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Abstract In this paper, we study some three-dimensional stationary heat conduction problems in rarefied
gases at rest, using the linearized 13-moment equations of extended thermodynamics. It follows that, in this
linear theory, the temperature is still described by the Fourier law of heat conduction, while in contrast with the
Navier–Stokes law, the stress tensor does not vanish. Furthermore, a non-equilibrium temperature is introduced
and differences between this temperature and the kinetic one are predicted.

1 Introduction

The heat conduction problem represents an interesting and important topic of thermodynamics, both from a
theoretical and an experimental point of view. Historically, one referred to the classical thermodynamics in order
to describe such a phenomenon mathematically. Following this classical theory, the field equations are based on
the conservation laws of mass, momentum and energy, while the closure of the system is obtained thanks to the
Navier–Stokes and the Fourier laws. However, it was observed that while the Navier–Stokes–Fourier (NSF)
approximations are in complete agreement with the experimental results for dense gases, they are not appro-
priate for rarefied cases or when strong deviations from equilibrium occur.

In the last 70 years, different non-equilibrium theories have been proposed in order to have a more suit-
able description of thermodynamic phenomena that involve rarefied gases or processes far from equilibrium.
In our knowledge, the first non-equilibrium thermodynamic theory goes back to the 1940s, when Eckart [1]
incorporated the Navier–Stokes–Fourier laws in a consistent thermodynamic scheme. This theory is known
as thermodynamics of irreversible processes (TIP). It used the Gibbs equations together with the principle of
local equilibrium and combines them with the balance equations of mass, momentum and energy deriving
the Clausius-Duhem inequality. Then TIP ensures the non-negative entropy production assuming only lin-
ear relations between forces and fluxes. In this way, one obtains constitutive relations that coincide with the
Navier–Stokes and Fourier equations. A detailed explanation of this theory can be found, for example, in a
recent book about the history of thermodynamics [2] and in [3].

Straight afterward two different non-equilibrium thermodynamic approaches were proposed, they are due
to Meixner [4] and to Prigogine [5]. These theories can also be found in the book of de Groot and Mazur [6].
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Some years later, in the 1960s, another non-equilibrium theory, called rational thermodynamics (RT), was
formulated [7,8]. The main difference between this theory and TIP is that RT postulates the validity of an
entropy inequality, the Clausius–Duhem inequality and derives from it the Gibbs equation.

In 1966 Müller [9] tried to derive modifications of the Navier–Stokes and Fourier equations from the prin-
ciple of TIP. He noticed that without the principle of local equilibrium, TIP can be used to derive Cattaneo-like
equations. This theory is known as Extended TIP. A detailed explanation of it, together with some criticisms,
can be found in [3].

In this paper, we will refer to rational extended thermodynamics [3] (RET). RET considers as field variables
not only the classical ones (mass densities, momentum and energy) but also the stress tensor, the heat flux
and others. The corresponding field equations are balance laws supplemented by local and instantaneous con-
stitutive equations. Such constitutive functions are determined through the validity requirement of universal
physical principles, such as the entropy principle (existence of an entropy inequality and concavity of the
entropy density) and the principle of relativity. In the study [3], the connection of this theory with RT is dis-
cussed. In particular, although the two theories are different, they both postulate the validity of the entropy
inequality and recover from it the constitutive relations. In RET the exploitation of the entropy principle is
made by use of the Lagrange multipliers [10] (also called main fields). Referring to these privileged main field
components, it is possible to rewrite the field equations in the form of a symmetric hyperbolic system [11,12].
Hyperbolicity guarantees finite speeds of propagation and symmetric hyperbolic systems have convenient and
desirable mathematical properties, namely well-posedness of Cauchy problems, i.e. existence, uniqueness,
and continuous dependence on the data. A well-known application of Rational Extended Thermodynamics is
Extended Thermodynamics of Moments, where the field variables are the moments of a distribution function.
In the study [3], the authors presented a full exploitation of this case with an arbitrary number of moments. In
the particular case of 13 moments, that will be considered in this paper, RET coincides with the well-known
theory of Grad [13,14]. This fact is shown with details at the beginning of the next section.

We have to stress that other different non-equilibrium thermodynamics approaches that extend the number
of field variables were proposed in the literature. Among the others, we recall extended irreversible thermo-
dynamics [15–18] and thermodynamics with the internal variables [19–22].

In particular, in extended irreversible thermodynamics [15–18], the heat flux and the stress tensor are used
as field variables too, but the equations for them are recovered through a procedure similar to TIP. A generalized
entropy is introduced, and the generalized Gibbs equation is postulated. The new field equations are obtained
from the generalized Clausius–Duhem inequality assuming linear relations between forces and fluxes.

Rational extended thermodynamics has been tested in many physical fields and it turns out to be more
suitable than classical thermodynamics for the description of rarefied gases [3]; we recall, for example, light
scattering [23,24], shock waves and shock structures [25], phonon theory [26,27]. Moreover RET has been
applied also to relativistic phenomena [28], chemically reacting mixtures of gases [29], radiation phenomena
[30,31], plane Couette flow [32] and convection phenomena [33].

In the last 10 years, after a paper by Donato and Ruggeri [34], it has been noticed that even the simplest
model of rational extended thermodynamics (the 13-moment theory) predicts different results from classical
thermodynamics. A comparison between 13-moment and Navier–Stokes–Fourier theories was made in the
simplest non-equilibrium thermodynamic problem: that is to say in the stationary heat conduction problem of
a monatomic classical ideal gas. The differences between the theories become evident when the phenomenon
takes place in some special curved domains [35–37]. In particular, Müller and Ruggeri [35] studied the station-
ary heat conduction problem for a rarefied gas at rest in the gap between two coaxial circular cylinders or two
concentric spheres. In this special case, the equations reduce to an ODE system and the solution can be deter-
mined analytically. It was found that the normal components of the stress tensor, which are zero in the classical
theory, do not vanish in the 13-moment case and consequently the Fourier law is no more valid. Barbera and
Müller [36] analyzed the stationary heat conduction between two coaxial rotating cylinders. They showed that
no rigid rotation of the heat conducting gas is compatible with the Grad’s equations, in contrast with NSF.
Finally, Barbera and Müller [37] showed that, also in the neighborhood of equilibrium, classical and extended
thermodynamics differ in the case of stationary heat conduction between two confocal elliptical cylinders. The
aim of the present paper is to generalize these previous works [35,37], in order to understand if these effects
are a peculiarity of certain special geometries or they are present in all the curved domains. We will focus our
attention on the stationary heat conduction problem for a gas at rest in three-dimensional domains provided
with geometric symmetries: non-coaxial circular cylinders, confocal ellipsoids and non-concentric spheres. In
these cases, the complete 13-moment equations present fine mathematical problems for phenomena far from
an equilibrium state. Nevertheless, as already said, we are interested on the comparison between classical and
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extended thermodynamics. Therefore, we will consider the linearized field equations in the neighborhood of
equilibrium, since already in this case significant differences are observed. Moreover, in the linear case, it is
possible to determine the solutions analytically, at least for the domains and for the boundary conditions we
have chosen.

Because of the linear approximation, the temperature behavior of the 13-moment equations coincides with
that of the Fourier theory. Nonetheless, the normal and shear components of the deviatoric stress tensor do not
vanish, unlike the classical case. Besides, we found a difference between the kinetic temperature—a measure
for the mean kinetic energy of the atoms—and the non-equilibrium temperature.

2 Grad’s 13-moment field equations

The fields of extended thermodynamics for monatomic ideal gases [3] are moments of the distribution function
f (x, C, t) of the gas, defined as

ρi1i2...iN = m
∫

Ci1Ci2 . . . CiN f dC, (1)

where m is the atomic mass of the gas, C is the velocity of the atoms relative to the gas velocity and f (x, C, t)dC
represents the number density of the atoms at x and t with velocity C.

Some of these moments can be easily related to more common thermodynamic fields. Thus, ρ is the mass
density, ρi j is the pressure tensor with its trace ρll = 3p, where p is the pressure, and with the traceless part1

ρ〈i j〉 equal to the stress tensor, ρill = 2qi , qi being the heat flux. Furthermore, ρi = 0 since C is the relative
velocity.

The field equations of extended thermodynamics are derived from the Boltzmann equation that for a gas
at rest assumes the form

∂ f

∂t
+ ck

∂ f

∂xk
= − f − f E

τ
with f E = ρ

m

1√
2π kB

m T
3 e

− C2

2
kB
m T , (2)

where ck is the velocity of the atoms. Here ck = Ck since the gas is at rest. The right hand side of (2)1
represents the production term due to collisions. Since in our problem the nature of the interactions between
the molecules is quite irrelevant, we have chosen the simplest one based on the the BGK approximation [38].
It assumes that the net effect of collisions is to make the distribution function f relax toward the equilibrium
distribution function f E with a constant characteristic time τ equal to the mean time of free flight. In (2) 2kB
is the Boltzmann constant and T is usually called the kinetic temperature, since 3/2 kBT is the mean kinetic
energy of the atoms. In the following, for simplicity, we will use θ = kB

m T instead of T .
By multiplication of (2)1 with Ci1Ci2 . . . CiN and integration over the whole range of the velocity, one

derives the complete hierarchy of balance equations for the moments that for a gas at rest assumes the form

∂ρi1i2...iN

∂t
+ ∂ρi1i2...iN k

∂xk
= −ρi1i2...iN − ρE

i1i2...iN

τ
. (3)

The symbol ’E’ represents equilibrium and ρE
i1i2...iN

are the moments (1) evaluated for f = f E.
In this paper, we limit our analysis to extended thermodynamics with 13 moments, i.e. we consider as field

variables the first 13 moments of (1): ρ, ρi = 0, p, ρ〈i j〉 and qi . Thus, the field equations are the first 13 of (3),
and for a stationary problem in a gas at rest they read

∂ρi

∂xk
= 0,

∂p

∂xi
+ ∂ρ〈ik〉

∂xk
= 0,

∂qk

∂xk
= 0,

∂ρ〈i j〉k
∂xk

= −ρ〈i j〉
τ

,
∂ρikll

∂xk
= −2

qi

τ
. (4)

The first equation represents the conservation law of mass and it is identically satisfied since ρi = 0, thus,
in the following we will not consider this equation anymore. The second is the conservation law of momentum.
Equations (4)3,4 are respectively the trace and the traceless part of (3) for N = 2. The trace represents the

1 The angular brackets stand for the traceless part of a symmetric tensor.
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conservation law of energy, while (4)4 is the balance law for the stress tensor. Finally, equation (4)4 is the
balance law for the heat flux.

This system is not closed due to the presence of the moments ρ〈i j〉k and ρikll . It can be closed determining
such moments from the Grad 13-moments distribution function [13,14] that reads

f G = f E
[

1 + 1

2pθ
ρ〈i j〉Ci C j − 1

pθ2 qi Ci

(
1 − C2

5θ

)]
. (5)

Substituting this distribution function in the definition of the moments (3) one obtains the constitutive functions

ρ〈i j〉k = 2

5

(
qiδ jk + q jδik − 2

3
qkδi j

)
, ρikll = 5pθδik + 7θρ〈ik〉, (6)

where δik denotes the Kronecker tensor.
System (4, 6) represents a closed system of field equations for the fields p, θ, ρ〈i j〉 and qi . For simplicity,

we have considered θ instead of ρ as field variable and this can be done in a ideal gas where ρ = p/θ .
For further purpose, we rewrite the field equations (4, 6) in the curvilinear coordinates zk , so that they

assume the form

gik ∂p

∂zk
+ ρ

〈ik〉
;k = 0,

qk
;k = 0,

ρ
〈i j〉k
;k = −1

τ
ρ〈i j〉, with ρ〈i j〉k = 2

5

(
qi g jk + q j gki − 2

3
qk gi j

)
,

ρikn
n;k = −2

τ
qk, with ρikn

n = 5pθgik + 7θρ〈ik〉. (7)

Here upper and lower indices represent contra- and co-variant components of the tensors, gik is the metric
tensor (as usual, gik gk j = δi

j , with δi
j the Kronecker symbol) and the semicolon denotes covariant derivative

with respect to zk .
We will consider the heat conduction problem in different domains that share the common property to be

described by suitable orthogonal coordinates satisfying the following properties:

g11 = g22,
∂g11

∂z3 = ∂g22

∂z3 = ∂g33

∂z3 = 0. (8)

Thus, the non-vanishing Christoffel symbols can be expressed in terms of only four of them by the relations

�1
11 = −�1

22 = �2
12 = �2

21, �2
22 = −�2

11 = �1
12 = �1

21,

�1
33 = −g11

g33 �3
13 = −g11

g33 �3
31, �2

33 = −g22

g33 �3
23 = −g22

g33 �3
32. (9)

In all these cases, we will suppose that the boundary manifolds of the domains are kept at a constant tem-
perature (as frequently done in the experiments). So, thanks to this assumption and to the geometric symmetry
of the regions, the study of the heat conduction in three-dimensional space reduces to a bi-dimensional problem
requiring that

q3 = 0,
∂·
∂z3 = 0. (10)
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Hence, system (7) can be written explicitly as

g
∂p

∂z1 + ∂ρ〈11〉

∂z1 + ∂ρ〈12〉

∂z2 + (
3�1

11 + 2�3
31

)
ρ〈11〉 + (

4�2
22 + �3

32

)
ρ〈12〉 + (

�3
31 − �1

11

)
ρ〈22〉 = 0,

g
∂p

∂z2 + ∂ρ〈12〉

∂z1 + ∂ρ〈22〉

∂z2 + (
4�1

11 + �3
31

)
ρ〈12〉 + (

3�2
22 + 2�3

32

)
ρ〈22〉 + (

�3
32 − �2

22

)
ρ〈11〉 = 0,

∂q1

∂z1 + ∂q2

∂z2 + (
2�1

11 + �3
31

)
q1 + (

2�2
22 + �3

32

)
q2 = 0,

4

5
g

(
∂q1

∂z1 + �1
11q1 + �2

22q2
)

= −1

τ
ρ〈11〉,

2

5
g

(
∂q2

∂z1 + ∂q1

∂z2

)
= −1

τ
ρ〈12〉,

4

5
g

(
∂q2

∂z2 + �1
11q1 + �2

22q2
)

= −1

τ
ρ〈22〉,

5gp
∂θ

∂z1 − 2gθ
∂p

∂z1 + 7ρ〈11〉 ∂θ

∂z1 + 7ρ〈12〉 ∂θ

∂z2 = −2

τ
q1,

5gp
∂θ

∂z2 − 2gθ
∂p

∂z2 + 7ρ〈12〉 ∂θ

∂z1 + 7ρ〈22〉 ∂θ

∂z2 = −2

τ
q2, (11)

with g = g11 = g22.
It is well known that in some cases the contravariant and the covariant components of vectors and tensors

do not have an immediate physical meaning and usually their physical dimensions do not coincide with those
of the vector or of the tensor to which they refer. For this reason, we will rewrite equations (11) in terms of
physical components [39,40] defined as

q̂ i = √
gii qi , ρ̂〈ik〉 = √

gii
√

gkk ρ〈ik〉, (12)

where the underlined indices are unsummed. Then, system (11) becomes

∂p

∂z1 + ∂ρ̂〈11〉

∂z1 + ∂ρ̂〈12〉

∂z2 + (
�1

11 + 2�3
31

)
ρ̂〈11〉 + (

2�2
22 + �3

32

)
ρ̂〈12〉 + (

�3
31 − �1

11

)
ρ̂〈22〉 = 0,

∂p

∂z2 + ∂ρ̂〈12〉

∂z1 + ∂ρ̂〈22〉

∂z2 + (
2�1

11 + �3
31

)
ρ̂〈12〉 + (

�2
22 + 2�3

32

)
ρ̂〈22〉 + (

�3
32 − �2

22

)
ρ̂〈11〉 = 0,

∂q̂1

∂z1 + ∂q̂2

∂z2 + (
�1

11 + �3
31

)
q̂1 + (

�2
22 + �3

32

)
q̂2 = 0,

4

5

(
∂q̂1

∂z1 + �2
22q̂2

)
= −1

τ

ρ̂〈11〉
√

g
,

2

5

(
∂q̂2

∂z1 + ∂q̂1

∂z2 − �1
11q̂2 − �2

22q̂1
)

= −1

τ

ρ̂〈12〉
√

g
,

4

5

(
∂q2

∂z2 + �1
11q̂1

)
= −1

τ

ρ̂〈22〉
√

g
,

5p
∂θ

∂z1 − 2θ
∂p

∂z1 + 7ρ̂〈11〉 ∂θ

∂z1 + 7ρ̂〈12〉 ∂θ

∂z2 = −2

τ

q̂1

√
g
,

5p
∂θ

∂z2 − 2θ
∂p

∂z2 + 7ρ̂〈12〉 ∂θ

∂z1 + 7ρ̂〈22〉 ∂θ

∂z2 = −2

τ

q̂2

√
g
. (13)
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Let us now introduce the following dimensionless fields and parameters in order to simplify the heat
conduction problem:

p̃ = p

p0
, ρ̃〈i j〉 = ρ̂〈i j〉

p0
, q̃ i = q̂ i

p0

√
kB
m T0

,

T̃ = θ

kB
m T0

, g̃ = c2g, Kn = τ

√
kB
m T0

c
, (14)

where p0, T0 and c are suitable physical constants that represent respectively a pressure, a kinetic temperature
and a length. Such quantities will be defined in detail in the following. We stress that the parameter Kn in
(14) is related to the Knudsen number and it is a good measure for the gas rarefaction. In particular, Kn � 1
corresponds to a dense gas, while when the gas is rarefied, Kn is closer to 1.

In terms of the dimensionless variables (14), system (13) reads

∂ p̃

∂z1 + ∂ρ̃〈11〉

∂z1 + ∂ρ̃〈12〉

∂z2 + (
�1

11 + 2�3
31

)
ρ̃〈11〉 + (

2�2
22 + �3

32

)
ρ̃〈12〉 + (

�3
31 − �1

11

)
ρ̃〈22〉 = 0,

∂ p̃

∂z2 + ∂ρ̃〈12〉

∂z1 + ∂ρ̃〈22〉

∂z2 + (
2�1

11 + �3
31

)
ρ̃〈12〉 + (

�2
22 + 2�3

32

)
ρ̃〈22〉 + (

�3
32 − �2

22

)
ρ̃〈11〉 = 0,

∂q̃1

∂z1 + ∂q̃2

∂z2 + (
�1

11 + �3
31

)
q̃1 + (

�2
22 + �3

32

)
q̃2 = 0,

4

5

(
∂q̃1

∂z1 + �2
22q̃2

)
= − 1

Kn

ρ̃〈11〉√
g̃

,

2

5

(
∂q̃2

∂z1 + ∂q̃1

∂z2 − �1
11q̃2 − �2

22q̃1
)

= − 1

Kn

ρ̃〈12〉√
g̃

,

4

5

(
∂q̃2

∂z2 + �1
11q̃1

)
= − 1

Kn

ρ̃〈22〉√
g̃

,

5 p̃
∂ T̃

∂z1 − 2T̃
∂ p̃

∂z1 + 7ρ̃〈11〉 ∂ T̃

∂z1 + 7ρ̃〈12〉 ∂ T̃

∂z2 = − 2

Kn

q̃1√
g̃
,

5 p̃
∂ T̃

∂z2 − 2T̃
∂ p̃

∂z2 + 7ρ̃〈12〉 ∂ T̃

∂z1 + 7ρ̃〈22〉 ∂ T̃

∂z2 = − 2

Kn

q̃2√
g̃
. (15)

For a reader who is not familiar with curvilinear coordinates, we recall that in standard cartesian coordinates
all Christoffel symbols vanish. So, in the planar case Eqs. (15) are to be considered with �k

i j = 0.
Since the solution of this complete system presents many mathematical problems, in this paper we will

study the heat conduction phenomena in the neighborhood of an equilibrium characterized by p = p0, θ =
kB
m T0, ρ〈i j〉 = 0, qi = 0 and we will linearize system (15). We stress that all the equations in the previ-
ous system are linear in the field variables except for the last two. Therefore, equations (15)1−6 will remain
unchanged. On the contrary, the underlined terms in equations (15)7,8 are negligible in the neighborhood of
the equilibrium state, since both the stress deviator components and the temperature derivatives are close to
zero. In addition, the remaining terms of (15)7,8 will be linearized in the neighborhood of p̃ = 1, T̃ = 1, i.e.

5
∂ T̃

∂z1 − 2
∂ p̃

∂z1 = − 2

Kn

q̃1√
g̃
,

5
∂ T̃

∂z2 − 2
∂ p̃

∂z2 = − 2

Kn

q̃2√
g̃
. (16)
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Inserting (16) into (15)1−6, making some lengthy calculations and taking into account that the following
relations hold:

∂�1
11

∂z1 + ∂�2
22

∂z2 = 0,

∂�3
31

∂z1 + (
�3

31

)2 − �1
11�

3
31 + �2

22�
3
32 = 0,

∂�3
31

∂z2 + �3
31�

3
32 − �2

22�
3
31 − �1

11�
3
32 = 0,

∂�3
32

∂z2 + �3
31�

1
11 + (

�3
32

)2 − �2
22�

3
32 = 0, (17)

one obtains

p̃ = 1,

	T̃ = 0 �⇒ ∂

∂z1

(
1√
g33

∂ T̃

∂z1

)
+ ∂

∂z2

(
1√
g33

∂ T̃

∂z2

)
= 0,

q̃1 = −5

2
Kn

√
g̃

∂ T̃

∂z1 ,

q̃2 = −5

2
Kn

√
g̃

∂ T̃

∂z2 ,

ρ̃〈11〉 = 2Kn2 g̃

[
−�1

11
∂ T̃

∂z1 + ∂2T̃(
∂z1

)2 + �2
22

∂ T̃

∂z2

]
,

ρ̃〈12〉 = 2Kn2g̃

[
−�1

11
∂ T̃

∂z2 + ∂2T̃

∂z1∂z2 − �2
22

∂ T̃

∂z1

]
,

ρ̃〈22〉 = 2Kn2g̃

[
�1

11
∂ T̃

∂z1 + ∂2T̃(
∂z2

)2 − �2
22

∂ T̃

∂z2

]
. (18)

The symbol 	 represents here the Laplace operator in the
(
z1, z2

)
-coordinates.

3 Geometrical description, boundary data and heat conduction solutions

In this section, we will refer to the previous Eq. (18) for the study of heat conduction in the gap between
two manifolds. In particular, we will focus on different spatial domains that can be described through the
introduction of appropriate orthogonal coordinates: confocal elliptical cylinders (the only case for which
the linearized theory was already studied [37]), confocal ellipsoids, non-coaxial circular cylinders and non-
concentric spheres. In the following subsections these different cases will be analyzed separately introducing
the most suitable coordinates, recalling the corresponding Kronecker tensors and Christoffel symbols, deter-
mining the analytical solutions and showing the results through bi-dimensional and three-dimensional pictures.
For the figures and the comments of Sects. 3.1–3.4 we will always refer to the same parameters values for the
Knudsen number, the quantity c and the two external and internal boundary temperatures that are respectively
Kn = 0.227, c = 0.002 m, T̃e = T̃0 = 1 and T̃i = 1.15. These parameters were chosen to make easier the
comparison between different domains.

3.1 Confocal elliptical cylinders

We start by presenting the heat conduction problem in the gap between two confocal elliptical cylinders.
This case was already solved in [37], but we summarize it here for completeness. This is the first example in
literature of truly bi-dimensional problem in extended thermodynamics and it is the first natural extension of
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Fig. 1 A sketch of the coordinates considered in this paper. a Elliptic-hyperbolic coordinates. b Bi-cylindrical coordinates

the case of two coaxial cylinders, already studied in [35]. In this case, the most suitable coordinates are the
elliptic-hyperbolic ones

(
z1, z2, z3

)
, known also as the elliptic cylindrical coordinates, which are related to the

cartesian ones (x1, x2, x3) by [37,41]

x1 = c cosh z1 cos z2,

x2 = c sinh z1 sin z2,

x3 = z3, (19)

where

z1
i ≤ z1 ≤ z1

e, 0 ≤ z2 < 2π, −∞ < z3 < ∞. (20)

The coordinate surfaces are

x2
1

cosh2 z1
+ x2

2

sinh2 z1
= c2,

x2
1

cos2 z2 − x2
2

sin2 z2
= c2,

x3 = z3. (21)

In Fig. 1a, the ellipses and hyperbolae are the intersections of the first two families with the plane x3 = 0.
It is easy to ascertain that in this geometry the length 2c represents the distance between the foci of the ellip-
ses and of the hyperbolae. With respect to these coordinates, the metric tensor is diagonal and the following
relations hold:

g = 2

c2

1

cosh 2z1 − cos 2z2 , g33 = 1,

�1
11 = sinh 2z1

cosh 2z1 − cos 2z2 , �2
22 = sin 2z2

cosh 2z1 − cos 2z2 , �3
31 = �3

32 = 0. (22)

If both boundary cylinders are kept at different constant temperatures—T̃e = 1 at the external cylinder
z1

e = 1.4 and T̃i = 1.15 at the inner cylinder z1
i = 0.6—the problem of heat conduction reduces to the integra-

tion of an ordinary differential equation. In fact, due to the symmetry of the domain and of the boundary data,
it is possible to assume that the temperature does not depend on z2 and z3. In this manner, Eq. (18)2, which is
usually very complicated to be integrated, reduces to the trivial form:

d2T̃(
dz1

)2 = 0. (23)
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Fig. 2 The case of elliptical confocal cylinders

Then, from Eqs. (18) and (23), we easily get the analytical solution of the problem:

T̃ = T̃i + T̃e − T̃i

z1
e − z1

i

(
z1 − z1

i

)
,

q̃1 = −5

2
Kn

√
g̃

T̃e − T̃i

z1
e − z1

i

,

q̃2 = 0,

ρ̃〈11〉 = −ρ̃〈22〉 = −2Kn2g̃ �1
11

T̃e − T̃i

z1
e − z1

i

,

ρ̃〈12〉 = −2Kn2g̃ �2
22

T̃e − T̃i

z1
e − z1

i

; (24)

whose behavior is shown in Fig. 2 in terms of x̃1 = 2x1/c and x̃2 = 2x2/c.
We notice that whereas T̃ , q̃1 and q̃2 = 0 are the same as those predicted by the Fourier law, the two normal

and the shear components of the deviatoric pressure tensor do not vanish, in contrast to the Navier–Stokes law.
Clearly, the differences between the classical and the Grad theory are more remarkable around the major axis
of the ellipses, where the curvature is larger.

3.2 Non-coaxial circular cylinders

Another way to obtain a pure bi-dimensional problem from that of the two coaxial circular cylinders is to make
them non-coaxial. This is the second problem that we will present in this chapter.
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In order to describe heat conduction between two non-coaxial circular cylinders, we refer to the
bi-cylindrical coordinates (z1, z2, z3) [41] − known also as bipolar cylindrical coordinates − defined in

z1
e ≤ z1 ≤ z1

i , 0 ≤ z2 < 2π, −∞ < z3 < ∞. (25)

The relations between such coordinates and the cartesian ones read

x1 = c
sinh z1

cosh z1 − cos z2 , x2 = c
sin z2

cosh z1 − cos z2 , x3 = z3. (26)

The corresponding coordinate surfaces are expressed by

(
x1 − c coth z1)2 + x2

2 = c2 (
coth2 z1 − 1

)
,

x2
1 + (

x2 − c cot z2)2 = c2 (
cot2 z2 + 1

)
,

x3 = z3, (27)

where the first two families represent right circular cylinders with element parallel to the x3-axis. Their inter-
section with the plane x3 = 0 is shown in Fig. 1b. The quantity c is related to the radii of the internal and
external circles −, respectively, a = c/ sinh z1

i and b = c/ sinh z1
e− and the distance d between their centers

by the relation

c2 = 1

4d2

[(
d2 − a2 − b2)2 − 4a2b2

]
. (28)

With respect to these coordinates, the metric tensor and the Christoffel symbols in (9) are given by

g =
(
cos z2 − cosh z1

)2

c2 , g33 = 1,

�1
11 = sinh z1

cos z2 − cosh z1 , �2
22 = sin z2

cos z2 − cosh z1 , �3
31 = �3

32 = 0. (29)

As in Sect. 3.1, we assume that both boundary cylinders are kept at different constant temperatures: the
external cylinder, z1

e = 0.6, is kept at the temperature T̃e = 1, while the inner one, corresponding to z1
i = 1.4, is

kept at T̃i = 1.152. As in the previous case, the problem can be described with an ordinary differential equation
and the Laplace equation assumes again the form (23). For this reason, the solution for non-coaxial circular
cylinders coincides formally with the solution of confocal elliptical cylinders (24). Clearly, there are still some
differences, due to the different expressions of the metric tensor and of the Christoffel symbols. The solution
for this problem is shown in Fig. 3. Also for this domain T̃ , q̃1 and q̃2 = 0 coincide with those predicted by
the Fourier law. The differences between the classical and the linearized 13-moment theory can be found in
the non-vanishing components of the deviatoric pressure tensor. Obviously, the most evident variances have to
be sought in the region where the two cylinders are closer. In fact, in this region, we expect steeper gradients
that can be better described by extended thermodynamics.

3.3 Confocal ellipsoids

Now we refer to a bi-dimensional problem related to the heat conduction between two concentric spheres
already studied in [35]. The most natural way is to deform the two spheres into two confocal ellipsoids.

The suitable coordinates for the description of heat conduction between two confocal ellipsoids turn out
to be the prolate spheroidal coordinates (z1, z2, z3) defined in

z1
i ≤ z1 ≤ z1

e,

0 ≤ z2 < 2π,

0 ≤ z3 < π. (30)

2 It is important to stress that, due to the definition of the bi-cylindrical coordinates, increasing values of z1 correspond to
cylinders with decreasing radii.
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Fig. 3 The case of non-coaxial circular cylinders

For them it holds [41]

x1 = c cosh z1 cos z2,

x2 = c sinh z1 sin z2 sin z3,

x3 = c sinh z1 sin z2 cos z3. (31)

In this case, the coordinate surfaces are

x2
1

cosh2 z1
+ x2

2 + x2
3

sinh2 z1
= c2,

x2
1

cos2 z2 − x2
2 + x2

3

sin2 z2
= c2,

x2 = x3 tan z3. (32)

The first two relations represent respectively a family of ellipsoids and hyperboloids of revolution generated
by the rotation of the ellipses and of the hyperbolae shown in Fig. 1a around the x1-axis. The third coordinate
surfaces are planes including the x1-axis and forming an angle z3 with the positive x3-axis. Here the quantity c
has exactly the same role as in Sect. 3.2. With respect to these coordinates, the metric tensor and the Christoffel
symbols read

g = 2

c2

1

cosh 2z1 − cos 2z2 , g33 = 1

c2 sinh2 z1 sin2 z2
,

�1
11 = sinh 2z1

cosh 2z1 − cos 2z2 , �2
22 = sin 2z2

cosh 2z1 − cos 2z2 ,

�3
31 = coth z1, �3

32 = cot z2. (33)
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As previously said, we are interested in heat conduction between two ellipsoids kept at two different con-
stant temperatures with the usual boundary data—that are T̃e = 1 at z1

e = 1.4 and T̃i = 1.15 at z1
i = 0.6. Then,

also in the case of two ellipsoids, the problem comes down to the study of the behavior of the temperature as
a function of only a variable, i.e. the z1-coordinate. In this way, Eq. (18)2 reduces to a simpler form:

d2T̃

d
(
z1

)2 + coth z1 dT̃

dz1 = 0, (34)

whose solution is

T̃
(
z1) =

T̃e ln

(
tanh z1

2 coth
z1

i
2

)
− T̃i ln

(
tanh z1

2 coth z1
e
2

)

ln

(
tanh z1

e
2 coth

z1
i
2

) . (35)

Inserting Eq. (35) into Eqs. (18)3−7, we retrieve the explicit expression for the other fields, i.e.

q̃1 = −5

2
Kn

√
g̃ A,

q̃2 = 0,

ρ̃〈11〉 = −2Kn2g̃
(
coth z1 + �1

11

)
A,

ρ̃〈12〉 = −2Kn2g̃ �2
22 A,

ρ̃〈22〉 = 2Kn2g̃ �1
11 A,

with A = T̃e − T̃i

sinh z1 ln

(
tanh z1

e
2 coth

z1
i
2

) . (36)

These solutions are illustrated in Fig. 4.
Also in this geometry T̃ , q̃1 and q̃2 = 0 coincide with those predicted by the Fourier law and we have

non-vanishing ρ̃〈i j〉. It is clear that these results for the ellipsoids are similar to those obtained for the confocal
elliptical cylinders. This fact is a consequence of the geometry of the both problems and of the similarity of the
coordinates we have chosen to describe the domains. As in the case of confocal elliptical cylinders, the most
significant differences between NSF model and the linearized 13-moment equations can be found in the values
of ρ̃〈i j〉 along the major axes of the ellipses. In addition to the previous case, here we have ρ̃〈11〉 
= −ρ̃〈22〉 and
consequently a non-vanishing ρ̃〈33〉 component of the stress tensor.

A comparison of the results of Sects. 3.1 and 3.3 is presented in Fig. 5 through two bi-dimensional pictures
of ρ̃〈11〉 along the major semi-axis of the ellipses, characterized by z2 = 0, and around the inner ellipse, where
z1 = 0.6 (that are the coordinates lines where the deviatoric stress tensor reaches its highest values). This
figure shows that the values of |ρ̃〈i j〉| are greater for the ellipsoids than for the elliptical cylinders.

3.4 Non-concentric spheres

The last problem we present is the heat conduction between two non-concentric spheres. In this case, it is
appropriate to refer to the bi-spherical coordinates related to the cartesian ones by

x1 = c
sinh z1

cosh z1 − cos z2 ,

x2 = c
sin z2 sin z3

cosh z1 − cos z2 ,

x3 = c
sin z2 cos z3

cosh z1 − cos z2 , (37)
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Fig. 4 The case of two confocal ellipsoids

where

z1
e ≤ z1 ≤ z1

i ,

0 ≤ z2 < 2π,

0 ≤ z3 < π. (38)

Hence, the corresponding coordinate surface are described by

(x1 − c coth z1)2 + x2
2 + x2

3 = c2 (
coth2 z1 − 1

)
,

x2
1 + (

√
x2

2 + x2
3 − c cot z2)2 = c2 (

cot2 z2 + 1
)
,

x2 = x3 tan z3, (39)
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Fig. 5 Comparison between elliptical cylinders and ellipsoids

that are spheres, obtained by the revolution of the circles in Fig. 1b around the x1-axis, and planes containing
the x1-axis. In this case the metric tensor and the Christoffel symbols of (9) read

g =
(
cos z2 − cosh z1

)2

c2 , g33 =
(
cos z2 − cosh z1

)2

c2 sin2 z2
,

�1
11 = �3

31 = sinh z1

cos z2 − cosh z1 , �2
22 = sin z2

cos z2 − cosh z1 ,

�3
32 = − cos z2 cosh z1 − 1(

cos z2 − cosh z1
)

sin z2
. (40)

We assume that the two boundary spheres are kept at the usual constant temperatures −T̃e = 1 at z1
e = 0.6

and T̃i = 1.15 at z1
i = 1.4. Then, differently from the other cases, in this geometry the solution for the tem-

perature must depend on both the variables z1 and z2. In fact, the Laplace equation (18)2 in the bi-spherical
coordinates assumes the form

∂

∂z1

(
sin z2

cos z2 − cosh z1

∂ T̃

∂z1

)
+ ∂

∂z2

(
sin z2

cos z2 − cosh z1

∂ T̃

∂z2

)
= 0, (41)

and it is not possible to neglect the dependence of the temperature on the z2-coordinate. Fortunately, Eq. (41)
can still be solved analytically through the method of variable separation and by suitable orthogonal functions
[41]. Thus, the solution is

T̃ = T̃e + √
2(T̃i − T̃e)

√
cosh z1 − cos z2

∞∑
n=0

Pn(cos z2)e−(n+ 1
2 )z1

i
sinh((n + 1

2 )(z1 − z1
e))

sinh((n + 1
2 )(z1

i − z1
e))

, (42)

where Pn denotes the Legendre polynomial of order n. After some calculations, it is easy to deduce from (18)
explicit analytical expressions for all the field variables.

In Fig. 6, the behavior of the field variables in the case of non-concentric spheres is shown. It is important
to stress that a good approximation to the solution (42) is obtained by truncating the series to the first 30 terms.
This approximation is used for the graphics together with the properties of Legendre polynomial derivatives.
The case of non-concentric spheres differs from all the previous ones since the problem cannot be studied in
a one-dimensional space, and this property implies, in particular, that q̃2 does not vanish anymore.

The geometry of the domains and the expression of the bi-cylindrical and bi-spherical coordinates suggest
a comparison between the cases illustrated in Sects. 3.2 and 3.4. To this aim, we refer to Fig. 7 in which the
behavior of ρ̃〈11〉 between the centers − where z2 = π − and around the internal cylinder or sphere (i.e. at
z1 = 1.4) is displayed. It turns out that for the spheres the values of |ρ̃〈i j〉| are higher than those of the circular
cylinders.
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Fig. 6 The case of two non-concentric spheres

4 The role of the Knudsen number

We are now interested in the dependence of the solutions on the rarefaction of the gas and, as already said,
the Knudsen number can be viewed as an index of the gas rarefaction. For this reason, in this section we
investigate the behavior of the solutions when the values of Kn are varied. More precisely, in Fig. 8 we have
shown the field ρ̃〈11〉 for different values of Kn in the cases of confocal ellipsoids and non-concentric spheres.
In particular, for the confocal ellipsoids, ρ̃〈11〉 is shown in Fig. 8a along the major semi-axis of the ellipses
(z2 = 0), while in Fig. 8b at the inner ellipse (z1 = 0.6); for the case of the non-concentric spheres ρ̃〈11〉 is
illustrated in Fig. 8c along the distance between the centers of the two circles (z2 = π) and in Fig. 8d at the
internal hole (z1 = 1.4).

From Fig. 8, it is evident that the more rarefied is the gas, the greater are the differences between classical
and extended thermodynamics. Indeed, the greater is the value of Kn, the higher is the value of ρ〈11〉. We can
consider ρ〈11〉 as a “measure” of the validity of the classical thermodynamics, in the sense that if this field
component is close to 0, the agreement between NSF and Grad’s theory is very good.
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Fig. 7 A comparison between non-coaxial circular cylinders and non-concentric spheres with regard to ρ̃〈11〉

(a) 

(c) (d)

(b) 

Fig. 8 The role of Kn illustrated through ρ̃〈11〉. a, b The case of confocal ellipsoids, c, d the case of non-concentric spheres

5 Non-equilibrium temperature

In this section, we define a non-equilibrium temperature for the problems previously studied.
We follow the definition of non-equilibrium temperature presented in [40], which has been employed in

[42] for a stationary problem in a gas described by extended thermodynamics with 14 moments, and used in
[35,37] in the context of extended thermodynamics with 13 moments in curved domains:
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The kinetic theory of gases, if exploited close to equilibrium, introduces the temperature as a measure of
the mean kinetic energy of the atoms. In fact, in the previous sections, we have referred to this definition and,
for this reason, T was called the kinetic temperature.

In non-equilibrium, we introduce the temperature t as the factor of proportionality between the entropy
flux φk and the heat flux qk , that is

φk = 1

t
qk . (43)

The energy conservation guarantees that the normal component of qk is continuous at a wall (or at the sur-
faces of separation of two bodies) and we expect that a wall does not produce entropy; hence it is reasonable
to suppose that the normal component of φk is also continuous. From (43), it follows that also t should be
continuous.

The continuity of t makes this so-called thermodynamic temperature a field that can be measured by a
thermometer in accordance with the zeroth law of thermodynamics, which defines the temperature as the
quantity continuous across a wall or a surface of separation between two bodies.

In extended thermodynamics, a special effort was made to compare these two temperatures, see for example
[40,42,43]. A first difference between T and t in the 13-moment theory was pointed out by Müller and Ruggeri
in [35] for the heat conduction between coaxial cylinders or concentric spheres. Then, Barbera and Müller
[37] showed that these two temperatures are also different in the case of two confocal elliptical cylinders. In
our cases, there are also some differences between T and t , as we are going to show.

In the 13-moment theory, the entropy flux is expressed in terms of the heat flux by3 [3]

φk = 1

T

(
qk − 2

5

ρ〈k j〉

p0
g ji qi

)
. (44)

From (43) and (44), it is evident that the presence of non-vanishing traceless parts of the stress tensor gives rise
to differences between the kinetic and the non-equilibrium temperatures. For a gas at rest, in the NSF theory
the stress tensor vanishes and no differences between the two temperatures is observable.

On the contrary, in our ET model, in spite of the linearization, we have still some non-vanishing components
of ρ〈ik〉, and those components make the difference.

In order to derive explicitly a relation between T and t , the first three geometries (Sects. 3.1–3.3) can be
treated together. In fact, in those cases there is only one non-vanishing component of the heat flux, that is q1,
so the entropy flux and the heat flux are parallel vectors, both normal to the boundary surfaces. Then, relation
(44) becomes

φ1 = 1

T

(
1 − 2

5

ρ〈11〉

p0

1

g

)
q1, (45)

and comparison of (45) with (43) and relations (12) and (14) yield

t

T
= 1

1 − 2
5 ρ̃〈11〉 . (46)

The ratio between the two temperatures is illustrated in Fig. 9a–c, for the parameter values and the boundary
data already assigned in Sect. 3. It must be recalled that the ratio t/T in the case of elliptical cylinders was
already determined in [37].

For the case of non-concentric spheres, the heat flux has two non-vanishing components, i.e. q1 and q2,
hence, the entropy flux and the heat flux are no more parallel. Nevertheless, for the continuity property, we
are interested only in the flux components normal to the boundary spheres and we define as non-equilibrium
temperature the ratio between the first component of the heat flux and the first component of the entropy flux.
From (44), we get

φ1 = 1

T

[(
1 − 2

5

ρ〈11〉

p0

1

g

)
q1 − 2

5

ρ〈12〉

p0

1

g
q2

]
, (47)

3 In (44) we have considered the second order terms. In fact, even in the linearized theory, the entropy inequality and therefore
the heat flux must contain the non-linear terms, otherwise it loses all the meaning.
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Fig. 9 The ratio between the non-equilibrium t and the kinetic T temperatures for: a confocal elliptical cylinder; b non-coaxial
circular cylinders; c confocal ellipsoids; d non-concentric spheres

and therefore, in this case we have

t

T
= 1

1 − 2
5 ρ̃〈11〉 − 2

5 ρ̃〈12〉 q̃2

q̃1

. (48)

This ratio is presented in Fig. 9d.
From Figs. 9a and c, we can conclude that in the cases of confocal elliptical cylinders and ellipsoids the two

temperatures differ mostly along the major axes of the ellipses near the inner one. This reflects the behavior of
the field ρ̃〈11〉. Clearly, the ratio between the two temperatures is greater in the case of the confocal ellipsoids.
Figs. 9b and d show that the differences between T and t increase in the region where the two circles are
closer, exactly where the gradient are greater. Here, the ratio t/T is greater in the case of the spheres, due to
both the geometry of the problem and the additional term in (48) containing the deviatoric part of the stress
tensor, ρ̃〈12〉.

The definition of the temperature out of equilibrium is a controversial point and has been subject of a large
number of studies, see, for example, the references related to extended thermodynamics [35,37,40,42–46]. We
have shown here that in the heat conduction problem it is possible to observe differences between the kinetic
and the non-equilibrium temperature, also when a fixed value of the kinetic temperature is prescribed at the
boundary. How to integrate the equations with a fixed value of t on the boundary is still an open question for
the cases we have presented in the previous sections.

6 Remarks about the linearization

Concerning the validity of the linearization proposed in Sect. 2, we want to make some remarks. First of all, it
can be easily verified that the results presented in this paper are in agreement with the assumptions made for
the linearization (i.e. ρ̃〈i j〉, the heat fluxes and the spatial derivatives of the kinetic temperature are “small”).
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Moreover, we have compared the solutions of the non-linear model and the linearized one in the case of
heat conduction between two concentric cylinders; that is to say, in a case already known in the literature [35]
for which it is possible to write the explicit solution of the non-linear model. For the same parameter values and
the same boundary data as in Sect. 3, it turns out that the solutions are very close together. This fact confirms
the idea that, for suitable parameters and boundary value choices, the linearization is correct. Obviously, for
phenomena further from the equilibrium, this kind of approximation is no more valid.

7 Conclusions and final remarks

In this paper, we have studied the stationary heat conduction problem in a classical monatomic ideal gas at rest
and compared the solutions of rational extended thermodynamics [3] with that of classical thermodynamics.
We have extended the results previously obtained in [35,37] to any problem of stationary heat conduction
in a gas at rest confined in a curved domain, described by orthogonal coordinates satisfying few properties.
In particular, in Sect. 2 the complete set of equations and the linearized ones are presented. In fact, in order to
determine all the solutions analytically, we have simplified the model, considering the linearized equations of
extended thermodynamics with 13 moments, as already done in [37] for the case of elliptical cylinders.

Due to the linearization, the temperature behavior is the one predicted by Fourier law, but also for this very
simple linearized theory, there are non-vanishing components of the stress tensor, in contrast to Navier–Stokes
equations. These results are obtained for different geometries (we have analyzed here 4 different cases, 3 of
them were never studied before) and referring to them, we presuppose that the stress tensor does not vanish
for any heat conduction problem in a gas at rest confined in a curved domain.

An important final remark concerns the non-linearized 13-moment system described at the beginning of
this paper. As already said, it cannot easily be solved analytically, but it seems that, far from the equilibrium
state, other interesting results are to be expected. The non-linear effects are already under investigation and
they will be part of a further work.
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