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Summary. Embedded piezoelectric sensors can be used to monitor the mechanical behaviour of structures for
damage detection. This paper provides an analytical study of the dynamic behaviour of piezoelectric sensors
embedded in elastic media under high frequency electromechanical loads induced by piezoelectric actuators. A
generalized sensor/actuator model taking account of the deformation in both transverse and longitudinal
directions of the piezoelectric sensor/actuator is developed. The dynamic load transfer between the sensors/
actuators and the host medium is studied using Fourier transform method and solving the resulting integral
equations in terms of the interfacial normal and shear stresses. Detailed numerical simulation is conducted to
study the relation between the deformation of the sensor and that of the host medium under different loading
conditions. The results show the significant effect of the geometry, the material combination and the loading
frequency upon the behaviour of the sensor.

1 Introduction

Piezoceramic materials exhibit strong electromechanical coupling and are highly sensitive over a
wide range of loading frequencies. Using networks of piezoelectric sensors/actuators in the design of
smart structures has attracted significant attention from the industrial and research communities. This
new technology is now being used in the position and shape control, the active noise control, the
vibration suppression, and the real-time monitoring of structures [1]-[8]. Optimizing the
effectiveness and reliability of integrated sensor/actuator systems requires a clear understanding
of the sensing/actuating processes and the resulting electromechanical response of the whole
structure. When a piezoelectric patch is embbeded in a structure as a sensor, the local mechanical
deformation will result in an electric voltage across the thickness of the sensor, which can be
recorded by data acquisition systems to evaluate the strain/stress level. Ideally, the piezoelectric
sensor should not be intrusive, but in reality the existence of a sensor will disturb the mechanical
field to be measured. Since the stiffness of some piezoelectric sensors, piezoceramic ones for
example, is comparable to that of typical engineering materials, the disturbance from sensors on the
measured signal could be significant.
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In general cases involving sensors/actuators with finite length and thickness, due to the presence of
material discontinuity between the sensors/actuators and the host medium a complicated stress field
will be generated when external electromechanical loads are applied. The static behaviour of
piezoelectric sensors/actuators has been studied extensively to simulate the sensing/actuating
process. A beam with surface-bonded and embedded thin-sheet piezoelectric elements is first
analyzed to study the load transfer between piezoelectric elements and the host medium [9], [10]. A
refined actuator model based on the plane stress condition is studied to investigate the
electromechanical behaviour of a beam with symmetrically surface-bonded actuator patches [11].
Plate and shell models have also been extensively used in modelling the electromechanical
behaviour of piezoelectric structures [12]-[16]. The static local stress field near a thin-sheet
piezoelectric element attached to an infinite elastic medium is studied to investigate the load transfer
between the piezoelectric element and the host medium and the stress concentration [17]. A similar
analysis is also conducted to determine the static electromechanical field of a piezoelectric layer
bonded to an elastic medium with both interfacial and normal stresses being considered [18], [19].

Piezoelectric sensors/actuators have also been extensively used in vibration sensing and active
control [20]-[27] of structures. Typical examples are the use of piezoceramic elements as actuators
to excite structures and Polyvinylidene Fluoride (PVDF) films as sensors to monitor their vibration
for the identification of natural frequencies and mode shapes. Modal sensors, PVDF films with
special shapes, have also been developed to sense specific modal response in vibration [28]. Based
on the usage of piezoelectric sensors/actuators, an electromechanical impedance method has been
developed and extensively used for damage identification of structures [29]-[31]. It should be
mentioned that in most of the studies mentioned above the dynamic interaction between sensors and
host structures has been ignored and the received sensor signals have been used directly to evaluate
the strain/stress of the structure. The theoretical and experimental study of the vibration of beams
with attached piezoelectric sensors [32] indicates that the existence of piezoelectric elements will
change the modal shapes and natural frequencies of the beams. To account for the interaction effect
between sensors and host structures, correction factors have been introduced to relate the sensor
signal and the deformation of the host structure, which has been experimentally validated over a low
frequency range of 5-500 Hz [33].

Piezoelectric sensors, because they are quick in response, are also being used for high frequency
applications, such as generating and collecting diagnostic elastic waves for damage detection of
structures. In these applications, the wavelength is typically comparable or shorter than the length of
the sensor. The understanding of the dynamic behaviour of such structures is very limited in
comparison with the corresponding low frequency cases. Surface-bonded piezoceramic sensors
under high-frequency electric loads have been studied recently using a one-dimensional piezoelectric
sensor model [34]. The results show that the dynamic coupling between the sensor and the host
structure can significantly change the sensor signal. The dynamic response of embedded
piezoelectric sensors, which are considered to be used in advanced structures/materials such as
layered media or composites, has not been properly studied. The behaviour of embedded sensors is
different from that of the surface ones since for the embedded sensors not only the longitudinal
strain, but also the transverse deformation of it will play an important role in the sensing process,
especially when the loading frequency is high.

It is therefore the objective of the current paper to provide a comprehensive theoretical study of
the dynamic behaviour of embedded piezoelectric sensors. Attention will be focussed on the load
transfer between piezoelectric sensors and the host medium, and the electromechanical response of
the sensors. A generalized one-dimensional electromechanical model, which includes the
deformation in both transverse and longitudinal directions, is used to simulate the behaviour of
the sensor. Numerical simulation is conducted to evaluate the effect of the geometry, material
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mismatch, and the loading frequency on the resulting strain in the sensor, which represents the strain
level in the the host medium to be determined.

2 Formulation of the problem

Consider the two-dimensional plane problem of parallel thin-sheet piezoceramic elements, which
act as either sensors or actuators, embedded in a homogeneous and isotropic elastic insulator, as
illustrated in Fig. 1. The size of the sensors/actuators is assumed to be significantly smaller than
that of the host structure. Therefore, the host structure is modelled as an infinite medium. It is
assumed that the poling direction of each piezoceramic sensor/actuator is along its thickness. The
half length and the thickness of sensor/actuator A,, are denoted a,, and h,,, respectively, and the
centre of it is located at (y%, z%) in the global coordinate (y, 2). A local coordinate system (¥,,, <,,)
is also used to describe sensor/actuator A,, with the origin being at its centre. When the host
medium is deformed, an electric voltage will be generated across the upper and lower surfaces of a
sensor. In the current integrated sensor/acuator system, the deformation of the host medium is
induced by applying a voltage between the upper and the lower surfaces of actuator A,,, which
generates an electric field of frequency w along the thickness direction of the actuator
EZ = (V,, = Vi)h,, with V}, and V,, being the electric potentials at the upper and the lower
electrodes, respectively. Because of the piezoelectric property of the actuator, elastic waves will be
induced in the host medium.

The plane strain deformation will be assumed in this paper. Compared to the small thickness of the
piezoelectric sensor (typically 0.15 mm to 0.5 mm), the width of the piezoelectric thin-sheets in the
direction perpendicular to the y—z plane is significantly larger. For the current embedded
piezoelectric thin-sheet sensor, high stress concentration exists near the end of it. The deformation
corresponding to the high stresses near the end of the sensor will, however, be restrained by the
surrounding materials of both the sensor and the host medium. Limiting the deformation of the
sensor in the direction of the width will form a plane strain condition. It should also be mentioned
that no viscous effect is included in the current analysis and only non-dispersive wave propagation is
considered. For the steady state response of the system discussed in this paper, the time factor
exp(—iwt), which applies to all the field variables, will be suppressed. Existing studies indicate that
the interaction between piezoelectric elements under dynamic loads is usually very weak unless they
are in close proximity. In the current study, attention will be focussed on the cases where
piezoelectric elements are relatively far away and the interaction between the actuator and the sensor
will be ignored.
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Fig. 1. Embedded sensors/actuators in
an elastic medium
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2.1 Modelling of the sensor/actuator

The sensor and the actuator will behave differently in an integrated system. For the actuator, a high
frequency electric field £, across its thickness is applied, which results in elastic waves in the host
medium with the typical wavelength being comparable to the length of the actuator. For the sensor,
the resulting elastic wave in the host medium will act as the incident wave. In this case, the inertia
effect of the sensor/actuator must be considered.

For an embedded thin-sheet sensor/actuator, its thickness is usually small in comparison with the
length. It can then be assumed that the stress and strain components af/, a3, ejf,, & and displacement
uy, are uniformly distributed across the thickness. The sensor/actuator can be regarded as a one-
dimensional electromechanical element subjected to 7 and o, as shown in Fig. 2, in which 7 and g,
represent the interfacial shear and normal stresses between the sensor and the host medium.
According to these assumptions the equation of motion of the sensor/actuator in the axial direction
can be expressed as
s,

a +1(y)/h + psw’ul;, =0, (1)

where pj is the mass density of the sensor/actuator. The transverse deformation of the sensor/actuator
is given by
us+ Y

e(y) = %7 (2)

with u3*, uZ~ being the displacements at the upper and lower surfaces of the sensor/actuator and /2
being the thickness of the sensor/actuator. The coupled electromechanical behaviour of the sensor/
actuator can be described in terms of the following constitutive equations:

O'Z = 0118; +cs18 —esiEy, )

0y = C318, + Caze; — €33k, 4)
S __ S S

D = eize, + eszel + Asskl, )

where 11, C31, C33 are the elastic constants, e3; and ess are the piezoelectric constants, A3 is the
dielectric constant, and &j is the axial strain of the sensor/actuator given by
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Fig. 2. The sensor model and the
Oz interfacial forces
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It is assumed that the sensor will operate in the open-loop mode [13], [35]. Since no external charge
is supplied, the electric displacement across the thickness of the sensor will be zero, i.e.,

D, =0. (7
Using this sensor/actuator model, the axial strain of the actuator/sensor can be determined in terms of
T and (u2" — ug™) by solving Eq. (1) as

Y

S B p é
£(y) =es(y) — / coskg(¢ — y)%u)dé
—a
sinks(a+y) [
SIis\@ +Y) Kl y 8
héy; sin2ksa / cosks(& — a)p(C)de, ®
—a
where
ep(y) = %%ﬁfﬁi for actuator .
0 for sensor
and p(y) is given by
_d -
py) = 1(y) +hes —— (uet —ug”) (10)

dy

and

- _ C11
ks = w/CSaCS =V Cll/psvcll = {

2
es
o2 for sensor

for actuator

(11)

I

B c31 for actuator
C31 = -
31 C31 —}—% for sensor

with kK, and ¢, being the wave number and the axial wave speed of the actuator/sensor, respectively.
The transverse stress of the sensor/actuator, o3(y), can be expressed, using Egs. (4) and (8), as

Gs1sinks(a +y) / (&) cosks (¢ — a)dé

S _
O—z(y) a GE( h,(j‘u sin ZICSCL
oy - B (12)
C31 C33 _
- coskg(E —y)dé + == (udt —u
o | p(9) cosky(E —y)aé + 5 (e —ul),
—a
where
W cs18e(y) — essE, for actuator
oY) = )
0 for sensor
(13)
C33 for actuator
C33 = 5
C33 + %j for sensor.
For a sensor, the electric displacement can be obtained from the constitutive relation as
Dz = €58y + dso-z + j-sEzw (14)

where e, dg and A, are effective material constants given in Appendix A. Under the open-loop mode
no external charge is supplied and the piezoelectric charge collected on the two electrodes will
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generate an electric field. Using Eqgs. (7) and (14), the voltage along the sensor can be determined in
terms of the strains as

h

V. :i—(essy + dsoy). (15)
S

Since the voltage is linearly dependent on ¢, and o, in the following discussion attention will be

focussed on the strain and stress in the sensor.

2.2 Dynamic behaviour of the integrated electromechanical system

For the host medium with an embedded sensor/actuator, the total mechanical field (1) generally
consists of two parts, the known incident wave (') and the outgoing wave (u) caused by the sensor/
actuator. Since the displacement and traction will be continuous at the upper and lower interfaces of
the sensor/actuator, the displacement field can be expressed as

ul =ul +u. (16)

Based on the current sensor/actuator model, the displacement in y-direction is continuous, such that
uy(y,0%) = uy(y,07). (17)

Because the sensor/actuator will be deformed in the thickness direction, the host medium will
have a crack-like opening u.(y, 0%) — u.(y, 07) at the site of the sensor/actuator. In addition,
the sensor/actuator will cause discontinuity of the shear stress across its thickness in the host
medium. The interfacial shear stress difference between the upper and the lower surfaces of the
‘crack’ forms a shear force t for the sensor/actuator, which has been discussed in the previous
Subsection, i.e.,

O'yz(ya O+) - O'yZ(ya 07)=r1, Jyl<a. (18)
In the following discussion, the opening deformation of the ‘crack’ will be represented by the rate of
change of it with respect to y, which is denoted by ¢, i.e.

0 _
o) :@[uz(y,f)*) —u:(y,07)],  lyl<a. (19)

The opening deformation ¢ and the shear stress t acting on the ‘crack’ surfaces will result in an
outgoing elastic wave, which can be determined by solving an elastodynamic problem [36] under the
conditions given by (17)—(19). The general solution can be expressed as

sy<y7o>|mm:—ﬁ / W&y ly — O + / SO maly — E)dé| (20)
00Ol =5 | [ e(Emaly = e 4 / HOmsly — e e

—a

where u is the shear modulus of the host medium and

ni(y — & :%/53 ) sms(é—y)ds, (22)
0
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naly — &) = / T2 ins( — s, 3)
_ é (0 — 4s° (7 —4s%ap) ~— sins(¢é —y)ds (24)

0

with y = s* + % and

Vs2—K2  |s|>K Vs —k2  |s| >k
o= B: ) (25)
—iVK?2 —s2  |s|<K —iVk2 =2 |s|<k
K:(JJ/CL,]{:(U/CT. (26)

¢z, and ¢ are the longitudinal and transverse shear wave speeds of the elastic medium, respectively.
The ‘crack’ opening ¢ and the shear stress 7 satisfy the following continuity condition between the
sensor/actuator and the host medium, as given by (16):

&) =¢,,0) + & (y,0),

o7
o (y) = 0:(y,0) + d.(y,0), |y|<a, (27)

where ¢,(y, 0), o.(y, 0) are caused by the outgoing wave given by (20) and (21), and the terms with
superscripts ‘a’ and 'I’ represent the sensor/actuator and the known incident field, respectively. It
should be mentioned that for the case of an actuator the incident wave does not exist.

By substituting Eqgs. (8), (12), (20) and (21) into Eq. (27), the following integral equations can be
obtained:

- ﬁa [T(f)m(y — &) + up(Enaly — &)]dé

_ m% ; [r@) 51 0(&)] cos ks (¢ — a)de (28)
+ % [r(é) +Ca1p(&)] cos ks (¢ — y)dé = egy) — &, (y,0), |yl<a,
11 s
- {r(é)nz(y )+ ud(Emaly — }dé _ % / e
e (29)
L [z-(é) i aglqs(f)} cos k(¢ — y)de = op(y) — oL, 0), ly|<a.

—a

Equations (28) and (29) involve a square-root singularity for both 7 and ¢ at the ends of the sensor/
actuator. The general solutions of 7 and ¢ can then be expressed in terms of Chebyshev polynomials as

W) =3 AT /o)1 — g2,
J=0
=S BTiw/a)/\/1 - /a2, (30)
=0
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with T} being Chebyshev polynomials of the first kind and A; and B; being unknown constants to be
determined. If the expansions in (30) are truncated to the Nth term and Eqs. (28) and (29) are
satisfied at the following collocation points along the sensor/actuator:

. —

— Z - =1.2.---.N 1
Yy acos[Niln], l=12,---,N, (31)
2N linear algebraic equations in terms of {c} = {AO,Al,...,AN_l,Bl,Bg,...,BN_l}T can be
obtained. These equations can be represented as

[@{c} ={F}, (32)
where [Q] is a known matrix given in Appendix B, and the general loading {F'} is given by

Fi=ep()—€d@,0) 1=12,...,N
(33)
Fi=05) —d'(®,0) I=N+1,N+2,...,2N.

Based on the solution of 7 and ¢, the dynamic stress and strain field in both the sensor/actuator and
the matrix can be determined.

3 Results and discussion

This Section will be devoted to the discussion of the static and dynamic behaviour of embedded
piezoelectric sensors. The incident wave is applied through a piezoelectric actuator subjected to a
harmonic electric load (voltage). Attention will be focussed on the effects of material property, the
geometry and loading frequency upon the the response of the sensors.

The incident field is induced by a piezoelectric actuator parallel to the sensor, which is
subjected to an electric voltage of frequency w across its thickness. Based on the solution given in
Subsect. 2.2, the strain and stress components ¢/ and ¢ in the matrix induced by the actuator can
be determined as

a oo
- 3 * *
af/(y*,z*) =53 / 1 (u) / gkl spe PR sins(u — y*)dsdu
: T o
—a —00
a o0
(@) 57 g2k’ Bl i *
+u [ oY) ——te + 2sfe sins(u — y*)dsdu| , (34)
o
—-a —00
a o0
O_I * ¥ -1 (@) Sy —ale*| —Bl2*| o3 *
(Y 2") = ' (u) 5, + spe sins(u — y*)dsdu
—a —0Q
a [o.¢] 5
+pu / &' (u) / Z/T(Se‘“‘z*‘ — 2spe P lsins(u — y*)dsdu (35)
—a —00

with @, ¢ being given by the solution of Eq. (30) of the actuator. In these equations,
* 0 * 0 . . .
Y =Y —Yg 2 =2 — &, with y and 2 being the coordinates measured from the centre of the
sensor, and y2 and zg being the position of the centre of the actuator.
At the position of the sensor, the following strain and stress components of the incident wave can
be obtained:
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Sj(y’ ) - (y yav_ 2)7 (36)
' (y,0) = oL(y — 3, —=27), (37)

which are used in (32) and (33) for the solution of the sensor problem.

3.1 Static behaviour of the sensor

Consider first the quasi-static behaviour of an embedded sensor when the loading frequency is very
low such that the typical wavelength of the elastic wave in the host medium is much longer than the
length of the sensor. The material constants of the sensor and the host medium are assumed to be
Sensor (PZT) [37]

A =139 x 101°(Pa), ¢\% =6.78 x 10"°(Pa), ¢\¥ = 7.43 x 10"°(Pa),
c%) =115 x 10°(Pa), ¢ =256 x 10'°(Pa),
631 — —52(C/m?), e =15.1(C/m?), €V =12.7(C/m?),
&9 =6.45 x 107°(C/Vm), &2 =5.62 x 107°(C/Vm)
Host medium
E =274 x10"Pa), »=03.

The local strain &;, and transverse stress o2 along the sensor can be obtained from Egs. (8) and (12).
The following strain and stress ratios at the position of the sensor between the sensor response and
the incident field are introduced and used to evaluate the property of the sensor in predicting the
mechanical field in the host medium:

0.2 1 1 1

ya

Fig. 3. The static strain ratio for a PZT sensor
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K

0.6 | —-—,=10

0.4 1 1 1
-1 -0.5 0 0.5 1

y/a

Fig. 4. The static stress ratio for a PZT sensor

K1 (y) = o Kkey) =S5 (38)

Ideally, if the sensor does not disturb the incident field these values should be one. The change of
these two parameters represents the intrusive effect of the sensor on the original incident field.

Figures 3 and 4 show the effect of the length-to-thickness ratio of the sensor v = a/h upon

1= EZEJ; =% (y ) for the case where the actuator is centrally aligned with the sensor with a
distance e, = 10a and the length-to-thickness ratio of the actuator is v, = 20. It is assumed that the
length of the sensor 2¢ is a constant for all the cases considered and the thickness of the sensor
changes with v,. The ratio xj, which represents the level of the strain transferred from the host
medium to the sensor, decreases dramatically with increasing thickness of the sensor. However, the
effect of the thickness of the sensor on the transverse stress transfer, represented by o, is relatively
insignificant in comparison with the change in «;.

The corresponding results for the case of a PVDF sensor are shown in Figs. 5 and 6. The property
of the PVDF sensor is Sensor (PVDF)

Y =25 x10°Pa), 'Y =075 x10°(Pa), 'Y =0.75 x 10°(Pa),

¢ = 0.9 % 10°(Pa), Y =025 x 10°(Pa),

el =46 x1073(C/m?), e =-34x1073(C/m?), ¥ =-1.7x1073(C/m?),
&% =0.106 x 10°°(C/Vm), &%) =0.106 x 10°9(C/Vim).

In comparison with the result for PZT sensors, the PVDF sensor shows much higher strain transfer
ratio for a given length-to-thickness ratio. For both strain transfer ratio x; and stress transfer ratio xs,
the thickness shows a significant effect, which is different from the case of PZT sensors.
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1 . I . I . I .
-1 -0.5 0 0.5 1

y/a

Fig. 5. The static strain ratio for a PVDF sensor

0.8 T T T

0.6

02

-1 -0.5 0 0.5 1
va

Fig. 6. The static stress ratio for a PVDF sensor

Figures 7 and 8 show the distribution of x; and x» along the sensor for the case where

vy = 20,92 = 93 — (.5, for different material combinations ¢ = 7£
11 cu 2¢11

is observed for higher material combination g, corresponding to a softer sensor. The stress transfer

. A higher strain transfer ratio x|

ratio k2, however, decreases with increasing q.
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0.5 n 1 n 1 n 1 n
-1 -0.5 0 0.5 1

y/a

Fig. 7. The static strain ratio for different material combinations

0.2 L L |

-1 -0.5 0 0.5 1
va

Fig. 8. The static stress ratio for different material combinations

3.2 Dynamic behaviour of the sensor

X. D. Wang, G. L. Huang

Figures 9 and 10 show the amplitudes of the dynamic strain and stress transfer ratio x; and Ko
between a PZT sensor and the host medium for the case where vy = 20, ¢ = 0.3, and py/py = 1, with
ps and py being the mass density of the sensor and the host medium, respectively. In the central part
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1.2 T

——r

1

0 0.5 1

va

Fig. 9. The dynamic strain ratio for a PZT sensor

K
g
I

(=]

0.8 s

0.7 |

1

0.6 .
-0.5 0 0.5 1
Ya

Fig. 10. The dynamic stress ratio for a PZT sensor

of the sensor the strain transfer ratio x; increases with increasing loading frequency (ka). But the
effect of the loading frequency upon the stress transfer ratio kg, oscillating around ks = 1 with the

change of ka, is not as significant as that on the strain transfer ratio.
The corresponding amplitudes of the dynamic strain and stress transfer ratio x; and ¥y along a

PVDF sensor are shown in Figs. 11 and 12 where v; = 20, g = 26.5, and ps/py = 0.3. In this case the
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Fig. 11. The dynamic strain ratio for a PVDF sensor

0.8 T .

-1 -0.5 0 0.5 1

Fig. 12. The dynamic stress ratio for a PVDF sensor

effect of the loading frequency (ka) upon both the strain and stress transfer ratios is significant. x;
and k9 decrease with increasing loading frequency ka.

The results discussed indicate that the relation between the sensor response and the incident wave
is complicated in most of the cases considered. It should also be mentioned that different from the
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case of the surface bonded-sensor [37], both longitudinal strain and transverse stress of an embedded
sensor will contribute to the electric voltage output of the sensor.

4 Concluding remarks

An analytical solution is provided to study the static and dynamic electromechanical behaviour of
piezoelectric sensors embedded in the elastic medium under plane mechanical and electrical loads.
The analysis is based on the use of a generalized one dimensional sensor/actuator model. The
effect of the different sensor parameters and the loading frequency upon the behaviour of the
sensor is studied. The results show the necessity to account for the interaction between the sensor
and the host medium due to the material mismatch, especially for relatively high loading
frequencies. Further theoretical and experimental studies are necessary for determining the
dynamic strain in the host medium using embedded piezoelectric sensors under high loading
frequency.

Appendix A
Effective material constants

The electromechanical behaviour of piezoelectric materials can be described by
{0} = [cl{e} - [el{E},  {D} = [el{e} + [AHE}

In these equations, {¢} and {&} are the stresses and the strains, while {D}, {£'} represent the electric
displacement and the electric field intensity, respectively. [c] is a matrix containing the elastic
stiffness parameters, [e] represents the piezoelectric constants and [A] represents the dielectric
constants.

For a sensor under open-loop mode (D, = 0), Egs. (3), (4) and (5) result in

E, = —(e138, + e336)/ As3,
* *
0z = C138y + C3382,
* *
& = (02 — C138y)/Ci3-
Equation (5) can then be expressed in terms of ¢, and ¢, and £, as

D, = esey + dso, + AE,

with the effective material constants of the sensor being given by

€33C3
€s =€13 — —
C33
€33
ds =5
C3s
;Vs = ;»33.

Appendix B
Sensor/actuator solution

The matrix [] used in Eq. (32) for solving the single sensor/actuator problem is given by
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1

o sin [jcos™! ]
@y = njzzlc] sin [cos~1 7]
S x® 2k27B
+7 c/P(g,n’)( - ,+1)d§
j; A H0l(252 — ) — 45%ap)]
+qucj / cos[ks(cos 0 — n')] cos(j0)d0

cos 1yt
sinfks (1" + D] Q= 0
- vi_ C"P,' .
1 sin(2ks;) ; 7

In the above equations,

W =y/a, K=Ka, k==ka, ks=ksqa, §=sa

and

P51 =JJ-<§>{ (

(=1)"cos(si)) j=2n+1
—1)"sinGyl)  j=2n

o (=1)"sin(ks) j=2n+1
(S){ (=1)*cos(ks) j=2n

with J; (j = 1,2...) being the Bessel functions of the first kind.
a, B can be obtained from «, f§ directly, which are defined in Eq. (25), with s, K, k being replaced
by 5,K, k, respectively.
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