Acta Mech 216, 29-36 (2011)
DOI 10.1007/s00707-010-0351-4

Francesca Passarella - Vittorio Zampoli

Reciprocal and variational principles in micropolar
thermoelasticity of type II

Received: 22 April 2010 / Published online: 23 June 2010
© Springer-Verlag 2010

Abstract In the present paper, in the context of thermoelasticity of type II (or thermoelasticity without energy
dissipation), we establish reciprocal and variational principles of convolutional type for inhomogeneous and
anisotropic micropolar thermoelastic materials with a center of symmetry. The results obtained in this work
tend to generalize other variational principles (previously proved by the authors) not completely characterizing
the initial-boundary value problem in concern.

1 Introduction

Eringen [1-3] and Eringen and Kafadar [4] established the micropolar elasticity theory in order to treat cases
for which the classical theory of elasticity did not represent an adequate modeling tool. An extension of such a
model that considers also thermal processes is due to Chandrasekharaiah [5], Ciarletta [6], Ciarletta and Iesan
[7] and Passarella [8]. In this context, various theories are available in the literature to describe heat propagating
as waves of finite speed, thus avoiding the Fourier paradox (see Caviglia et al. [9], Quintanilla and Racke [10],
Vadasz [11], Vadasz et al. [12]). In particular, a fundamental step in the evolution of heat propagation theory is
due to Green and Naghdi [13] who presented a thermomechanical theory for deformable media using a general
entropy balance postulated in 1977 (Green and Naghdi [14]); such a theory is illustrated in the context of heat
flow in a rigid solid, with particular reference to the propagation of thermal waves at finite speed. Green and
Naghdi [15-21] introduced the thermoelasticity of type I, I and III based on an entropy balance law, instead of
the usual entropy inequality. Said T the temperature, they defined a thermal displacement 7, such that 7 = T
(where the superposed dot stands for time derivative), whose presence in some sense is linked to a thermal
memory effect and enhances heat propagation as thermal displacement waves. While the linear field equations
characterizing the thermoelasticity of type I agree with the equations of classical theory, the thermoelasticity
of type II, also said without energy dissipation, satisfies the conservation of energy (and represents a limiting
case of the thermoelasticity of type III).

Starting from the results of Green and Naghdi [13,16], a theory for micropolar thermoelasticity without
energy dissipation was presented by Ciarletta [22]. Moreover, he established a solution of Galerkin type of the
field equations for homogeneous and isotropic bodies using this solution to determine the effect of a concen-
trated heat source in an unbounded domain. Finally, he investigated the continuous dependence of the solution
with respect to body loads and initial data. Again, in the context of thermoelasticity without energy dissipation

F. Passarella - V. Zampoli ()

Dipartimento di Ingegneria dell’ Informazione e Matematica Applicata, Universita di Salerno,
84084 Fisciano, SA, Italy

E-mail: zampoli @diima.unisa.it

F. Passarella
E-mail: passarella@diima.unisa.it



30 F. Passarella, V. Zampoli

for micropolar materials, Passarella and Zampoli [23] stated two variational characterizations of the initial-
boundary value problem of Hamilton and Biot types and derived a reciprocity principle of Betti-Rayleigh
type.

The present paper is organized as follows: in Sect. 2, we recall the linear theory of thermoelasticity without
energy dissipation for materials characterized by a center of symmetry, as shown by Ciarletta [22]. Further,
we reformulate the mixed problem in an alternative way, incorporating the initial conditions explicitly into
the field of basic equations, following Carlson [24], Chiritd and Ciarletta [25], Gurtin [26], Lebon [27]; in
Sect. 3, we derive a reciprocity relation of Graffi type for the problem in concern avoiding the use of Laplace
transform; in Sect. 4, we state a variational characterization of the initial-boundary value problem.

The obtained results tend to generalize the work of Passarella and Zampoli [23], dealing in particular
with inhomogeneous and anisotropic micropolar thermoelastic materials without energy dissipation. In fact,
the variational principles proved in Passarella and Zampoli [23] do not completely characterize the initial-
boundary value problem, since they fail to take into account the initial velocity distribution and presuppose
the knowledge of the displacements at a later time.

2 Statement of the problem

We refer the motion of the considered medium to a fixed system of rectangular Cartesian axes Oxi (k = 1, 2, 3),
employing the usual summation and differentiation conventions: Latin subscripts are understood to range over
the integers {1, 2, 3}, summation over repeated subscripts is implied, and subscripts preceded by a comma
denote partial differentiation with respect to the corresponding material Cartesian coordinate. A superposed
dot denotes time differentiation. We deal with a body that, at the time #, occupies a regular region B of the
Euclidean three-dimensional space, bounded by the surface 9 B. In what follows, we will consider functions of
space and time having as their domain of definition the Cartesian product B x [0, c0), where B is the closure of
B. Bold letters stand for tensors of an order p > 1 and, if v has the order p, we shall write v;;. x (p subscripts)
for the components of v in the Cartesian coordinate frame. We also recall that a function f is said of class
CM-N on B x [0, 00) (with M and N non-negative integers) if f is continuous on B x [0, co) and the func-
tion 0™/ (E)x,'axj . ..axs) (0" f/ot") form € {0,1,2,..., M}, n €{0,1,2,..., N}, m +n < max{M, N})
exists and is continuous on B x [0, 00). In order to describe the model in concern, we introduce, as done by
Ciarletta [22] and Green and Naghdi [13, 14, 16], the displacement vector field u;, the microrotation vector field
¢; and the thermal displacement t. Moreover, T = T represents the temperature variation from the uniform
reference temperature 7. We remark once again that the thermal displacement introduces a thermal memory
and enhances heat propagation as thermal displacement waves at finite speed (see Green and Naghdi [16]).

In the context of the linear theory for thermoelasticity without energy dissipation established by Ciarl-
etta [22], the behavior of homogeneous micropolar materials with a center of symmetry is governed by the
following differential equations:

tji.j + pofi = poii,
mj; i+ &ijktjk + pog = lij¢j,  in B x (0, 00) (D
Topon = ToPi,i + poS,
the constitutive equations
lij = Aijrsers + Bijrs’(rs - Diji—’

mij = Brsijers + Cijrs’(rs - El'jia in B x [0, o0)

. 2)
pon = Dijeij + Eijkij +at,
@; = KijBj,
and the geometrical equations
eij =uji+ejixpk, Kij=¢ji, Bj=7t,; inB x[0,00), 3)

where p is the (strictly positive) density in the reference configuration, ¢;; is the stress tensor, f; is the body
force density, m j; is the couple stress tensor, g; is the body couple density, /;; is the (symmetric) micro-inertia
tensor (/;; = Ij;), n is the entropy per unit mass and unit time, @; is the entropy flux vector, § is the external rate
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of heat supply per unit mass, and ¢; j is the alternating symbol. The constitutive coefficients are characterized
by the following symmetries:

Ajjrs = Arsij,  Cijrs = Crsij,  Kij = Kj;. “4)
Throughout this paper, we assume that

(1) T is a strictly positive constant; _ _
(ii) Ajjrs, Bijrs, Cijrs, Djj, Eij and K;; are smooth on B, while a is continuous on B;
(iii) Ajjrs, Cijrs and K;; satisfy the relation (4).

As already done by Passarella and Zampoli [23], one could easily prove that the field equations, expressed
in terms of functions u;, ¢; and T for homogeneous and isotropic materials, are

(4 K)Au; + (A + wuj ji +ceirssr —mT; + po fi = poii;,
YA@; + (o + Boj ji + keirstis, — 20 + pogi = 1¢;,
kAT — aToj; —mTpiij ;= —,Oos,

and that this system is fully hyperbolic under the following hypotheses:

po>0, I>0 a>0, k>0, 324+2u+x«>0, 2u+« >0,
k>0, 3a0d+B+y>0, B+y>0, y—B=>0.

(The coefficients A, u, k, o, B, y, a and k are constant and [ is a coefficient of inertia).
Denoting

1, =tjnj, m; =mjjnj, <D=(Djnj, 5)
we can adjoin to the field equations (1)—(3) the following initial and boundary conditions:

wix,0) =ud(x®), #x,0 =00x), @(x 0 =¢(x),

. -0 . 0 = (6)
pix,0) =9¢;/x), 1(xx,0=0, x,0=T7T", x€B,
ui =uf on X x[0,00), # =t on X, x[0,00), (7.1)
@i =@ on X3 x[0,00), m;=m} on Xy x [0,00), (7.2)
1=1% on X5 x[0,00), & =&* on X x [0, 00), (7.3)

where {X;, X411} (i = 1,3,5) are a subset of d B such that XU Yiy1 =0Band X; N X1 = . We can
remark that the choice of null initial condition for the thermal displacement 7 implies no loss of generality:
the performed analysis works also in the case of a non-homogeneous initial condition assigned for 7.

All right-hand terms in Eqgs. (6) and (7), along with f;, g; and S, are the given data of the considered mixed
problem. These (prescribed) functions are such that

Q)  fi 8is SeCOO on B x [0, 00);
) u?, ), ¢, 92 10€ %% on B;
(iii) uf e C%% on X x [0, 00), 7S C% on X3 x[0,00), t*e€C% on X5 x[0,00);
(iv) ¢, m;, &* are piecewise regular and continuous in time respectively on X, x [0, 00), X4 x
[0, 00), X6 x [0, 00).
Moreover, let us define an ordered array of functions m = (u;, @i, T, €;j, kij, Bi, tij, mij, i, n) as an admis-

sible process on B x [0, oo) with the following properties:

(i) wui, ¢i, T€C"2 on B x [0, 00);
(i) eij, kij, Bi € CO0 on B x [0, 00);
(iii) t;;, mij, & € C'% on B x [0, 00);
(iv) necC® on B x][0,0c0).
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The set V of all admissible processes on B x [0, oo) as above defined can be organized as a vector space
such that scalar multiplication and addition are understood as follows:

AT = ()»u,', )»(p,', AT, )»e,-j, )»Kij, )»ﬂi, )»t,'j, )»mij, AD;, )»7’]) eV VmelV,VieR,
ok Kl
S +P,n+n)eV Vm,r eV

T4 =i tu, g+, T+, e +e
Bi + B tij + 1, mij +m;

Kij + K
j 9
Moreover, we say that w1 = (u;, ¢;, T, €}, Kij, Bi, tij, mij, i, 1) is a thermoelastic process corresponding
to the supply terms (f;, g;i, S) if 7w is an admissible process that satisfies the fundamental system of field
equations (1)—(3) on B x [0, 00). Then, if a thermoelastic process 7 satisfies also the initial conditions (6) and
the boundary conditions (7), we identify it as a solution of the mixed initial-boundary value problem (1)—(3),
(6), (7). In this context, we give an alternative formulation of the problem (1)—(3) in which the initial conditions
(6) are incorporated into the field equations.

To this end, for any continuous functions a; and a; on B x [0, c0), we introduce the time convolution
product as follows:

t

ay xar(X,t) = /al(x, s)ax(x,t — s)ds
0

satisfying the following properties for any ay, az, az € C*° on B x [0, 00):

a) kapy =ap xas,

ay *x (ap xaz) = (ay *ax) *az = ay * a» * as,

ay * (ar +a3) = ay xay + a; * as, ®)
ar*xay =0 = ar =0 or a=0.
Now, we have to define
E:po(é*ﬁ—l-tv?—i-u?),
Li = po& * gi + Iij (190 + ¢)) , )
R =& % (po/ To) S + potn’,

where £ is such that £(x, 1) = 7 on B x [0, oo) and 1° is defined by
pon” = Dj; (M(J)-,,- + Sjikfpg) + Eij‘ﬂ?,i +a7®. (10)

On the basis of the procedure shown by Carlson [24], Chiritd and Ciarletta [25], Gurtin [26], and Lebon
[27], the following theorem can be proved.

Theorem 1 Let m = (u;, ¢;, T, ejj, kij, Bi, tij, mij, Pi, n) be an admissible process on B x [0, 00). Then 7
satisfies the fundamental system of field equations (1), (2) and the initial conditions (6) if and only if

§xtjij+ Fi = poi, (11.1)
Exmjij+&xeijitjik+Li = 1ijoj, (11.2)
I pon =& x*®i; + R, (11.3)
& x tij = & x Al'j”e” + & % B[jrsKrs — % D,’j‘L’, (12.1)
é*m,-j =§*Bm’j€rs —i—é*C,-jrs/c” —l*E,-j‘c, (12.2)
Ix pon = 1% Djjejj +1 % Ejjkij +art, (12.3)
ExD; =& xKijpj, (12.4)

where function / is such that /(x, 7) = 1 on B x [0, 00).
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Proof From the definition of the time convolution product, it is easy to prove that

S*ii,-:u,-—tv?—u?, §*¢i=¢i—t¢?—¢?, (13)
L poiy = pon — pon’, & % por = 1% pon — tpon’-
Moreover, from the homogeneous initial condition for the thermal displacement t, we have
Ist=1xt. (14)

Firstly, we assume that the field equations (1), (2) and the initial conditions (6) are satisfied. Considering
the convolution product of Egs. (1) and (2) by £ and using Egs. (13), (14) and the definitions (9), we arrive at
Egs. (11) and (12). On the other hand, starting from Eqs. (11) and (12), we use the definitions (9) and, through
Egs. (8), (13), (14), we obtain Egs. (1), (2) and (6). The theorem is then proved. O

We conclude this Section underlining that a thermoelastic process 7 is a solution of the mixed initial-
boundary value problem in concern if it satisfies Egs. (11), (12), the geometrical equations (3) and the boundary
conditions (7).

3 Reciprocity relation

This Section is devoted to a reciprocity relation which involves two processes at different instants; the proof of
the reciprocal theorem in concern will avoid the use of the Laplace transform. Now, we consider the investigated
body subjected to two different sets of external data,

0@) 500 0@

*(@) x(a)
i i ’ li

u

F(a) = (*fl(a)v gi(a)’ S(a)’ u?(a)’ v?(a)v @ ’ (pz*(a)’ m;’((a)’ T*(a)7 @*(0!)) )

and denote the corresponding solutions of the mixed initial boundary problem as

7@ = @, i@, 7D, ek B0 m e @) witha =1,2.

Defining }'l.(a), 51@’ R@, ti(a), ml@, @@ and n°@ by means of Egs. (5), (9) and (10), we can prove the
following theorem.

Theorem 2 Let 7% be the solutions corresponding to different sets of data T'®) (o« = 1,2), assuming that
the symmetry relations (4) hold and that 1;; is a symmetric tensor. Then, the following relation is valid:

Tup =Tpy fora,p=1,2 (15)

where

Tap = / (fl-(ﬁ) wu® 4 LP @ —RP 4 .[(a)) av
B
+/$ * ti(ﬂ) * u;"(a)da _i_/é_- * tl*(ﬁ) % Ml(a)da +/$ " ml(ﬂ) . (p;k(a)da
5 % 2,
+/§ *mlgﬂ) * Qﬂj(a)da —/;;: * @(ﬂ) * T*(a)da _/E % @*(ﬁ) % ‘L'(a)da.
4 3 4

Proof First of all, by Egs. (11) and (12.3), we are able to write

gxty + FP = poul, (16.1)
§ m%)j + & *sijit f’f) + L7 = Iijwﬁﬁ g (16.2)

—&x 0 RO = 1% Dijelt’ — 1% Eiji[’ —ar®?. (16.3)
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Considering the convolution of Eq. (16.1) by u(“) Eq. (16.2) by go(a) and Eq. (16.3) by 7(*), we obtain
[S * t(.’l.g) (a) + & *mg’lg * ¢z(a) & % (D;ﬂ) * t(")] + ]—'i(ﬂ) (a) + £<’3) —RB) x @
=&x t(’s) * u(a) +$ *m(’g) * (pl(‘);) £ x s'jkt(’,f) * (pl(“) £ % <15(.’3) * r(]‘?‘)
. Dlje(ﬂ) — 1% EijiP 1@ + pou? e u™ + 15 (p(ﬁ) x 0@ —ar® 5 1@, (17)
Now, we introduce the following functions:
Tup = FP 5u® 4 LB 4 @ _R® 4 @

(B) () #) (a) (B)
+[§*tjl. rExmy kg —Ex D, *T(O‘)]j (18)

and
Naﬂ — % t(’B) (Ol) TE m(ﬂ) (Ol) £ d)(ﬂ) ,B(a) [ % Dijex'g) 7@ _ ]« Einl'(jﬂ) x 7@ (19)
Therefore, using the geometrical equations (3) and Eqgs. (17), (18), (19), we get

Tap = Naﬂ + ,Ooul(ﬂ) * ul@ + Iijtpﬁ.ﬂ) * gal.(“) —at® 5 @, (20)

In view of Egs. (12.1, 2, 4) and (4), we have

Nop = & * [ jirse® x e(a) + Bjirs ( B) 4 e(a) + e(ﬂ) * K("’)) + Cjirsk P x K](f’)]
—1 % [ i ( B) s e(“) + e P r(“)) + Eji (r(ﬁ) *Kj(.‘;‘) + /cj(.?) * 'c(“))]
—& % Kj,-ty(iﬁ) * ‘L',(;-l)
and, obviously, it is
Nog = Naa. 21)
Taking into account that /;; is a symmetric tensor, Egs. (20) and (21) imply that
jo{ﬁ - j/So{- (22)

On the other hand, if we integrate Eq. (18) on B and use the divergence theorem and Egs. (7), we obtain

Top = / TJapdV. (23)
Hence, Eqgs. (22) and (23) imply that Eq. (15) holds. The theorem is therefore proved. O

4 Variational principle
In this Section, we formulate a variational principle for the considered model of micropolar thermoelasticity

without energy dissipation. To this aim, assumed that Eq. (4) holds and that coefficient a # 0, we define for
each 7 € [0, co) the functional A; on the space of all admissible processes V as follows:

A(m) = / {(=& = tjij — Fi + poui) xui + (=& xmji j — & = eijatjx — Li + lij@j) * ¢;

—(l*pon—E*QZ-’,- —R)*‘L’—&'*tij *eij—é‘*m,-j * Kij
+(1/2)§ * Aijrsers * €jj +&x Bijrs’(rx *ejj + (1/2)§ x* CijrsKrs * Kij

+(1/2a)& * (pon — Dijeij — Eijkij) * (pon — Dijeij — Eijkij)
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—(1/2)& « KijBi x Bj +Ex P * B — (1/2)pouj xuj — (1/2)[;jp; * ¢; }dV

+/§*tj*u;’fda+/§*(tj—t;‘)*ujda—l—/g*m]*(pjda
X po >

+/§*(mj—mj)*gajda—/éf*@*r*da—/5*(@—@*)*rda, (24)

forevery m = (u;, ¢;, t, eij, kij, Bi, tij, mij, @i, n) € V.

Theorem 3 For fixed t € [0, 00), the variation §A; {mr} of functional A, corresponding to an admissible
process 1 is zero over V (or, in other words, A, has a stationary point) if and only if & represents a solution
of the considered mixed initial-boundary value problem (3), (6), (7), (11) and (12).

Proof At the beginning, let us formally recall that the variation of functional A; is zero over V,
SN {m} =0,

if and only if 8,/ A, {7} exists and is equal to zero for all 7’ € V, where

d
Sy A ) = aA {7 +rn'} )
=0

Using the definitions of A; and 8,/ A; and with the aid of the divergence theorem, we obtain the following

expression for 8,/ A {r}:

8x Ai(mm) = / {(=& % tjij — Fi + pous) # u; + (=& % mji j — & * eijitji — Li + Lijp;) * ¢;
B

—(Ixpon —&x@ij —R) T’ 4+ [(1/a)§ * (pon — Dijeij — Eijij) — L% ] * pon’
+ [—& * tij + & % Ajjrsers + & * Bijrskrs — (1/a)§ * Dij (pon — Dijeij — Eijkij)] * e
+ [ =& *mij 4+ & * Bysijers + & x Cijrsiirs — (1/a)§ % Eij (pon — Dijeij — Eijicij)| * «c};
+(§>x<u],+$*sjlk<pk—$*e,])*t + (E*xpji — E*/qj)*m;j

+(g*d?;—S*Kijﬂi)*ﬂ}‘ir(g*f,j_5*:31')*@}}(1‘/

+/E*t}*(ujf—uj)da+/§*(tj—t;‘)*u’jda—i—/é*m’j*((p;f—goj)da
x py) 23
—i—/é*(mj—mj)*qo}da—/f*¢/*(r*—r)da—/§*(¢—cD*)*t/da, (25)

where t;, m; and @ are defined in Egs. (5).

For the first part of the proof, let us suppose that 7 is a solution of the considered initial-boundary value
problem. Then, for every 7’ = (u}, ¢/, 7', el’.j, Kl-/j, B, ti’j, m;j, @!,1') € V and considering Eqgs. (11) and (12)
together with Egs. (3) and (7), we obtain that §,/A;(;t) = 0 and that the variation § A; {7} is consequently
equal to zero.

The second part of the proof starts from the hypothesis that the functional A; admits a stationary point
corresponding to an admissible process 7, i.e. §A; {w} = 0. Of course, it is also true that

SA it} =0 VeV (26)
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If we consider 7" = (u},0,0,0,0,0,0,0,0,0) € Vwithu; aclass C* function vanishing on 9 B x [0, 00),
then Eqs. (25) and (26) imply that

/ (—f *1jjj — Fi + ,O()u,-) * ung =0 t € [0, 00). 27
B

As shown by Gurtin [26], Eq. (27) leads to Eq. (11.1).
On the other hand, if we choose 7" = (u?, 0,0, 0,0, 0, 0,0, 0, 0) € V withu’ aclass C* function vanishing
on X x [0, 0c0), we obtain

/E * (1 — tjf) * u/jda =0 t €0, 00) (28)
3

and consequently we arrive at Eq. (7.2). Then, iterating this procedure for other suitable choices of 7/, we can
conclude that 7 represents a solution of the mixed initial-boundary value problem (3), (6), (7), (11) and (12).
The proof is then complete. O
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