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Abstract Slender structures, such as towers, are characterized by a high sensitivity to dynamic excitation.
As a consequence, meaningful information about their behavior under operational conditions can be obtained
by monitoring their response to ambient vibrations. Furthermore, significant stresses could be induced to the
ancient masonry walls when the dynamic forces due to the swinging of a bell are acting. To assess the structural
conditions of a case study representative of such type of structures and to plan an adequate retrofit, numerical
analyses are carried out on a model whose modal parameters are calibrated based on the elaboration of the
results from the ambient vibrations tests. In particular, full time histories analyses are performed using as input
either the signal recorded while the bell was hit by a hammer, or the numerically calculated dynamic forces
that would be produced by the actual swinging of the bell. The first set of analyses aims to investigate the
capability of an equivalent linear elastic model to capture the actual dynamic response of the structure. The
second set of analyses provides an evaluation of the tower response when dynamic loads of higher intensity
and likely occurrence are considered.

1 Introduction

High-rise buildings must be specifically designed to withstand the vibrations induced by wind loading. In new
constructions, this task can be achieved by either adding dissipative devices [1] or by adopting an adaptive
geometry [2]. Conceiving a monitoring system during the design phase of the building provides the advantage
of assessing its actual performance with respect to the expected one accounting also for the deviations resulting
from construction [3].

When historical masonry towers and belfries are considered, the difficulties related to an unknown struc-
tural state and to the requirement of non-invasiveness must be overcome. In Italy, the sudden collapse of the
Pavia civic tower, in 1989, motivated the development of many research studies concerning these types of
structures [4—15]. The results of these studies are peculiar to each structure under investigation, but they are
the outcomes of a common three-step process that consists of the following: (a) monitoring, (b) diagnostics,
and (c) retrofitting.
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Fig. 1 The civic tower of Soncino: a picture of the southern side and b its geometric survey

The Soncino civic tower (Fig. 1a) provides an example of a case study to which such a three-step process
was applied. As reported in previous studies [16—18,20-25], the tower was the object of a monitoring campaign
whose results were elaborated toward diagnostics. The main outcome of these studies is the localization of an
area where the tower is affected by passing cracks that influence its torsional behavior [17]. A non-invasive and
reversible retrofit solution was proposed [20], and it is based on installing devices made of shape memory alloy
wires at different levels of the damaged area. This retrofitting technique enables to strengthen the tower by con-
fining its masonry blocks without preventing them from dissipating energy during vibrations [21]. The number
of devices and their locations was established to optimize the retrofit in terms of both cost and performance.
For this purpose, the comparison of the seismic vulnerability curves associated to each retrofitting solution
was adopted as a criterion to assess the corresponding effects on the structural behavior [20]. This approach
was pursued with a limited computational effort by adopting, for each considered structural configuration,
a linear elastic model and a simplified procedure for the vulnerability assessment based on a single time his-
tory analysis [22]. For such a comparative purpose, a linear elastic finite element model could be sufficient,
provided that the values of the equivalent Young’s modulus are assigned so that the retrieved results are in
agreement with the experimental data. The calibration of the initial (not retrofitted) model was pursued with
reference to the modal parameters (natural frequencies and mode shapes) identified from the ambient vibration
measurements during the diagnostics phase [17]. The results of laboratory tests on masonry specimens [18]
were then used to numerically model the presence of the retrofitting devices by means of increases in the
equivalent Young’s modulus values in the interesting areas.

The described procedure is strongly dependent on the adequacy of the initial model in capturing the
“dynamic signature” of the structure, which is independent of the entity and the type of the applied loads,
but only depends on the intrinsic features of the structure, such as stiffness, damping, mass, and boundary
conditions. The knowledge of the “dynamic signature” of a structure enables a better understanding of its
structural scheme and an efficient design and planning of the maintenance and retrofit operations. For an exist-
ing structure, dynamic identification belongs to the class of the inverse problems, where the intrinsic features
of the structure are unknown and must be determined from the experimentally measured structural response to
specific loading conditions, which can either be assigned or are due to ambient vibrations. To solve the inverse
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problem, an “ideal” model of the structure was implemented, and its mathematical formulation was targeted to
retrieve at best the measured experimental data by adopting a “black box™ approach, i.e., without considering
any a priori knowledge. The resulting model is valid only if it is useful to interpret the monitored data and
to enable a comparison with the experimentally measured dynamic response that is specific to the structure
under consideration. In view of such a comparison, some model parameters were properly selected so that
their iterative modifications enabled to perform a model updating at the end of which the target was reached
with an acceptable error. Whether the solution of the identification problem is either unique, not unique, or
not possible depends on the identifiability of the system, which must be taken under consideration within a
case-specific context [19].

To further validate the results obtained for the case study of the Soncino civic bell tower, the present work
focuses on investigating the capability of the resulting equivalent linear elastic model in capturing the “dynamic
signature” of the structure as identified from the experimental data collected during its monitoring campaign.
For this purpose, different segments of the recorded signals than those used for the modal parameters calibra-
tion are considered. In particular, the ones referring to the period of time in which a hammer was striking the
bell at the top of the tower are used as inputs to perform full time histories analyses. The model validation
consists of retrieving at the nodes located in correspondence with the lower sensor stations, response time
histories that are in agreement with the experimental data. Once the model has been validated, it is used to
evaluate the dynamic response of the structure under loading conditions of higher intensities. In particular, the
most critical situation under normal operating conditions is identified with the one where the bell-swinging
mechanism is activated. By repeating the analyses on a model whose material homogeneity has been restored,
the results can be used to approximately quantify the benefits of a retrofit. Before implementing the retrofit,
it is desirable to numerically assess the structural effects of different retrofitting solutions, thus enabling an
optimal retrofit design [16].

2 Case study description and results from previous studies

Soncino is a small medieval village of about 9,000 inhabitants. It was established during the Germanic inva-
sions that caused the end of the Roman Empire. During the Middle Ages, it played an important role as a
fortress, due to its strategic position in the center of Northern Italy, along the eastern side of the river Oglio
dividing the areas under the influences of Milan and Venice. Nowadays, it is a tourist site of interest, but it also
runs the everyday life of a village. The Civic Tower (Fig. 1a), which represents the main object of the present
study, was erected in 1128 within the fortification walls surrounding the medieval village. As often in these
villages, the tower is located at the center of the urban nucleus, and it is surrounded by important buildings,
such as the town hall and the public library. Furthermore, it was embedded for 10 m of height into the so-called
Pretorius Palace, and nowadays it represents the only original part preserved.

2.1 Geometric survey

The tower (Fig. 1b) has a hollow square cross-section of exterior side equal to 5.96 m. The thickness of the
masonry walls varies with the height, decreasing from 1.55m at the bottom to 1.08 m at the top. At an elevation
of 7.36 m from the ground level, there is a masonry vault ceiling of thickness 1.4 m. Adjacent buildings of 10m
height are located on three of the tower exterior sides, while the northern one gives on a road accessible to the
vehicles traffic.

The structure originally constructed in 1128 A.D. had an initial height of 31.5m. In 1575, its height was
elevated up to 39.24 m by adding the bell room at the top. At present, the bell room consists of a concrete slab
of thickness 0.15 m located at the height of 34.95m and surmounted by four corner pillars supporting a roof.
Two clocks are also mounted on the eastern and western sides of the tower.

2.2 Monitoring campaign

In 2000, the distributed cracks affecting all four sides of the tower exterior facade caused concerns about its
potential collapse and justified an experimental campaign based on both visual inspections and the deployment
of monitoring systems [23,24]. The internal accessibility of the tower enabled the installation of sensors at
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different levels along its height (Fig. 1b). In particular, four stations each equipped with an uni-axial accelerom-
eter, Kinemetrics FBA-11, working in parallel with a tri-axial velocimeter, Lennarz, Le-3D/5s were deployed
as follows: TSO at —0.93m, TS1 at 16.5m, TS2 at 26.8 m, and TS3 at 35.2m from the ground level. Envi-
ronmental vibrations were used as excitation method. Segments of the acceleration records were processed in
order to identify the first five natural frequencies of the tower [25]. Their values are reported in the second
column of Table 1. The corresponding mode shapes in the first column of Table 1 are referred to a Cartesian
orthogonal coordinate system (O, x, y, z), whose y-axis is chosen along the shortest side of the building, the
x-axis denotes the other horizontal direction, and the z-axis is in the vertical direction. A sketch of the adopted
reference system is given in Fig. 2b.

2.3 Finite elements models

A homogeneous linear elastic finite element model [25] of the tower and parts of its surrounding buildings
(Fig. 2a) is initially developed using SAP2000® version 10 [26] by uniformly setting the equivalent Young’s
modulus of the tower masonry equal to 2400 MPa. The mass density of the masonry is 1800 kg/m?, and its
Poisson’s ratio is 0.17. In all the analyses discussed in this paper, the presence of a bell at the top of the tower
is considered by lumping its mass and its inertial properties into the central node at the top of a steel frame
supporting the bell weight. The modal analysis of the initially homogeneous model provides the values of the
first five natural frequencies reported in the last column of Table 1. From the comparison with the experimen-
tal ones, the highest discrepancies are observed between the frequencies associated with the torsional mode.
A sensitivity analysis [17] reveals that a change in the Young’s modulus values assigned to the elements forming
the tower walls of constant thickness right above the roof level of the surrounding buildings leads to a closer
agreement with the experimental data, but it is not sufficient to capture the observed torsional behavior. Within
a linear elastic context, the desired torsional mode can only be achieved by changing the geometry of the iden-
tified critical area. After several trials [27], an agreement with the experimental data is obtained by adopting
the finite element model shown in Fig. 2b, which is characterized by an equivalent Young’s modulus of the
tower masonry equal to 3400 MPa everywhere, except in the four pillars resulting from removing clusters of

Table 1 Experimental and numerically calculated first five natural frequencies

Mode Frequency [Hz] Mode Frequency [Hz]
Experimental Modified model (Fig. 2b) Homogeneous model (Fig. 2a)
I. Bending along y 1.05 1.0493 I. Bending along y 1.0787
II. Bending along x 1.15 1.1682 II. Bending along x 1.2961
II1. Torsion 2.5 2.8546 III. Bending along y 4.2582
IV. Bending alongy 4.1 4.2650 IV. Bending along x 4.6721
V. Bending along x 4.3 4.4864 V. Torsion 4.8873

(a) (b)

Fig. 2 Finite element models of the structures: a homogeneous and b modified model. Different shades characterize the walls
forming rings of constant thickness
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Table 2 Material properties assigned to the model of Fig. 2b

Elements typology Material ~ Mass density [kg/m3]  Young’s modulus [MPa]  Poisson’s ratio
Walls of the tower outside of the critical area Masonry 1,800 3,400 0.17

Fictitious pillars within the critical area Masonry 1,800 3,900 0.17

Walls of the surrounding buildings Masonry 1,800 2,400 0.17

Floor slabs Concrete 2,500 28,500 0.2

Frame supporting the bell at the top Steel 7,850 210,000 0.3

of the tower

elements from the critical area, where a higher value of 3900 MPa is assigned. The associated first five natural
frequencies are listed in the third column of Table 1. A summary of the material properties characterizing the
finite element model calibrated on the basis of the experimental frequencies (Fig. 2b) is provided in Table 2.

3 Model validation through dynamic analysis

The modified finite element model of Fig. 2b was obtained based on the experimental frequencies identified
from the ambient vibrations data [28]. A further validation of such a numerical model is now pursued by con-
sidering datasets collected during different time periods of the same monitoring campaign. For this purpose, the
displacement time histories measured in all three directions by the velocimeter Lennarz, Le-3D/5s, of station
TS3, during the period of time in which a hammer was striking the bell at the top of the tower, are assigned
as inputs to the dynamic analysis. The signals are referred to the same coordinates system of Fig. 2b, with the
x-axis along the longest side of the building in which the tower is embedded. The hammer strikes are oriented in
the x-direction; the time histories of the corresponding cinematic quantities are shown in Fig. 3. The excitation
at the bell level was not recorded, so that the plots in Fig. 3 represent the tower response at the base of the
steel frame supporting the bell as monitored by the sensors of station TS3. It is worth noting that the recorded
signals result from the interaction between the bell response to the hammers strikes, the motion of the steel
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Fig. 4 Comparison of the displacement time histories along the x-axis: the displacements derived from the experimental data
collected at station TS2 are plotted together with the ones numerically calculated at the corresponding node of the model in
Fig. 2b

frame supporting the bell, and the motion of the main structure. The effects of the coupled dynamical systems
are, therefore, implicitly included in the full time histories analysis by assigning these signals as inputs.

The acceleration time history of Fig. 3 is obtained by filtering the signal recorded at 6 a.m. along the x-axis
by the velocimeter Lennarz, Le-3D/Ss, placed at station TS3. The six spikes caused by the hammer striking the
bell with a period of every 2 s are clearly detectable. The filtering was performed using the MATLAB® System
Identification Toolbox [29]. Only the frequency content between 0.45 and 30 Hz was preserved by applying a
pass band filter to the recorded signal. After double integration, one obtains the displacement time history that
is also shown in Fig. 3. The filtering procedure is identically applied to process the signals recorded in the z
and y directions. The corresponding displacement time histories are included in the analyses for the sake of
completeness, but they are only representative of the background noise.

The displacement time histories derived from the records of station TS3 in all three directions are assigned
as inputs to the dynamic analysis. Within the finite elements code SAP 2000, this procedure requires the
introduction of a roller, in correspondence to which the given time history can be specified as a varying time
boundary condition in each of the three directions. In order to avoid any fictitious torsional behavior of the
tower, in the finite element model of Fig. 2b the same time histories are given at four rollers located at the
midpoints of the opposite sides of the concrete slab at the top of the tower.

The dynamic analysis provides the structural response in the form of the displacement time histories numer-
ically calculated at different nodes along the tower height. These results can be compared to the experimental
data recorded, during the same period of time, by the remaining sensors placed along the tower height, after
applying to them a preliminary signal-processing procedure analogous to the one performed on the records
from station TS3. The displacement time history along the x direction derived from the signal recorded at
station TS2 is plotted in Fig. 4. It shows a very good agreement with the one numerically obtained at the
corresponding node from the dynamic analysis. Therefore, it can be concluded that the numerical model of
Fig. 2b is able to accurately simulate the dynamic behavior of the structure outside its damaged area. For
the sake of completeness, the tails of the experimental displacements derived from the records collected at
station TS2 along the y- and z axes are drawn in Fig. 5, together with the corresponding ones calculated from
the dynamic analysis. Despite the very low values of these displacements, it is possible to observe in the
plots oscillations that are characterized by two main frequencies, which are associated to the tower and to the
hammer, respectively.

Similar comparisons of displacement time histories cannot be pursued at station TS1, which is located
within the damaged region. Indeed, the corresponding node is not present in the model of Fig. 2b, due
to the elements removal from the critical area. Nevertheless, the displacement time histories numerically
calculated at the same level of station TS1 in correspondence with the inner nodes of the four fictitious
corner pillars of Fig. 2b show a satisfactory trend which is in agreement with the experimentally observed
one.
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Fig. 5 Comparison of the displacement time histories derived from the experimental data collected at station TS2 with the ones
numerically calculated at the corresponding node of the model in Fig. 2b: a displacements along the y-axis; b displacements
along the z-axis

4 Bell forces calculation

The actual motion of the bell due to its swinging about its support point was not measured during the monitor-
ing campaign, but it is in this circumstance that the maximum stresses due to normal operational conditions
develop within the tower. Therefore, the functional objective of the retrofit design consists of a reduction in
these stress values. To quantify such a benefit, a numerical simulation of the effects of the bell-swinging motion
on the tower is performed by calculating the equivalent dynamic forces acting on the steel frame node where
the bell mass is lumped. The present Section is dedicated to outline the procedure and the assumptions based
on which the analytical expressions of the equivalent dynamic forces are derived. In literature, several different
procedures are reported as suitable to approach the same problem with levels of accuracy whose adequacy
depends on the considered case study. In particular, the inertial properties of the bell and its swinging system
play an important role in adopting the proper assumptions.

The swinging mechanism of the bell in Fig. 7 is named “a sbalzo” or “alla Romana”, and it does not include
any counter weight. The bell never reaches an upside down position (called the “drinking glass™ position), but
it moves through an arch of about 90° in both directions, with a center of rotation approximately located at the
height of its support. Hence, the supporting structure is expected to undergo significant thrusts during the bell
oscillations. An approximate prediction of the forces transferred to the tower by the bell-swinging motion can
be achieved by considering the undamped free motion of a physical pendulum under large oscillations. The
dissipating effects of friction and the partly forced bell motion, together with the nonlinear effects induced by
the coupling of the bell behavior with the motion of the main structure [30], prevent a precise estimate of these
forces. For the Soncino case study, the swinging motion of the bell could not be measured, because it only
occurs on special occasions. Nevertheless, in Beconcini et al. [31] and Cointe et al. [32], the actual motion of
the bell was measured from accelerometric records of similar case studies, and the discrepancies detected with
respect to the one numerically simulated by adopting such an approximate, uncoupled approach were found
to be small. In particular, the results in Cointe et al. [32] refer to a bell supported by a timber frame, and they
show that the kinematics of the horizontal displacements and the amplitudes of the motion can be satisfactorily
represented under the frictionless and uncoupling assumptions. The lack of an accurate estimate of the actual
period of the bell-swinging motion suggests to adopt a similar approach also for the Soncino case study.

Although a bell and a clapper form a coupled system of two pendulums [33], for the presented case study
the bell motion can be approximated as a single compound pendulum [32,34] due to the small mass of the
clapper, M¢ = 48.82kg, in comparison with the one of the bell, M}, = 2441kg. The mass of the compound
pendulum is assumed equal to the total mass of the coupled system, M = M} + Mc = 2489.82kg. By
considering the rod of an extended size, instead of mass-less, a compound pendulum (also called a “physical
pendulum” in literature) consists of an arbitrarily shaped rigid body swinging by a pivot. From the geometric
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Fig. 6 a Geometry of the bell and b kinematics of the bell together with the dynamic forces acting on it
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Fig. 7 Variation with time of the bell rotation angle (top) and of its first two derivatives

survey of the bell in Fig. 6, the distance, L, between the center of mass, G, and the pivot point, O, is equal to
0.9318 m. The moment of inertia of the bell about its rotation axis y is calculated as I, = 3100.82 kg m?.

Let ¢() the rotation angle formed by the bell axis of symmetry with respect to the vertical axis, z, as
the bell position varies with time, ¢. The standard procedure of denoting with a dot each time derivative of a
quantity is adopted. From the balance of moments about the pivot point, one derives the well-known equation
of motion of a compound pendulum in free oscillation and large displacements,

¢+ w’sing =0, (1)

which is a nonlinear, second-order differential equation, with w = ,/MgL/I,. The initial conditions are
assumed as follows:

@t =0) =90 = ¢max; @1 =0)=0, (2)

where the initial angle ¢ is equal to 70° for the considered case study. Let k = sin(¢p/2). The solution of
Eq. (1), whose mathematical derivation can be found in Verhulst [35], is given by

¢(t) = 2 arcsin[ksn(wt + C)], 3)

where sn(.) denotes the Jacobi elliptic function, which represents the inverse of an incomplete elliptic integral
of the first kind. The constant C is obtained by imposing the initial condition at = 0, and it coincides with
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the complete elliptic integral of the first kind, which also represents the quarter period of the Jacobi elliptic
function, sn(.).

Figure 7 shows the variation with time of the bell rotation angle and of its first two derivatives. It is obtained
using the MATLAB built-in functions “ellipke” and “ellipj” to compute the elliptic integral, C = ellipke(m),
and the elliptic function, snu = ellipj(u, m), respectively, with u = wt + C and m = k>.

The tangential and radial components of the acceleration vector of the center of mass of the bell can then
be computed by multiplying the second time derivative and the square of the first time derivative of ¢(f) in
Eq. (3) by the distance L of the center of mass from the pivot point, respectively. The corresponding accelera-
tion components along the horizontal and vertical axes are achieved by simply applying the rotation formula.
The equivalent dynamic forces are proportional to these components through the mass M of the compound
pendulum. As a result, the following expressions are found for the horizontal and vertical forces acting on the
pendulum at the pivot point O:

H = —MLw*sin g {cos ¢ + 4[k* — sin’*(¢/2)1} , 4.1)
V = MLo? {—sin® ¢ + 4[k* — sin*(¢/2)] cos ¢} + Mg, 4.2)

respectively. Plots of the corresponding time histories are shown in Figs. 8 and 9, respectively.

5 Estimate of the retrofit benefit in terms of the maxima Von Mises stresses in the tower under
operational conditions

The identified numerical model of Fig. 2b, which was validated in Sect. 3, is now used to estimate the safety
margin associated to the tower under operational conditions in its currently damaged situation. For this pur-
pose, the dynamic forces in Figs. 8 and 9 are assigned as inputs to the node corresponding to the pivot point
of the bell. Thus, full time histories analyses are performed to estimate the stress distributions induced in the
damaged area under the combined actions of the tower self-weight and the dynamic forces due to bell-swinging
motion. The integration time step is selected as Ar = 0.008 s, and the modal damping is assigned equal to
0.025.

From a graphical plot of the von Mises stress distribution in the tower, the corner elements indicated in
Fig. 10 at the level of 10.81 m are detected as the most critical ones under the dead load condition. In Table 3,
a summary of the stress values computed at the nodes of these corner elements is provided. For the sake of
conciseness, only a single node of the element labeled 2038 in Fig. 10 is selected for the graphical representa-
tion of the results. Details of the geometry and nodes of this element are shown in Fig. 11, where its location
within the mesh of the tower is also indicated. The belfry in its present damaged state shows a cumulating
trend of the stress under the bell excitation, which leads to von Mises stress values larger than one half of those
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Fig. 8 Time history of the horizontal bell force for an initial angle of 70°
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Fig. 10 Location of the eight nodes solid elements selected for the comparison of the Von Mises stress values in Table 3. The
tower cross-section is drawn at the level of 10.81 m

detected under the dead load. To illustrate this statement, the Von Mises stress time history computed at node
1230 of element 2038 is drawn in Fig. 12.

If the retrofit whose details are discussed in references [21,22] is adopted, its presence can be modeled
by replacing the zone identified as damaged in Fig. 2b with a homogeneous solid extension whose equivalent
Young’s modulus is set equal to the one characterizing the rest of the mesh elements modeling the tower (3,400
MPa). A consequent reduction in the Von Mises stress is detected as reported in the last three columns of
Table 3. Following the retrofit, the main observed benefit consists of the fact that the oscillations of the bell
do not produce a cumulating stress in the tower, so that the corresponding von Mises stress value reduces to
one-tenth of the one associated with the current damaged state response. To illustrate this aspect, the time
history response calculated after the retrofit, at the same node of Fig. 11, is drawn in Fig. 13.

6 Conclusions

A dynamic identification procedure was applied to the case study of the civic bell tower in Soncino, north of
Italy [20]. In this paper, the validation of the resulting finite element model is pursued based on the signals
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Table 3 Stress response of the tower under the dead load and the bell dynamic excitation, in its current damaged state and after
retrofit. SVM denotes the von Mises stress, while 033is the normal stress along the vertical direction

Element Node Current belfry After retrofit
Dead SVM Bell max Bell min Dead SVM Bell max Bell min
[kN/m?] 033 [kN/m?] 033 [KN/m?] [kN/m?] 033 [kN/m?] 033 [kN/m?]
1992 4895 604.81 299.41 —299.41 449.18 35.75 —39.03
4896 629.18 95.67 —96.04 495.02 28.2 —31.78
4900 537.27 296.41 —296.42 378 36.04 —39.35
4901 593.30 92.13 —92.48 452.34 27.71 —-31.22
1220 619.05 285.94 —285.71 458.43 35.53 —38.84
4897 670.28 91.09 —-91.24 534.95 29.06 —-32.92
1221 537.73 289.49 —289.27 382.71 36.02 -394
4902 618.27 94.09 —94.23 486.5 28.77 —32.59
2038 4946 506.57 77.09 —178.02 395.46 31.86 —33.42
4948 773.29 424.63 —426.38 663.67 67.49 —69.47
4951 685.98 89.7 —90.68 516.62 33.71 —35.31
4953 907.57 439.31 —441.15 760.65 70.92 —-72.97
4947 490.13 72.46 —73.03 473.02 32.42 -34
1230 820.48 469.47 —470.99 776.38 79.71 —82.02
4952 615.44 57.8 —58.28 493.1 28.99 -30.5
1231 953.89 456.86 —458.33 847.82 77.85 —80.12
2076 4990 683.08 388.65 —391.12 557.01 65.8 —66.82
4991 474.07 65.98 —67.63 352.96 31.13 —32.26
4995 788.65 401.69 —404.24 602.22 68.94 —70.03
4996 649.77 78.66 —80.37 443.87 32.67 —33.83
1248 775.53 446.74 —449.87 676.83 81.22 —82.52
4992 476.98 66.43 —68.27 407 32.92 —34.08
1249 879.45 434.07 —437.13 722.44 79.68 —80.95
4997 614.51 53.39 —55.14 453.81 29.78 —30.87
2576 5585 698.46 108.15 —109.58 542.58 34.36 —38.12
5586 658.49 105.92 —107.04 494.7 32.31 —35.81
5590 641.23 110.81 —112.22 494.52 33.98 —-37.7
5591 612.95 102.59 —103.7 457.48 31.77 —35.2
1238 651.79 301.32 —302.31 465.66 39.21 —42.39
5587 647.54 310.64 —311.4 451.71 38.99 —42.2
1239 562.49 304.64 —305.64 390.15 39.75 —43.01
5592 568.67 307.98 —308.76 385.36 39.36 —42.61
4953
P _et281
i 4948
4952 :
1230
4947
Element 2038

Fig. 11 Details of the geometry and nodes of element 2038, whose node labeled 1230 is selected for the graphical representations
of the results in Figs. 12 and 13
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Fig. 13 Von Mises stress time history due the bell force excitation: retrofitted state (element 2038, node 1230)

recorded from a localized source of excitation, which consists of the repetitive impacts of a hammer on a bell
located at the top of the tower. By assigning as inputs, the displacement time histories recorded at the closest
station to the excitation source, the ones computed at the other nodes corresponding to sensors locations are
compared to the experimentally measured ones.

The swinging motion of the bell is then considered in order to evaluate the maxima stresses in the tower
under its operational loading conditions. Such a motion was not experimentally measured, because it occurs
only on special occasions. Therefore, the produced dynamic forces have been numerically calculated based on
the bell geometry and on its swinging system. The approximation of the behavior of the bell-clapper system
as the one of a compound pendulum is legitimated by the small mass of the clapper with respect to the one of
the bell. The calculated bell forces are assigned to the interested nodes of the finite element model to evaluate
the time histories of the Von Mises stress at the most critical nodes of the validated finite element model.
Finally, the potential benefits of a retrofit are investigated by repeating the analysis on a numerical model
whose material homogeneity has been restored.
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