
Reformulation of Mindlin–Reissner governing
equations of functionally graded circular plates

A. Nosier, F. Fallah

Department of Mechanical Engineering, Sharif University of Technology, Tehran, Iran

Received 30 June 2007; Accepted 11 October 2007; Published online 14 February 2008

� Springer-Verlag 2008

Summary. The governing equations of the first-order shear deformation plate theory for FG circular plates are

reformulated into those describing the interior and edge-zone problems. Analytical solutions are obtained for

axisymmetric and asymmetric behavior of functionally graded circular plates with various clamped and simply-

supported boundary conditions under mechanical and thermal loadings. The material properties are graded

through the plate thickness according to a power–law distribution of the volume fraction of the constituents. The

results, which are in closed form and suitable for design purposes, are verified with known results in the

literature. It is shown that there are two boundary-layer equations. The effects of material property, plate

thickness, boundary conditions, and boundary-layer phenomena on various response quantities in a solid circular

plate are studied and discussed. Under a mechanical load, the responses of FG solid circular plates with various

clamped supports are seen to be identical. It is observed that the boundary-layer width is approximately equal to

the plate thickness with the boundary-layer effects in clamped FG plates being stronger than those in simply-

supported plates. Also an exact solution is developed for the one-dimensional heat conduction equation with

variable heat conductivity coefficient.

1 Introduction

Functionally graded materials (FGMs) are first introduced in 1984 by material scientists in Japan as

thermal barrier materials [1] in a high temperature environment. They belong to a new class of

materials which are microscopically heterogeneous and their material properties vary continuously.

This is achieved by gradually changing the volume fraction of the constituent materials along a

certain dimension (usually in the thickness direction). Due to the smooth variation of material

properties, they offer many advantages over laminated composite materials including improved

fatigue resistance, reduction of thermal stresses, residual stresses and interlaminar stresses, and more

efficient joining techniques. Thus, FGMs are finding applications in many fields such as aerospace,

power generation industries, and energy conversion. Sureh and Mortensen [2] provide an excellent

introduction to the fundamentals of FGMs.

Circular plates made of FGMs are often employed as a part of engineering structures. Studies on FG

circular plates are, however, rare. Durodola and Attia [3] investigated the deformation and stresses in
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fiber-reinforced functionally graded rotating disks. They used the finite element method and direct

numerical integration to solve the governing differential equations. Kawamura et al. [4] considered

the multipurpose optimization of material composition for a functionally graded circular plate within

the classical plate theory. In their analysis, they studied the one-dimensional transient heat conduction

and the axisymmetric thermal bending problem of a non-homogeneous circular plate. Several authors

have investigated the buckling of functionally graded circular plates [5], [6]. Najafizadeh and Eslami

[7], [8] studied the buckling of FG circular plates under uniform radial compression and different

types of thermal loadings. Cheng and Batra [9] used the method of asymptotic expansion to study the

three-dimensional thermoelastic deformations of a rigidly clamped functionally graded elliptic plate.

Reddy et al. [10] studied the axisymmetric bending of functionally graded solid and annular circular

plates using the first-order shear deformation plate theory (FSDT), in which the solutions are

expressed in terms of those obtained within the classical plate theory. Ma and Wang [11] found the

relationships between axisymmetric bending and buckling solutions of functionally graded circular

plates based on the third-order shear deformation plate theory and the classical plate theory. Based on

the classical nonlinear von Karman plate theory, axisymmetric bending and post-buckling of

functionally graded circular plates subjected to mechanical and thermal loadings were studied by Ma

and Wang [12]. From the review of literature it appears that although axisymmetric buckling and

bending of FG circular plates have been taken up by some researchers, little work is available on

asymmetric problems of circular plates. The authors have so far come across only one paper dealing

with asymmetric vibration and stability of FG circular plates [13] and have not come across any paper

dealing with asymmetric bending of FG circular plates.

Both displacement-based and stress-based FSDT theories for isotropic plates result in a system of

three differential equations in terms of three variables with a total degree of six. The displacement-

based theory was introduced by Mindlin [14] while the stress-based theory was introduced by

Reissner [15]. Reissner [15], [16] was the first to determine that for a homogenous isotropic plate his

sixth-order theory can be uncoupled into two equations: edge-zone and interior equations. Nosier and

Reddy [17]–[20] studied edge-zone and interior equations of several shear deformation plate theories

for symmetrically laminated composite plates with transversely isotropic layers. Nosier et al. [21],

[22] have studied boundary-layer phenomena in symmetrically laminated circular plates with

transversely isotropic layers. They showed that the bending equations of several refined linear

theories of symmetric laminated plates, with transversely isotropic layers (which are three

differential equations in terms of three variables with a total degree of six), can be uncoupled into

two equations, one in terms of transverse displacement, w, and the other in terms of a potential

function, U, called the boundary layer function [18]. They demonstrated that all displacement-based

theories except Reddy’s theory [23] can be uncoupled to form a fourth-order interior equation and a

second-order edge-zone equation.

In the present study the linear pre-buckling equilibrium equations within FSDT describing the

bending-extension problem of FG circular plates are reformulated into interior and edge-zone

equations. Since in FG plates, as opposed to isotropic plates or symmetrically laminated plates, the

condition of middle-plane symmetry no longer exists, the extension and bending equations are

coupled so that the governing equations are five coupled differential equations in terms of five

variables with a total order of ten. Here these equations are uncoupled into five equations, whose

total order will be the same as that of the original equations; two second-order differential equations

defining the edge-zone problem of the FG plate in terms of two potential functions U and n (called

boundary-layer functions), a fourth-order equation in terms of the transverse deflection w, and two

first-order equations in terms of in plane middle surface displacement components u and v. This

uncoupling makes it possible to present an analytical solution for asymmetric bending of FG circular

plates in the linear pre-buckling range. Different types of clamped and simply-supported boundary
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conditions are considered. Under thermal and asymmetric mechanical loadings the effects of

material properties, plate thickness, boundary conditions, and boundary-layer functions on

deflections and stresses for a solid circular plate are studied and discussed in detail.

2 Theoretical formulation

A functionally graded circular plate of inner and outer radius of, respectively, a and b and thickness

h is considered here. The geometry of the plate and the coordinate system is shown in Fig. 1. FGMs

are modeled as a non-homogenous isotropic linear thermoelastic material whose properties, P; vary

continuously through the thickness of the plate, as a function of the volume fraction and properties of

the constituent materials. Assuming the plate is made from a mixture of ceramic and metal, P can be

expressed as [24]:

P ¼ PcVc þ PmVm; ð1Þ

in which subscripts c and m refer to ceramic and metal, respectively. Also Vc and Vm are the volume

fractions of ceramic and metal, respectively, which are related as follows:

Vc þ Vm ¼ 1: ð2Þ

The metal volume fraction is assumed to follow a power–law distribution as [10], [24]:

Vm ¼
h� 2z

2h

� �n

; ð3Þ

where n is the power–law index that takes values greater than or equal to zero. From Eqs. (1)

through (3), the effective material property of an FG plate is, therefore, given by:

PðzÞ ¼ ðPm � PcÞ
h� 2z

2h

� �n

þPc: ð4Þ

In the present study, relation (4) will be used as a model for the coefficient of thermal conductivity

K ; the coefficient of thermal expansion a, and Young’s modulus E of FG plates. The Poisson ratio t
is assumed to be a constant.

In thermal loading problems it is assumed that the temperature variation is only in the thickness

direction. The one-dimensional heat conduction equation in the z-direction is given by:

z

b

a r z

h

P (r,   )

q

q

Fig. 1. Geometry of a FG circular plate

and the coordinate system
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� d

dz
KðzÞdTðzÞ

dz

� �
¼ 0 ð5Þ

with the boundary condition T(h/2) = Tc and T( @ h/2) = Tm. Here a stress-free state is assumed to

exist at T0 = 0�C. The thermal conductivity coefficient KðzÞ is assumed here to obey the power–law

relation in (4). Separating the variables in Eq. (5) and substituting for KðzÞ yields:

dT ¼ C1n

dz

DK 1
2
� z

h

� �nþKc

; ð6Þ

where DK ¼ Km � Kc: Next, the following variables are introduced:

Kc

DK
¼ bn and

1

2
� z

h
¼ k: ð7Þ

Substituting Eqs. (7) into (6) and integrating the result yields:

TðkÞ ¼ �C1n

h

DK

Z
dk

kn þ bn þ C2n: ð8Þ

The exact solution for the integral appearing in (8) is given by Tuma in [25] for n = 0.5 and integer

values of n. Using this exact solution in (8), the exact solution of Eq. (5) for n = 0, 0.5, and

integer values of n may be presented as:

TðzÞ ¼ �C1n

h

DK
AnðzÞ þ C2n; ð9:1Þ

where C1n and C2n are found by imposing the appropriate thermal boundary conditions on the top

and bottom surfaces of the plate. The results are as follows:

C1n ¼ �
ðTc � TmÞDK

h Anðh=2Þ � Anð�h=2Þ½ � ; C2n ¼
TmAnðh=2Þ � TcAnð�h=2Þ

Anðh=2Þ � Anð�h=2Þ½ � n ¼ 0;
1

2
; 1; 2; :::

ð9:2Þ

with

A0ðzÞ ¼
DK

Km

1

2
� z

h

� �
; A1=2ðzÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
1

2
� z

h

r
� 2

Kc

DK
Ln

ffiffiffiffiffiffiffiffiffiffiffiffi
1

2
� z

h

r
þ Kc

DK

 !
: ð10:1Þ

Also for the integer values of n the quantity An appearing in (9.1) is given by:

AnðzÞ ¼
2

n Kc

DK

� �n�1
n

Xn�1
2

k¼1

sin
2kp
n

tan�1

1
2
� z

h

� �
þ Kc

DK

� �1
n

cos 2kp
n

Kc

DK

� �1
n

sin 2kp
n

0
B@

1
CAþ

Ln 1
2
� z

h

� �
þ Kc

DK

� �1
n

� 	

n Kc

DK

� �n�1
n

þ 1

n Kc

DK

� �n�1
n

Xn�1
2

k¼1

cos
2kp
n

Ln
1

2
� z

h

� �2

þ2
Kc

DK

� �1
n 1

2
� z

h

� �
cos

2kp
n
þ Kc

DK

� �2
n

" #
;

n ¼ 1; 3; . . .

ð10:2Þ
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AnðzÞ ¼
2

n Kc

DK

� �n�1
n

Xn
2

k¼1

sin
ð2k� 1Þp

n
tan�1

1
2
� z

h

� �
þ Kc

DK

� �1
n

cos
ð2k�1Þp

n

Kc

DK

� �1
n

sin
ð2k�1Þp

n

0
B@

1
CA

þ 1

n Kc

DK

� �n�1
n

Xn
2

k¼1

cos
ð2k� 1Þp

n
Ln

1

2
� z

h

� �2

þ2
Kc

DK

� �1
n 1

2
� z

h

� �
cos
ð2k� 1Þp

n
þ Kc

DK

� �2
n

" #
;

n¼ 2;4;6; :::

ð10:3Þ

2.1 Equilibrium equations

Within the first-order shear deformation plate theory, the displacement field in polar coordinates is

given by [27]:

u1ðr; h; zÞ ¼ uðr; hÞ þ zWrðr; hÞ;
u2ðr; h; zÞ ¼ vðr; hÞ þ zWhðr; hÞ;
u3ðr; h; zÞ ¼ wðr; hÞ;

ð11Þ

where u, v, and w denote the displacements of a point on the midplane of the plate along r, h, and z

coordinates, respectively, and Wr and Wh represent the small rotations of a transverse normal about

the h- and r- axes, respectively. Upon substitution of Eq. (11) into the linear strain-displacement

relations of elasticity [26] the strain components are obtained as follows:

er ¼ e0
1 þ zk1; eh ¼ e0

2 þ zk2; ez ¼ 0; chz ¼ k4; crz ¼ k5; crh ¼ e0
6 þ zk6; ð12Þ

where

e0
1 ¼ u;r; e0

2 ¼
1

r
ðuþ v;hÞ; e0

6 ¼
1

r
ðu;h � vÞ þ v;r; k1 ¼ Wr;r; k2 ¼

1

r
ðWr þWh;hÞ

k6 ¼
1

r
ðWr;h �WhÞ þWh;r; k4 ¼ Wh þ

1

r
w;h; k5 ¼ Wr þw;r:

ð13Þ

In Eq. (13) and what follows a comma followed by a coordinate variable indicates partial

differentiation with respect to that variable.

Based on relations (12) and (13), by using the principle of minimum total potential energy [26] the

equilibrium equations are readily found to be:

du Nr;r þ
1

r
ðNr � NhÞ þ

1

r
Nrh;h ¼ 0;

dv Nrh;r þ
1

r
Nh;h þ

2

r
Nrh ¼ 0;

dWr Mr;r þ
1

r
ðMr �MhÞ þ

1

r
Mrh;h � Qr ¼ 0;

dWh Mrh;r þ
1

r
Mh;h þ

2

r
Mrh � Qh ¼ 0;

dw rQr;r þ Qh;h þ Qr ¼ rPzðr; hÞ;

ð14Þ

where Pz(r, h) is the pressure applied on the top surface of the plate (see Fig. 1) and the stress and

moment resultants are defined as follows:
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ðNr;Nh;NrhÞ ¼
Zh=2

�h=2

ðrr; rh; rrhÞdz; ðQh;QrÞ ¼
Zh=2

�h=2

ðrhz; rrzÞdz;

ðMr;Mh;MrhÞ ¼
Zh=2

�h=2

ðrr;rh; rrhÞzdz:

ð15Þ

The boundary conditions corresponding to Eq. (14) require the specification of (see Fig. 1) the

following:

either u or Nr

either v or Nrh

either Wr or Mr

either Wh or Mrh

either w or Qr

9>>>>=
>>>>;
at r ¼ constant and

either u or Nrh

either v or Nh

either Wr or Mrh

either Wh or Mh

either w or Qh

9>>>>=
>>>>;
at h ¼ constant: ð16Þ

The linear thermoelastic constitutive relations of an isotropic material are given by [27]:

rr

rh

rrh

8<
:

9=
; ¼

E

1� t2

1 t 0
t 1 0
0 0 1�t

2

2
4

3
5 er

eh

crh

8<
:

9=
;�

1
1
0

8<
:

9=
;aDT

0
@

1
A; rhz

rrz


 �
¼ K2 E

2ð1þ tÞ
1 0
0 1

� 	
chz

crz


 �
;

ð17Þ

where DT is the temperature change relative to the stress-free state, t is the Poisson ratio which is

assumed to be constant through the thickness of the plate, and K
2 is a shear correction factor

which is introduced in FSDT in order to improve the transverse shear rigidities of the plate (see,

e.g., [27]). Also E and a are, respectively, Young’s modulus and the coefficient of thermal

expansion which are, on the other hand, assumed to vary according to the power law in (4). Upon

substitution of Eqs. (12) into (17) and the subsequent results into Eqs. (15), the stress and moment

resultants are obtained to be:

Nr ¼ A1e
0
1 þ ðA1 � 2A2Þe0

2 þ B1k1 þ ðB1 � 2B2Þk2 � NT ;

Nh ¼ ðA1 � 2A2Þe0
1 þ A1e

0
2 þ ðB1 � 2B2Þk1 þ B1k2 � NT ; Nrh ¼ A2e

0
6 þ B2k6;

Mr ¼ B1e
0
1 þ ðB1 � 2B2Þe0

2 þ D1k1 þ ðD1 � 2D2Þk2 �MT ;

Mh ¼ ðB1 � 2B2Þe0
1 þ B1e

0
2 þ ðD1 � 2D2Þk1 þ D1k2 �MT ; Mrh ¼ B2e

0
6 þ D2k6;

Qh ¼ K2A2k4; Qr ¼ K2A2k5;

ð18Þ

with the stiffness coefficients being defined as:

ðA1;B1;D1Þ ¼
Zh=2

�h=2

EðzÞ
1� t2

ð1; z; z2Þdz and ðA2;B2;D2Þ ¼
Zh=2

�h=2

EðzÞ
2ð1þ tÞð1; z; z

2Þdz: ð19:1Þ

Also the thermal stress and moment resultants are given by:

ðNT ;MTÞ ¼
Zh=2

�h=2

EðzÞ
1� t

aðzÞTðzÞð1; zÞdz: ð19:2Þ

Using the power–law formula (4) in (19.1), the explicit expressions for the rigidities of FG plates are

obtained and listed in Appendix B.
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2.2 Displacement equilibrium equations

The displacement equilibrium equations may be obtained by substitution of Eqs. (13) and (18) into

the force equilibrium equations appearing in (14). Assuming that the temperature variation in the

plate is only in its thickness direction, the results are:

du; A1
1

r
ðruÞ;r

� 	
;r

þ A2
1

r2
u;hh þ ðA1 � A2Þ

1

r
v;rh � ðA1 þ A2Þ

1

r2
v;h

þ B1
1

r
ðrWrÞ;r

� 	
;r

þ B2
1

r2
Wr;hh þ ðB1 � B2Þ

1

r
Wh;rh � ðB1 þ B2Þ

1

r2
Wh;h ¼ 0; ð20:1Þ

dv; ðA1 � A2Þ
1

r
u;rh þ ðA1 þ A2Þ

1

r2
u;h þ A2

1

r
ðrvÞ;r

� 	
;r

þA1
1

r2
v;hh

þ ðB1 � B2Þ
1

r
Wr;rh þ ðB1 þ B2Þ

1

r2
Wr;h þ B2

1

r
ðrWhÞ;r

� 	
;r

þB1
1

r2
Wh;hh ¼ 0; ð20:2Þ

dWr; B1
1

r
ðruÞ;r

� 	
;r

þB2
1

r2
u;hh þ ðB1 � B2Þ

1

r
v;rh � ðB1 þ B2Þ

1

r2
v;h þ D1

1

r
ðrWrÞ;r

� 	
;r

þ D2
1

r2
Wr;hh þ ðD1 � D2Þ

1

r
Wh;rh � ðD1 þ D2Þ

1

r2
Wh;h � K2A2ðWr þw;rÞ ¼ 0; ð20:3Þ

dWh; ðB1 � B2Þ
1

r
u;rh þ ðB1 þ B2Þ

1

r2
u;h þ B2

1

r
ðrvÞ;r

� 	
;r

þB1
1

r2
v;hh

þ ðD1 � D2Þ
1

r
Wr;rh þ ðD1 þ D2Þ

1

r2
Wr;h þ D2

1

r
ðrWhÞ;r

� 	
;r

þD1
1

r2
Wh;hh

� K2A2ðWh þ
1

r
w;hÞ ¼ 0; ð20:4Þ

dw; K2A2½ðrWrÞ;r þWh;h� þ K2A2 ðrw;rÞ;r þ
1

r
w;hh

� 	
¼ rPzðr; hÞ: ð20:5Þ

The governing equations in (20.1–5) are five coupled partial differential equations in terms of

u; v; Wr; Wh; and w, with a total order of ten. In order to facilitate the solutions of these equations,

they will be reformulated here to yield uncoupled equations. Towards this goal, the following new

variables are introduced:

nðr; hÞ ¼ 1

r
½u;h � ðrvÞ;r�; ð21:1Þ

gðr; hÞ ¼ 1

r
½v;h þ ðruÞ;r�; ð21:2Þ

Uðr; hÞ ¼ 1

r
½Wr;h � ðrWhÞ;r�; ð21:3Þ

where n and U are, as will be seen, the boundary-layer functions. It is to be noted that twice the

rotation (i.e., 2xz) of any volume element within the plate about the z-axis (see Fig. 1) is given by

2xz ¼ 1
r
½u1;h � ðru2Þ;r� ¼ nþ zU: That is, n signifies the rotation of volume elements at the middle

surface of the plate whereas at any other point within the plate rotation is governed by both n and U
as a linear function of z. As it will be seen, these rotation functions have boundary-layer characters

in a sense that the response quantities of the plates are influenced by these functions only in regions

near the edges of the plates.

Next, Eq. (20.1) is differentiated with respect to h, Eq. (20.2) is multiplied by r and differentiated

with respect to r, and finally the two results are subtracted from each other to yield:
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A2r2nþ B2r2U ¼ 0; ð22Þ

where r2 is the two-dimensional Laplace operator. Equation (20.1) is then multiplied by r and

differentiated with respect to r, Eq. (20.2) is differentiated with respect to h, and the two results are

finally added to yield:

A1r2gþ B1r2 1

r
Wh;h þ

1

r
ðrWrÞ;r

� 	
¼ 0: ð23Þ

Similarly, by carrying out the same operations on Eqs. (20.3) and (20.4) the following two equations

will readily be obtained:

B2r2nþ D2r2U� K2A2U ¼ 0 ð24Þ

and

B1r2gþ D1r2 1

r
Wh;h þ

1

r
ðrWrÞ;r

� 	
� K2A2

1

r
Wh;h þ

1

r
ðrWrÞ;r

� 	
� K2A2r2w ¼ 0: ð25Þ

Equations (22) and (24) may, for convenience, be replaced by the following two equations:

r2U� l2U ¼ 0 ð26:1Þ

and

r2nþ B2

A2
r2U ¼ 0; ð26:2Þ

where l2 = K
2

A
2
2 /(A2 D2 @ B

2
2). It is next noted that Eq. (20.5) may be rewritten as:

1

r
Wh;h þ

1

r
ðrWrÞ;r ¼ �r2wþ 1

K2A2
Pz: ð27Þ

Substitution of Eq. (27) into Eqs. (23) and (25) will yield two equations in terms of g and w, which

may alternatively be rewritten as:

r2r2w ¼ � 1

D
Pz þ

1

K2A2
r2Pz ð28:1Þ

and

r2g ¼ �c Pz; ð28:2Þ

where 1/D = A1/(A1D1 @ B
2
1) and c = B1/(A1D1 @ B

2
1). Thus, the coupled governing equations

in (20.1–5) are replaced by the more convenient set of equations in (26.1, 2) and (28.1, 2).

Another important point to be made here is the appearance of the Laplace operator in Eqs. (26.1,

2) and (28.1, 2), which makes them to be coordinate-free equations. Also, another uncoupling

procedure for the equilibrium equations may be to search for an appropriate plane through the

thickness of the plate so that the stretching-bending coupling will disappear from the original set

of equilibrium equations appearing in (14). For this latter approach the readers are referred to a

paper by Irschik [28]. It is noted here that Eqs. (20.1) and (20.2) may be represented as:

g;r ¼ �
A2

A1

1

r
nþ B2

A2
U

� �
;h

þB1

A1
ðr2wÞ;r �

B1

A1K2A2
Pz;r ð29:1Þ

and
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g;h ¼
A2

A1
r nþ B2

A2
U

� �
;r

þB1

A1
ðr2wÞ;h �

B1

A1K2A2
Pz;h: ð29:2Þ

Equations (26.1,2) and (28.1) will be solved to yield the response quantities U, n, and w. Afterwards,

instead of solving Eq. (28.2), relations (29.1, 2) will be used to yield g. It is to be noted that

Eqs.(26.1, 2) and (28.1) are known, respectively, as the edge-zone (or boundary-layer) equations and

the interior equation of the plate (also see [18], [21], [22]).

Next, it is noted that Eqs. (20.3) and (20.4) may be rewritten as:

Wr ¼ �w;r þ
1

K2A2

1

r
ðB2nþ D2UÞ;h þ

B1

K2A2
g;r �

D1

K2A2
ðr2wÞ;r þ

D1

ðK2A2Þ2
Pz;r ð30:1Þ

and

Wh ¼ �
1

r
w;h �

1

K2A2
ðB2nþ D2UÞ;r þ

B1

K2A2

1

r
g;h �

D1

K2A2

1

r
ðr2wÞ;h þ

D1

ðK2A2Þ2
1

r
Pz;h: ð30:2Þ

Relations (29.1, 2) may be used to eliminate g,r and g,h from Eqs. (30.1, 2). When this is done, the

following relations, for determining Wr and Wh; are obtained:

Wr ¼ �w;r þ
A1B2 � A2B1

A1K2A2

1

r
n;h þ

A1D2 � B1B2

A1K2A2

1

r
U;h �

D

K2A2
ðr2wÞ;r þ

D

ðK2A2Þ2
Pz;r ð31:1Þ

and

Wh ¼ �
1

r
w;h �

A1B2 � A2B1

A1K2A2
n;r �

A1D2 � B1B2

A1K2A2
U;r �

D

K2A2

1

r
ðr2wÞ;h þ

D

ðK2A2Þ2
1

r
Pz;h: ð31:2Þ

It is noted here that if the identity A1B2 @ A2B1 = 0, which holds for any assumption arbitrarily

made regarding the distribution of Young’s modulus as in (4) with Poisson’s ratio being constant

through the thickness of the plate (the assumption made in present study), is used, then relations

(31.1, 2) indicate that the boundary-layer function n has no effect on the rotation functions Wr and

Wh . Lastly, it is to be noted that the functions u and v will be found by using relations (21.1) and

(21.2) which are two coupled first-order partial differential equations.

2.3 General solutions for a complete circular plate

Here the general solutions of the governing equations are obtained for a complete circular plate. For

such a plate, the response quantities must be periodic in the h direction. Thus, to begin with, the

boundary-layer function U may be represented as:

Uðr; hÞ ¼
X1
m¼0

UmðrÞ cos mhþ
X1
m¼1

~UmðrÞ sin mh ð32Þ

with Um and ~Um being two unknown functions of r. Substitution of Eq. (32) into (26.1) yields two

modified Bessel equations whose general solutions are given by (e.g., see [29]):

UmðrÞ
~UmðrÞ


 �
¼ A1m

~A1m


 �
ImðlrÞ þ A2m

~A2m


 �
KmðlrÞ m ¼ 0; 1; 2; . . .

m ¼ 1; 2; . . .


 �
; ð33Þ

where A1m; A2m
~A1m; and ~A2m are the integration constants and Im and Km are the modified Bessel

functions of the first and second kind, respectively. Next it is assumed that:
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nðr; hÞ ¼
X1
m¼0

nmðrÞ cos mhþ
X1
m¼1

~nmðrÞ sin mh: ð34Þ

Substituting (34) and (32) into (26.2) and integrating the results yields:

n0ðrÞ ¼ �
B2

A2
U0ðrÞ þ B10 þ B20 ln r ð35:1Þ

and

ðnmðrÞ; ~nmðrÞÞ ¼ �
B2

A2
ðUmðrÞ; ~UmðrÞÞ þ ðB1m; ~B1mÞrm þ ðB2m; ~B2mÞr�m m ¼ 1; 2; . . .

ð35:2Þ

where B10; B20; B1m; B2m; ~B1m; and ~B2m are the integration constants. In obtaining the results

in (35.1, 2) use is made of the identity f 00 ? r
@1

f 0 @ m
2

r
@2

f : r
m� 1 [ r

1@2m (rm
f )0 ]0,

m = 0, 1, 2,.., with a prime here and in what follows indicating total differentiation with

respect to the variable r. The transverse displacement function w and pressure Pz may be

represented as:

wðr; hÞ ¼
X1
m¼0

wmðrÞ cos mhþ
X1
m¼1

~wmðrÞ sin mh ð36:1Þ

and

Pzðr; hÞ ¼
X1
m¼0

PmðrÞ cos mhþ
X1
m¼1

~PmðrÞ sin mh; ð36:2Þ

where ðPmðrÞ; ~PmðrÞ Þ ¼ 1
p

R p
�p Pzðr; hÞðcos mh; sin mhÞdh (e.g., see [29]). Upon substitution of

Eqs. (36.1) and (36.2) into Eq. (28.1), the following result is obtained:

rm�1 d

dr
r1�2m d

dr
r2m�1 d

dr
r1�2m d

dr
rmðwm; ~wmÞf g

� 	
 �� �
¼ � 1

D
ðPm; ~PmÞ

þ 1

K2A2
rm�1 d

dr
r1�2m d

dr
rmðPm; ~PmÞ
� 
 �

: ð37Þ

Direct integration of (37) will yield:

w0ðrÞ ¼ �
1

D
q10ðrÞ þ

1

K2A2
q20ðrÞ þ D10 þ D20r2 þ D30 ln r þ D40r2 ln r; ð38:1Þ

ðw1; ~w1Þ ¼ �
1

D
ðq11; ~q11Þ þ

1

K2A2
ðq21; ~q21Þ þ ðD11; ~D11Þr þ ðD21; ~D21Þr3

þ ðD31; ~D31Þr�1 þ ðD41; ~D41Þr ln r;

ð38:2Þ

ðwm; ~wmÞ ¼ �
1

D
ðq1m; ~q1mÞ þ

1

K2A2
ðq2m; ~q2mÞ þ ðD1m; ~D1mÞrm þ ðD2m; ~D2mÞrmþ2

þ ðD3m; ~D3mÞr�m þ ðD4m; ~D4mÞr�mþ2 m ¼ 2; 3; . . . ;

ð38:3Þ

where

ðq1m; ~q1mÞ ¼
1

rm

Z
1

r1�2m

Z
1

r2m�1

Z
1

r1�2m

Z
1

rm�1
ðPm; ~PmÞdrdrdrdr ð38:4Þ

and
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ðq2m; ~q2mÞ ¼
1

rm

Z
1

r1�2m

Z
1

rm�1
ðPm; ~PmÞdrdr: ð38:5Þ

Next, relations (29.1, 2) are used to obtain the function g. Towards this goal, g is represented as:

gðr; hÞ ¼
X1
m¼0

gmðrÞ cos mhþ
X1
m¼1

~gmðrÞ sin mh: ð39Þ

Substituting (32), (34), (36.1, 2), and (39) into (29.2) and (29.1) will result, respectively, in:

gm ¼ �
A2

A1

r

m
ð~n0m þ

B2

A2

~U
0
mÞ þ

B1

A1
rm�1 d

dr
r1�2m d

dr
ðrmwmÞ

� 	
� Pm

K2A2


 �
m ¼ 1; 2; . . .

ð40:1Þ

~gm ¼
A2

A1

r

m
ðn0m þ

B2

A2
U0mÞ þ

B1

A1
rm�1 d

dr
r1�2m d

dr
ðrm ~wmÞ

� 	
�

~Pm

K2A2

( )
m ¼ 1; 2; . . . ð40:2Þ

and

dg0

dr
¼ B1

A1

d

dr

1

r

d

dr
ðr dw0

dr
Þ � P0

K2A2

� 	
; ð41:1Þ

which upon direct integration yields:

g0 ¼
B1

A1

1

r

d

dr
ðr dw0

dr
Þ � P0

K2A2

� 	
þ H10: ð41:2Þ

In Eq. (41.2) H10 is another integration constant. Next it is assumed that:

Wrðr; hÞ
Whðr; hÞ


 �
¼
X1
m¼0

WrmðrÞ
WhmðrÞ


 �
cos mhþ

X1
m¼1

~WrmðrÞ
~WhmðrÞ


 �
sin mh: ð42Þ

Substitution of Eqs. (42), (32), (34), and (36.1, 2) into (31.1, 2) will yield:

ðWrm; ~WrmÞ ¼ �ðw0m; ~w0mÞ þ
A1D2 � B1B2

A1K2A2

m

r
ð~Um;�UmÞ þ

A1B2 � A2B1

A1K2A2

m

r
ð~nm;�nmÞ

� D

K2A2

d

dr
rm�1 d

dr
r1�2m d

dr
rmðwm; ~wmÞ½ �


 �� �
þ D

ðK2A2Þ2
ðP0m; ~P

0
mÞ; ð43:1Þ

ðWhm; ~WhmÞ ¼ �
m

r
ð~wm;�wmÞ �

A1D2 �B1B2

A1K2A2
ðU0m; ~U

0
mÞ �

A1B2 �A2B1

A1K2A2
ðn0m;~n

0
mÞ

� D

K2A2
mrm�2 d

dr
r1�2m d

dr
rmð~wm;�wmÞ½ �


 �
þ D

ðK2A2Þ2
m

r
ð~Pm;�PmÞ:

ð43:2Þ

Finally, in order to determine the functions u and v, it is assumed that:

uðr; hÞ
vðr; hÞ


 �
¼
X1
m¼0

umðrÞ
vmðrÞ


 �
cos mhþ

X1
m¼1

~umðrÞ
~vmðrÞ


 �
sin mh: ð44Þ

Substituting (34), (39), and (44) into (21.1) and (21.2) results in:

ðru0Þ0 ¼ rg0; ð45:1Þ

ðrv0Þ0 ¼ �rn0; ð45:2Þ

m~um � ðrvmÞ0 ¼ rnm; �mvm þ ðr~umÞ0 ¼ r~gm m ¼ 1; 2; . . . ; ð45:3Þ
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mum þ ðr~vmÞ0 ¼ �r~nm; m~vm þ ðrumÞ0 ¼ rgm m ¼ 1; 2; . . . ð45:4Þ

Equations (45.4) and (45.3) may alternatively be written as:

rm�1 d

dr
r1�2m d

dr
ðrmþ1umÞ

� 	
¼ m~nm þ

1

r

d

dr
ðr2gmÞ m ¼ 1; 2; . . . ; ð46:1Þ

~vm ¼
r

m
gm �

1

m
ðrumÞ0 m ¼ 1; 2; . . . ð46:2Þ

and

rm�1 d

dr
r1�2m d

dr
ðrmþ1vmÞ

� 	
¼ m~gm �

1

r

d

dr
ðr2nmÞ m ¼ 1; 2; . . . ; ð47:1Þ

~um ¼
r

m
nm þ

1

m
ðrvmÞ0 m ¼ 1; 2; . . . ð47:2Þ

Integrating (45.1), (46.1), (45.2) and (47.1) yields:

u0ðrÞ ¼ g0ðrÞ þ E10r�1; umðrÞ ¼ gmðrÞ þ E1mrm�1 þ E2mr�m�1 m ¼ 1; 2; . . . ð48Þ

v0ðrÞ ¼ �h0ðrÞ þ F10r�1; vmðrÞ ¼ �hmðrÞ þ F1mrm�1 þ F2mr�m�1 m ¼ 1; 2; . . . ð49Þ

where E10, E1m, E2m, F10, F1m, and F2m are the integration constants and

gmðrÞ ¼
1

rmþ1

Z
1

r1�2m

Z
1

rm�1

�
m~nm þ

1

r

d

dr
ðr2gmÞ

	
drdr m ¼ 0; 1; 2; . . . ð50Þ

�hmðrÞ ¼
1

rmþ1

Z
1

r1�2m

Z
1

rm�1

�
m~gm �

1

r

d

dr
ðr2nmÞ

	
drdr m ¼ 0; 1; 2; . . . ð51Þ

Finally, substituting the second relations in (49) and (48) into (47.2) and (46.2), respectively, results

in:

~um ¼
r

m
nm þ

1

m
ðr �hmÞ0 þ F1mrm�1 � F2mr�m�1 m ¼ 1; 2; . . . ð52Þ

~vm ¼
r

m
gm �

1

m
ðrgmÞ0 � E1mrm�1 � E2mr�m�1 m ¼ 1; 2; . . . ; ð53Þ

where nm and gm are given in (35.2) and (40.1), respectively. This completes the solution

development for asymmetric thermo-mechanical bending of a functionally graded circular plate

within the first-order shear deformation theory. It is to be mentioned here that in axisymmetric

bending problems v ¼ Wh ¼ o
oh ¼ 0 and it can, therefore, be concluded from Eqs. (21.1) and (21.3)

that n (r) ¼ U (r) ¼ 0. That is, in axisymmetric problems there exists no boundary-layer effect.

2.4 Solid circular plate

In the present study, for numerical purposes, a functionally graded solid circular plate of radius b

subjected to the following asymmetric transverse pressure (see Fig. 2) will be considered:

Pzðr; hÞ ¼ P0 þ P1
r

b
cos h; ð54Þ

where P0 and P1 are two known parameters. By comparing Eq. (54) with (36.2) it is concluded

that:
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P0ðrÞ ¼ P0; P1ðrÞ ¼ P1
r

b
and PmðrÞ ¼ 0; m ¼ 2; 3; . . .; ~PmðrÞ ¼ 0; m ¼ 1; 2; . . . ð55Þ

Since all response quantities must be finite at r ¼ 0, for the pressure in (54) the response quantities of

a solid circular plate are simplified to what follows (see the appropriate relations of the previous

Section):

Uðr; hÞ ¼ ~U1ðrÞ sin h; nðr; hÞ ¼ ~n1ðrÞ sin h; wðr; hÞ ¼ w0ðrÞ þw1ðrÞ cos h

gðr; hÞ ¼ g0ðrÞ þ g1ðrÞ cos h; Wrðr; hÞ ¼ Wr0ðrÞ þWr1ðrÞ cos h; Whðr; hÞ ¼ ~Wh1ðrÞ sin h

uðr; hÞ ¼ u0ðrÞ þ u1ðrÞ cos h; vðr; hÞ ¼ ~v1ðrÞ sin h;

ð56Þ

where

~U1ðrÞ ¼ ~A11I1ðl rÞ; ~n1ðrÞ ¼ �
B2

A2

~A11I1ðl rÞ þ ~B11r

w0ðrÞ ¼ �
P0r4

64D
þ P0r2

4K2A2
þ D10 þ D20r2; w1ðrÞ ¼ �

P1r5

192bD
þ P1r3

8bK2A2
þ D11r þ D21r3:

ð57:1Þ

Furthermore, substitution of Eqs. (55) through (57.1) into Eqs. (41.1), (40.1, 2), (43.1,2), (48), and

(53) will yield:

g0ðrÞ¼�c
P0r2

4
þH10; g1¼�c

P1r3

8b
þ8B1D21�A2

~B11

A1
r; Wr0¼

P0r3

16D
�2D20r;

Wr1ðrÞ¼
~A11

l2

I1ðlrÞ
r
� D11þ

8D

K2A2
D21�

A1B2�A2B1

A1K2A2

~B11

� �
�3D21r2þ 5P1r4

192bD
;

~Wh1¼ �
~A11

l2

d

dr
½I1ðlrÞ�þ D11þ

8D

K2A2
D21�

A1B2�A2B1

A1K2A2

~B11

� �
þD21r2� P1r4

192bD
;

u0ðrÞ¼�c
P0r3

16
þH10

r

2
;

u1ðrÞ¼�
B2

A2

~A11

l2

I1ðlrÞ
r
þA1�3A2

8A1

~B11r2þ3B1

A1
D21r2�5cP1r4

192b
þE11;

~v1¼
B2

A2

~A11

l2

d

dr
I1ðlrÞ½ � �3A1�A2

8A1

~B11r2�B1

A1
D21r2þ cP1r4

192b
�E11:

ð57:2Þ

z

Pz(r, q)

P0−P1

P0+P1

b
r

q

Fig. 2. FG solid circular plate subjected

to an asymmetric pressure
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It is to be noted that in Eqs. (57.1,2) there exist eight integration constants, namely,

H10 ;D10; D20; ~A11; ~B11;D11; D21; and E11: The first three of these constants are, furthermore,

realized to describe the axisymmetric bending of the FG circular plate. These eight constants are

determined by imposing the appropriate boundary conditions at r = b. In order to study the edge

effects on the response quantities, four types of clamped and four types of simply-supported

boundary conditions are defined here, according to Eqs. (16), respectively, as follows:

C1 : Wr ¼ Wh ¼ w ¼ 0 and u ¼ 0; v ¼ 0; ð58:1Þ
C2 : Wr ¼ Wh ¼ w ¼ 0 and Nr ¼ 0; v ¼ 0; ð58:2Þ
C3 : Wr ¼ Wh ¼ w ¼ 0 and u ¼ 0; Nrh ¼ 0; ð58:3Þ
C4 : Wr ¼ Wh ¼ w ¼ 0 and Nr ¼ 0; Nrh ¼ 0 ð58:4Þ

and

S1 : Mr ¼ Wh ¼ w ¼ 0 and u ¼ 0; v ¼ 0; ð59:1Þ
S2 : Mr ¼ Wh ¼ w ¼ 0 and Nr ¼ 0; v ¼ 0; ð59:2Þ
S3 : Mr ¼ Wh ¼ w ¼ 0 and u ¼ 0; Nrh ¼ 0; ð59:3Þ
S4 : Mr ¼ Wh ¼ w ¼ 0 and Nr ¼ 0; Nrh ¼ 0: ð59:4Þ

Imposing these boundary conditions at r = b yields two separate sets of algebraic equations which,

upon solving, will yield, respectively, the constants H10, D10, and D20 and ~A11; ~B11;D11;D21; and

E11. The results are, for convenience, presented in Appendix A. It is to be reminded here that in

axisymmetric problems the boundary conditions in C1 and C3, C2 and C4, S1 and S3, and S2 and

S4 will become identical since v and Nrh are identically zero in such problems [see relations (18)

and (13)].

3 Numerical results and discussions

To validate the results of the present study, results are obtained for isotropic plates and compared

with the existing ones in the literature. By letting K
2

A2 ? ? in Eqs. (57.1), the relation for

transverse deflection of an isotropic circular plate within the classical plate theory is obtained which

is reported by Reddy in [27]. For an isotropic circular plate, on the other hand, the following is

readily seen to hold (see Eqs. (19a)):

A1 ¼
Eh

1� t2
; A2 ¼

Eh

2ð1þ tÞ ; B1 ¼ B2 ¼ 0 ; D1 ¼
Eh3

12ð1� t2Þ ; D2 ¼
Eh3

24ð1þ tÞ ;

D ¼ A1D1 � B2
1

A1
¼ D1:

ð60Þ

Upon Substitution of relations (60) into the appropriate relations of Appendix A (and letting

K
2

A2 ? ?), the following results are readily obtained:

D10ðCÞ ¼ �
P0b4

64D
; D20ðCÞ ¼

P0b2

32D
; D11ðCÞ ¼ �

P1b3

192D
; D21ðCÞ ¼

P1b

96D
;

D10ðSÞ ¼ �
5þ t
1þ t

P0b4

64D
; D20ðSÞ ¼

3þ t
1þ t

P0b2

32D
; D11ðSÞ ¼ �

7þ t
3þ t

P1b3

192D
; D21ðSÞ ¼

5þ t
3þ t

P1b

96D
:

ð61Þ

These results were previously obtained by Reddy in [27]. Furthermore, the numerical results for

axisymmetric bending of an FG circular plate with various boundary conditions are obtained and
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compared with those presented by Reddy et al. in [10]. The results for non-dimensional deflection

w ¼ 64wDc=Pb4 (with Dc ¼ Ec h
3 /12(1 @ m2) and P being a uniform pressure) at the center of the

plate are shown in Table 1. Excellent agreements are seen to exist between the two results.

In the remaining of the present work Aluminum–Zirconia as a system of FGM will be considered

for the purpose of numerical illustrations. The material properties (i.e., Young’s moduli, Poisson’s

ratios, and coefficients of heat conduction and thermal expansion) of Aluminum and Zirconia are,

respectively, assumed to be [12]:

Em ¼ 70 GPa; tm ¼ 0:3; Km ¼ 204 W=mK; am ¼ 23� 10�6 �C ð62:1Þ

and

Ec ¼ 151 GPa; tc ¼ 0:3; Kc ¼ 2:09 W=mK ; ac ¼ 10� 10�6 �C ð62:2Þ

In all calculations the shear correction factor is taken to be 5/6 (a value introduced by Reissner for

isotropic plates). Also, unless mentioned otherwise, the thickness to radius ratio (i.e., h/b) of the

plate and the power–law index n appearing in (4) are assumed to be 0.1 and 3, respectively, and the

results will be presented for h ¼ p /4.

3.1 Mechanical loading

Here, the asymmetric bending of an FG solid circular plate (see Fig. 2) under a linearly varying

transverse mechanical load [see Eq. (54)] is considered. For convenience, the following non-

dimensional parameters are introduced:

w ¼ wEch
2=ðp0b3Þ; rij ¼ rij h2=ðp0b2Þ; U ¼ UEch

2=ðp0bÞ; n ¼ n Ech
2=ðp0b2Þ

d rij ¼ 100½rij � rijðU ¼ 0 and=or n ¼ 0Þ�=rij:
ð63Þ

It is to be noted that the quantity drij is introduced to study the boundary-layer effect on the stress

components, and by rijðU ¼ 0 and=or n ¼ 0Þ it is meant that in calculating the stress components

the function(s) U and/or n will be set to zero. Also, unless mentioned otherwise, in all the numerical

results presented the value of P1 is taken to be equal to P0:

Figure 3a shows the profile of the plate after deformation for four types of clamped and simply-

supported boundary conditions. It is observed that the deflections for the four types of clamped

supports exactly coincide with each other. The remaining response quantities (i.e. u; v; Wr; andWh)

for the clamped supports are seen to be exactly the same except for the values of u and v in C4

support which differ from those of C1, C2, and C3 supports in a constant rigid-body translation.

Table 1. Comparison of non-dimensional center deflections obtained within the present study with those

presented by Reddy et al. [10] in axisymmetric bending of an FG circular plate under a uniform transverse

pressure (t ¼ 0.288, Em /Ec ¼ 0.396, and h/b = 0.2)

n Reddy et al. [10] Present study

Clamped

plate

Simply-

supported

plate

Roller-

supported

plate

Clamped plate C1,

C2, C3, C4

Simply-supported

plate S1, S3

Roller-supported

plate S2, S4

0 2.979 10.822 10.822 2.9792 10.8216 10.8216

2 1.613 5.708 5.925 1.6133 5.7083 5.9247

10 1.333 4.855 4.882 1.3330 4.8551 4.8819

105 1.180 4.285 4.285 1.1798 4.2854 4.2854
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This, on the other hand, is due to the fact that, in the absence of thermal loads, imposing u ¼ v = 0 in

C1 support [see Eqs. (58.1–4)] also yields the results Nr ¼ Nrh ¼ 0. Thus, imposing either Nr ¼ 0 or

Nrh ¼ 0 or Nr ¼ Nrh ¼ 0 in the remaining three clamped supports will not cause any difference in

the results. For this reason, when mechanical loading is considered, the four types of clamped

supports are simply referred to as clamped (also see Table 1.). Also the results for S3 and S4

supports are very close to those of S1 and S2 supports, respectively. The effects of the power–law

index n on the center deflection of clamped and various simply-supported plates are illustrated in

Fig. 3b. It is seen that the metallic plate (i.e., n ¼ 0) has the maximum deflection because of having

the lowest stiffness and this deflection decreases significantly as n is increased from 0 to

approximately 1 for a clamped plate and from 0 to approximately 3 for a simply-supported plate.

Figures 4a and b display the center radial stress distribution through the plate thickness for

clamped and S1-type supported plates, respectively, under linearly varying loading (see Fig. 2) as a

n
0

–14

–12

–10

–8

–6

–4

–2

0
clamped, h/b=0.2
clamped, h/b=0.1

S1

S2

h/b=0.2

S1

S2

h/b=0.1

Mechanical Loading

r/b

w
(r

,q
p

=
/4

)

0

–5

0

C1
C2
C3
C4
S1
S2
S3
S4

clamped plates

sim
pl

y-
su

pp
or

ted
 pl

ate
s

Mechanical Loading
n=3, h/b=0. 1

| w
(r

=
0,

q
p=

/4
)

|

0.5  1 20 40a b

Fig. 3. a Transverse deflection of an FG solid circular plate with various boundary conditions and b center

deflection of an FG solid circular plate with various edge supports as a function of power–law index n

–2

–1

0

1

n=0
n=0.2
n=1
n=2
n=10

z/h

r
(r

=
0,

=
p

s
q

/4
,z

)

–0.6 –0.4 –0.2 0 0.2 0.4 0.6
z/h

–0.6 –0.4 –0.2 0 0.2 0.4 0.6

–0.8

–0.6

–0.4

–0.2

0

2.0

0.4

n=0
n=0.2
n=1
n=2
n=10

Mechanical Loading, h/b=0.1 Mechanical Loading, h/b=0.1

|

r
(r

=
0,

=
p

s
q

/4
,z

)

|

a b

Fig. 4. Through-the-thickness radial stress distribution at the center of an FG solid circular plate with a

clamped and b S1-type support as a function of power–law index n

224 A. Nosier and F. Fallah



function of the power–law index n. For n ¼ 0 the radial stress distribution is seen to be linear. For

both boundary supports the stress at the top surface is compressive and its maximum occurs for

n ¼ 0:2 . Also the radial stress at the bottom surface is tensile and its maximum occurs in a pure

metallic plate (i.e. n ¼ 0). At the center of the plate the hoop stress rh is identical with the radial

stress and the in-plane shear stress rrh is zero for all values of n. At the other points of the plate the

order of magnitudes of the radial and hoop stresses is the same while the order of magnitude of rrh is

less than that of radial stress. Since stresses in FG plates with S2-type support are very close to those

of S1, the results for S2 support are not presented here. The stresses within the FG circular plates

with S3-type and S4-type supports coincide with those of S1 and S2, respectively.

To study the boundary-layer phenomenon, plots of the boundary-layer functions U and n (as a

function of r/b) for various support conditions are presented in Fig. 5a and b. Except for n in the S1

support, the functions U and n have a boundary-layer character. That is, except near the edges of the

plate (i.e., in the edge-zone region), these functions are practically zero everywhere in the plate (i.e.,

in the interior region of the plate). It can be seen that the numerical values of U (and also n) in S2,

S3, and S4 supports are exactly the same [see Eqs. (56), (57.1), (A.3a), and (A.3b)] and the

numerical value of U in S1 is very close to those in S2, S3, and S4 supports. Also it is seen that the

boundary-layer in a clamped FG circular plate is stronger than that in a simply-supported FG circular

plate and, furthermore, the magnitude of U is considerably greater than n. The above observations

can also be made in Figs. 6 and 7 in which the variations of boundary-layer functions U and n as

functions of r and h are displayed for clamped and S2-supported plates with P1 ¼ 2P0: The

variations of boundary-layer functions U and n as a function of h/b are presented in Fig. 8 for

clamped plates. It is observed that the width of the boundary layer is approximately equal to the

thickness of the plate. Furthermore, the magnitudes of U for various aspect ratios are seen to be

approximately the same whereas that of n becomes larger as the thickness of the plate increases. The

same results are seen to hold for simply-supported plates.

The effects of boundary-layer functions U and n on the transverse shear stress components, rrz

and rhz, at z ¼ h/2 are studied in Figs. 9 and 10. It is observed that the curves of d rrz and drh z

when U ¼ n ¼ 0 and when U ¼ 0 alone exactly coincide with each other and the numerical values of

d rrz and d rh z when n ¼ 0 are zero everywhere. This indicates that the function n does not have any

effect on the transverse shear stress components rrz and rhz. This, on the other hand, stems from the
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fact that the rotation functions Wr and Wh are not dependent on the function n, as it is discussed

earlier [see Eqs. (31.1, 2)]. Also numerical results indicate that the curves of d rrz and d rh z for S2,

S3, and S4 supports are the same as the ones presented for S1 support in Figs. 9 and 10. It is to be

noted that the function U has a larger effect on rhz than on rrz in both clamped and simply-supported

FG circular plates.

3.2 Thermal loading

In thermal loading problems it is assumed that Tm ¼ 20�C and Tc ¼ 300�C. The variations of

temperature T at various planes within the plate as a function of n are displayed in Fig. 11. The

minimum temperatures on planes at z ¼@h/4, z = 0, and z ¼ h/4 are seen to occur when n = 5, n ¼
3 and n ¼ 2, respectively, which may be taken into consideration in an optimization problem. It is to

be reminded that for fractional values of n Eq. (5) is numerically integrated here. In the remaining of
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the present study the following non-dimensional parameters for the transverse deflection w and the

stress component rr will be employed:

w ¼ w=h; rr ¼ 100rr h2=ðEcacTcb
2Þ: ð64Þ

Also in what follows, unless mentioned otherwise, it will be assumed that the power–law index n is

equal to 3. It is to be noted that there will exist no boundary-layer effect [i.e., n (r) ¼ U (r) ¼ 0]

since the thermal problem considered here is an axisymmetric problem.

The transverse deflections of FG plates with different edge supports and aspect ratios (i.e.,

thickness to radius ratios) as functions of r are depicted in Fig. 12a. It is seen that bending does not

occur in FG plates having any type of clamped supports (i.e., C1 through C4) as described in
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(58.1–4). Also the deflections of plates with S1 and S3 edge supports are identical. The same

conclusion is not only seen to hold for the deflections of FG plates with S2 and S4 supports but also

for the remaining response quantities of the plates. Furthermore, it is to be noted that for simply-

supported plates with smaller aspect ratios the deflections become considerably larger. The effects of

the power–law index n on the transverse center deflections of FG plates with S1 and S2 supports are

demonstrated in Fig. 12b. It is seen that similar to the trends of the temperature variation in Fig. 11

here the deflections of the plates are also significantly influenced by the numerical value of the

power–law index n.

The center radial stress profiles of FG plates under thermal loading and with various boundary

supports are shown in Fig. 13. It is seen that the radial stress rr is compressive through the thickness

of the plate with C1 support. It is to be noted here that for plates under thermal loading the responses

are no longer the same for various clamped supports. In fact, numerical results indicate that the

responses are identical for plates with C1 and C3 supports. The same observation is made as far as

C2 and C4 supports are concerned. This, on the other hand, is due to the fact that in thermal loading

problems imposing the boundary conditions u ¼ v ¼ 0 will not make the resultant stress Nr vanish.
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Finally, the variation of center radial stress rr at various planes in FG solid circular plates is

displayed in Fig. 14 as a function of the power–law index n. It is observed that, similar to the

temperature variation in Fig. 11, the radial stress reaches an extremum value as n increases

regardless of the boundary support assumed for the FG plate.

4 Conclusions

In the present work, by introducing new variables, the appropriate equilibrium equations of FG

plates within the first-order shear deformation theory are reformulated into interior and two

boundary-layer equations. It is observed that the rotation of any volume element within the plate is

governed by the two boundary-layer functions that are introduced in the present study. Analytical

solutions are then developed for complete FG circular plates with various boundary conditions under

an asymmetric mechanical load and a temperature variation through the plate thickness. The results
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for a solid circular plate are verified with known results in the literature. Several numerical results

are generated to manifest the effects of the material constant (i.e., the power-index n), plate

thickness, edge supports and boundary-layer functions on various response quantities. It is found that

the boundary-layer width is approximately equal to the plate thickness. Furthermore, the boundary-

layer effect in clamped FG plates is stronger than that in simply-supported plates and there exists no

boundary-layer effect in axisymmetric problems. Also one of the boundary-layer functions is noted

to affect only the in-plane stress components within the plates. Under a mechanical load, the

responses of FG solid circular plates with various clamped supports are seen to be identical.

Furthermore, for thermal loading, it is observed that bending does not occur in clamped FG plates.

An exact solution is presented for the one-dimensional heat conduction equation with variable

heat conductivity coefficient. It is seen that the material constants have a significant influence on

temperature distribution, deflection, and stress components within the FG plates.

Appendix A

For various clamped supports [see Eqs. (58.1–4)] the integration constants appearing in Eqs.

(57.1, 2) are found to be as follows:

H10ðC1;C3Þ ¼ cP0b2

8
; H10ðC2;C4Þ ¼ cP0b2

8
þ NT

A1 � A2
; ðA:1:1Þ

D10ðC1;C2;C3;C4Þ ¼ �P0b4

64D
� P0b2

4K2A2
; D20ðC1;C2;C3;C4Þ ¼ P0b2

32D
; ðA:1:2Þ

~A11ðC1;C2;C3;C4Þ ¼ � l2P1b4

e0
; ~B11ðC1;C2;C3;C4Þ ¼ 0;

D11ðC1;C2;C3;C4Þ ¼ �P1b
e2½I0ðlbÞ þ I2ðlbÞ� þ e3I1ðlbÞ

16K2A2De0
;

D21ðC1;C2;C3;C4Þ ¼ P1b
e4½I0ðlbÞ þ I2ðlbÞ� þ e5I1ðlbÞ

8De0
;

ðA:1:3Þ
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E11ðC1;C2;C3Þ ¼ P1b3 e6½I0ðlbÞ þ I2ðlbÞ� þ e7I1ðlbÞ
16A1De0

; E11ðC4Þ ¼ 0; ðA:1:4Þ

where the constant D is first introduced in Eq. (28.1) and

e0 ¼ 12½e1ðI0ðlbÞ þ I2ðlbÞÞ � 8DI1ðlbÞ�; e1 ¼ lbð4Dþ e01Þ;
e2 ¼ lbð96D2 þ 32e01Dþ e2

01Þ; e3 ¼ �16Dð12Dþ e01Þ; e4 ¼ lbð6Dþ e01Þ;
e5 ¼ �12D; e6 ¼ �lbB1ð16Dþ e01Þ; e7 ¼ 16B1D; e01 ¼ K2A2b2:

ðA:1:5Þ

For various simply-supported plates the constants H10, D10, and D20 are found to be:

H10ðS1;S3Þ ¼ cP0b2

8
; H10ðS2;S4Þ ¼ f2MT � f3NT þ f2f4ðP0b2=8Þ

f0
; ðA:2:1Þ

D20ðS1;S3Þ ¼ P0b2

32f3

f3

D
þ 1

� �
�MT

4f3
; D20ðS2;S4Þ ¼ f1MT � f2NT þ f1f4ðP0b2=8Þ

4f0
; ðA:2:2Þ

D10ðS1;S3Þ ¼ �P0b4

64f3

f3

D
þ 2

� 	
� P0b2

4K2A2
þMTb2

4f3
; D10ðS2;S4Þ ¼ P0b4

64D
� P0b2

4K2A2
� b2D20;

ðA:2:3Þ

where

f0 ¼ f 2
2 � f1f3; f1 ¼ A1 � A2; f2 ¼ B1 � B2; f3 ¼ D1 � D2; f4 ¼ �ð2þ B2c� D2=DÞ:

ðA:2:4Þ

The remaining integration constants appearing in Eqs. (57.1, 2) are given as:

~A11ðS1Þ ¼ � g1l2P1b4

g0
; ~A11ðS2;S3;S4Þ ¼ � s1l2P1b4

s0
; ðA:3:1Þ

~B11ðS1Þ ¼ P1b
g4½I0ðlbÞ þ I2ðlbÞ�

A2g0
; ~B11ðS2;S3;S4Þ ¼ 0; ðA:3:2Þ

D11ðS1Þ ¼ P1b
g5½I0ðlbÞ þ I2ðlbÞ� þ g6I1ðlbÞ

16K2A2Dg0
;

D11ðS2;S3;S4Þ ¼ P1b
s4½I0ðlbÞ þ I2ðlbÞ� þ s5I1ðlbÞ

16K2A2Ds0
;

D21ðS1Þ ¼ P1b
g7½I0ðlbÞ þ I2ðlbÞ� þ g8I1ðlbÞ

8Dg0
;

D21ðS2;S3;S4Þ ¼ �P1b
s6½I0ðlbÞ þ I2ðlbÞ� þ s7I1ðlbÞ

8Ds0
;

E11ðS1Þ ¼ �P1b3 g9½I0ðlbÞ þ I2ðlbÞ� þ g10I1ðlbÞ
16A2Dg0

;

E11ðS2Þ ¼ P1b3 s8½I0ðlbÞ þ I2ðlbÞ� þ s9I1ðlbÞ
16Ds0

;

E11ðS3Þ ¼ P1b3 s10½I0ðlbÞ þ I2ðlbÞ� þ s9I1ðlbÞ
16Ds0

; E11ðS4Þ ¼ 0;

ðA:3:3Þ

where
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g0 ¼ 12½g2ðI0ðlbÞ þ I2ðlbÞÞ þ g3I1ðlbÞ�; g1 ¼ g01D2 � 2A2B2
1

�
A1;

g2 ¼ lbf�4g02 þ e01½2B2
1 þ g01ð�2D1 þ D2Þ�g; g3 ¼ 8g02; g4 ¼ �ble01A2B1;

g5 ¼
lbf96Dg02 þ 16De01½B1ð�3B1 þ B2Þ þ g01ð3D1 � 2D2Þ�

� e2
01½g01ð�4D1 þ D2Þ þ 4B2

1 þ 2A2ðB2
1=A1Þ�g

; g6 ¼ �16g02ð12Dþ e01Þ;

g7 ¼ lbf�6g02 þ e01½g01ð�3D1 þ D2Þ þ ðB2
1=A1Þð3A1 þ A2Þ�g; g8 ¼ 12g02;

g9 ¼ lbf�16B2g02 þ e01A2ðB1=A1Þ½�10A1D� 2D1A2 þ D2g01�g;
g10 ¼ 16D½2B1B2

2 � A2D2ðB1 þ B2Þ�; g01 ¼ A1 þ A2; g02 ¼ Dð2B1B2 � g01D2Þ;
s0 ¼ 12½s2ðI0ðlbÞ þ I2ðlbÞÞ þ s3I1ðlbÞ�; s1 ¼ A2ðA1D2 � B1B2Þ;
s2 ¼ lbf�4s01 þ e01A2½B1ð2B1 � B2Þ þ A1ð�2D1 þ D2Þ�g; s3 ¼ 8s01;

s4 ¼ lbf96Ds01 � 16e01DA2½B1ð3B1 � 2B2Þ þ A1ð�3D1 þ 2D2Þ� þ e2
01A2s02g;

s5 ¼ �16s01ð12Dþ e01Þ; s6 ¼ lbf6s01 þ e01A2½B1ðB2 � 3B1Þ � A1ðD2 � 3D1Þ�g;
s7 ¼ �12s01; s8 ¼ lbðB1=A1Þð16s01 þ A2e01s02Þ; s9 ¼ �16ðB1=A1Þs01:

s10 ¼ lbðB1=A1Þf16s01 þ A2e01½B1ðB2 � 8B1Þ þ A1ð8D1 � D2Þ�g;
s01 ¼ A1DðB2

2 � A2D2Þ; s02 ¼ B1ðB2 � 4B1Þ þ A1ð4D1 � D2Þ
ðA:3:4Þ

with e01 being given in (A.1.5).

Appendix B

Upon substitution of Eq. (4) into (19.1, 2), the following results are obtained for the plate rigidities:

ðA1;B1;D1Þ ¼
ðA;B;DÞ

1� t2
and ðA2;B2;D2Þ ¼

ðA;B;DÞ
2ð1þ tÞ ; ðB:1:1Þ

where

A ¼ ðEm � EcÞ
h

nþ 1
þ Ech; B ¼ �ðEm � EcÞ

h2n

2ðnþ 1Þðnþ 2Þ ðB:1:2Þ

and

D ¼ ðEm � EcÞ
h3ðn2 þ nþ 2Þ

4ðnþ 1Þðnþ 2Þðnþ 3Þ þ Ec

h3

12
: ðB:1:3Þ
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