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Summary. This paper develops a novel laminated piezoelectric actuator (LPA) to control the vibration of a

cylindrical shell structure, which is fabricated through bonding multiple piezoelectric layers of the same property

together. The electromechanically coupled equations of the system are derived based on the classic shell theory.

A parametric study is then conducted to evaluate the effects of geometric and physical properties of the actuator

on actuating forces. The results show that as the number of layers increases, the actuating forces per voltage

produced by LPA in the axial, circumferential and radial directions of the shell all increase noticeably. The

active vibration control of a simply supported cylindrical shell using LPA of different layer numbers is simulated

as well under a velocity feedback scheme. It is indicated that with the same control voltage the LPA can obtain a

better control performance than the conventional single layer piezoelectric actuator as expected and the targeted

radial modal vibration of the shell is attenuated significantly.

Nomenclature

a, b Dimension of the actuator in the axial and circumferential direction

Cw Transverse damping coefficient of shell

e31, e32 Piezo-constants of piezoelectric layer

Eb, Ep, Es Young’s modulus of shell, piezoelectric layer and bonding layer

Ez Electric field intensity

fx, fa, fz Actuating force in the axial, circumferential and radial direction

Fx, Fa, Fz Mzx, Mza Coefficients of actuating force per voltage

Mx, Ma, Mxa, Max Bending moments

Nx, Na, Nxa, Nax Membrane forces

qx, qa, qz Distributed disturbance forces on the shell

Qx, Qa Transverse shearing forces

R Heaviside step function

tp, ts Thickness of piezoelectric layer and bonding layer

u, v Displacement of middle surface in the axial and circumferential direction

V(t) Control voltage

w Displacement in the radial direction

x1, x2, a1, a2 Boundary coordinates of actuator

rbx, rba, rbxa Stress components of shell
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rpx, rpa, rpxa Stress components of piezoelectric layer

rsx, rsa, rsxa Stress components of bonding layer

e(z)
x , e(z)

a , e(z)
xa Strain components in the curved surface parallel to the middle surface

tb, tp, ts Poisson’s ratio of shell, piezoelectric layer and bonding layer

qb, qp, qs Mass density of shell, piezoelectric layer and adhesive layer

1 Introduction

Shell structures were widely used as parts in spatial, aeronautical and automotive equipments. In these

applications, undesirable vibrations of the shells may not only degrade the performance, but also

influence structural integrity and reliability of the equipments. In order to ensure the safety of these

equipments, the active vibration control of shell structure parts using piezoelectric actuators and

sensors has been researched extensively in recent years. In reference [1], Tzou et al. gave a detailed

review on the investigation of precision sensors and actuators. Tzou and his workgroup [2]–[6] have

made a great deal of work on the vibration control of piezoelectric shells, their research has been

extended to the vibration control of cone shells, spherical shells and to the nonlinear problems of

vibration control of piezoelectric shells. Ray derived the coupled electromechanical governing

equations of a simply supported shell covered entirely with piezoelectric layers on its top and bottom

surfaces and analyzed the optimal control problem [7]. Balamurugan and Narayanan [8], [9]

considered a plate/shell structure with thin PZT layers embedded on its top and bottom surfaces to act

as distributed sensor and actuator by using the finite element method. In [10], Correia et al. researched

the active control of axisymmetric shells with piezoelectric layers. In [11], Wang et al. examined the

coupled electromechanical behavior of a piezoelectric actuator bonded to a finite elastic medium. The

researches in [7]–[11] were focused on a one-layer piezoelectric actuator, which covered the host shell

fully. However, due to the brittleness of the piezoelectric materials, it is impractical for large shell

structures to have them completely covered by piezoelectric sensor and actuator layers.

In [12], Sun and Tong studied the active vibration control of the shell structures with discretely

distributed piezoelectric sensors and patch actuators, each of which only covered a local area on the

host shell. Wang and Vaicaitis [13] used pairs of spatially discrete piezoelectric actuators to control

the vibration and noise transmission of double wall composite cylindrical shells. Whereas, even

though discrete distributed actuators are properly located on the host shell, the total area covered by

actuators is commonly large for gaining considerable actuating force.

According to the above reason, the area covered by an actuator should be small for feasibility.

Thus, the control voltage might be high for obtaining a satisfactory control effect as well-known.

However, the overhigh control voltages are not generally allowed for the safety of the system,

especially for aeronautics and astronautics applications. Therefore, it seems to be limited for a

traditional single layer piezoelectric actuator to increase the actuating force and improve the control

performance only by increasing control voltage. Zhang [14] proposed a new piezoelectric actuator in

order to obtain the desired control performance with small covered area and low control voltage. The

actuator was made by laminating multiply piezoelectric layers having the same size and material

constants and being applied with the same voltage to result in the consistent deformation. The active

control of a beam/plate bonded with such a laminated piezoelectric actuator (LPA) has been studied

in [15], [16]. The results demonstrated that the magnitudes of actuating forces per voltage produced

by the actuator are larger than that of the traditional single layer actuator and thus can obtain a better

control performance under the same driving voltage.

This paper extends the application of an LPA to vibration control of a cylindrical shell and is

organized as followed: first, the configuration of an LPA is described and the electromechanically
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coupled equations of a cylindrical shell bonding with an LPA on the top surface are derived; second,

the characteristics of actuating forces exerted by an LPA are investigated based on the formulations

of actuating force; third, for a simply supported cylindrical shell, the formulae of modal actuating

forces of the LPA are obtained by using Galerkin’s method and active vibration control of the system

using LPAs of different layers, and the single layer actuator with different thickness is simulated

under velocity feedback scheme; finally, a brief summary of the conclusions is given.

2 Modeling of the system

2.1 Description of the system

Figure 1 depicts the control system considered in the study, where a laminated piezoelectric actuator

(LPA) is placed on the top surface of a thin elastic cylindrical shell. The configuration of the LPA is

illustrated in Fig. 2. It is shown that the LPA is made up of n identical piezoelectric patches and n

identical bonding layers. The piezoelectric patches are polarized along the z axis and adhered

together through the surfaces of the same polarity. All piezoelectric patches in the LPA are

orientated specially so as to possess the identical piezoelectric constant in the same direction. In

addition, each piezoelectric patch is applied with identical control voltage. In this paper, the

converse piezoelectric effect is used for active vibration control. It is assumed that all layers are

bonded perfectly and the deformation of the LPA is continuous.

2.2 Governing equation of the system

The shell is of average radius of curvature r, the thickness h, and the length l. A cylindrical

coordinate system is employed to describe the motion of the system. In order to facilitate the

derivation of the equation of motion of the system, the following assumptions are made: (i) the total

thickness of all layers is much smaller than the dimensions in the axial and circumferential

directions; (ii) the shear strains in the LPA layers and base shell are negligible and (iii) the

displacements are continuous and the transverse displacements w of all points on any cross-section

of the system are considered to be equal. Thus, according to the geometric equations and the
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Fig. 1. The schematic of a cylindrical shell bonded with an LPA on the top surface
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Kirchhoff hypothesis, the strain components in the curved surface that is parallel to and in a distance

z away from the middle surface can be expressed as

eðzÞx ¼ ex þ kxz; ð1:1Þ

eðzÞa ¼
1

1þ ðz=rÞ ea þ kazð Þ; ð1:2Þ

eðzÞxa ¼
1

1þ ðz=rÞ exa þ 2 1þ z

2r

� �
kxaz

h i
; ð1:3Þ

where ex, ea and exa are the normal and shear strain components in the middle surface (z = 0), given

by ex ¼ u0x; ea ¼ 1
r
ðv0a þwÞ; exa ¼ 1

r
u0a þ v0x: kx; ka and kxa can be expressed as

kx ¼ �w0xx; ka ¼ 1
r2 ðv0a �w0aaÞ; kxa ¼ 1

r
v0x � 1

r
w0xa; the subscript, () denotes derivation calcu-

lus.

The relationships between stresses and strains are
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Fig. 2. Configuration of a 3-layer LPA placed on the shell

90 Y. H. Zhang et al.



rpx

rpa

rpxa

9>=
>;
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¼ Ep

1� t2
p
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2
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Ez ð4Þ

for the piezoelectric layers of the LPA, respectively. For the linear thin piezoelectric patch, the

electric field intensity Ez is assumed uniformly distributed along the thickness direction of the patch

and it can be expressed as Ez ¼ VðtÞ
tp
:

Expanding ð1þ z
r
Þ�1

in Eq. (1) into series and omitting the higher order terms, then substituting

Eq. (1) expressed by power series into Eqs. (2), (3), (4), the stress components can be expressed as

rbx ¼ Db ex þ tbea þ zðj�x þ tbj�aÞ � z2tb
1
r
j�a

� �

rba ¼ Db tbex þ ea þ zðtbj�x þ j�aÞ � z2 1
r
j�a

� �

rbxa ¼ Db
1�tb

2
ð1þ z2

2r2Þexa þ 2z� z2 1
r

� �
j�xaÞ

h i ; ð5:1Þ

rsx ¼ Ds ex þ tsea þ zðj�x þ tsj�aÞ � z2ts
1
r
j�a

� �

rsa ¼ Ds tsex þ ea þ zðtsj�x þ j�aÞ � z2 1
r
j�aÞ

� �

rsxa ¼ Ds
1�ts

2
ð1þ z2

2r2Þexa þ 2z� z2 1
r

� �
j�xa

h i ; ð5:2Þ

rpx ¼ Dp ex þ tsea þ zðj�x þ tpj�aÞ � z2tp
1
r
j�a

� �
� e31Ez

rpa ¼ Dp tpex þ ea þ zðtpj�x þ j�aÞ � z2 1
r
j�aÞ

� �
� e32Ez

rpxa ¼ Dp
1�tp

2
1þ z2

2r2

� �
exa þ 2z� z2 1

r

� �
j�xaÞ

h i ; ð5:3Þ

where Db ¼ Eb

�
ð1� t2

bÞ; Dp ¼ Ep=ð1� t2
pÞ; Ds ¼ Es

�
ð1� t2

s Þ; j�x ¼ jx ¼ �w0xx; j�a ¼ ja�
ea
r
¼ � 1

r2 ðw0aa þwÞ; j�xa ¼ jxa� 1
r

exa
2
¼ � 1

2r2 ðu0a � rv0x þ 2rw0xaÞ:
The membrane forces Nx, Na, Nxa as well as the bending moments Mx, Ma,Mxa in a differential

element of the shell bonded with LPA can be expressed in terms of stress components

Nx ¼
Zh

2

�h
2

rbx 1þ z

r

� �
dzþ

Xn

i¼1

Zz2i�1

z2i�2

rsx 1þ z

r

� �
dzþ

Xn

i¼1

Zz2i

z2i�1
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r
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0
@

1
AR; ð6:1Þ

Na ¼
Zh

2

�h
2
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Xn

i¼1

Zz2i�1

z2i�2

rsadzþ
Xn

i¼1

Zz2i

z2i�1

rpadz

0
@

1
AR; ð6:2Þ

Nxa ¼
Zh

2

�h
2

rbxa 1þ z

r

� �
dzþ

Xn

i¼1

Zz2i�1

z2i�2

rsxa 1þ z

r

� �
dzþ

Xn

i¼1

Zz2i

z2i�1

rpxa 1þ z

r

� �
dz

0
@

1
AR; ð6:3Þ

Nax ¼
Zh

2

�h
2

rbaxdzþ
Xn

i¼1

Zz2i�1

z2i�2

rsaxdzþ
Xn

i¼1

Zz2i

z2i�1

rpaxdz

0
@

1
AR; ð6:4Þ

Mx ¼
Zh

2

�h
2

rbxz 1þ z

r

� �
dzþ

Xn

i¼1

Zz2i�1

z2i�2
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r
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0
@

1
AR; ð6:5Þ
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Ma ¼
Zh

2
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2
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Mxa ¼
Zh

2
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2
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r
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Max ¼
Zh

2

�h
2

rbaxzdzþ
Xn

i¼1

Zz2i�1

z2i�2

rsaxzdzþ
Xn

i¼1
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z2i�1

rpaxzdz

0
@

1
AR; ð6:8Þ

where the Heaviside step function R is used to describe the position of the LPA on the shell

Rðx; aÞ ¼ ½Hðx� x1Þ � Hðx� x2Þ� � ½Hða� a1Þ � Hða� a2Þ�:
Assume a viscous damping with damping coefficient Cw only in the radial direction. According to

d’Alembert’s principle, the equations of motion of the shell can be written as

rNx0x þ Nax0a þ rqx ¼ rqu0tt; ð7:1Þ

Na0a þ rNxa0x þ Qa þ rqa ¼ rqv0tt; ð7:2Þ

rQx0x þ Qa0a � Na þ rqz � Cww0t ¼ rqw0tt; ð7:3Þ

rMx0x þMax0a � rQx ¼ 0; ð7:4Þ

Ma0a þ rMxa0x � rQa ¼ 0; ð7:5Þ

�Max

r
þ Nxa � Nax ¼ 0; ð7:6Þ

where q = qb h + (qs nts + qp ntp)R.

Substituting Eqs. (5) into Eqs. (6), then Eqs. (6) into Eqs. (7) yields the governing equations of the

shell,

qu0tt� DbhþR Ds Aþ B

2r

� 	
þDp

�Aþ
�B

2r

� 	
 �� 

u0xx�

R

2r2
DsA 1�tsð ÞþDp

�A 1�tpð Þ
� �

u0xa

� h

2r2
Db 1�tbð Þu0aa�

R

2r
Ds 1�tsð Þ Aþ B

2r

� 	
þDp 1�tpð Þ �Aþ

�B

2r

� 	
 �
v0xx

� h

2r
Db 1þtbð ÞþR

r
Dsts Aþ B

2r

� 	
þDptp

�Aþ
�B

2r

� 	
 �� 

v0xa

� � h3

12r
Db�R Ds

B

2
þ C

3r

� 	
þDp

�B

2
þ

�C

3r

� 	
 �� 

w0xxx�

R

2r2
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� �
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� R
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w0xaa� Dbtb

h

r
þR
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r
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r
�A

� 	
 �
w0x¼qx� �Aþ

�B
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� 	
e31EzR0x;

ð8:1Þ
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qv0tt�
1

2r
Db 1þ tbð ÞhþR Ds 1þ tsð Þ Aþ B

2r

� 	
þDp 1þ tpð Þ �Aþ

�B

2r

� 	
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� 1
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v0aa

� Db 1� tbð Þ h

2
þ h3
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2r
þDsC

2r2
�1þ ts

3

� �
�

�BDp

2r
þDp

�C

2r2
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3

� �
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w0xxa

� 1

r2
DbhþR DsAþDp

�A
� �� �

w0a¼ qa�
�A

r
þ

�B

2r2

� 	
e32EzR0a; ð8:2Þ

qw0tt � Db

h3

12r
þ R Ds

B

2
þ C

3r

� 	
þ Dp

�B

2
þ

�C

3r

� 	
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u0xxx

� � 1

r
Dbtbhþ R DstsAþ Dptp

�A
� �� �� 


u0x þ
R

2r2
DsBþ Dp

�B
� �

u0xaa

� h3Db

24r2
3� tbð Þ þ R

2r
Ds 1� tsð Þ Bþ C

r

� 	
þ Dp 1� tpð Þ �Bþ

�C

r

� 	
 �� 

v0xxa

� � 1

r2
Dbhþ R DsAþ Dp

�A
� �� �� 


v0a � �h3Db

12
� R

3
DsCþ Dp

�C
� �
 �

w0xxxx

� �h3Db

6r2
� 2R

3r2
DsCþ Dp

�C
� �
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w0xxaa �
R

r
DsVsBþ Dptp

�B
� �
 �

w0xx

� � 1

r2
Dbhþ R DsAþ Dp

�A
� �� �� 


wþ Cww0t ¼ qz þ
R

r
e32Ez

�A�
�B

2
þ

�C

3r

� 	

� e31EzR0xx �
�B

2r2
e32EzR0aa; ð8:3Þ

where

A ¼ nts; �A ¼ ntp;B ¼ nhts þ ðn2 � nÞtstp þ n2t2
s ;

�B ¼ ntp½nðts þ tpÞ þ ts þ h�;

C ¼ 1

4
nts½3h2 þ 6ðn� 1Þhtp þ 6nhts þ ð8n2 � 6n� 2Þtstp þ ð4n2 � 6nþ 2Þt2

p þ 4n2t2
s �;

�C ¼ ntp
3

4
h2 þ ðn2 þ 3

2
nþ 1

2
Þt2

s þ n2t2
p þ

3ðnþ 1Þ
2

tshþ
4n2 þ 3n� 1

2
tstp þ

3n

2
tph


 �
:

3 Characteristics of actuating forces

From Eqs. (8), the actuating forces per voltage produced by an LPA in the axial, circumferential and

radial directions, respectively, are

fx ¼ � �Aþ �B
�

2r
� �

e31EzR0x
�

VðtÞ ¼ FxR0x; ð9:1Þ

fa ¼ � �A
�

r þ �B
�
ð2r2Þ

� �
e32EzR0a

�
VðtÞ ¼ FaR0a; ð9:2Þ

fz ¼ ½R=r � e32Ez
�A� �B

�
2þ �C

�
3r

� �
e31EzR0xx � �B

�
ð2r2Þe32EzR0aa�

�
VðtÞ

¼ FzRþMzxR0xx þMzaR0aa;
ð9:3Þ

where the coefficients Fx, Fa, Fz, Mzx and Mza can be expanded, respectively, as
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Fx ¼ � nþ n2 ts þ tpð Þ þ n ts þ hð Þ
2r


 �
e31; ð10:1Þ

Fa ¼ �
n

r
þ n2 ts þ tpð Þ þ n ts þ hð Þ

2r2


 �
e32; ð10:2Þ

Fz ¼
ne32

r
; ð10:3Þ

Mzx ¼ �

n3t2
p

3r
þ

4n3 þ 3n2 � n
� �

6r
ts þ

n2

2
1þ h

r

� 	
 �
tp

þ 2n3 þ 3n2 þ n

6r
t2
s þ

1

2
n nþ 1ð Þ 1þ h

r

� 	
ts þ

1

4
n 2hþ h2

r

� 	
 �

8>>><
>>>:

9>>>=
>>>;

e31; ð10:4Þ

Mza ¼ �
n2 ts þ tpð Þ þ n ts þ hð Þ

2r2
e32: ð10:5Þ

It is shown from Eqs. (9) and (10) that all three actuating forces per voltage are relevant to both the

position function (R) and the structural parameters of the actuator (including the number of layers

(n), the thickness of a single piezoelectric patch (tp) and the thickness of the bonding layer (ts)).

Given the position function R, one can evaluate the effects of these structural parameters on three

actuating forces per voltage through inspecting the variations of the coefficients Fx, Fa, Fz, Mzx and

Mza. Figure 3 shows the variations of magnitudes of Fx, Fa, Fz, Mzx and Mza as n (from 1 to 8),

where r = 200 mm, h = 1.5 mm, e31 = e32 = 17 N/Vm, tp = 1 mm and ts = 0.1 mm.

It is seen in Fig. 3 that the magnitudes of Fx and Fa increase significantly with increasing the

number of layers n. This indicates that actuating forces per voltage in the axial direction fx and

circumferential direction fa can be enhanced by increasing n. Note that though it is shown in

Eq. (10.1) and Eq. (10.2) that Fx and Fa are second-order polynomial functions of n, an

approximately linear relationship between Fx and n, Fa and n can be observed from Fig. 3 when n is

relatively small. This is because, in Eq. (10.1) and Eq. (10.2), the coefficients of n are much larger

than those of n
2. From Eqs. (10.3)–(10.5), it is seen that Fz is linear with n, Mzx is a third-order
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Fig. 3. Variations of Fx, Fa, Fz, Mzx, Mza with the increase of layer numbers n
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polynomial function of n, and Mza is a second-order polynomial function of n. Consequently, the

increase of n can pronouncedly heighten the magnitudes of Fz, Mzx and Mza as shown in Fig. 3.

However, it is observed, for a relatively small value of n, that the increment of Fz is much larger

than the increment of Mzx and the increment of Mza. Thus, according to Eq. (9.3), Eq. (10.3),

Eq. (10.4) and Eq. (10.5), it can be predicted that the actuating force per voltage in the radial

direction fz will increase significantly as n rises.

In addition, from Eqs. (10.1) and (10.2), it can be seen that the increase of either tp or ts can raise

the magnitudes of Fx and Fa, and the increases of both Fx and Fa resulting from increasing tp or ts

are much smaller than those produced by increasing n. Equation (10.3) shows that either tp or ts has

no influence on the magnitude of Fz. Equations (10.4) and (10.5) show that the magnitudes of both

Mzx and Mza have an increase when either tp or ts increases, however, the increments of both Mzx

and Mza resulting from increasing tp or ts are very small compared with those produced by an

increase of n. It implies that tp or ts has little influence on the actuating force per voltage in the radial

direction fz.

In summary, the actuating forces per voltage in the axial, circumferential and radial directions can

be significantly enhanced only by increasing the number of layers n. Whereas both tp and ts have

little effect on these actuating forces.

4 Active control simulations

In this Section, the vibration control of a simply supported closed cylindrical shell using LPA is

simulated. The material and geometric parameters of the system studied are summarized in Table 1.

The dimensions of the actuator in the axial and circumferential directions (i.e., a and b) are 40 mm

and 60 mm, respectively.

The displacements of the system can be approximately expressed as

u ¼
PS

M¼1

PT
N¼1

UMNðx; aÞgMNðtÞ;

v ¼
PS

M¼1

PT
N¼1

VMNðx; aÞbMNðtÞ;

w ¼
PS

M¼1

PT
N¼1

WMNðx; aÞcMNðtÞ;

ð11Þ

where M denotes the number of the axial half-wave, N denotes the number of the circumferential

wave, UMN, VMN and WMN are the modal shape functions of the structure. For the simply supported

boundary condition, we have

UMN ¼ cos Mpx
l

cos Na;

VMN ¼ sin Mpx
l

sin Na;

WMN ¼ sin Mpx
l

cos Na:

ð12Þ

Substituting Eqs. (11) and (12) into Eqs. (8) and employing Galerkin’s method, where the influences

of the actuator on the inertia and stiffness properties of the system are neglected and the following

Table 1. Material and geometric parameters

Shell l = 600 mm, rb = 200 mm, hb = 1.5 mm, qb = 7850 kg/m3, Eb = 200 Gpa, tb = 0.3

Piezoelectric patches tp = 1 mm, Ep = 23 Gpa, tp = 0.3, e31 = e32 = 17 N/Vm

Bonding layer ts = 0.1 mm, Es = 51 Gpa, ts = 0.3
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non-axial-symmetric modes are taken into account: (M, N) = (1, 1), (1, 2), and (2, 1), yields a group

of ordinary differential equations

My€þ Cdy€þKy ¼ fg þ fuVðtÞ; ð13Þ

where y ¼ ½ gT bT cT �T denotes the displacement vector in the modal coordinates, M, K and Cd

denote the mass matrix, stiffness matrix and damping matrix in the modal coordinates, respectively,

fg and fu are the load vector and the actuating force vector under unit control voltage, respectively,

and

fu ¼ ½ fT
ug fT

ub fT
uc �

T ; ð14:1Þ

fug ¼ ½qg11; qg12; qg21�T ; fub ¼ ½qb11; qb12; qb21�T ; fuc ¼ ½qc11; qc12; qc21�T ; ð14:2Þ

where fug, fub and fuc are the modal control force vectors per voltage in the axial, circumferential

and axial directions, respectively, and

qgMN ¼
Z2p

0

Z l

0

UMNðx; aÞfxdxda; ð15:1Þ

qbMN ¼
Z2p

0

Z l

0

VMNðx; aÞfadxda; ð15:2Þ

qcMN ¼
Z2p

0

Z l

0

WMNðx; aÞfzdxda: ð15:3Þ

Substituting Eqs. (9) and (12) into Eqs. (15) gives

qgMN ¼ Fx

Za2

a1

ðUMNðx1Þ� UMNðx2ÞÞda; ð16:1Þ

qbMN ¼ Fa

Zx2

x1

ðVMNða1Þ � VMNða2ÞÞdx; ð16:2Þ

(M, N) = (1, 2) (M, N) = (1, 1) (M, N) = (2, 1)

Fig. 4. Mode shapes of the system

96 Y. H. Zhang et al.



qcMN ¼ Fz

Zx2

x1

Za2

a1

WMNdxdaþMzx

Za2

a1

oWMN

ox
x2
j � oWMN

ox
x1
j

� 	
da

2
4

¼ Mza

Zx2

x1

oWMN

oa a2
j � oWMN

oa a1
j

� 	
dx�: ð16:3Þ

Let the right-hand side of Eq. (13) be zero, then the modal frequencies corresponding to (M, N) =

(1, 1), (1, 2) and (2, 1) can be found as 1569.3 Hz (fc11), 764.9 Hz (fc12) and 2997.0 Hz (fc21),

respectively, and the corresponding mode shapes are drawn in Fig. 4.

Assume the shell is subjected to a radial harmonic excitation qz ¼ p0dðx� x0Þdða� a0Þ
sinð2pfc11tÞ; where p0 ¼ 30prql; x0 ¼ l

2
and a0 = 0 are the coordinates of the excitation point. In

order to obtain better control performance, according to Eq. (16.3), one can optimize the location of

the actuator to maximize the modal control force qc11 provided by the LPA for the radial mode fc11.

This can be achieved by derivating qc11 with respect to the variables x1, x2, a1 and a2, respectively,

which gives the optimal location of LPA as x1 ¼ l
2
� a

2
;x2 ¼ l

2
þ a

2
; a1 ¼ � b

2r
; a2 ¼ b

2r
:

In this study, the velocity proportional feedback strategy was considered, thus, the control voltage

is

VðtÞ ¼ �K̂ _wðxH ; aH ; tÞ ¼ �K̂Ĉ _y; ð17Þ

where K̂ is the control gain, (xH, aH) are the coordinates of the feedback measurement point, Ĉ is the

measurement matrix, and
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Ĉ ¼ ½ 0 0 0 0 0 0 W11ðxH ; aHÞ W12ðxH ; aHÞ W21ðxH ; aHÞ �:

Substituting Eq. (17) into Eq. (13) gives the closed-loop control equation of the system with velocity

feedback as

My€þ ðCd þ K̂fuĈÞ€yþKy ¼ fg: ð18Þ

Assume that the modal damping ratios in the radial direction are nc11 = 2.45 · 10�4, nc12 = 1.60

· 10�3, nc21 = 4.38 · 10�4, and the modal damping ratios in the axial and circumferential
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directions are zero. The position of the feedback point is selected as ðxH ; aHÞ ¼ ð l2 ; 0Þ: The steady

transverse displacement responses of the monitored point ðx; aÞ ¼ ð l3 ; p
10Þ in the uncontrolled

ðK̂ ¼ 0Þ and controlled ðK̂ ¼ 130Þ cases were calculated for different n (from 1 to 4) as shown in

Fig. 5. It is observed that as the number of layers increases, the vibrational amplitude of the

monitored point decreases obviously.

Figures 6a and b show the transverse displacement frequency response functions of the monitored

point at frequencies near the first modal frequency (fc12) and those near the second modal frequency

(fc11), respectively. Each figure includes the uncontrolled and controlled cases (at different layer

numbers, i.e., n = 1, 2, 3 and 4). It is seen that both fc12 and fc11 are significantly attenuated. The

amplitude of the mode fc12 is 2.4620e-7, 2.2312e-7, 2.0166e-7, 1.8206e-7 and 1.6438e-7 for the

case of n = 0 (i.e., uncontrolled), 1, 2, 3 and 4, respectively, and the amplitude of the mode fc11 is

5.2503e-7, 4.1005e-7, 3.3051e-7, 2.7411e-7 and 2.3267e-7, respectively. Note that the amplitude of

the mode fc21 is unchanged (equals 1.5726e-7) for different cases. Referring to the mode shape of

fc21 (shown in Fig. 4), it is seen that LPA is placed just on the node-line of the mode fc21 in the

simulated system and thus has no control action on this mode. The radial mode fc21 may be

suppressed by optimizing the location of the actuator. These observations agree well with the results

listed in Table 2, from which it is shown that when the number of LPA layers increases, the damping

ratios of the first and second modes obviously increase but that of the third mode does not vary.

Another interesting phenomenon from Figs. 6a and b is that as n increases, the control voltage has

an obvious reduction (from 66.82V at n = 1 to 34.69V at n = 4). Here, introduce a factor d to

characterize the control effect per voltage achieved by an LPA, which is defined as

d ¼ A0 � AV

A0 � Ve

;

where A0 is the amplitude of the response without control, AV is the amplitude of the response under

control, and Ve is the amplitude of control voltage. As the number of actuation layers increases from

n = 1 (one layer) to n = 4 (four layers), the values of d are 0.0043, 0.0087, 0.0135 and 0.0182,

respectively, and the factor d increases about 4 times ranging from 0.0043 to 0.0182. This indicates

that the control performance per voltage obtained by an LPA can be improved noticeably by

increasing the number of actuation layers.

Table 2. Damping ratios and control voltage

Number of layers Damping ratios Control voltage (V)

(M, N) = (1, 2) (M, N) = (1, 1) (M, N) = (2, 1)

n = 0 (uncontrolled) 1.60e-003 2.45e-004 4.38e-004

n = 1 1.77e-003 3.47e-004 4.38e-004 66.82

n = 2 1.96e-003 4.52e-004 4.38e-004 51.35

n = 3 2.17e-003 5.60e-004 4.38e-004 41.50

n = 4 2.40e-003 6.70e-004 4.38e-004 34.69

Table 3. Comparison of control performance between two actuators

Actuator type tp
(mm)

ts
(mm)

Total thickness of

actuator (mm)

Amplitude of response

(mm)

Control

voltage (V)

d

single-layer

actuator

3.2 0.1 3.3 0.06029 66.35 0.0044

3-layer LPA 1 0.1 3.3 0.03771 41.50 0.0135
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To further examine the actuation ability of an LPA, two different actuators are considered: one is a

conventional single-layer piezoelectric actuator with a thicker layer (tp = 3.2 mm), the other is a

3-layer LPA consisting of three thinner layers (tp = 1 mm). The thickness of each adhesive layer is

0.1 mm, thus, two actuators possess the same total thickness (see Table 3). The steady displacement

responses of the system and control voltages using two actuators were computed and compared. The

results are shown in Table 3. It is seen that the 3-layer LPA obtains better vibration suppression with

much smaller control voltage than the single-layer actuator. The control effect factor d of the 3-layer

LPA is about three times larger than that of the single-layer actuator. It indicates that, though with

the same total thickness, the 3-layer LPA consisting of three thinner layers possesses the stronger

actuation ability than the traditional single-layer piezoelectric actuator with a thicker layer.

Finally, a parametric study is carried out to evaluate the influences of the thickness of the adhesive

layer (tp) and the piezoelectric layer (ts) on the actuation ability of a single layer actuator. Table 4

summarizes the variations of the control performance when tp is increased from 1 mm to 3 mm

while letting ts = 0.1 mm. It is shown that the variations of the response amplitude of the monitored

point, the control voltage and the control effect factor with the increase of tp all are trivial. Table 5

gives the results when ts is increased from 0.1 mm to 0.3 mm while letting tp = 1 mm. Similarly, it

is seen that the changes of the response amplitude, the control voltage and the control effect factor

with the increase of ts all are unobvious. These demonstrate that increasing either tp or ts is unable to

enhance effectively the actuation force of the single-layer actuator.

5 Conclusions

In this paper, a new type of piezoelectric actuator-laminated piezoelectric actuator (LPA) was

applied to the vibration control of a cylindrical shell. The electromechanically coupled equations of

the system were deduced based on the classic shell theory, and the actuating forces produced by the

LPA were formulated. A parametric investigation on the characteristics of the actuating forces shows

that the increase of the number of LPA layers can significantly increase the magnitudes of the

actuating forces per voltage in axial, circumferential and radial direction. However, both

the thickness of the piezoelectric layer and the thickness of the bonding layer have little effect on

the actuating forces.

The vibration controls of a simply supported closed cylindrical shell using an LPA of different

layer numbers and a single-layer actuator with different thickness were also studied under the

Table 4. Variation of control performance as tp increases for a single-layer actuator

ts (mm) tp (mm) Amplitude of response (mm) Control Voltage (V) d

0.1 1 0.06072 66.82 0.0043

2 0.06052 66.60 0.0044

3 0.06033 66.39 0.0044

Table 5. Variation of control performance as ts increases for a single-layer actuator

tp (mm) ts (mm) Amplitude of response (mm) Control Voltage (V) d

1 0.1 0.06072 66.82 0.0043

0.2 0.06068 66.77 0.0044

0.3 0.06064 66.73 0.0044
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velocity feedback strategy. The simulated results show that the targeted radial modal vibration of the

cylindrical shell can be significantly suppressed using an LPA. Besides that, the control performance

per voltage obtained by an LPA can be improved noticeably by increasing the number of actuation

layers. Whereas, for the single-layer actuator, the improvement of the control effect by increasing the

thickness of either the piezoelectric layer or the adhesive layer is marginal. Therefore, with the same

total thickness, a multi-layer LPA can obtain better control performance than the conventional

single-layer piezoelectric actuator.
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