5%. These results confirm the accuracy of the proposed formulation for a bending analysis of the
sandwich beams.

4.2 Free vibration analysis

4.2.1 Free vibration of a laminated composite beam

A free vibration analysis of a simply supported composite cross-ply [0◦/90◦/90◦/0◦] beam with a length to
thickness ratio of S = 10 and 20 is carried out using the proposed refined global-local finite element model.
The beam is made of a material with the following properties:

(EL , ET ,GLT ,GT T ) = (181, 10.3, 7.17, 2.87)GPa, (νLT , νT T ) = (0.25, 0.33), ρ = 1578 kg/m3.

Before performing the free vibration validation analysis, a convergence study with respect to the mesh size is
carried out for the aspect ratio S = 10. Table 6 shows the high convergence rate of the proposed finite element
model. It can be deduced from this Table that a mesh with 10 elements is sufficient to model the laminated
composite beam behavior for a dynamic analysis.

Table 7 presents the first natural frequencies for length to thickness ratios S = 10 and 20. These results
are presented in terms of the following non-dimensional natural frequency:

ω̄ = ωL S(ρ/ET )
1/2.

The mode shapes of the moderately thick beam (S = 10) are shown in Fig. 15. A description of the modes is
given in Table 7. For comparison purposes, results of both 3D finite element (ANSYS) [33] and exact 2D [50]
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Fig. 12 Variations of σxx (N/m2), τxz(N/m2), σzz(N/m2) and u(m) through the thickness for the [0◦/90◦/0◦/90◦] beam
(S =10)
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Table 5 w(L , 0) of the clamped [0◦/90◦/0◦/90◦] beam for different S values

S w(L , 0)
ABAQUS Present Difference (%)

4 −0.9140 × 10−6 −1.1821 × 10−6 29.33
10 −6.2601 × 10−6 −7.0435 × 10−6 12.51
50 −5.8244 × 10−4 −5.8591 × 10−4 0.60

Fig. 13 Variations of σxx and τxz along the thickness direction for a sandwich beam with a soft core (S = 4)

solutions have been employed. Table 7 shows that results of the proposed finite element model agree well with
the exact values. The discrepancy in the first five non-dimensional natural frequencies of the relatively thick
beam is less than 2%. The present model predicts the first seven non-dimensional frequencies of the relatively
thin beam within a 1% error.

4.2.2 Free vibration of a three-layer sandwich beam

In this example, three-layer simply supported sandwich beams with length to thickness ratios S = 10 and 20
are considered. The thickness of each face sheet is 0.1h, and the thickness of the core is 0.8h. The face sheets
are made of graphite-epoxy with the following material properties:

(E11, E22, E33,G12,G13,G23) = (131.1, 6.9, 6.9, 3.588, 3.088, 2.3322) GPa.

The material properties of the core are:

(E11, E22, E33,G12,G13,G23) = (0.2208, 0.2001, 2760, 16.56, 545.1, 455.4) MPa

(ν12, ν13, ν23) = (0.99, 0.00003, 0.00003), ρc = 70 Kg/m3.

Similar to the previous example, results are presented in terms of the following non-dimensional natural
frequency:

ω̄ = ωL S(ρ f /E0)
1/2
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Fig. 14 Through-the-thickness variations of σzz and w for a sandwich beam with a soft core (S = 4)

Table 6 A convergence test based on the obtained non-dimensional natural frequencies of the four-layer [0◦/90◦/90◦/0◦] beam
with S = 10

Mode No. Number of the elements Exact 2D [50]
5 10 20
ω̄ Error (%) ω̄ Error (%) ω̄ Error (%) ω̄

1 9.37 0.32 9.37 0.32 9.37 0.32 9.34
2 27.30 0.29 27.28 0.22 27.28 0.22 27.22
3 46.41 0.02 46.31 0.24 46.31 0.24 46.42
4 65.74 0.48 65.40 1 65.38 1.03 66.06
5 – – 84.45 2 84.38 2.08 86.17
6 – – 103.32 3.21 103.17 3.35 106.75

Table 7 Natural frequencies of the four-layer [0◦/90◦/90◦/0◦] beam

S Non-dimensional natural frequencies ω̄
Mode type Present Error (%) ANSYS [33] Exact 2D [50]

10 Bending 9.37 0.32 9.34 9.34
Bending 27.28 0.22 27.24 27.22
Bending 46.31 0.24 46.47 46.42
Bending 65.40 1 66.19 66.06
Bending 84.45 2 86.43 86.17
Axial 95.90 2.26 93.78 −
Bending 103.32 3.21 107.20 106.75

20 Bending 10.67 0.28 10.64 10.64
Bending 37.50 0.35 37.40 37.37
Bending 71.99 0.35 71.85 71.74
Bending 109.21 0.29 109.15 108.89
Bending 147.27 0.16 147.54 147.04
Bending 185.63 0.03 186.53 185.68
Axial 191.88 0.71 190.52 −
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Fig. 15 Mode shapes of the four-layer [0◦/90◦/90◦/0◦] beam with S = 10 (description of the modes are given in Table 7)

Table 8 Natural frequencies of the sandwich beam

S Non-dimensional natural frequencies ω̄
Mode type Present Difference (%) ANSYS [33] Exact 2D [50]

10 Bending 12.52 2.37 12.23 12.23
Bending 32.11 2.62 31.30 31.29
Bending 50.76 1.10 50.26 50.21
Bending 68.05 0.06 69.21 68.09
Bending 83.97 4.77 88.41 88.18
Axial 121.37 1.12 120.03 −

20 Bending 15.55 1.11 15.38 15.38
Bending 50.07 2.31 48.98 48.94
Bending 89.32 2.78 87.01 86.90
Bending 166.41 2.02 163.58 163.12
Bending 203.05 1.09 201.64 200.87
Axial 242.74 0.47 241.61 −

where E0 = 6.9 GPa. The dimensionless first six natural frequencies of the sandwich beam are given in
Table 8. The present model was able to predict the first six non-dimensional frequencies of the relatively thick
sandwich beam with a maximum difference of 5%. In case of a relatively thin beam, the error was less than 3%.

These results prove the efficiency of the proposed refined global-local model for the free vibration analysis
of the laminated composite and sandwich beams.

5 Conclusions

A computationally economic and accurate refined global-local finite element model is presented for bending
and vibration analyses of the laminated composite/sandwich beams. In contrast to the available theories, all
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the kinematic and stress boundary conditions are satisfied at the layers interfaces. Moreover, the transverse
normal stress and the transverse flexibility of the beam are taken into account. The global part of the describing
expressions of the in-plane displacements of the beam contains either a high-order polynomial or a combi-
nation of a high-order polynomial and an exponential expression whereas the local expressions are adopted
either on layerwise or discrete-layer concepts. In contrast to the available laminated composite beam models,
the non-uniform nonzero shear and normal traction boundary conditions of the top and bottom surfaces of the
beam are also satisfied. In the proposed finite element formulation, the number of the unknown parameters is
very small and is independent of the number of the layers. Besides, the shear locking phenomenon does not
appear in the presented beam element.

In order to verify the accuracy of the proposed finite element formulation, some comparisons have been
made with results of the well-known references and results of the three-dimensional theory of elasticity. To
this end, both bending and vibration tests are considered for beams with different geometric parameters, stack-
ing sequences, boundary conditions and number of layers. The comparisons show that the presented finite
element formulation, besides its advantages of low computational time due to using a small number of the
unknown parameters, is sufficiently accurate in modeling of the thin and thick laminated composite beams
under different mechanical loading conditions.
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