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Summary. Functionally graded piezoelectric material (FGPM), with a gradual change of the mechanical and

electric properties, has large fields of application. Based on linear three-dimensional piezoelasticity, a Legendre

orthogonal polynomial series expansion approach is used for determining the characteristics of circumferential

waves in FGPM cylindrical curved plates. Our results from an FGPM cylindrical curved plate with a large ratio

of radius to thickness are compared with an FGPM flat plate published earlier to confirm the accuracy and range

of applicability of the computational program. Circumferential wave dispersion curves for FGPM and the

corresponding FGM cylindrical curved plates are calculated and the effect of piezoelectricity is shown. The

influence of the ratio of radius to thickness on the piezoelectric effect and electric potential distribution is

discussed. The ratio has a significant influence on the electric potential distribution. Finally, the influence of the

polarizing direction on the piezoelectric effect is illustrated. The phenomenon that piezoelectricity weakens the

guided wave dispersion in the FGPM cylindrical plate is observed.

1 Introduction

To enhance the effect of piezoelectric materials (PEM), the concept of functionally graded

piezoelectric material has been proposed and termed FGPM. Techniques for fabricating FGPM have

been developed [1]. Zhu and Meng [2] and Wu et al. [3] have reported the development of FGPM

actuators with gradation of compositions from high to low piezoelectric property and low to high

dielectric property. Mahapatra et al. [4] had discussed the advantages of FGPM interdigital

transducers (IDT) over the traditional IDT. The behavior of the wave mode selected directly affects

the performance of the device. Thus, in the applications of FGPM to SAW devices, the study of

wave propagation behavior in FGPM structures is of considerable importance.

In 1991, Liu and Tani [5], [6] proposed a hybrid numerical method for the characteristics and

response of wave propagation in FGPM plates, where the FGPM layer is divided into a number of
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inhomogeneous thin layers and the Fourier transformation method was employed. Recently,

Lefebvre et al. [7] used the Legendre polynomial approach for acoustic wave propagation in

continuous FGPM plates. Han et al. [8] used linearly inhomogeneous elements to analyze the wave

characteristics in FGPM cylinders. Afterwards, Liu et al. [9] proposed quadratic inhomogeneous

elements for the dispersion of waves and characteristics waves in FGPM plates. Chakraborty et al.

[10] formulated a set of finite elements to analyze wave propagation through FGPM plates when

subjected to mechanical, and thermal loading or piezoelectric actuation, where the material

properties are allowed to vary both in length and in thickness direction. Chakraborty et al. [11] used

the spectral element method characterizing the wave propagation in FGPM plates by the thin-layer

model, and modeled an ultrasonic transducer composed of FGPM. Li et al. [12] and Liu et al. [13]

studied the propagation of a love wave in the FGPM structure by the WKB method. Du et al. [14]

gave the Love wave analytical solutions of the dispersion relations. Based on higher-order shear

deformation theory, Mahapatra et al. [4] used the spectral element method investigating the Lamb

wave characteristics in FGPM plates, and pointed out that there was the reduced dispersion of the

Lamb wave modes in FGPM plates.

Hollow cylinders, as common engineering structures, have also received a lot of attention to the

problem of wave propagation. Much work has been reported on the axial propagation of guided

waves in hollow cylinders. Different aspects of the circumferential direction wave propagation along

one or multiple curved surfaces have been analyzed by Grace and Goodman [15], Qu and Berthelot

[16], Cerv [17], Liu and Qu [18], [19], Valle et al. [20], He and Li [21] in an isotropic elastic

material. Towfighi et al. [22] studied the circumferential direction wave propagation in an

anisotropic elastic material using the Fourier series expansions method. Yu et al. [23] studied the

circumferential direction wave propagation and the mode conversion by the end-reflection in an

orthotropic cylindrical curved plate. Zhao and Rose [24] studied the circumferential SH wave in

isotropic hollow cylinders. In addition, the surface acoustic wave RSAWP device on a hollow

cylinder can provide high-performance sensors, and piezoelectric cylindrical curved plate

transducers have received too much attention to be listed here.

The objective of this paper is to present the results of a circumferential wave in an FGPM

cylindrical curved plate by the Legendre orthogonal polynomial series expansion method, which is

developed by Lefebvre et al. [25] to solve the free-ultrasonic waves in multilayered plates. Results

from an FGPM cylindrical curved plate with a large ratio of radius to thickness are compared with an

FGPM flat plate published earlier to confirm the accuracy and range of applicability of the developed

Mathematica program. Circumferential wave dispersion curves for FGPM and the corresponding

FGM cylindrical curved plates are calculated and the effect of piezoelectricity is shown. The

influence of the ratio of radius to thickness on the piezoelectric effect and electric potential

distribution is discussed. Finally, the influence of the polarizing direction on the piezoelectric effect

is illustrated. In this paper, the open circuit surface is assumed.

2 Mathematics and formulation of the problem

Based on linear three-dimensional piezoelasticity, consider an anisotropic FGPM hollow cylinder. In

the cylindrical coordinate system (h, z, r), a, b, h are the inner and outer radii and the thickness,

respectively.
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The linear constitutive relations of an anisotropic cylindrical piezoelectric medium are
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Generalized geometric equations for cylindrical coordinates are

ehh ¼
1

r

ouh

oh
þ ur

r
; ezz ¼

ouz

oz
; err ¼

our

or
;

erh ¼
1

2

1

r

our

oh
þ ouh

or
� uh

r

� �

; erz ¼
1

2

our

oz
þ ouz

or

� �

; ehz ¼
1

2

ouh

oz
þ ouz

roh

� �

;

Eh ¼ �
1

r

oU
oh
; Ez ¼ �

oU
oz
; Er ¼ �

oU
or
:

ð2Þ

And the field equations governing wave propagation are
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where Tij and eij are the stress and strain tensors; U and Di are the electric potential and electric

displacement vector; Cij, [ij and eij are the elastic, dielectric and piezoelectric constants; and q is

mass density.

Because the material properties of FGPM vary in the radial direction, the elastic, dielectric,

piezoelectric constants and mass density of the medium are functions of the radius,
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With implicit summation over repeated indices, C(r) and q(r) can be written compactly as
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where l, C
(l) et al. are the order number and coefficients to be determined in order to fit the

polynomials (4) to the original material constants of the elastic medium inside the material. In the

homogeneous case, C(r) ¼ C
(0), C

(l) ¼ 0 (l > 0) .

Considering the boundary of the material of the open circuit surface, the position dependence of

the elastic, dielectric, piezoelectric constants and mass density is given by

�C rð Þ ¼ C rð Þp rð Þ; �e rð Þ ¼ e rð Þp rð Þ; �2 rð Þ ¼2 rð Þp rð Þ; �q rð Þ ¼ q rð Þp rð Þ; ð5Þ

where p(r) is the rectangular window function defined by

p rð Þ ¼ 1; a� r� b

0; elsewhere
:

�

Given Eqs. (5), the material constants vanish outside the material. We thus describe the vacuum

outside the material as a medium with zero acoustic impedance and zero electric displacement which

ensures that Trr¼Trz¼Trh¼ 0 and Dr¼ 0 when r¼a, r¼ b.

For a free harmonic wave being propagated in the circumferential direction in a circular cylinder

of infinite length, we assume the displacement components and electric potential to be of the form

urðr; h; z; tÞ ¼ expðikbh� ixtÞUðrÞ; ð6:1Þ
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U(r), V(r), W(r) represent the amplitude of vibration in the radial and the two tangential directions,

respectively, and X(r) represents the amplitude of the electric potential. k is the magnitude of the

wave vector in the propagation direction, and x is the angular frequency.

Substituting Eqs. (1), (2), (4), (5), (6) into Eqs. (3), the governing differential equations in terms of

the displacement components and electric potential can be obtained:

1

hl
rlþ2
�

C
ðlÞ
33U00 þ C

ðlÞ
35V 00 þ C

ðlÞ
34W 00 þ e

ðlÞ
33X 00

� �
þ rlþ1 lþ 1ð ÞCðlÞ33 þ 2ikbC

ðlÞ
35

� �h
U0

þ lC
ðlÞ
35 � C

ðlÞ
15

� �
V 0 þ ikb C

ðlÞ
13 þ C

ðlÞ
55

� �
V 0 þ lþ 1ð ÞCðlÞ34 � C

ðlÞ
14

� �
W 0 þ ikb C

ðlÞ
36 þ C

ðlÞ
45

� �
W 0

þ lþ 1ð ÞeðlÞ33

�
� e

ðlÞ
31 þ ikb e

ðlÞ
13 þ e

ðlÞ
35

� ��
X 0
i
þ rl l C

ðlÞ
13 þ ikbC

ðlÞ
35

� �h
U � C

ðlÞ
11 þ k2b2C

ðlÞ
55

� �
U

þ l ikbC
ðlÞ
13 � C

ðlÞ
35

� �
V þ C

ðlÞ
15 � k2b2C

ðlÞ
15 � ikb C

ðlÞ
11 þ C

ðlÞ
55

� �� �
V

þ ikb lC
ðlÞ
36 � C

ðlÞ
16

� �
� k2b2C

ðlÞ
56

� �
W þ lþ 1ð Þikbe

ðlÞ
13 � ikbe

ðlÞ
11 � k2b2e

ðlÞ
15

� �
X

i
p rð Þ

þ dðr � aÞ � dðr � bÞð Þ 1

hl
rlþ2
�

C
ðlÞ
33U0 þ C

ðlÞ
35V 0 þ C

ðlÞ
34W 0 þ e

ðlÞ
33X 0

� �

þ rlþ1 C
ðlÞ
13 þ ikbC

ðlÞ
35

� �
U þ ikbC

ðlÞ
13 � C

ðlÞ
35

� �
V þ ikbC

ðlÞ
36W þ ikbe

ðlÞ
13X

h io

¼ �qðlÞrlþ2x2

hl
Up rð Þ; ð7:1Þ

174 Y. Jiangong and M. Qiujuan



1

hl
rlþ2 C

ðlÞ
35U00 þC

ðlÞ
55V 00 þC

ðlÞ
45W 00 þ e

ðlÞ
35X 00

� �n

þ rlþ1 lþ 2ð ÞCðlÞ35 þC
ðlÞ
15 þ ikb C

ðlÞ
13 þC

ðlÞ
55

� �� �h
U0 þ lþ 1ð ÞCðlÞ55 þ 2ikbC

ðlÞ
15

� �
V 0 þ lþ 2ð ÞCðlÞ45W 0

þ ikb C
ðlÞ
14 þC

ðlÞ
56

� �
W 0 þ ikb e

ðlÞ
31 þ e

ðlÞ
15

� �
X 0 þ lþ 2ð ÞeðlÞ35X 0

i
þ rl lþ 1ð Þ C

ðlÞ
15 þ ikbC

ðlÞ
55

� �
U

h

þ ikbC
ðlÞ
11 � k2b2C

ðlÞ
15

� �
U þ likbC

ðlÞ
15 � lþ 1ð ÞCðlÞ55

�
� k2b2C

ðlÞ
11

�
V

� lþ 1ð ÞikbC
ðlÞ
56 � k2b2C

ðlÞ
16

� �
W þ lþ 2ð Þikbe

ðlÞ
15X � k2b2e

ðlÞ
11X

io
p rð Þ

þ dðr� aÞ � dðr� bÞð Þ 1

hl
rlþ2
�

C
ðlÞ
35U0 þC

ðlÞ
55V 0 þC

ðlÞ
45W 0 þ e

ðlÞ
35X 0

� �

þ rlþ1 C
ðlÞ
15 þ ikbC

ðlÞ
55

� �h �
U þ ikbC

ðlÞ
15 �C

ðlÞ
55

� �
V þ ikbC

ðlÞ
56W þ ikbe

ðlÞ
15X

io

¼ �qðlÞrlþ2x2

hl
Vp rð Þ; ð7:2Þ

1

hl
rlþ2 C

ðlÞ
34U00 þC

ðlÞ
45V 00 þC

ðlÞ
44W 00 þ e

ðlÞ
34X 00

� �n
þ rlþ1 lþ1ð ÞCðlÞ34þC

ðlÞ
14þ ikb C

ðlÞ
36þC

ðlÞ
45

� �� �h
U0

þ lC
ðlÞ
45þ ikb C

ðlÞ
14þC

ðlÞ
56

� �� �
V 0 þ lþ1ð ÞCðlÞ44þ2ikbC

ðlÞ
46

� �
W 0 þ ikb e

ðlÞ
36þ e

ðlÞ
14

� �
þ lþ1ð ÞeðlÞ34

� �
X 0
i

þ rl l C
ðlÞ
14þ ikbC

ðlÞ
45

� �
þ ikbC

ðlÞ
16�k2b2C

ðlÞ
56

� �
Uþ l ikbC

ðlÞ
14�C

ðlÞ
45

� �
� ikbC

ðlÞ
56�k2b2C

ðlÞ
16

� �
V

þ likbC
ðlÞ
46�k2b2C

ðlÞ
66

� �
W þ lþ1ð Þikbe

ðlÞ
14

�
�k2b2e

ðlÞ
16

�
X

io
p rð Þþ dðr�aÞ� dðr�bÞð Þ 1

hl

� rlþ2
�

C
ðlÞ
34U0 þC

ðlÞ
45V 0 þC

ðlÞ
44W 0 þ e

ðlÞ
34X 0

� �
þ rlþ1 C

ðlÞ
14

�h
þ ikbC

ðlÞ
45

�
Uþ ikbC

ðlÞ
14�C

ðlÞ
45

� �
V

þ ikbC
ðlÞ
46W þ ikbe

ðlÞ
14X

io
¼�qðlÞrlþ2x2

hl
Wp rð Þ;

ð7:3Þ
1

hl
rlþ2
�

e
ðlÞ
33U00 þ e

ðlÞ
35V 00 þ e

ðlÞ
34W 00� 2ðlÞ33 X 00

� �
þ rlþ1 e

ðlÞ
31þ lþ 1ð ÞeðlÞ33þ ikb e

ðlÞ
13þ e

ðlÞ
35

� �� �h
U0

þ ikb e
ðlÞ
31þ e

ðlÞ
15

� �
þ le

ðlÞ
35

� �
V 0 þ ikb e

ðlÞ
36þ e

ðlÞ
14

� �
þ lþ1ð ÞeðlÞ34

� �
W 0 � lþ 1ð Þ 2ðlÞ33 þ2ikb2ðlÞ13

� �
X 0
i

þ rl l e
ðlÞ
31þ ikbe

ðlÞ
35

� �
�k2b2e

ðlÞ
15þ ikbe

ðlÞ
11

� �h
Uþ l ikbe

ðlÞ
31� e

ðlÞ
35

� ��
� ikbe

ðlÞ
15�k2b2e11

�
V

þ likbe
ðlÞ
36�k2b2e

ðlÞ
16

� �
W � lþ1ð Þikb2ðlÞ13

�
�k2b22ðlÞ11

�
X

io
p rð Þ

þ dðr�aÞ� dðr�bÞð Þ 1

hl
rlþ2
�

e
ðlÞ
33U0 þ e

ðlÞ
35V 0 þ e

ðlÞ
34W 0� 2ðlÞ33 X 0

� �

þ rlþ1 e
ðlÞ
31þ ikbe

ðlÞ
35

� �
Uþ ikbe

ðlÞ
31� e

ðlÞ
35

� �
V þ ikbe

ðlÞ
36W � ikb 2ðlÞ13 X

h io
¼ 0;

ð7:4Þ

where, U(r), V (r), W(r) and X(r) can be expanded to Legendre orthogonal polynomial series as
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where p
i
m (i¼ 1, 2, 3) and rm are the expansion coefficients and
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Substituting Eq. (10) into Eqs. (9.1), (9.2) and (9.3):
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Equations (11) can be written as
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So, Eqs. (12) yield a form of the eigenvalue problem. The eigenvalue x2 gives the angular frequency

of the guided wave; the eigenvectors pm
i (i¼ 1, 2, 3) allow the components of the particle

displacement to be calculated; and rm, which can be obtained according to Eq. (10), determines the

electric potential distribution. Using Vph¼x/k and Vg¼dx/dk, the phase velocity and group

velocity can be obtained. The complex matrix Eq. (12) can be solved numerically making use of

standard computer programs for the diagonalization of non-symmetric square matrices. In practice
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the summations over the polynomials in the 3(M + 1) eigenmodes are generated from the order M of

the expansion. Acceptable solutions are those eigenmodes for which convergence is obtained as M is

increased. We assume that the eigenvalues obtained are converged solutions when a further increase

in the matrix dimension does not result in a significant change in the eigenvalue. The computer

program was written using Mathmatica.

When the material is orthotropic or has fewer independent constants in the wave propagation

direction and is polarized in the radial direction, the governing differential equations are reduced to

1

hl
rlþ2
�

C
ðlÞ
33U00 þ e

ðlÞ
33X 00

� �
þ rlþ1 lþ 1ð ÞCðlÞ33

h
U0 þ ikb C

ðlÞ
13 þ C

ðlÞ
55

� �
V 0 þ lþ 1ð ÞeðlÞ33

�
� e

ðlÞ
31

�
X 0
i

þ rl lC
ðlÞ
13

h
U � C

ðlÞ
11 þ k2b2C

ðlÞ
55

� �
U þ likbC

ðlÞ
13V � ikb C

ðlÞ
11 þ C

ðlÞ
55

� �
V�k2b2e

ðlÞ
15X

i
p rð Þ

þ dðr � aÞ � dðr � bÞð Þ 1

hl
rlþ2 C

ðlÞ
33U0 þ e

ðlÞ
33X 0

� �
þ rlþ1 C

ðlÞ
13U þ ikbC

ðlÞ
13V

� �h i

¼ �qðlÞrlþ2x2

hl
Up rð Þ; ð13:1Þ

1

hl
rlþ2C

ðlÞ
55V 00

n
þ rlþ1 ikb C

ðlÞ
13 þ C

ðlÞ
55

� �h
U0 þ lþ 1ð ÞCðlÞ55V 0 þ ikb e

ðlÞ
31 þ e

ðlÞ
15

� �
X 0
i

þ rl ikb lþ 1ð ÞCðlÞ55 þ C
ðlÞ
11

� �
U

h
� lþ 1ð ÞCðlÞ55

�
þ k2b2C

ðlÞ
11

�
Vþ lþ 2ð Þikbe

ðlÞ
15X

io
p rð Þ

þ dðr � aÞ � dðr � bÞð Þ 1

hl
rlþ2C

ðlÞ
55V 0 þ rlþ1 ikbC

ðlÞ
55U � C

ðlÞ
55V þ ikbe

ðlÞ
15X

� �h i

¼ �qðlÞrlþ2x2

hl
Vp rð Þ; ð13:2Þ

1

hl
rlþ2C

ðlÞ
44W 00 þ rlþ1 lþ 1ð ÞCðlÞ44W 0 � rlk2b2C

ðlÞ
66W

h i
p rð Þ

þ dðr � aÞ � dðr � bÞð Þ 1

hl
rlþ2C

ðlÞ
44W 0 ¼ �qðlÞrlþ2x2

hl
Wp rð Þ;

ð13:3Þ

1

hl
rlþ2
�

e
ðlÞ
33U00� 2ðlÞ33 X 00

� �
þ rlþ1 e

ðlÞ
31 þ lþ 1ð ÞeðlÞ33

� �h
U0 þ ikb e

ðlÞ
31 þ e

ðlÞ
15

� �
V 0 � lþ 1ð Þ 2ðlÞ33 X 0

i

þ rl le
ðlÞ
31 � k2b2e

ðlÞ
15

� �
U þ ikb le

ðlÞ
31 � e

ðlÞ
15

� �
V þ k2b2 2ðlÞ11 X

h io
p rð Þ

þ dðr � aÞ � dðr � bÞð Þ 1

hl
rlþ2 e

ðlÞ
33U0� 2ðlÞ33 X 0

� �
þ rlþ1 U þ ikbVð ÞeðlÞ31

h i
¼ 0: ð13:4Þ

Here, Eq. (13.3) is independent of the other three equations, and Eqs. (13.1), (13.2), (13.4) are

coupled with each other. In fact, Eq. (13.3) represents the propagating circumferential SH wave. It is

not influenced by the piezoelectricity when the material is polarized in the radial direction, and it can

be solved analytically. Equations (13.1) and (13.2) control the propagating Lamb-like wave.

When the material is orthotropic and is polarized in the circumferential direction, the governing

differential equations are
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Similarly, the independent SH wave is not affected by the piezoelectricity.

When the material is orthotropic and is polarized in the axial direction, the governing differential

equations are
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Here, only the independent circumferential SH wave is influenced by the piezoelectricity.
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3 Numerical results

Based on the foregoing formulations, a computer program has been written to calculate the

dispersion behavior. To calculate the effective FGPM property of two combined materials, the

Voigt-type model is used here. It is expressed as

PðrÞ ¼ P1V1ðrÞ þ P2V2ðrÞ; ð16Þ

where Vi(r) and Pi, respectively, denote the volume fraction of the ith material and the

corresponding property of the ith material. Here,
P

Vi(r)¼ 1. So, the properties of the graded

material can be expressed as

PðrÞ ¼ P2 þ P1 � P2ð ÞV1ðrÞ: ð17Þ

According to Eqs. (4), the gradient field of the material volume fraction can be expressed as a

power series expansion. The coefficients of the power series can be determined using the

Mathematica function ‘Fit’.

For example, if the gradient field is

V1ðrÞ ¼
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h
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; a� r� b

then

CðrÞ ¼ Cð0Þ þ Cð1Þ
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where

CðlÞ ¼ C2 þ C1 � C2ð Þ L!

l!ðL� lÞ!
a

h

� �l

; 0� l�L:

In order to validate the computer program, guided waves dispersion curves in an FGPM

cylindrical curved plate with large ratio of radius to thickness are calculated to compare the results

with those of an FGPM flat plate of Lefebvre et al. [7]. Then graded cylindrical curved plates at

different ratios of the inner radius to thickness are analyzed.

3.1 Comparison with available data

As is well known, the dispersion curves for a flat plate are almost the same as those for a hollow

cylinder with large ratio of radius to thickness. In this example, a comparison is made of the results

of an FGPM flat plate obtained by Lefebvre et al. [7] and the results of an FGPM cylindrical curved

plate with large ratio of radius to thickness obtained using the Mathematica program. The inner

surface of the cylindrical plate is LiTaO3 and the ratio of inner radius to thickness is g¼ 100. The

material constants of the inner and outer surface and the gradient field can be found in the paper of

Lefebvre et al. [7]. Corresponding phase velocity dispersion curves are presented in Fig. 1. As is

apparent, our results agree well with those obtained by Lefebvre. For these results, the series

expansion Eqs. (8) is truncated at M¼ 11.

3.2 FGPM cylindrical curved plates

The circumferential wave behavior of the FGPM cylindrical curved plates composed of PZT-4 (inner

surface) and Ba2NaNb5O15 (outer surface) with a¼ 9 mm and b¼ 10 mm is calculated. In the
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direction of wave propagation, material constants of the two materials with radial polarization are

listed in Table 1. The gradient field used here is

V1ðrÞ ¼
r � a

h

� �n

;

where n is selected as 0.5, 1, 2 and 3, respectively, i.e. four different gradient fields are considered.

Figures 2 and 3 are the frequency spectra and phase velocity spectra for the four FGPM

cylindrical curved plates and the corresponding FGM cylindrical curved plates to show the

piezoelectric effect. It can be seen that the effect of piezoelectricity is so strong as not to be ignored,

and the phase velocity in an FGPM cylindrical curved plate is higher than in the FGM cylindrical

curved plate. For a definite mode, the effect becomes stronger as the wave number increases.

Furthermore, for the four FGPM cylindrical curved plates, the piezoelectric effect becomes stronger

as the power n increases. In order to explain this phenomenon, Figs. 4 and 5 give the frequency

spectra and phase velocity spectra for the pure PZT-4 and Ba2NaNb5O15 cylindrical curved plates

and their corresponding non-piezoelectric cylindrical plates. Obviously, the piezoelectric effect of a

PZT-4 cylindrical plate is stronger than that of a Ba2NaNb5O15 cylindrical plate. It is known from

Eq. (17) that the volume fraction of PZT-4 increases as the power n increases.

The electric potential distribution of the FGPM cylindrical curved plate is investigated. Figure 6

shows the lowest nine electric potential distributions of the FGPM cylindrical curved plate of Fig. 1b

when k¼ 300,000 rad/m. It can be seen that the electric potential in the FGPM cylindrical curved

Table 1. Material constants of two homogeneous piezoelectric materials

Property C11 C12 C13 C22 C23 C33 C44 C55 C66

Ba2NaNb5O15 23.9 10.4 5 24.7 5.2 13.5 6.5 6.6 7.6

PZT-4 13.9 7.8 7.4 13.9 7.4 11.5 2.56 2.56 3.05

e15 e24 e31 e32 e33 [11 [22 [33 q

Ba2NaNb5O15 2.8 3.4 @0.4 @0.3 4.3 196 201 28 5.3

PZT-4 12.7 12.7 @5.2 @5.2 15.1 650 650 560 7.5

Units: Cij (1010 N/m2), [ij (10@11 F/m2), eij (C/m), q (kg/m3)
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Fig. 1. a Dispersion curves for an FGPM plate from Lefebvre et al. [8]; b dispersion curves for an FGPM

cylindrical curved plate when g¼ 100
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plate is distributed mainly near the outer or inner surface. For the lower modes, the electric potential

is distributed mainly near the inner surface. As the mode order increases, the electric potential

distribution turns to the outer surface. Up to the eighth mode, the electric potential has been

distributed mainly near the outer surface.

Consider a similar structure to the one in Fig. 1b, but exchange the material of outer and inner

surfaces. The inner surface is Ba2NaNb5O15 and the outer surface is PZT-4. The other conditions are

consistent with the ones in Fig. 1b. Figure 7 is the dispersion curve for this structure. No much

difference between the dispersion curves for the two structures can be found. Their piezoelectric

effects are also similar. In fact, the volume fractions of the two materials in the two structures are

almost equal. The electric potential distribution of this FGPM cylindrical curved plate is shown in

Fig. 8. Similarly to Fig. 6, the electric potential is distributed mainly near the outer or inner surface.

However, in contrast to Fig. 6, for the lower modes, the electric potential distribute mainly near the

outer surface. As the mode order increases, the electric potential distribution turns to the mainly inner

surface. Up to the eighth mode, the electric potential has distributed mainly near the inner surface.

3.3 Influence of ratios of the inner radius to thickness

In order to investigate the effect of g, the ratio of the outer radius to thickness, the frequency spectra

and group velocity spectra for FGPM cylindrical curved plates are shown in Figs. 9 and 10, in which

b is 10 and 2 mm, respectively, but keeping h¼ 1 mm unchanged, i.e. g¼ 10 and 2. The gradient
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Fig. 2. Frequency spectra for a cylindrical curved plate (dotted line FGM, solid line FGPM)
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field and material are the same as in the structure of Fig. 2b. From the two figures, it can be found

that the ratio of radius to thickness has considerable influence on the dispersion curves for all the

modes, and that the larger the wavenumber, the stronger this effect. In addition, the effect is far

stronger for lower order modes than for higher order modes at smaller wavenumber. For the smaller

g, the group velocity changes more sharply, and the maximum of the group velocity is larger except

for the second mode. The effect of g is also obvious on the cut-off frequencies of the lower modes,
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especially on the first cut-off frequency. The cut-off frequencies for the smaller g are higher than for

the larger g.

Figure 11 is the electric potential distribution of the FGPM cylindrical curved plate when g¼ 2. It

is different from that of the large ratio, g¼ 10, in Fig. 7. For the first three modes with small ratio,

the electric potential distributes mainly near the outer surface. But they distribute mainly near the

inner surface for a large ratio. Figure 12 is the electric potential distribution of the FGPM cylindrical

curved plate for which the inner surface is Ba2NaNb5O15 and the outer surface is PZT-4 when g¼ 2.

As known before, when the ratio is large, if the materials of inner and outer surface exchange, their
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Fig. 5. Phase velocity dispersion curves for PEM cylindrical curved plates: solid line piezoelectric, dotted
line non-piezoelectric; a PZT-4; b Ba2NaNb5O15
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Fig. 6. Electric potential distribution in the thickness direction of the FGPM cylindrical curved plate whose

inner surface is PZT-4 and outer surface is Ba2NaNb5O15 (k ¼ 300,000 rad/m)
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electric potential distributions are reversed. But as shown in Figs. 11 and 12, for the small ratio,

whatever the inner surface is, the electric potential always distributes mainly near the outer surface

for the first three modes. It is well known that the circumferential wave characteristics of large ratio

hollow cylinders are very close to the wave characteristics in plates. So, for the large ratio FGPM

cylindrical curved plates, the circumferential wave electric potential distributions are similar to the
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Fig. 7. Dispersion curves for cylindrical curved plate whose inner surface is Ba2NaNb5O15 and outer surface

is PZT-4: solid line FGPM, dotted line FGM; a frequency spectra, b phase velocity spectra
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Fig. 8. Electric potential distribution in the thickness direction of FGPM cylindrical curved plate whose

inner surface is Ba2NaNb5O15 and outer surface is PZT-4 (k¼ 300,000 rad/m)
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FGPM plates. But for the small ratio FGPM cylindrical curved plates, the circumferential wave

electric potential distributions are different from the FGPM plate and are similar to that of the PEM

cylindrical curved plate. For the PEM cylindrical curved plate, whatever the ratio is, the electric

potential distributes mainly near the outer surface for the first three modes at large wave number as

shown in Fig. 13. Figure 13 is the electric potential distribution of the PZT-4 cylindrical curved

plate whose wall thickness is 1 mm when g¼ 10 and g¼ 2.

3.4 Influence of the polarizing direction

In this Section, the FGPM cylindrical curved plates that are polarized in circumferential and axial

direction are considered. The inner radius, wall thickness, material and the gradient field are all the

same to the structure of Fig. 2b. Under the circumferential and axial polarization, the dielectric and

piezoelectric constants of material are listed in Table 2 and the elastic constants unchanged.

Figure 14 gives the dispersion curves for the FGPM cylindrical curved plates that are polarized in

circumferential direction. It can be seen that the piezoelectric effect is stronger for the higher order

modes than for lower order modes; the piezoelectric effect becomes weaker with increasing

frequency and does not change considerably with varying wave number. It is different from the

6

5

4

3

2

1

0

a
2 4 6 8

k (103rad/m)

w (107 rad/s)

10 12 14

6

5

4

3

2

1

0

b
2 4 6 8

k (103rad/m)

w (107 rad/s)

10 12 14
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Fig. 10. Group velocity dispersion curves for FGPM cylindrical curved plate, a g¼ 10, b g¼ 2
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radial polarization. For the radial polarization, the piezoelectric effect becomes stronger with

increasing wave number and does not change obviously with the frequency varying.

For all the above cases except for the one in Fig. 1, only the circumferential Lamb-like waves are

considered because the circumferential SH wave is not influenced by the piezoelectricity when the

material is orthotropic and polarized in the radial or circumferential direction. Figure 15 is the

circumferential SH wave dispersion curve for the FGPM cylindrical curved plates which are

polarized in axial direction. This time the circumferential Lamb-like wave is not affected by the

piezoelectricity. As can be seen from Fig. 15, for a definite mode, the piezoelectric effect becomes

stronger with increasing wave number and does not change obviously with the frequency varying,

which is similar to the radial polarization. Moreover, the piezoelectric effect is stronger on the higher

order modes than on lower order modes, which is similar to the circumferential polarization. Another

point should be given attention. For the first mode of the FGM cylindrical plate, the dispersion is

significant, but for the FGPM cylindrical plate the dispersion is weaker. In fact, this phenomenon

that piezoelectricity weakens the guided wave dispersion in the FGPM cylindrical plate can also

been observed in Figs. 3 and 7b. However, for the PEM cylindrical plate, as shown in Fig. 5, the

phenomenon cannot be seen.

4 Conclusions

The Legendre orthogonal polynomial series expansion method is used to characterize the guided

waves in FGPM cylindrical curved plates. Guided wave dispersion curves and the electric potential

Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Mode 7 Mode 8 Mode 9

Fig. 11. Electric potential distribution in the thickness direction of an FGPM cylindrical curved plate when

g¼ 2 whose inner surface is PZT-4 and outer surface is Ba2NaNb5O15 (k¼ 300,000 rad/m)
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distribution for FGPM cylindrical curved plates are analyzed. Based on the calculated results, the

following conclusions can be drawn:

(a) For the propagating wave in FGPM cylindrical curved plates, the piezoelectric effect is

considerable especially when the wave number is large.

Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Mode 7 Mode 8 Mode 9

Fig. 12. Electric potential distribution in the thickness direction of an FGPM cylindrical curved plate when

g¼ 2 whose inner surface is Ba2NaNb5O15 and outer surface is PZT-4 (k¼ 300,000 rad/m)

Mode 1 Mode 2 Mode 3

a

b

Fig. 13. Electric potential distribution in the thickness direction of PZT-4 cylindrical curved plate

(k¼ 300,000 rad/m)
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(b) The electric potential distributes mainly near the outer or inner surface for large wave numbers.

(c) The ratio of radius to thickness has a significant influence both on the dispersion curves and on

the electric potential distribution for the FGPM cylindrical curved plates.
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w (107 rad/s) Vph (km/s)
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Fig. 14. Dispersion curves for a cylindrical curved plate under circumferential polarization: solid line
FGPM, dotted line FGM; a frequency spectra, b phase velocity spectra

Table 2. Piezoelectric and dielectric constants of PZT-4 with axial and circumferential polarization

Polarizing direction e16 e21 e22 e23 e34 [11 [22 [33

Axial PZT-4 @12.7 @15.1 5.2 5.2 @12.7 650 560 650

Ba2NaNb5O15 @3.4 0.3 @4.3 0.4 @2.8 201 28 196

e11 e12 e13 e26 e35 [11 [22 [33

Circumferential PZT-4 @15.1 5.2 5.2 @12.7 @12.7 560 650 560

Ba2NaNb5O15 @4.3 0.4 0.3 @2.8 @3.4 28 196 201

Units: [ij (10@11 F/m2), eij (C/m)
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Fig. 15. Circumferential SH wave dispersion curves for cylindrical curved plate under axial polarization:

solid line FGPM, dotted line FGM; a frequency spectra, b phase velocity spectra
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(d) The polarizing direction can obviously change the piezoelectric effect on the dispersion curves

for the FGPM cylindrical curved plates.

(e) In the FGPM cylindrical plate, piezoelectricity can weaken the guided wave dispersion.
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