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Abstract We study the boundary-layer similarity flow driven over a semi-infinite flat plate by a power-law
shear with asymptotic velocity profile u.(y) = By* (y — oo, B > 0), for fluids both Newtonian and non-
Newtonian. Theoretical analysis is reported to derive a range of exponents « and amplitudes B for which
similarity solutions exist. The shear stress parameter f”(0) is determined as a function of @ and S.

1. Introduction
The purpose of this paper is to present a mathematical analysis for similarity solutions describing laminar

flows past a plane surface in a class of non-Newtonian fluids corresponding to an exterior power-law velocity
profile of the form

ue(y) = By* (y = 00, p>0). (LD

Equation (1.1) is regarded in the following sense:
lim u(x, y)y™* = B, (1.2)

y—>00

where the positive x-coordinate is measured along the plate and the positive y-coordinate is measured normal
to it, with y = 0 is the plate, the plate origin located at x = y = 0 and u(x, y) is the x-velocity component.

The scaling (power-type) law (1.1), where « and 8 depend somehow on the flow Reynolds number R,, is
proposed by Barenblatt [1] for the mean velocity in fully developed turbulent shear flow. In [2], with the help
of experimental data, Barenblatt and Prostokishin confirmed the conjecture proposed in [1] that

3
o= .
2In R,

The case @ = 0 coincides with the problem considered by Blasius in his pioneering work [3] for the Newtonian
case. Blasius obtained a family of numerical solutions such that the Prandtl velocity profile, u(x, y)/u., depends

only on a single variable n = yx_%, where u, is assumed to be constant. This results are extended by Falkner
and Skan [4] to the class where u, is required to vary with the x coordinate only, which is the essence of
similarity reduction reported in a voluminous literature.

The problem considered here is structurally quite different from the more familiar Blasius and Falkner—
Skan similarity reduction. Surprisingly, in 1987 an important observation was made by Weidman et al. [5].
They noticed that assumption (1.1), under some restriction on ¢, may underpin the simplification from the
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boundary layer approximation for the Newtonian case which motivated the present work. First the authors
proved that no similarity solution exists for « < —1. From numerical results, they showed for an impermeable
surface that similarity solutions only exist for o > —% and not for o < — % Exact solutions were obtained for

1
a=—5anda =1.
Recently, the adjustment of the flow over a permeable plate with blowing or suction has been investigated
for the particular cases o = —% and o = —% by Magyari et al. [6].

The aim of the present work is to provide a rigorous mathematical justification for constructing similarity
solutions satisfying (1.2) for a wide range of the power-law velocity profile. The absence of similarity solutions
is also considered. We shall derive a range of values of « for which no similarity solutions can exist.

2. Scaling properties

Consider a flow of a fluid past an impermeable semi-infinite solid plate-or equally. The fluid can be Newtonian
or not. One of the ways to describe the flow behavior of a non-Newtonian fluid is the Ostwald-de Waele power
law model, where the shear stress is related to the strain rate du /0y by the expression [7-10]

n—1 Ju

dy
where K and n are positive constants. The parameter n > 0 is called the power-law index. The case n < 1
is referred to as pseudo-plastic fluids (or shear-thinning fluids), the case n > 1 is known as dilatant or shear-

thickening fluids. The Newtonian fluid is, of course, a special case where the power-law index n is one.
Our starting point is the boundary-value problem (the coefficient of viscosity is assumed to be equal to

ou

T=K|—
dy

)

unity)
du  ou 9 [|ou]"" ou
U—+v—=—\|— - I
ax dy  dy \|dy dy o
ou n v
ax oy

where u and v are the velocity components. The above system is reduced to the classical Prandtl equation [10]
when the fluid index, n, is equal to unity (Newtonian fluid).
System (2.1) must be solved subject to the non—slip and the asymptotic conditions

u(x,00=0, v(x,0 =0, and u(x,y)— By* (y — 00,8 >0), 2.2)

where the exponent « is a negative real number (wall jet). In terms of the stream function ¥ (x, y); u =

%, v = —%, we may write Egs. (2.1) and (2.2) as follows:
oy 02y oy 0%y 9 [|9%y g2y
dy 9xdy  dx dy2  dy \ | 9y? ay2 J’

(2.3)
Y(x,0) =0, %(x, 0)=0 and % — By* (y = 00).
ay ay

We postulate a similarity solution of the form

Vx,y)=xPf), n=yx9, (2.4)

where the exponents p and g will be determined in order to reduce the PDE in (2.3) to an ODE and by the
boundary condition at infinity (y — 00). An easy computation shows that the shape function f satisfies

xnpfq(2n+1) (|f//|n71f//)’ +x2(p7q)71 (pﬁc// —(p— q)f/Z) -0 (2.5)

and
—a OV

y E(x, y) = xPTI %y f1 (), (2.6)
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where primes indicate differentiations with respect to n. Equation (2.5) is an ordinary differential equation if
and only if (scaling relation)

p2—-—n)+qg2n—-1)=1, 2.7
and the right-hand side of Eq. (2.6) is a function of 7 only if and only if
p=q(+a). (2.8)

The system (2.7), (2.8) has a unique solution (p, g) for a(n — 2) # n + 1. In this case, we get

. I+« . 1 2.9)
P T sec=n 1T 1tnta—n) '
Hence the governing similarity equation is
(=) +pf" = (p ) f* =0, p—gq= = (2.10)
’ l4+n+al—n)’ '
to be solved with boundary conditions
f0) =0, f'(0)=0, 2.11)
and
() — Bn® asn — oo. (2.12)
The purpose of the present paper is to obtain a range of values of « for which solutions to (2.10)—(2.12) exist.
One can understand from Eq. (2.9) that the value o = % is critical one if n # 2.

3. Nonexistence results for some negative values of «

The objective of this section is to show that there exists a value of «, say «,, such that for « < o, solutions to
(2.10)—(2.12) cannot exist. We shall assume first that 2p — g > 0 and @ < —%. This condition is satisfied if

n—+1
n—2

o<

and 0 <n <?2. 3.1

As in [5] the nonexistence result will be established by analyzing the large n—behavior of solutions to (2.10)
or the following

n
L7 I o)+ pf e f o) = 1O F0) + 2p — q)/f/(S)zds, v >0, (3.2)
0

which is obtained from Eq. (2.10) by a simple integration. Note that assumption (3.1) ensures that
lim,) .o f (1) f'(n) = 0. Since f'(n) goes to 0 at infinity, we deduce that there exists a sequence (,) such
that 7, tends to infinity with r and lim, _. o f”(,) = 0. Together with Eq. (3.2) one sees

O FO) + 2p — q) / F(5)%ds = 0.
0

Consequently, f(0) < 0 and then f'(n) < O for all 0 < < ng, no small. Because f'() — Bn% as
n — oo, we have f’ > 0 on (51, 00), n; large. Hence, we may conclude that there exists ng < 172 < 11 such
that f'(n2) = 0 and f”(172) > 0. Using again Eq. (3.2) we get

n
L") + pfa) fl) = £ ()" + Q2p — q)/f/(S)zds, v > 12,
m
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which leads to
o
f%mf+@p—w/fmfw=o
m

Thus f/(n) = 0 for all n > 1. And this contradicts the physical requirement at infinity.
The above argument demonstrates, in particular, that cr, > % forn < 2.
Suppose on the other hand that

n+1

n—2

1
<o < —1, §<n<1. (3.3)

In this case we write

f=f(0)+o,

where the real number f(0co) (the volume flux) is finite and ¢ and its all derivatives tend to zero as 1 goes to
infinity. Thus, (2.10) is replaced by

(19"1""") = —p(f(c0) + 9)¢" + (q — p)¢’”.

Without loss of generality we may assume that ¢” is negative on some (19, 00) (see Sect. 4). Recall that
¢’ (n) = Bn*, a < —1, for n — oo. Therefore,

y P .
¢~ (00 (=¢")’
for n — o00. We then have
1
1—n (1—n) n=l  _n_
o)~ —= (pr(OO)) = (3.4)

asn — oo. This algebraic decay breaks down since the exponent in (3.4) is not in accord with (3.3). According
to the above results we may conclude that o, > —1 for shear-thinning fluids (n < 1).

The following short analysis may be used to show that —1 < «,. The analysis deals with explicit solutions
to Egs. (2.10)—(2.12) for « = —1. In this situation we note that p = 0,n # 1/2 and ¢ = Tl—l and consider
the ODE satisfied by g = f; that is

1

— 4 —
(Ig'1""g) + 53— =0. gt — pn~" fory— oo (35)

One readily verifies that

n 1
—gI" +

3
S )
n+ 1 32n— 1%

which has only the trivial solution g = 0ifn > % and, for0 < n < %, in addition to the trivial solution,
n+1

n+1 n+1 n=2
g(n)=[c+2_n [3}1(1_2”)}77] ; (3.6)

where ¢ is an arbitrary nonnegative constant. Equation (3.6) is incompatible with the required asymptotic
behavior g(n) — Bn~! for n — oo.
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4. Similarity solutions of the problem for —% <a<0

We now turn our attention to the existence of solutions of the two-point boundary-value problem (2.10)—(2.12),

where —% <a < 0,n > 0and p is defined by Eq. (2.9). We start with the case —% < o < 0. The problem

will be solved via a standard shooting method. So, we consider the initial value problem
14+« o 2
mn—1 gy’ 4 /
4 i =0, >0,

f© =0, f'(0)=0, f"(0) =1,

where 7 is the shooting parameter (shear stress parameter) which has to be determined.

By usual theorems problem (4.1) has a unique solution, f;, defined over the maximal interval of existence
(0, n¢), nr < oo. To obtain a solution to (2.10)—(2.12) we will investigate whether f; admits an entire
extension and satisfies the algebraic decay. To this end we take T > 0. Recall that f; satisfies (3.2); that is

1+ 2«
l+n+a2—

14+«

" n—1 ¢n
|fr (77)| fr (77)+ 1+n+a(2_n

n
fe(m frm) =1" + /f{(S)ZdS (4.2)
) n) /

forall 0 < n < n;. Clearly f] and f; cannot vanish at the same point and f; cannot have a local maximum.
Thus, since t is positive, f; is positive and monotonic strictly increasing. To show that f; is global (n; = oc0)
we observe from the ODE that

dE 1+« )

EE=_1+n+a@—mﬁ ’

which is nonpositive, where

n o 3

E = mn+1 _ 4.3
n+1|f| 3(1+n+ot(2—n))f 43)
is the fundamental “energy” function for Eq. (2.10).
Hence
n " n+1 |Ol| ’ 3 n n+1
< , Vv .
paritAaCN +3(1+n+a(2_n))fr(n) =it n <

This in turn infers that f/(n), f/(n) and then f;(n) are bounded in any interval (0, d), d > 0. Because of the
arbitrariness of d, f7 is global.

The task remaining is therefore to study the asymptotic behavior of f/. First, we shall see that f; () is
negative for large n and that f(n) tends to zero at infinity. We assume for the sake of contradiction that 7’ is
nonnegative on (0, 00). Because f7 is monotonically increasing and bounded there exists a real number / > 0
such that

lim £/ (n) = 1.
n— 00

Moreover, there exists a sequence (7)) tending to oo with r such that lim,_, « f7'(1,) = 0. It follows that E
lot]

l
31 +n+a2—n))
(4.2) we get, as n approaches infinity,

tends to 3 as i approaches infinity. Thus £/ () — 0 as n — oo. Together with identity

1+ o 14+ 2«
4 n — _ l2 12 ,
- () TTntac—n " Tintaq_n’ 1Tom
o
()" = 1’0+ o(n)

l+n+a—n)

as  — oo. This is only possible if @ = 0. This gives a contradiction. So, there hold f/ (n9) =0, f/’ < 0on

(no, n1), for some 0 < 19 < n1. Furthermore, the function f; satisfies

P—4q |
n

V4 1— l—n 12
A Y e N L.
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on (19, n1). Hence

n FY o 1 1—=n
() = mmr ey PO Vo < <, (44
where F is any anti-derivative of £ f;|f/ |'=". So, the function f/e’ decreases and then we must have

7(n) < Oforall n > no. Next, an argument similar to those we have previously performed reveals that f’(1)
tends to 0 as n goes to infinity. We are now in a position to give the large n behavior of f;. The argument is
as follows. First, observe that it may be shown, from the identity (4.2) and the ODE, that f (1) f, (1) tends to
infinity with n and f}”(n) is positive for any n > n, 1, large. Next, we divide the ODE by f; f7:

WD S
fefy R
Integrating over (13, 1), n3 large, gives
/“' ST 45 —tog (#2710 £ ) — o (£ 1) 27 ). @5
f‘L’ f'[

Since f f] tends to infinity with n the LHS is integrable up to infinity. Letting n — oo we see that
log ( P70 f;‘f’(n)) tends to a finite limit. Thus, £~ () /" () has a finite limit and this limit must be

r
positive. Therefore, there exists A; > 0 such that f;(n) — A;n4, as n — oo and this implies

fe() = Aen'™™™ and  fl(n) — Ben®

as n — oo, for some positive real number S;. Finally, since the ODE is invariant under the transformation
n — af (bn), where a*~2b**~! = 1 we deduce that the new function f given by

2n—1 2—n
f(n) _ aflfr (b*ln) = !%] I+n+a2—n) . H%] I+n+a2—n) 4.6)

is a solution to Eqgs. (2.10)—(2.12).
Equation (4.6) can also be used to exhibit the wall shear stress parameter for wall-bounded flows in terms
of o« and 8,

B

Herewith, the existence result of a similarity solution to (2.3) is justified for —% < a < 0. We note that there

exists a unique point 7,, such that f'(n,,) = f,, is the maximum of f’ (the jet velocity). The point 1y, is the
solution of equation f”(n,,) = 0. Using the energy function E it can be shown that

f//(o)_t[ﬁ }H+3<z>

3(n+1)
713 < (Lt n 4o —m) [ﬁ] Foreen
"o (n+ 1le| Br
It is also worth noticing that at the point 7, the function f” is unbounded if n > 1.
The case o = —% is easy to analyze. In this case we infer

1
|f//|n—1f// + 3_],{7(/ — |f//(0)|n_lf”(0)-
n
Therefore if f”(0) is positive the solution f is global unbounded and satisfies

£y — B2

3
forall n > 0, where § = ,/T"f”(O)”/Z.
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5. Conclusion

Similarity solutions of the Prandtl boundary layer equations describing a power-law shear driven flow over a

plane surface with the asymptotic velocity profile u.(y) = By“ (y — oo, § > 0) have been investigated. The

fluid can be Newtonian or not (Ostwald-de Waele). The search for solutions introduces two parameters: « and

n, the power-law index. Using a shooting argument, it is shown that there are analytical solutions for any n > 0

andany o € (— %, 0). The shear stress f”(0) parameter is determined as a function of «, 8 and n. The analysis

reveals that f/ has exactly one maximum value (jet velocity) which decreases monotonically, with decreasing
3

B and the wall shear stress parameter is a power function of 8 with the positive exponent

l+n+a—n)
Foroa = — %, elementary integrations show that solution exists and that the wall shear stress (skin friction)

parameter satisfies
" 2ny 2
0 = 3 B,

which coincides with the expression of f”(0) found by Weidman et al. [5] for the Newtonian case.

A theoretical analysis is reported for o < %, where 0 < n < 2, in which case no similarity solutions

exist, while for shear-thinning and Newtonian fluids similarity solutions cannot exist for « < —1. The absence
of similarity solutions for « = —1 and n > 0 was illustrated by explicit solutions to the ODE.
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