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Abstract The three-dimensional nature of the viscous flow past a linearly tapered circular cylinder is examined
at low Reynolds numbers. The numerical solution of the unsteady Navier–Stokes equations converges to a
steady state. The primary flow in planes perpendicular to the cylinder axis is practically indistinguishable from
the two-dimensional flow past a uniform cylinder. A secondary spanwise flow is observed in the stagnation
zone going from the wide end towards the narrow end, whereas a secondary motion on the rear side goes in
the opposite direction. In spite of this secondary flow, the length of the separation zone varies linearly with the
local Reynolds number.

1 Introduction

The flow past a circular cylinder with a uniform cross-section remains two-dimensional as long as the Reynolds
number Re is below the critical value ≈ 190 beyond which the intrinsic ‘mode A’ instability is known to occur.
If the diameter varies along the cylinder span, however, the diameter variation introduces inherent three-
dimensionality into the flow. At Reynolds numbers of O(100), the wake flow becomes time-dependent and the
local shedding frequency turns out to vary abruptly along the span either if the diameter changes discontinuously
[1–3] or linearly [4–8]. For Reynolds numbers below ≈42, however, the wake behind a uniform cylinder is
steady and the length of the closed wake is known to vary linearly with the Reynolds number.

The aim of this study is to examine the three-dimensional wake behind a linearly tapered circular cylinder at
low Reynolds number. Both experiments [5] and simulations [6,8] have shown that even very modest tapering
(taper ratio 75:1) gives rise to complex non-linear wake phenomena such as vortex splitting and dislocations
for Reynolds numbers slightly above 100. Nevertheless, one may speculate whether the wake flow behind a
slightly tapered cylinder can be considered as quasi-two-dimensional provided that the Reynolds number is
lower than the critical value at which vortex shedding occurs. One may furthermore wonder how the secondary
flow field, i.e. the departure from purely 2D behaviour, will appear. These issues will be addressed for the
first time in the present study where we intentionally consider the same taper ratio for which complex three-
dimensional wake phenomena have been observed at Reynolds numbers below the critical Reynolds number
≈ 190 at which intrinsic secondary instabilities are known to occur in the wake of uniform cylinders.
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Fig. 1 Computational domain (not to scale)

2 Problem formulation and numerical method

To this end we considered a circular cylinder with taper ratio RT = l/(d2 − d1) = 75: 1 (where l = 33.461d2
is the length of the cylinder, and d2 and d1 = 0.556d2 denote the diameter of its wide and narrow
ends, respectively). The size of the computational domain in each coordinate direction was L X = 15d2,
LY = 33.461d2, and L Z = 11d2, as shown in Fig. 1. The Reynolds numbers based on the uniform inflow
velocity Uo and the diameters d2 and d1 were Re2 = 40 and Re1 = 22.24, respectively.

The Navier–Stokes equations in incompressible form were solved in 3-D space and time using the parallel
Finite Volume code MGLET [9]. The code uses a staggered Cartesian grid arrangement and is third order
accurate in time (explicit Runge–Kutta scheme) and second order accurate in space (central scheme). The num-
ber of grid points in the streamwise (X ), spanwise (Y ) and cross-stream (Z ) directions was [NX , NY , NZ ] =
[224, 200, 170]. A uniform velocity profile Uo = 1 was prescribed at the inlet, and a Neumann boundary
condition was used for the pressure. At both the ends of the cylinder and at the top and bottom of the com-
putational domain a free-slip boundary condition was used (see Fig. 1). At the outlet, a Neumann boundary
condition was used for velocities and the pressure was set to zero.

A direct forcing immersed boundary method (IBM) [10] was used to transform the no-slip condition at the
cylinder surface into internal boundary conditions at the nodes of the Cartesian grid. The solid body (tapered
cylinder) to be immersed in the Cartesian mesh was represented by a mesh consisting of triangles. The blocking
of the Cartesian cells intersected by these triangles was accomplished as follows:

(i) The intersection points of a triangle surface and the coordinate line passing through the pressure cell
centre were identified. The pressure cells containing those intersection points were blocked.

(ii) In a second sweep all the pressure cells within the blocked surface were blocked.
(iii) Finally, all the velocity cells corresponding to blocked pressure cells were blocked.

The internal boundary condition value had to be determined by interpolation. In the present study we used
least-squares interpolation of third-order accuracy. The detailed derivation, validation and implementation of
this technique in the code MGLET were explained in [10].

3 Results and discussion

The numerical solution of the unsteady Navier–Stokes equations converged to a steady state. The present 3-D
calculation revealed a modest secondary spanwise velocity V , both in the front stagnation zone and also in
the wake of the cylinder (see Fig. 2a–c). It can be observed from Fig. 2a that in the front stagnation zone the
secondary flow is going from the wide end of the cylinder towards the narrow end. On the side, i.e. 90◦ from
the front stagnation line, the secondary flow still persists in the same direction although at a lower speed. On
the contrary, the secondary motion on the rear side of the cylinder goes in the opposite direction (see Fig. 2b).
The magnitude of this spanwise velocity is quite small, typically of the order 1–3% of the inflow Uo. The
secondary motion in the spanwise direction is a direct consequence of the three-dimensionality of the tapered
cylinder and this kind of secondary flows does not arise in the vicinity of uniform circular cylinders.

The secondary flow is driven by a spanwise pressure gradient. The front stagnation line is slightly inclined
with respect to the cylinder axis and this tilt gives rise to a somewhat higher pressure near the wide end of
the cylinder as compared to the narrow end. The pressure contours (isobars) in Fig. 3 show that the isobars
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Fig. 2 Spanwise velocity V/Uo (secondary flow) at three different spanwise locations identified by the local Reynolds number
Re = Uod/ν. The position of the axis of the cylinder is at [X/d2, Z/d2] = [4.5, 5.5]

X/d
2

R
e

0.
2

0.
3

0.
4

0.
5

0.
6

0.
2

0.
3

0.
4

0.
5 0.
6

0.
2

0.
3

0.
4

0.
5

0.
6

−0.2

−0.1

−0.2

−0.1

−0.2

−0.1

3 4 5 6 7 8
40

35

30

25

Fig. 3 Pressure (P/ρ U 2
o ) contours in the X − Y plane through the axis of the cylinder. The cylinder walls are drawn as bold

lines

are more inclined towards the cylinder axis than the stagnation line, thereby giving rise to a spanwise pressure
gradient which drives the flow towards the narrow end. Similarly, the (negative) isobars in the cylinder wake
are also tilted towards the cylinder axis, i.e. the lowest pressure is found in the wake downstream of the widest
part of the cylinder. This observation indicates that also the spanwise-oriented flow in the cylinder wake is
pressure-driven.
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Fig. 4 Non-dimensional length of the steady re-circulation zone (L/d) versus local Reynolds number Re = Uo d/ν

20 25 30 35 40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Re

a/
d

Present simulation (tapered cylinder)
Coutanceau & Bouard, 1977

(a)

20 25 30 35 40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Re

b/
d

Present simulation (tapered cylinder)
Coutanceau & Bouard, 1977

b

a

(b)

Fig. 5 Position of the re-circulation bubble centre (a/d, b/d) plotted against Re

The constant length L of the closed wake behind a uniform circular cylinder is known to increase
monotonically with the Reynolds number in the low-Re regime. Sucker and Brauer [11] deduced the empirical
correlation L/d = 0.12 Re − 0.748 on the basis of several experimental and numerical data available at that
time. Subsequent data from more refined experiments by Coutanceau and Bouard [12] and computations by
Fornberg [13] and Ye et al. [14] and others suggest that the linear correlation due to Sucker and Brauer [11]
slightly underestimates the wake length. In the present 3D case, the wake length varies substantially along the
cylinder span of the tapered cylinder. In the present context the local wake length L is defined as the streamwise
distance from the cylinder surface to the position where the streamwise velocity U changes sign from negative
to positive. The wake behind the wide end is roughly four times longer than the wake behind the narrow end
of the cylinder. If the local wake length L is scaled with the local diameter d, the spanwise variation of L/d
shown in Fig. 4 is surprisingly close to the results for uniform (i.e. 2D) cylinders. The deviation from 2D
behaviour is largest near the wide part of the tapered cylinder where the secondary flow is most pronounced
(cf. Fig. 2). The coordinate position of the vortex centres (a, b) has been plotted against the local Reynolds
number in Fig. 5. Here a is defined as the streamwise distance from the cylinder surface to the vortex centre and
b is defined as the cross-stream distance between the two vortex centres. The data from the present numerical
study scaled with the local diameter d is in good agreement with the experimental results for uniform (i.e. 2D)
cylinders.
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4 Conclusion

We have seen that the modest tapering gives rise to a pressure-driven secondary flow along the span of the
cylinder. The steady wake exhibits a substantial variation along the span. This variation is associated partly
with the variation of the local diameter and partly with the local Reynolds number. The flow field in planes
perpendicular to the cylinder axis can thus be considered as quasi-two-dimensional.
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