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Summary. The governing equations of the first-order shear deformation plate theory for FG circular plates are
reformulated into those describing the interior and edge-zone problems. Analytical solutions are obtained for
axisymmetric and asymmetric behavior of functionally graded circular plates with various clamped and simply-
supported boundary conditions under mechanical and thermal loadings. The material properties are graded
through the plate thickness according to a power—law distribution of the volume fraction of the constituents. The
results, which are in closed form and suitable for design purposes, are verified with known results in the
literature. It is shown that there are two boundary-layer equations. The effects of material property, plate
thickness, boundary conditions, and boundary-layer phenomena on various response quantities in a solid circular
plate are studied and discussed. Under a mechanical load, the responses of FG solid circular plates with various
clamped supports are seen to be identical. It is observed that the boundary-layer width is approximately equal to
the plate thickness with the boundary-layer effects in clamped FG plates being stronger than those in simply-
supported plates. Also an exact solution is developed for the one-dimensional heat conduction equation with
variable heat conductivity coefficient.

1 Introduction

Functionally graded materials (FGMs) are first introduced in 1984 by material scientists in Japan as
thermal barrier materials [1] in a high temperature environment. They belong to a new class of
materials which are microscopically heterogeneous and their material properties vary continuously.
This is achieved by gradually changing the volume fraction of the constituent materials along a
certain dimension (usually in the thickness direction). Due to the smooth variation of material
properties, they offer many advantages over laminated composite materials including improved
fatigue resistance, reduction of thermal stresses, residual stresses and interlaminar stresses, and more
efficient joining techniques. Thus, FGMs are finding applications in many fields such as aerospace,
power generation industries, and energy conversion. Sureh and Mortensen [2] provide an excellent
introduction to the fundamentals of FGMs.

Circular plates made of FGMs are often employed as a part of engineering structures. Studies on FG
circular plates are, however, rare. Durodola and Attia [3] investigated the deformation and stresses in
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fiber-reinforced functionally graded rotating disks. They used the finite element method and direct
numerical integration to solve the governing differential equations. Kawamura et al. [4] considered
the multipurpose optimization of material composition for a functionally graded circular plate within
the classical plate theory. In their analysis, they studied the one-dimensional transient heat conduction
and the axisymmetric thermal bending problem of a non-homogeneous circular plate. Several authors
have investigated the buckling of functionally graded circular plates [5], [6]. Najafizadeh and Eslami
[7], [8] studied the buckling of FG circular plates under uniform radial compression and different
types of thermal loadings. Cheng and Batra [9] used the method of asymptotic expansion to study the
three-dimensional thermoelastic deformations of a rigidly clamped functionally graded elliptic plate.
Reddy et al. [10] studied the axisymmetric bending of functionally graded solid and annular circular
plates using the first-order shear deformation plate theory (FSDT), in which the solutions are
expressed in terms of those obtained within the classical plate theory. Ma and Wang [11] found the
relationships between axisymmetric bending and buckling solutions of functionally graded circular
plates based on the third-order shear deformation plate theory and the classical plate theory. Based on
the classical nonlinear von Karman plate theory, axisymmetric bending and post-buckling of
functionally graded circular plates subjected to mechanical and thermal loadings were studied by Ma
and Wang [12]. From the review of literature it appears that although axisymmetric buckling and
bending of FG circular plates have been taken up by some researchers, little work is available on
asymmetric problems of circular plates. The authors have so far come across only one paper dealing
with asymmetric vibration and stability of FG circular plates [13] and have not come across any paper
dealing with asymmetric bending of FG circular plates.

Both displacement-based and stress-based FSDT theories for isotropic plates result in a system of
three differential equations in terms of three variables with a total degree of six. The displacement-
based theory was introduced by Mindlin [14] while the stress-based theory was introduced by
Reissner [15]. Reissner [15], [16] was the first to determine that for a homogenous isotropic plate his
sixth-order theory can be uncoupled into two equations: edge-zone and interior equations. Nosier and
Reddy [17]-[20] studied edge-zone and interior equations of several shear deformation plate theories
for symmetrically laminated composite plates with transversely isotropic layers. Nosier et al. [21],
[22] have studied boundary-layer phenomena in symmetrically laminated circular plates with
transversely isotropic layers. They showed that the bending equations of several refined linear
theories of symmetric laminated plates, with transversely isotropic layers (which are three
differential equations in terms of three variables with a total degree of six), can be uncoupled into
two equations, one in terms of transverse displacement, w, and the other in terms of a potential
function, @, called the boundary layer function [18]. They demonstrated that all displacement-based
theories except Reddy’s theory [23] can be uncoupled to form a fourth-order interior equation and a
second-order edge-zone equation.

In the present study the linear pre-buckling equilibrium equations within FSDT describing the
bending-extension problem of FG circular plates are reformulated into interior and edge-zone
equations. Since in FG plates, as opposed to isotropic plates or symmetrically laminated plates, the
condition of middle-plane symmetry no longer exists, the extension and bending equations are
coupled so that the governing equations are five coupled differential equations in terms of five
variables with a total order of ten. Here these equations are uncoupled into five equations, whose
total order will be the same as that of the original equations; two second-order differential equations
defining the edge-zone problem of the FG plate in terms of two potential functions @ and ¢ (called
boundary-layer functions), a fourth-order equation in terms of the transverse deflection w, and two
first-order equations in terms of in plane middle surface displacement components 2 and v. This
uncoupling makes it possible to present an analytical solution for asymmetric bending of FG circular
plates in the linear pre-buckling range. Different types of clamped and simply-supported boundary
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Fig. 1. Geometry of a FG circular plate
and the coordinate system

conditions are considered. Under thermal and asymmetric mechanical loadings the effects of
material properties, plate thickness, boundary conditions, and boundary-layer functions on
deflections and stresses for a solid circular plate are studied and discussed in detail.

2 Theoretical formulation

A functionally graded circular plate of inner and outer radius of, respectively, a and b and thickness
h is considered here. The geometry of the plate and the coordinate system is shown in Fig. 1. FGMs
are modeled as a non-homogenous isotropic linear thermoelastic material whose properties, P, vary
continuously through the thickness of the plate, as a function of the volume fraction and properties of
the constituent materials. Assuming the plate is made from a mixture of ceramic and metal, P can be
expressed as [24]:

P =PVe + PV, (1)

in which subscripts ¢ and m refer to ceramic and metal, respectively. Also V. and V,,, are the volume
fractions of ceramic and metal, respectively, which are related as follows:

V,+ V= 1. @)

The metal volume fraction is assumed to follow a power—law distribution as [10], [24]:

h—22\"
Vm:< o > ) (3)

where 7 is the power—law index that takes values greater than or equal to zero. From Egs. (1)
through (3), the effective material property of an FG plate is, therefore, given by:

Pe) = (Pu— P ("5 ) +Pe @

In the present study, relation (4) will be used as a model for the coefficient of thermal conductivity
K, the coefficient of thermal expansion a, and Young’s modulus E of FG plates. The Poisson ratio v
is assumed to be a constant.

In thermal loading problems it is assumed that the temperature variation is only in the thickness
direction. The one-dimensional heat conduction equation in the z-direction is given by:
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~H(Fe) o ®)

with the boundary condition T(2/2) = T.andT( — h/2) = T,,.Here astress-free state is assumed to
existat Ty = 0°C. The thermal conductivity coefficient K () is assumed here to obey the power—law
relation in (4). Separating the variables in Eq. (5) and substituting for K (z) yields:

dT = C n =1 \n = > 6
ARG, Y

Substituting Egs. (7) into (6) and integrating the result yields:

h ai
T(2) = _Clnﬁ/m + Cop- (8)
The exact solution for the integral appearing in (8) is given by Tuma in [25] forn = 0.5 and integer
values of 7. Using this exact solution in (8), the exact solution of Eq. (5) for » = 0, 0.5, and

integer values of 7 may be presented as:
h

where Cy,, and Cy,, are found by imposing the appropriate thermal boundary conditions on the top
and bottom surfaces of the plate. The results are as follows:

B (T, — Tw)AK TLAL(R)2) — TA(-h/2) 1
R 17V ) B 73 M T 7w ) R M
(9.2)
with
Ao(2) :%—i (%-%) Aya(z) =2 %—%—2% Ln (,/%—%Jrf%). (10.1)

Rl

Also for the integer values of 7 the quantity A,, appearing in (9.1) is given by:
.\ Ln| (L
n-l 1 c\" 2k 5—
2 & %n (G- R)H (E) cosz)  Ln|(;

— 1
KC n
. )+ (%) ]
Ay(2) =————=) sin—rtan > +

() = (£2) sin %z n( )—1
bl ) = ()

il

(10.2)
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1
1_z K\ o Bk=1)n
1 (2 /L)+<A%> cos n

Ap(z)=———= ) si Ttan’ -
£\ &= B\ i (2k=D)z
(%) (%) s
1 &K @k-1 1 2\ _(E.\/1 ok—)n (K \'
+—= cosuLn (——i) +2( _’> (——i) cosg—k( _'> ,
K\ 7 = n 2 h AK 2 h n AK
(%)
n=2,4,6,

(10.3)

2.1 Equilibrium equations

Within the first-order shear deformation plate theory, the displacement field in polar coordinates is
given by [27]:

ui(r,0,2) =u(r,0) +2¥,(r,0),
ug(r,0,2) =v(r,0) +2¥y(r,0), (11)
us(r,0,2) =w(r,0),

where u, v, and w denote the displacements of a point on the midplane of the plate along 7, 0, and 2
coordinates, respectively, and ¥, and Wy represent the small rotations of a transverse normal about
the - and 7- axes, respectively. Upon substitution of Eq. (11) into the linear strain-displacement
relations of elasticity [26] the strain components are obtained as follows:

& = 8(1) +Zk1a &) = 8(2) +Zl€2, & = Oa Yo = k47 Yre = k5: Vro = 88 +zk67 (12)
where

0 o 1 o 1 1
o= Uy = (u+wvyp), &= - (upg—v)+v,, k=%, k= . (P, + o)

] 1 (13)
ke = - (Wrp —Wo) + Yo, ko= +owo, ks =W, +w,.

In Eq. (13) and what follows a comma followed by a coordinate variable indicates partial
differentiation with respect to that variable.

Based on relations (12) and (13), by using the principle of minimum total potential energy [26] the
equilibrium equations are readily found to be:

1 1
ou Nr,r + ;(N; —N()) + ;Nr()’() =0,
1 2
0v  Nypy +—Npg+—Nyg =0,
r r
1 1
oV, M, + - (M, — My) + ;Mwyg —Q,=0, (14)
1 2
oo My, + ;Mo,o +;M70 — Qo =0,

ow VQV,V + QH,H +Qr = TPZ(Va 6):

where B.(7, 0) is the pressure applied on the top surface of the plate (see Fig. 1) and the stress and
moment resultants are defined as follows:
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)2 )2
(NT7N97N’}”9) = / (0-77 ag, Ure)dZ, (Q(‘}a Qr) = / (O'Hza O'Vz)dza
—h/2 —h/2
/2 (15)
(MVaMOaM”O) = / (0-7"7007 07”0)zdz'
—h/2

The boundary conditions corresponding to Eq. (14) require the specification of (see Fig. 1) the
following:

either w or N, either w or Ny
either v or Ny either v or Ny
either YW, or M, patr =constantand either ¥, or M,9 pat 0 = constant. (16)
either Wy or My either Y9 or My
either w or @Q, either w or @

The linear thermoelastic constitutive relations of an isotropic material are given by [27]:

0 & 1

o, 1 v

E 002 s E 1 07
R FI S K B 0 R G St F L £
Oro 00 % V0 0 ©

(17)

where AT is the temperature change relative to the stress-free state, v is the Poisson ratio which is
assumed to be constant through the thickness of the plate, and K~ is a shear correction factor
which is introduced in FSDT in order to improve the transverse shear rigidities of the plate (see,
e.g., [27]). Also E and « are, respectively, Young’s modulus and the coefficient of thermal
expansion which are, on the other hand, assumed to vary according to the power law in (4). Upon
substitution of Eqgs. (12) into (17) and the subsequent results into Eqgs. (15), the stress and moment
resultants are obtained to be:

N, :Al(“? + (Al — ZAZ)Fg + Biki + (Bl — 2B2)k2 —]VT7

Np = (A) — 249)eY + A1) + (B — 2B2)ky + Biks — N7, N,y = Asel + Boks,

M, = By& + (By — 2B2)e) +D1ky + (D — 2Dg)ks — M, (18)
My = (By — 2B)e) + Bi&y + (D1 — 2D3)ky + Diks — M", M,y = Bse) + Dok,

Qo = K*Asks, Q, = K*Asks,

with the stiffness coefficients being defined as:

/2 n/2
E(2) 5 E(z) 2

(A1, By, D) = / &) (1,2.2)de and (4s, By, Dy) = / Sl (19.)

—h/2 —h/2
Also the thermal stress and moment resultants are given by:

)

E

(NT, MT) = / %a(z)T(z)(l,z)dz. (19.2)

—h/2

Using the power—law formula (4) in (19.1), the explicit expressions for the rigidities of FG plates are
obtained and listed in Appendix B.
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2.2 Displacement equilibrium equations

The displacement equilibrium equations may be obtained by substitution of Egs. (13) and (18) into
the force equilibrium equations appearing in (14). Assuming that the temperature variation in the
plate is only in its thickness direction, the results are:

1 1 1 1
5u; Aq |:— (7"’u,)'7,:| + As ) U0 + (Al —Az)—?].’,ﬂ() — (A1 +A2)—2 Vg
/A 1 " 7 /s

1 1 1 1
+B, [;w%),y} By bWt (B~ Bo) W — (B +By) ¥ =0; (20.)
s

1 1
ov; (A —Az) U+ (A1 +42) = u0+A2{ (rv). } +A1ﬁv,00

1 1 1 1
+ (B1 *Bz);‘f’r,ro + (B1 +Bz)ﬁ‘1’; 0 +Bz{ (r¥o), ] +B1 5 Yoo =0;  (20.2)

r

1 1 1 1 1
5‘Py; Bl|: (7*u) :| -I—Bz ’U,gg-i-(Bl ) ,0—(31-&-33) 2)0+D1|: (TlP) :|

N

1 1 1 .
+Dzﬁ‘{’r,00 + (D —Dz);‘f'(m) — (D1 +D2) V—Z‘Po.o —K2A9(¥, +w,) = 0; (20.3)

1 1 1 1
0Wo;  (Br—Bz) w0+ (Bi+Bs) 5 uo+Bz[( )] +B1 5 V.00

”
+ (Dy —Dz);‘}’r,re + (D1 +D2) :—2‘1’7,0 + Dy B (r¥),, ] +D1 ! 5 Vo.00
K AWy 4 w0) = (20.4)
ow; K2As[(r'¥,) , + Pou) + K2As [(Tw_y)ﬂr + %wﬂ@} = 7P, (7,0). (20.5)
The governing equations in (20.1-5) are five coupled partial differential equations in terms of
u, v, ¥,, Wy, and w, with a total order of ten. In order to facilitate the solutions of these equations,

they will be reformulated here to yield uncoupled equations. Towards this goal, the following new
variables are introduced:

& 0) = % [uo — (10) ], (21.1)
n(r,0) = % o+ (ru),l, (21.2)
O(r0) = (¥, — ("¥0), ] (213)

where & and @ are, as will be seen, the boundary-layer functions. It is to be noted that twice the
rotation (i.e., 2w,) of any volume element within the plate about the z-axis (see Fig. 1) is given by
2w, = % [u1,0 — (ruz),] = 4 2®. That is, ¢ signifies the rotation of volume elements at the middle
surface of the plate whereas at any other point within the plate rotation is governed by both ¢ and ®
as a linear function of z. As it will be seen, these rotation functions have boundary-layer characters
in a sense that the response quantities of the plates are influenced by these functions only in regions
near the edges of the plates.

Next, Eq. (20.1) is differentiated with respect to 6, Eq. (20.2) is multiplied by » and differentiated
with respect to 7, and finally the two results are subtracted from each other to yield:
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AsV2E + BoV2D = 0, (22)

where V2 is the two-dimensional Laplace operator. Equation (20.1) is then multiplied by » and
differentiated with respect to 7, Eq. (20.2) is differentiated with respect to 0, and the two results are
finally added to yield:

1 1
AV 4BV =W +— (1), | =0, (23)
Similarly, by carrying out the same operations on Egs. (20.3) and (20.4) the following two equations
will readily be obtained:

BoVZE + DoVP® — KA ® = 0 (24)
and
2 2|1 1 o, |1 1 2 2
BV n+ DV ;‘P{m + ;(T\Py)?r — K“Ay ;‘{’0,0 +;(7‘P,)’T — K“AoViw = 0. (25)
Equations (22) and (24) may, for convenience, be replaced by the following two equations:
V2D — 1 =0 (26.1)
and
B
V2E+2V2P = 0, (26.2)
Ay
where ,u2 = K? A% /(A5 Dy — B2). It is next noted that Eq. (20.5) may be rewritten as:
1 1 9 1
;\P(),O +;(V‘Pr)_’;~ = —Vw +K2—142PZ (27)

Substitution of Eq. (27) into Egs. (23) and (25) will yield two equations in terms of n and w, which
may alternatively be rewritten as:

1 1
VEVPw = — ot o V2P, (28.1)
and

VZ;/] — 7'J)PZ7 (282)

where 1/D = A/(A;D; — B) and y=B1/(AD, — B3). Thus, the coupled governing equations
in (20.1-5) are replaced by the more convenient set of equations in (26.1, 2) and (28.1, 2).
Another important point to be made here is the appearance of the Laplace operator in Egs. (26.1,
2) and (28.1, 2), which makes them to be coordinate-free equations. Also, another uncoupling
procedure for the equilibrium equations may be to search for an appropriate plane through the
thickness of the plate so that the stretching-bending coupling will disappear from the original set
of equilibrium equations appearing in (14). For this latter approach the readers are referred to a
paper by Irschik [28]. It is noted here that Eqgs. (20.1) and (20.2) may be represented as:

Agl Bg Bl 2 Bl
= —— —q) - - PZV 2 1
. Ar (é +A2 ),9+A1 (V w)vV A1K2Ay" © (29.1)

and
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As By 9 By
0] — ————P.y. 29.2
G ),fAl V0o = Ay (292)

Equations (26.1,2) and (28.1) will be solved to yield the response quantities @, £, and w. Afterwards,
instead of solving Eq. (28.2), relations (29.1, 2) will be used to yield #. It is to be noted that
Eqgs.(26.1, 2) and (28.1) are known, respectively, as the edge-zone (or boundary-layer) equations and
the interior equation of the plate (also see [18], [21], [22]).

Next, it is noted that Egs. (20.3) and (20.4) may be rewritten as:

11 By Dy ., D,
yo— Byl +D it A L p 30.1
r w KZA ( 25_'_ 2 ) K2A2 ’/IT K2A2 (V w),’r + (KZAZ)Z 2 ( )
and

1 1 B 1 D1, Dy 1
Wyp= —~wy— s (Bl +Do®)  + gy — L P, 2
6= —We K2A2( 2¢ + Do )’7+K3A27”’1’0 KZAzr(V w)’HJr(KZAz)ZV =0 (30.2)

Relations (29.1, 2) may be used to eliminate 7, and 7y from Egs. (30.1, 2). When this is done, the
following relations, for determining ¥, and Wy, are obtained:

A\By —AsBi1, ADy— BBy 1 » D
¥, = —w, - - +———P 31.1
STt T R A, T T AR, r ot KZA Vode ¥ g er - BLY
and
1 ABy—AB, AD;—BB; D 1., D 1
Wy = ——wy— - - - —— Py (312
e W vl iy W e vl T w)"’J’(KzAz)Zr =0 (31.2)

It is noted here that if the identity A1Bs — AsB; = 0, which holds for any assumption arbitrarily
made regarding the distribution of Young’s modulus as in (4) with Poisson’s ratio being constant
through the thickness of the plate (the assumption made in present study), is used, then relations
(31.1, 2) indicate that the boundary-layer function ¢ has no effect on the rotation functions ¥, and
Wy . Lastly, it is to be noted that the functions « and v will be found by using relations (21.1) and
(21.2) which are two coupled first-order partial differential equations.

2.3 General solutions for a complete circular plate

Here the general solutions of the governing equations are obtained for a complete circular plate. For
such a plate, the response quantities must be periodic in the 6 direction. Thus, to begin with, the
boundary-layer function ® may be represented as:

= Z ®,,(r) cosmb + Z ®,,(r) sinm0 (32)
m=0 m=1

with ®,,, and @, being two unknown functions of 7. Substitution of Eq. (32) into (26.1) yields two
modified Bessel equations whose general solutions are given by (e.g., see [29]):

(Dm(y) _ 41m 42m m=0,1,2,...
{ (Dm(?') = A [rrL(ﬂV) + Ao ’Cm(/ﬂ") m=1,2,... y (33)
where A1y, Aoy At, and Asy, are the integration constants and /,, and /C,, are the modified Bessel
functions of the first and second kind, respectively. Next it is assumed that:
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E(r,0) = Z & (1) cosmb + Z &, (7) sinm). (34)
m=0 m=1
Substituting (34) and (32) into (26.2) and integrating the results yields:
B
&o(r) = —A—Z(DO(V)+BM) + By Inr (35.1)
2

and
By

A, ((I)WL(V)ad)m(V)) + (Blmaglm)rm + (B2m7B2m)77m m=1,2,...

(35.2)

where Big, B2o, Bim, Bom, Blm, and Egm are the integration constants. In obtaining the results
in (35.1, 2) use is made of the identity f” + » ' f' — mPr 2 f = "L [ P1TE G pY Y,
m = 0, 1, 2,.., with a prime here and in what follows indicating total differentiation with
respect to the variable 7. The transverse displacement function w and pressure P, may be
represented as:

w(r,0) = Z Wy, (1) cosmO + Z Wy, () sinm0O (36.1)
m=0 m=1

and

P(r,0) = Z P,,(r) cosmb + Z P,,,(r) sinm, (36.2)
m=0 m=1

where (P,,,(7),P,,(r)) =1 /" P.(r,0)(cosm0, smm0)d0 (e.g., see [29]). Upon substitution of
Egs. (36.1) and (36.2) into Eq. (28.1), the following result is obtained:

d d d d _ 1 ~
,,,.m—l % (7,.172'”1% {7,.2771,—1 w [Tl—Zm%{TM(wm”wm)}] }) — _B(Pmapm)

1 1 a [ 1omd ~
m—1 " m 7 [,.m P,,. P, .
Yk ar {V gr 7" B P (387)
Direct integration of (37) will yield:
1 1
UJ()(T') = —Bqlg(’}") +KTI4ZQZ0(7') +D10 —|—D207/'2 _|_D30 1I17" +D407'2 lnT, (381)
(w1, w1) = 1(q qu) + ! (@21,G21) + (D11,D11)7 + (Do, D3y )
1,1 D 11,411 KZAZ 21,421 11,411 21,4721 (382)

+ (DSI:D31)7"71 + (D417D41)7”1n7”7

1 ~ -
4+ 2 Gom) + (Dimms D1 ) 7™ + (Do, Doy )72
K?A, (QZm QZM) ( 1m lm) ( 2m 2m) (383)

+ (D3m7D3m)7"7m + (D4WL7D4WZ,)77WL+2 m=23,...,

- 1 -
(U)M7wm) = _B(QImaQU’ﬂ)

where

- 1 1 1 1 1 ~
(Qms A1) :r_m/rlfm/ﬂm*l /7172m/7m71 (P, Py )drdrdrdr (38.4)

and
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) 11 1 )
(@) = / .. / e (P, By rdr. (38.5)

Next, relations (29.1, 2) are used to obtain the function 5. Towards this goal, 7 is represented as:

0) = Z N (1) cOsMO + Z Tl (1) sinmo. (39)
m=0

m=1

Substituting (32), (34), (36.1, 2), and (39) into (29.2) and (29.1) will result, respectively, in:

Az o Bg ~/ Bl 1 d 1-9 d Pm
oy = — ——— —d = " — (y™ — =
M = = 2, ) F 1 {V ar | @) | Ty ML
(40.1)
Ay, B2 .. B Ld [ e, d P,
= —— —Q et — m m - =12, ... 40.2
Vlm Al m (c A ) A] r d,}/, r dV (V w’m) K2A2 m I ) ( )
and
dngy _Bid [l1d  duwg Py
41.1
dr — Aydr L”dr( dr) KZAJ’ (41.1)
which upon direct integration yields:
Bl 1d dwo
= — H 41.2
o Ay [Vd?”( )~ K2A ] o (412)

In Eq. (41.2) Hy( is another integration constant. Next it is assumed that:

(58} -5 3o S {3z o

Substitution of Egs. (42), (32), (34), and (36.1, 2) into (31.1, 2) will yield:

~ ~ A1D2 —Blem ~ AlBg —AgBlm
(Wrms Wrm) = —(wlm,w;n) W?( s —Pm) + W e (5m7 ém)
D d m—1 d 1-2m d m ~ D D
T 7oA g . . ) msy m P :P ) 431
A, dr (7" e {7‘ e [ (Wipy Wiy )] + (KzAz)z( s P ( )
~ o m ., . A1D27BIBZ ;s AlBg 714231 ;3
(\P{)WMT()T/L) = - P (wwm *wm) - AleAg ((D D ) - A1K2A2 (irm»ém) (43 2)
D m—2 d 1-2m d Mmoo D m x '
_ KA, mr ar {T ar [ (Wi, —0i)] ¢ + (K2A2)27 Py —Pm).

Finally, in order to determine the functions % and v, it is assumed that:
(70)} = {um()} = {am(r)} )
cosmb + ~ sinm0. 44
Lot = 2 Vi) (44
Substituting (34), (39), and (44) into (21.1) and (21.2) results in:
(ruo)’ = 1o, (45.1)
(rvo)' = —r&, (45.2)

My — (r0m) = 1&y =MV + (V) =70l M=1,2, ..., (45.3)
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Mgy + (0p) = =1Ep, MOy + (rti) =10,, Mm=1,2, ... (45.4)

Equations (45.4) and (45.3) may alternatively be written as:

., d o d ~ 1d
y" 1% [rl zm%(rm“um)} :mngr;a(rznm) m=1,2,..., (46.1)
- 7 1
Om =t — %(mm)/ m=1,2, ... (46.2)
and

. da o, d N 1d .
S [rl Z’”%(r’"“@m)} =iy = (PE) m=1,2, (47.1)
oy = g / 1,2 472
um:%ngrE(mm) m=1,2, ... (47.2)

Integrating (45.1), (46.1), (45.2) and (47.1) yields:
uo(r) = go(r) + E107 ™Y, () = gn(r) + Epp?™ L 4 Eopr™™ Y m=1,2, ... (48)
vo(r) = ho(r) + Fror™,  0m(r) =l (r) + Frp?™ ' + Fopr™ m=1,2,... (49)

where Ev10, E1m,  Fom, F10, F1m, and Fy,, are the integration constants and

1 1 1 - lada ,
Im(r) = / e / S {mim +oo nm)] drdr m=0,1,2, ... (50)
1 1 1 - 1d
B (1) = proe /7”1727"'/7"7”’71 {mnm — ;E(Vzém)} drdr m=0,1,2, ... (51)
Finally, substituting the second relations in (49) and (48) into (47.2) and (46.2), respectively, results
in:
. 1 ,
Um = iém +— (Thm)/ +F1m7ﬂm_1 - F2m7ﬂ_m_1 m=12,... (52)
m m

1

~ r / m—1 —m—1
Oy = —Mp, — — ("Gm) — En? — Eopr
m ]/I’ﬂ m ( )

m=12,..., (63)
where &, and n,, are given in (35.2) and (40.1), respectively. This completes the solution
development for asymmetric thermo-mechanical bending of a functionally graded circular plate
within the first-order shear deformation theory. It is to be mentioned here that in axisymmetric
bending problems v = ¥y = % = 0 and it can, therefore, be concluded from Egs. (21.1) and (21.3)
that & (r) = ® () = 0. That is, in axisymmetric problems there exists no boundary-layer effect.

2.4 Solid circular plate

In the present study, for numerical purposes, a functionally graded solid circular plate of radius b
subjected to the following asymmetric transverse pressure (see Fig. 2) will be considered:

P.(r,0) =Py + P; gcos 0, (54)

where Py and P; are two known parameters. By comparing Eq. (54) with (36.2) it is concluded
that:



Reformulation of Mindlin-Reissner governing equations of functionally graded circular plates 221

Fig. 2. FG solid circular plate subjected
to an asymmetric pressure

Py(r) = Py, Pl(r)zplg and P, (r)=0, m=23,...,P,(r)=0, m=12,... (55)

Since all response quantities must be finite at 77 = 0, for the pressure in (54) the response quantities of
a solid circular plate are simplified to what follows (see the appropriate relations of the previous
Section):

O(r,0) = O, (r)sinh, E(r,0) = & (r)sind, w(r,0) =wo(r) +w (r)cos b

n(r,0) = no(r) +n(r)cos 0, W, (r,0) = ¥ (r) + W,1(r) cos 0, Wy(r,0) = Poi(r) sin 0
w(r,0) = wuo(r) + ui1(r)cos 6, v(r,0) =2,(r)sin0,

(56)
where
- - N By - -
Oy (r) =Anli(ur), 51(T)=—£A11[1(ur)+3117
Port  Pyr® Pyr° P73 5
= Do + Door® == ———+D Doy7?.
o) = =G T agza, T P00 () = "y n t gpreg, TP DT
(57.1)

Furthermore, substitution of Egs. (55) through (57.1) into Egs. (41.1), (40.1, 2), (43.1,2), (48), and
(53) will yield:

Pyr? Pr®  8ByDgy —AsB Por?
ﬂo(V)I—VOT-FHlo, nm=-y E;b +2 2;11 SV Jne 106D 2D3r,
Allll(;ﬁ/‘) 8D Ale—AgBl 5P17‘
v, N — —|D Doy — B D
1(7) 2 r 1 +K2A2 21 A,K%A, DU — 3Dy 109D
Ay d 8D A1By —AsB; - , Pt
Y= -—U 0 D Doy — By ) +Dgr? ——L
N ar [ )H< N R, T T A KA, “)+ 27 19260
(57.2)
Por® 7
uo(V)I—V—i)G +H10§,
BgAH[l(,uV) A1—3A2 331 9 5“/?17”4
_— Buir? At
w)=—3-7—, g, DT P T gy A
BZAH d 3141 Az Bl 9 'yFﬂ/A
=—2tus i ey WY ey 1By
= g )] === Bur® Do + Tomr — B
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It is to be noted that in Eqgs. (57.1,2) there exist eight integration constants, namely,
Hiy,Dho, Dgo,AH, BH,DH, Doy, and Eq;. The first three of these constants are, furthermore,
realized to describe the axisymmetric bending of the FG circular plate. These eight constants are
determined by imposing the appropriate boundary conditions at 7 = b. In order to study the edge
effects on the response quantities, four types of clamped and four types of simply-supported
boundary conditions are defined here, according to Eqgs. (16), respectively, as follows:

Cl:¥Y, =¥ =w=0 and uw=0,0=0, (
C2:¥,=¥Y9p=w=0 and N,=0,v=0, (
C3:¥,=¥Y)=w=0 and u=0,N,y=0, (8.3
C4:¥Y,=¥)=w=0 and N,=0,N,y=0 (
and

S1:M,=%9p=w=0 and u=0,0v=0, (59.1)
S2:M,=¥9y=w=0 and N,=0, v=0, ( )
S3:M,=¥9g=w=0 and u=0, N,»=0, (59.3)
S4:M,=¥9g=w=0 and N,=0, N,=0. ( )
Imposing these boundary conditions at 7 = b yields two separate sets of algePraic~equations which,
upon solving, will yield, respectively, the constants H1o, D1¢, and Dy and Ay, Byy,D11,D21, and
FE1. The results are, for convenience, presented in Appendix A. It is to be reminded here that in
axisymmetric problems the boundary conditions in C1 and C3, C2 and C4, S1 and S3, and S2 and

S4 will become identical since v and N, are identically zero in such problems [see relations (18)
and (13)].

3 Numerical results and discussions

To validate the results of the present study, results are obtained for isotropic plates and compared
with the existing ones in the literature. By letting K Ay > o0 in Egs. (57.1), the relation for
transverse deflection of an isotropic circular plate within the classical plate theory is obtained which
is reported by Reddy in [27]. For an isotropic circular plate, on the other hand, the following is
readily seen to hold (see Eqgs. (19a)):

Eh Eh En? En?
Al=——0 Ay= . Bj=By=0; Dj=———: Dy=—
PTT o P Te4 TPT T PP —w) P 241+ ) (60)
A\D, — B2
D= =D
A !

Upon Substitution of relations (60) into the appropriate relations of Appendix A (and letting
K* As — ), the following results are readily obtained:

Pyb* Pyb* Pb’ P1b

Di(C) = ~ei5e DulC) =555 Dn(0)=—1g55. Du(C)={ger.
_ b+vPgb? 3+ vPgb? _ T+o P’ _b+vPib
Dlo(s)i_1+u—64D’ 20(5)71+u—32D’ 1 )7_3+u—192D’ Doy ( )*34_”@-

(61)

These results were previously obtained by Reddy in [27]. Furthermore, the numerical results for
axisymmetric bending of an FG circular plate with various boundary conditions are obtained and



Reformulation of Mindlin-Reissner governing equations of functionally graded circular plates 223

Table 1. Comparison of non-dimensional center deflections obtained within the present study with those
presented by Reddy et al. [10] in axisymmetric bending of an FG circular plate under a uniform transverse
pressure (v = 0.288, FE,, /E, = 0.396, and h/b = 0.2)

7 Reddy et al. [10] Present study
Clamped Simply- Roller- Clamped plate C1, Simply-supported Roller-supported
plate supported supported Cc2, C3, C4 plate S1, S3 plate S2, S4
plate plate
0 2.979 10.822 10.822 2.9792 10.8216 10.8216
2 1613 5.708 5.925 1.6133 5.7083 5.9247
10 1.333 4.855 4.882 1.3330 4.8551 4.8819
10° 1.180 4.285 4.285 1.1798 4.2854 4.2854

compared with those presented by Reddy et al. in [10]. The results for non-dimensional deflection
w = 64wD, /Pb4 (with D, = E, n 12(1 — vz) and P being a uniform pressure) at the center of the
plate are shown in Table 1. Excellent agreements are seen to exist between the two results.

In the remaining of the present work Aluminum—Zirconia as a system of FGM will be considered
for the purpose of numerical illustrations. The material properties (i.e., Young’s moduli, Poisson’s
ratios, and coefficients of heat conduction and thermal expansion) of Aluminum and Zirconia are,
respectively, assumed to be [12]:

E,, =70GPa, v, =03, K,= 204W/mK, o, =23 x 10°%°C (62.1)
and
E.=151GPa, v, =03, K,= 2.09W/mK, o, =10 x 107%°C (62.2)

In all calculations the shear correction factor is taken to be 5/6 (a value introduced by Reissner for
isotropic plates). Also, unless mentioned otherwise, the thickness to radius ratio (i.e., ~/b) of the
plate and the power—law index % appearing in (4) are assumed to be 0.1 and 3, respectively, and the
results will be presented for 0 = = /4.

3.1 Mechanical loading

Here, the asymmetric bending of an FG solid circular plate (see Fig. 2) under a linearly varying
transverse mechanical load [see Eq. (54)] is considered. For convenience, the following non-
dimensional parameters are introduced:

W =wEN?[(Dob®), Ty =007/ (Deb®), B = OEL?/(Dob), &= EER/(Dob?)

_ S _ (63)
50’1:7' = 100[0'7:,;‘ — O'l:]‘((b =0 and/or f = 0)]/0'7;7'.

It is to be noted that the quantity Jgj; is introduced to study the boundary-layer effect on the stress
components, and by 6;;(® = 0and/or & = 0) it is meant that in calculating the stress components
the function(s) ® and/or & will be set to zero. Also, unless mentioned otherwise, in all the numerical
results presented the value of P is taken to be equal to P,.

Figure 3a shows the profile of the plate after deformation for four types of clamped and simply-
supported boundary conditions. It is observed that the deflections for the four types of clamped
supports exactly coincide with each other. The remaining response quantities (i.e. u, v, ¥,, and ¥y)
for the clamped supports are seen to be exactly the same except for the values of % and v in C4
support which differ from those of C1, C2, and C3 supports in a constant rigid-body translation.
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Fig. 3. a Transverse deflection of an FG solid circular plate with various boundary conditions and b center
deflection of an FG solid circular plate with various edge supports as a function of power—law index 7
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Fig. 4. Through-the-thickness radial stress distribution at the center of an FG solid circular plate with a
clamped and b S1-type support as a function of power—law index 7

This, on the other hand, is due to the fact that, in the absence of thermal loads, imposing « = v =0 in
C1 support [see Egs. (58.1-4)] also yields the results N,, = N,y = 0. Thus, imposing either N,, = 0 or
N,y =0o0r N, =N,g =0 in the remaining three clamped supports will not cause any difference in
the results. For this reason, when mechanical loading is considered, the four types of clamped
supports are simply referred to as clamped (also see Table 1.). Also the results for S3 and S4
supports are very close to those of S1 and S2 supports, respectively. The effects of the power—law
index 72 on the center deflection of clamped and various simply-supported plates are illustrated in
Fig. 3b. It is seen that the metallic plate (i.e., 7 = 0) has the maximum deflection because of having
the lowest stiffness and this deflection decreases significantly as 72 is increased from O to
approximately 1 for a clamped plate and from 0 to approximately 3 for a simply-supported plate.
Figures 4a and b display the center radial stress distribution through the plate thickness for
clamped and S1-type supported plates, respectively, under linearly varying loading (see Fig. 2) as a
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Fig. 5. Variations of boundary-layer functions a @ and b ¢ in FG solid circular plates with various edge
supports

function of the power—law index 7. For 7 = 0 the radial stress distribution is seen to be linear. For
both boundary supports the stress at the top surface is compressive and its maximum occurs for
71 = 0.2 . Also the radial stress at the bottom surface is tensile and its maximum occurs in a pure
metallic plate (i.e. 7 = 0). At the center of the plate the hoop stress gy is identical with the radial
stress and the in-plane shear stress g, is zero for all values of 72. At the other points of the plate the
order of magnitudes of the radial and hoop stresses is the same while the order of magnitude of g, is
less than that of radial stress. Since stresses in FG plates with S2-type support are very close to those
of S1, the results for S2 support are not presented here. The stresses within the FG circular plates
with S3-type and S4-type supports coincide with those of S1 and S2, respectively.

To study the boundary-layer phenomenon, plots of the boundary-layer functions @ and ¢ (as a
function of 7/b) for various support conditions are presented in Fig. 5a and b. Except for & in the S1
support, the functions ® and £ have a boundary-layer character. That is, except near the edges of the
plate (i.e., in the edge-zone region), these functions are practically zero everywhere in the plate (i.e.,
in the interior region of the plate). It can be seen that the numerical values of @ (and also &) in S2,
S3, and S4 supports are exactly the same [see Egs. (56), (57.1), (A.3a), and (A.3b)] and the
numerical value of @ in S1 is very close to those in 52, S3, and S4 supports. Also it is seen that the
boundary-layer in a clamped FG circular plate is stronger than that in a simply-supported FG circular
plate and, furthermore, the magnitude of @ is considerably greater than £. The above observations
can also be made in Figs. 6 and 7 in which the variations of boundary-layer functions @ and ¢ as
functions of 7 and 0 are displayed for clamped and S2-supported plates with P; = 2P;. The
variations of boundary-layer functions @ and ¢ as a function of A/b are presented in Fig. 8 for
clamped plates. It is observed that the width of the boundary layer is approximately equal to the
thickness of the plate. Furthermore, the magnitudes of @ for various aspect ratios are seen to be
approximately the same whereas that of £ becomes larger as the thickness of the plate increases. The
same results are seen to hold for simply-supported plates.

The effects of boundary-layer functions ® and ¢ on the transverse shear stress components, o,
and 0., at & = h/2 are studied in Figs. 9 and 10. It is observed that the curves of 4 G,, and Gy,
when ® = ¢ = 0 and when ® = 0 alone exactly coincide with each other and the numerical values of
0 Gy, and 0 Gy, when & = 0 are zero everywhere. This indicates that the function ¢ does not have any
effect on the transverse shear stress components a,.. and .. This, on the other hand, stems from the
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Fig. 7. Variation of boundary-layer function ¢ in an FG solid circular plate with a clamped and b S2-type

support as a function of 7 and 0

fact that the rotation functions ¥, and ¥, are not dependent on the function &, as it is discussed
earlier [see Egs. (31.1, 2)]. Also numerical results indicate that the curves of 4 G, and J Gy for S2,
S3, and S4 supports are the same as the ones presented for S1 support in Figs. 9 and 10. It is to be
noted that the function ® has a larger effect on . than on g, in both clamped and simply-supported

FG circular plates.

3.2 Thermal loading

In thermal loading problems it is assumed that T, = 20°C and T, = 300°C. The variations of
temperature 7" at various planes within the plate as a function of 7 are displayed in Fig. 11. The
minimum temperatures on planes at ¢ =—#h/4, 2 = 0, and 2 = h/4 are seen to occur when 72 =5, 1 =
3 and 2 = 2, respectively, which may be taken into consideration in an optimization problem. It is to
be reminded that for fractional values of 7 Eq. (5) is numerically integrated here. In the remaining of
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Fig. 9. Effects of boundary-layer functions on the transverse shear stress component a,. in a a clamped FG
plate and b an S1-supported FG plate

the present study the following non-dimensional parameters for the transverse deflection w and the
stress component g, will be employed:

w=w/h, G =1000,h%/(E.0.T.b%). (64)

Also in what follows, unless mentioned otherwise, it will be assumed that the power—law index 7 is
equal to 3. It is to be noted that there will exist no boundary-layer effect [i.e., £ (*) = @ () = 0]
since the thermal problem considered here is an axisymmetric problem.

The transverse deflections of FG plates with different edge supports and aspect ratios (i.e.,
thickness to radius ratios) as functions of 7 are depicted in Fig. 12a. It is seen that bending does not
occur in FG plates having any type of clamped supports (i.e., C1 through C4) as described in
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Fig. 10. Effects of boundary-layer functions on the transverse shear stress component gy, in a a clamped FG
plate and b an S1-supported FG plate
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(58.1-4). Also the deflections of plates with S1 and S3 edge supports are identical. The same
conclusion is not only seen to hold for the deflections of FG plates with S2 and S4 supports but also
for the remaining response quantities of the plates. Furthermore, it is to be noted that for simply-
supported plates with smaller aspect ratios the deflections become considerably larger. The effects of
the power—law index 72 on the transverse center deflections of FG plates with S1 and S2 supports are
demonstrated in Fig. 12b. It is seen that similar to the trends of the temperature variation in Fig. 11
here the deflections of the plates are also significantly influenced by the numerical value of the
power—law index 7.

The center radial stress profiles of FG plates under thermal loading and with various boundary
supports are shown in Fig. 13. It is seen that the radial stress o, is compressive through the thickness
of the plate with C1 support. It is to be noted here that for plates under thermal loading the responses
are no longer the same for various clamped supports. In fact, numerical results indicate that the
responses are identical for plates with C1 and C3 supports. The same observation is made as far as
C2 and C4 supports are concerned. This, on the other hand, is due to the fact that in thermal loading
problems imposing the boundary conditions 4 = v = 0 will not make the resultant stress N, vanish.



Reformulation of Mindlin-Reissner governing equations of functionally graded circular plates 229

0.5
E S1 and S3 supports (4/b=0.05) 12F Thermal Loading
04 L Thermal Loading T,=20°C, T.=300°C
r T,=20°C, T.=300 °C 1F
03[ <(S"pp
“t s 4 08§ S1(h/b=0.05)
= 02f ) T 06
~ .. I~ —
= - S2 and S4 supp(;ﬂs (h/b=0.1) = $2(h/b=0.05)
nd g3 ¢ 0.4 f
0.1 UPports ;.. “H
r S2 and $3 Supports =0, r
, (Wh=02) ok S1(W/b=0.1)
) H) TR STy
52 'and S4 supports (1/6=02) | i S2(1/6=0.1)
; Clamped, #/b=0.05, 0.1, 0.2 0F ™ T T S1&S2(1/h=0.2)
_0.1\ T T N S S S T T TS T R M1 T M N ST T T N T T [N T N T S AN S S S
0 0.2 0.4 0.6 0.8 1 b 0 10 20 30 40 50
a /b n

Fig. 12. a Transverse deflection of FG solid circular plates with various edge supports and b variation of
transverse center deflection of an FG solid circular plate with various aspect ratios and edge supports as a
function of 7

- Thermal Loading

L T,=20°C, T.=300°C
n=3

sl Ll Ll L Fig. 13. Through-the-thickness distribu-

0.4 -02 0 0.2 0.4 tion of radial stress at the center of FG

7h plates with various edge supports

Finally, the variation of center radial stress o, at various planes in FG solid circular plates is
displayed in Fig. 14 as a function of the power—law index 7. It is observed that, similar to the
temperature variation in Fig. 11, the radial stress reaches an extremum value as 7 increases
regardless of the boundary support assumed for the FG plate.

4 Conclusions

In the present work, by introducing new variables, the appropriate equilibrium equations of FG
plates within the first-order shear deformation theory are reformulated into interior and two
boundary-layer equations. It is observed that the rotation of any volume element within the plate is
governed by the two boundary-layer functions that are introduced in the present study. Analytical
solutions are then developed for complete FG circular plates with various boundary conditions under
an asymmetric mechanical load and a temperature variation through the plate thickness. The results
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Fig. 14. Variation of center radial stress o, at various planes in FG circular plates with a clamped and b
simply-supported edges as a function of 7

for a solid circular plate are verified with known results in the literature. Several numerical results
are generated to manifest the effects of the material constant (i.e., the power-index 72), plate
thickness, edge supports and boundary-layer functions on various response quantities. It is found that
the boundary-layer width is approximately equal to the plate thickness. Furthermore, the boundary-
layer effect in clamped FG plates is stronger than that in simply-supported plates and there exists no
boundary-layer effect in axisymmetric problems. Also one of the boundary-layer functions is noted
to affect only the in-plane stress components within the plates. Under a mechanical load, the
responses of FG solid circular plates with various clamped supports are seen to be identical.
Furthermore, for thermal loading, it is observed that bending does not occur in clamped FG plates.

An exact solution is presented for the one-dimensional heat conduction equation with variable
heat conductivity coefficient. It is seen that the material constants have a significant influence on
temperature distribution, deflection, and stress components within the FG plates.

Appendix A

For various clamped supports [see Eqs. (58.1-4)] the integration constants appearing in Eqgs.
(57.1, 2) are found to be as follows:

/Pob yPob NT

H 1 H 2,04 A.l.1

(1,09 =20 g(oz,0n =T S (A1)
Dio(C1,02,03,04) = — DOV Pob® o1 09,08, 00) = PO (A.1.2)

10 ) ) ) 64D 4_KZA 20 ) ) ) - 39D ) <L

~ u Plb ~
An(C1,02,08,04) = =E22 0 Biu(01,02,08,04) = 0,

0
ea[lo(ub) + (b)) +8311(,ub) A
1.3

D1 (C1,02,03,C4) = —Pyb 16k Do (A.1.3)

eq[lo(ub) + Ir(ub)] + esl1 (ub)
806’0 ’

D21 (C1,C2,C3,C4) = P1b
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eslo(ub) + Io(ub)] + e7l1 (ub)

_ 513
E1(C1,C2,C8) =Pib 16A,Deq ’

E;1(C4) =0, (A.1.4)
where the constant D is first introduced in Eq. (28.1) and

eo = 12[e1(lo(ub) + Io(ub)) — 8DIL (ub)], e = ub(4D + eo1),
e = ub(96D” + 32e;D +e3)), e = —16D(12D +eq1), es = ub(6D + eqy), (A.1.5)
es = —12D, eg = —ubB (16D +ey), er=16B\D, ey = K*Asb®.

For various simply-supported plates the constants Ho, D19, and D, are found to be:

wPob? MT — £:NT B2
Hio(S1,53) = ;b | Hig(s2,54) =M =S f+f2f4( /8 (A2.1)
0
Pob® (13 M" SMT — foNT +f1f4(P0b2/8)
Ds0(S1,83) = 32f3( +1) TR D30(S2,54) = T (A2.2)
_ Pbt[f Pob*  M"b? Pop*  Ppb*

Dlo(SLSS) 64f3 |: ] _4K2A2 + 5 s D10(52 S4) 64D 4K2A — b°Dsy,
(A.2.3)

where

fo=f3—fifss, fi=A1—As, fo=Bi—Bs, f3=Di—Dsy, fi=—(2+Byy—D2/D).

(A.2.4)
The remaining integration constants appearing in Egs. (57.1, 2) are given as:
-~ 2P, b4 - 2P, pt
An(s1) = ~ PTG (52,83, 54) = - S1EA0T (A3.1)
9o So
~ - To(ub) + Io(ub ~
Bu(s1) = Pp22otd) T EWO] o ga g4y — 0, (A3.2)
A290
5.4 95[lo(ub) + L5 (ub)] + gel1 (1)
D 1H)=P
n(S1) =Fib 16K2A5Dg, ’
_ 5. Sallo(ub) + Io (ub)] + ssl1 (ub)
D11(52,53,54) = P1b TR2A Do ,
97[10(#b + Lo (ub)] + gsli (ub)
Dy (S1) =
21( ) SDQO )
— To(ub) + Io(ub 1 (ub
Dox (52,53, 54) = —Pyp SelloWd) + ()] + st (ub) (A3.3)
8DS()
= 399[lo(ub) + I2(ub)] + g10l1 (1b)
E11(S1) = —Pb*
u(S1) 10 16A5Dg ’
sgllo(ub) + Iz (ub)] + sol1(ub)
Ep1(S2 3
1(52) = P1b 16Ds, ’
— [o(ub) + I2(ub [ (ub
EH(SS) :Plbgsw[ 0(“ ) +]_Z(D/JS )} 5 1(M )7 Ell(S4) = 07
0

where
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g0 = 12[ga(Io(ub) + I (ub)) + gsl1 (1b)], g1 = gorDs — 24:B% /Ay,

9o = ub{—4goz + €01 [2B% + go1(—2D1 + D2)]}, g3 = 8qoz, g4 = —buenAsBy,
B ub{96Dgos + 16Dey1 [B1(—3B1 + B2) + go1(3D1 — 2D3)]
B —€1(g01(—4D1 + Ds) + 4B} + 245(BY /A1)]}
g7 = ub{—6goz + eo1[go1(—3D1 + Dz) + (B} /A1) (3A1 + A2)]},  gs = 1290,

g9 = ub{—16Bsgos + eo1A2(B1/A1)[~10A1D — 2D1A2 + D2go1]},

g10 = 16D[2B1B5 — AsDs(By + B2)],  gor = A1 + A2,  goz = D(2B1Bs — goi1D2),
50 = 12[s3(Io (1b) + Lo (b)) + sy (ub)], 1 = As(ADs — B1Bs),

sy = ub{—4s01 + e0142[B1(2B1 — Bs) + A1(—2D1 + Ds)|}, s3 = 8so1,

54 = ub{96Dso; — 16e01DAs[By (3B) — 2Bs) + A1 (—3Dy + 2D3)] + €2, Ass0),

S5 = —16s01 (12D + eo1), Se = ub{6so1 + enAa|[B1(B2 — 3B1) — A1(Ds — 3D1)]},
st = —12s01, Sg= ub(B1/A1)(16s01 +A2e01502), S9 = —16(B1/A1)S01.

510 = ub(B1 /A1) {16501 + Aseor[By (B — 8B1) + A, (8D1 — Dy)]},

so1 = A1D(B5 — AsDs), sz = B1(Bs — 4B)) + A (4D — D3)

gs gs = —16g02(12D + eq1),

(A.3.4)

with eg; being given in (A.1.5).

Appendix B

Upon substitution of Eq. (4) into (19.1, 2), the following results are obtained for the plate rigidities:

_ (A,B,D) _ (A,B,D)
(Al,Bl,Dl) = 1— 02 and (Az,Bg,Dg) = 2(1 T l)) s (B.l.l)
where
h hn

A=FE,—-FE,)——+FEh, B=—(FEy—FE)z——F——— B.1.2

(B C)n+1+ h ( F)2(n+1)(n+2) ( )
and
— R3(n? +mn +2) n?
D=En=E) s Nmrmss T 1 (B.1.3)
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