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Summary. Eigenvalues and eigenvectors have many applications in structural mechanics and combina-

torial optimization. In this paper, a set of matrices of special forms is studied for which the calculation of

eigenvalues can be performed much easier than with the existing general methods. First tri-diagonal

matrices are presented and then the relationships for calculating their eigenvalues are extended to the

evaluation of the eigenvalues of block tri-diagonal matrices. Block penta-diagonal matrices are also

studied in this paper. The eigensolution of different problems of structural mechanics is performed to show

the simplicity of using the present formulations.

1 Introduction

Large eigenvalue problems arise in many scientific and engineering problems. While the basic

mathematical ideas are independent of the size of the matrices, the numerical determination of

eigenvalues and eigenvectors requires additional considerations as the dimensions and the

sparsity of the matrices increase. Special methods are needed for an efficient solution of such

problems. There are classes of matrices whose eigenvalues can be calculated more easily by

factorization techniques. Some of these matrices were previously studied [1]–[4], and here some

other matrices with canonical forms are introduced for which the eigensolutions can be

obtained much simpler compared to the classic approaches.

Symmetry has been widely studied in science and engineering [5]–[9]. Eigenvalue

problems arise in many scientific and engineering problems [10]–[13]. While the basic

mathematical ideas are independent of the size of matrices, the numerical determination of

eigenvalues and eigenvectors requires additional consideration as the dimensions and the

sparsity of the matrices increase. Special methods are needed for an efficient solution of

such problems.

Methods are developed for decomposing the graph models of structures in order to calculate

the eigenvalues of matrices with special patterns [1]–[4]. The eigenvectors corresponding to such

patterns are studied in [2]. The application of these methods is extended to the vibration of

mass-spring systems [14], and free vibration of frames [15].
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Eigenvalues and eigenvectors have many applications in structural mechanics and combi-

natorial optimization. In this paper, a set of matrices of special forms is studied for which the

calculation of eigenvalues can be performed much easier than with the existing general meth-

ods. First tri-diagonal matrices are presented, and then with the relationships for calculating

their eigenvalues are extended to the evaluation of the eigenvalues of block tri-diagonal

matrices. Block penta-diagonal matrices are also studied in this paper. The eigensolution of

different problems of structural mechanics is performed to show the simplicity of using the

present formulations.

2 Eigensolution of the matrices with unequal diagonal entries

Consider a tri-diagonal matrix in the following form:

Mn ¼

a b

b c :

b : :

: : :

: : b

: c b

b a

2
6666666666664

3
7777777777775

: ð1Þ

This matrix is denoted in an abbreviated form by Mn ¼ Fnða; b; cÞ. Now consider a special

form as Mn ¼ Fnða; b; cÞ, i.e., when a ¼ c. For the matrices of this form, the eigenvalues can be

obtained [16] by:

k ¼ aþ 2b cos
kp

nþ 1
; k ¼ 1 : n: ð2:1Þ

For the special case, when a ¼ 2 and b ¼ 1, the eigenvalues are

k ¼
"

2 cos
kp

2ðnþ 1Þ

#2

: ð2:2Þ

Now consider a matrix of the following form, in which not all the diagonal entries are identical,

and the first and last diagonal entries can have different values than the remaining entries:

E ¼

2 1

1 2 :

: : :

: : :

: 2 1

1 1

2
6666666664

3
7777777775

n

: ð3Þ

Let P be a matrix of dimension 2n as P ¼ F2nð2; 1; 2Þ. As it is shown before, a matrix of the

form Fða; b; cÞ can be decomposed into two submatrices [17]. The matrix P can similarly be

expressed as:
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P ¼

2 1

1 2

2 1

1 2 1

2 1

1 2

2
6666666666666666666666666664

3
7777777777777777777777777775

�

2 1

1 2

2 1

2 1

1

2 1

1 1 2

2
6666666666666666666666666664

3
7777777777777777777777777775

¼
M N

N M

" #
�

MþN 0

0 M�N

" #
¼

2 1

1

0

1

1 3

2 1

1

0

1

1 1

2
6666666666666666666666666664

3
7777777777777777777777777775

¼
E 0

0 D

" #
:

ð4Þ

Considering k for M from Eq. (1) and comparing with P, one can substitute 2n in place of n,

and for calculating the smallest eigenvalue, k should be replaced by 2n, resulting in

k2ðEÞ ¼
"

2 cos
np

ð2nþ 1Þ

#2

: ð5Þ

One of the applications of Eq. (5) is the calculation of the eigen-frequency and eigen-mode of a

shear building which has equal masses and stiffnesses for all the stories, and the floors are con-

sidered as rigid (see Fig. 1). In this case, the stiffness andmassmatrices have the following patterns:

K ¼

K1 þ K2 �K2

�K2 K2 þ K3 :

: : :

: : :

: Kn�1 þ Kn �Kn

�Kn Kn

2
6666666664

3
7777777775

ð6Þ
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and

M ¼

m1

m2

:

:

mn�1

mn

2
6666666664

3
7777777775

: ð7Þ

Now consider detðK�Mx2Þ ¼ 0. Here the matrix M is a multiple of the unit matrix I, and

therefore it can be dealt with much simpler. It is sufficient to calculate the eigenvalues of M�1K,

and since M is diagonal, its inverse has the inverse of the diagonal entries of M. Thus, one

should find the eigenvalues of K and divide the corresponding diagonal entries by the diagonal

entries of M. Since all Ki s and mi s are equal, therefore the matrix K is a multiple of E, and we

have

ðKi ¼ K ;mi ¼ mÞ ð8Þ

and

kk ¼ 4K cos2 ip
2nþ 1

; i ¼ 1 : n ð9Þ

leading to:

x ¼
ffiffiffiffiffi
kk

m

r
¼ 2 cos

ip
2nþ 1

ffiffiffiffiffi
K

m

r
) xmin ¼ 2 cos

�
np

2nþ 1

� ffiffiffiffiffi
K

m

r
: ð10Þ

This result corresponds to the case when K and m for all the stories are the same. If this is not

the case, then the differences are often small. As an example, the stiffness of the first story may

be more or the mass of the top story may be less. In such cases, one can calculate x from the

above relationship and then improve the result using the Rayleigh quotient relationship as

utðM�1KÞu=utu. The method for finding u which is the corresponding eigenvector will be

presented in the following.

1

2

3

n

n–1

n–2

mn

Kn

m3

K3m2

K2m1

K1

mn–1

Kn–1

Kn–2

mn–2

Fig. 1. A shear building with equal floor masses

and stiffnesses
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As an example, consider a six story frame with M = [16, 13, 13, 13, 13, 11] and K =

½8; 6; 6; 6; 6; 5�. Assuming Ki ¼ 6 and mi ¼ 13, we obtain

xmin ¼ 2 cos

�
6p
13

� ffiffiffiffiffiffi
6

13

r
¼ 0:1638

leading to

u ¼ f�0:0368;�0:0715;�0:1020;�0:1266;�0:1438;�0:1527gt;

utðM�1KÞu
utu

¼ 0:2254;

where the exact value is 0:2256. It should be noted that the formation of M�1 produces no

problem, sinceM is diagonal. It can be observed that the application of these relationships for a

symmetric structure with different boundary (non-symmetric) conditions results in matrices

with non-equal first and last diagonal entries.

In [18] it is proven that for a tri-diagonal matrix of the form

Mn ¼

�aþ b c

a b :

a : :

: : :

: : c

: b c

a �bþ b

2
6666666666664

3
7777777777775

ð11Þ

the eigenvalues can be obtained as

k ¼ bþ 2
ffiffiffiffiffi
ac
p

cos h; h 6¼ mp; ð12Þ

where h is obtained from the following relationship:

ac sinðnþ 1Þhþ ðaþ bÞ
ffiffiffiffiffi
ac
p

sin nhþ ab sinðn� 1Þh ¼ 0: ð13Þ

The corresponding eigenvectors can be calculated as

uj ¼
u1

sin h
qj�1

�
sin jhþ affiffiffiffiffi

ac
p sinðj� 1Þh

�
; j ¼ 1 : n; ð14Þ

where q ¼
ffiffiffiffiffiffiffiffi
a=c

p
.

When h ¼ mp or a ¼ b ¼ �
ffiffiffiffiffi
ac
p

, then the eigenvalues and the corresponding eigenvectors

should be calculated from different relationships as discussed in [18].

These relationships are the generalization of a special case previously given by Eqs. (3)–(5).

For the form F we have:

Mn ¼ Fnða; b; cÞ ) b2 sinðnþ 1Þhþ 2bðc� aÞ sin nhþ ðc� aÞ2 sinðn� 1Þh ¼ 0; ð15Þ

k ¼ cþ 2b cos h; h 6¼ kp: ð16Þ

Due to symmetry

q ¼ 1) uj ¼ u1

�
sin jhþ c� a

b
sin ð j� 1Þh

��
sin h: ð17Þ

Depending on the magnitudes of a, b or c, these relationships can be expressed in simpler

forms. This is another concern of the present paper.
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The application of these equations starts with using Eq. (12) for calculating h. From Eq. (13)

the magnitude of k is obtained, and Eq. (14) is employed to find the corresponding eigenvector.

Obviously, if a, b or c are given, then k can be calculated. However, for some mechanical

problems, the values of a, b or c can be in parametric form, and then the aim will consist of

calculating the parameter such that the determinant of the considered matrix becomes zero.

This happens when calculating the buckling load and natural frequencies of the structures is

required. Since the determinant should become zero, therefore at least one of the eigenvalues

must have zero value. Thus substituting k ¼ 0 in Eq. (13), and calculating h by Eq. (12), the

parameter involved can be calculated (see Example 2).

The problem of shear buildings can be solved by these relationships. For this case we

have:

a ¼ 0; b 6¼ 0) h ¼ 2ip
2nþ 1

) k ¼ cþ 2b cos h; i ¼ 1 : n; ð18Þ

leading to

k ¼ 2K þ 2K cos

�
2ip

2nþ 1

�
¼ 4K cos2

�
ip

2nþ 1

�
; x ¼

ffiffiffiffiffi
k
m

r
¼ 2 cos

�
ip

2nþ 1

� ffiffiffiffiffi
K

m

r
; ð19Þ

u
ðkÞ
j ¼ sin

�
ð2k� 1Þjp

2nþ 1

�
; ðuðiÞ ¼ fuðiÞ1 ;u

ðiÞ
2 ; :::;u

ðiÞ
n g

tÞ: ð20Þ

The above relationships can also be generalized to block matrices. As an example, for adjacency

of the three graph products introduced in [10] we have

B2 sinðnþ 1Þhþ 2ðC� AÞB sin nhþ ðC�AÞ2 sinðn� 1Þh ¼ 0; k ¼ Cþ 2B cos h: ð21Þ

For the adjacency matrices of these products

C ¼ A) sinðnþ 1Þ ¼ 0) h ¼ kp
nþ 1

ð22Þ

leading to

k ¼ A þ 2B cos
ip

nþ 1

� �
ði ¼ 1 : nÞ; u

ðkÞ
j ¼ sin

kjp
nþ 1

� �
ðj ¼ 1 : nÞ: ð23Þ

As another example, for calculating the eigenvalues of the Laplacian matrices of the strong

Cartesian product of P H P one can add edges only to two opposite edges instead of all four

edges of the model. If these added members are for the edges with more members, then we will

have A = B+C, and we will have

B2 sinðnþ 1Þh� 2B2 sin nhþ B2 sinðn� 1Þh ¼ 0; ð24Þ

sinðnþ 1Þh� 2 sin nhþ sinðn� 1Þh ¼ 0) 2 sin nh cos h� 2 sin nh ¼ 0; ð25Þ

2 sin nhðcos h� 1Þ ¼ 0 )
h6¼mp

sin nh ¼ 0) h ¼ kp=n; ð26Þ

k ¼ Cþ 2B cos
kp
n

� �
; u

ðkÞ
j ¼ sin

kjp
n

� �
� sin

kð j� 1Þp
n

� �
: ð27Þ

In this way, the eigenvectors are calculated and since we have added extra members, therefore

the use of the Rayleigh quotient relationship can improve the results. In the following section

examples are considered as applications in structural mechanics.

Now we consider M as a penta-diagonal matrix expressed as the sum of three Kronecker

products M ¼
P3

i¼1 Ai � Bi, where M is a penta-diagonal matrix (see [19] for definitions and

proofs). A typical penta-diagonal matrix can be expressed in an F form as follows:
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Fða; b; c;dÞ ¼

a b d

b c b d

d b c : :

d : : : :

: : : : d

: : : b d

d b c b

d b a

2
6666666666664

3
7777777777775

: ð28Þ

If Ai and Bi commute two by two with respect to multiplication, then M can be made

tri-diagonal. As an example, consider the following matrix:

M ¼
X3

i¼1

Ai � Bi ¼ I� B1 þ Fð0; 1; 0Þ � B2 þ Fð0; 0; 1; 1Þ � B3: ð29Þ

Since Ais commute with respect to multiplication, therefore the first and third terms can be

combined, resulting in a similar matrix:

M � N ¼ I� ðB1 þ kðFð0; 0; 1; 1ÞÞB3Þ þ Fð0; 1; 0Þ � B2; ð30Þ

and this is a tri-diagonal matrix. If all the Bis become numbers in place of matrices, then one

can use the relationships presented for tri-diagonal matrices.

4 Numerical examples

Example 1: The longitudinal frequency and the corresponding mode shape of a simply sup-

ported bar as shown in Fig. 2a is required. The same problem is repeated for a bar with one end

as clamped and the other end free.

First the continuous problem is transformed into a discrete problem, and then the number of

elements is taken to infinity. For the first problem, the bar is modeled as n masses and n springs

as illustrated in Fig. 2b, where mi ¼mL/n and Ki = nEA=L. The formation of the stiffness and

mass matrices for this system reveals that K has an F form and M is diagonal, i.e.

K ¼ nEA

L

3 �1

�1 2 :

: : :

: : :

: 2 �1

�1 3

2
666666664

3
777777775
¼ Fnð3;�1; 2Þ; M ¼ mL

n
I; ð31Þ

where I is a unit matrix. Since M is a multiple of I, therefore it is sufficient to find the

eigenvalues of K. Using Eqs. (12)–(14) we have

a ¼ b ¼ b ¼ �1) 2 sin nhðcos h� 1Þ ¼ 0; ð32Þ

for h 6¼ mp) sin h ¼ 0) h ¼ kp
n
) k ¼ 2� 2 cos

kp
n
¼ 4 sin2 kp

2n
ð33Þ

) x ¼ n

L

ffiffiffiffiffiffi
kE

q

s
¼ 2n

L
sin

kp
2n

� � ffiffiffiffi
E

q

s
when n!1) x ¼ 2n

L

kp
2n

ffiffiffiffi
E

q

s
¼ kp

L

ffiffiffiffi
E

q

s
: ð34Þ
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Here, q is the mass for unit length. From Eq. (14) the mode shape is obtained as

u
ðkÞ
j ¼ cos

kjp
L
; k ¼ 1 : n: ð35Þ

Now we assume the support at left hand side be clamped and the one in the right hand side be

free, See Fig. 3. Then we will not have the end spring of length L=2n with stiffness 2ki. Thus the

last diagonal entry of the stiffness matrix will have unit value. This form can not be expressed in

an F form and the previous methods [10] will not be applicable.

Here K is different and M does not change,

K ¼ nEA

L

3 �1

�1 2 :

: : :

: : :

: 2 �1

�1 1

2
666666666666666666664

3
777777777777777777775

; ð36Þ

a ¼ �b ¼ b: ð37Þ

Using Eqs. (12) and (13), we have

h ¼ ð2k� 1Þp
2n

) k ¼ 2� 2 cos
ð2k� 1Þp

2n
; ð38Þ

If n!1) k ¼ ð2k� 1Þp2

4n2
; x ¼ n

L

ffiffiffiffiffiffi
kE

q

s
¼ ð2k� 1Þp

2L

ffiffiffiffi
E

q

s
: ð39Þ

Using Eq. (14) leads to the mode shapes

u
ðkÞ
j ¼ sin

ð2k� 1Þ jp
2L

: ð40Þ

L

m

L /n L /n L /n L /n L /n L /n

im2Ki 2K
i

Ki Ki Ki

b

a

L /2n L/2n

im im Ki Ki
im im Ki

imim

Fig. 2. A simply supported bar
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Example 2: Consider the second case of the previous example. For the fixed-free bar the

longitudinal vibration mode is required using the finite element method. Unfortunately, the

finite element modeling leads to a mass matrix which is not any more a multiple of the unit

matrix. Considering n elements, the mass and stiffness matrices are obtained for each element

using the kinetic and potential energies as

K ¼ EA

L

2 �1

�1 2 :

: : :

: : :

: 2 �1

�1 2

2
6666666664

3
7777777775

; M ¼ qAL

6

4 1

1 4 :

: : :

: : :

: 4 1

1 2

2
6666666664

3
7777777775

: ð41Þ

It can be observed that K has the F form, butM is not in this form, since the last diagonal entry

is 2 and not 4. Therefore, the previous methods are not applicable for this example. Here we

want to obtain x such that detðK�Mx2Þ ¼ 0. Since M has not the same diagonal entries,

therefore non-diagonal entries will also involve x2. Since the determinant is equated to zero,

thus there should be a zero eigenvalue. Therefore, in Eqs. (12) and (13) we impose the condition

k ¼ 0. Considering the matrix ðK�Mx2Þ from Eq. (12), we have:

ð2� 4x2Þ sin ðnþ 1Þh� 2ð1� 2x2Þ cos h sin h ¼ 0 ð42Þ

leading to

sin ðnþ 1Þh� cos h sin nh ¼ 0) sin h cos nh ¼ 0; ð43Þ

h 6¼ mp) cos nh ¼ 0) h ¼ ð2k� 1Þp
2n

; ð44Þ

k ¼ 0) cþ 2b cos h ¼ 0) cos h ¼ �c

2b
¼ 1� 2x2

1þ x2
) x2 ¼ 1� cos h

2þ cos h
; ð45Þ

ðn!1Þ )
2þ cos h! 3

1� cos h! h2

2

8><
>:

) x2 ¼ h2

6
; ð46Þ

xk ¼ nx

ffiffiffiffiffiffi
6E

q

s
¼ ð2k� 1Þp

2L

ffiffiffiffi
E

q

s
: ð47Þ

Example 3: Consider the bar studied in the previous example with both ends fixed. We want to

study the bending vibration of this model. Since the vibration is of bending type, therefore the

finite difference equations correspond to a penta-diagonal matrix, while for longitudinal

vibration the corresponding matrix becomes tri-diagonal which can easily be solved.

For bending vibration we have

Mn ¼ Fnð5;�4; 6; 1Þ: ð48Þ

1 2 3 4 n–1 nn–2

u1 u2 u3 u4 unun–2 un–1

Fig. 3. Finite element discretiza-

tion of a fixed-free bar
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This matrix is similar to Nn expressed in the following form:

Nn ¼ Fn 5þ 1þ 2 cos
2kp

nþ 1

� �
;�4; 5þ 1þ 2 cos

2kp
nþ 1

� �� �
; k ¼ 1 : n: ð49Þ

For the tri-diagonal matrix obtained, it can be observed that a ¼ b ¼ 0, and substituting these

values in the tri-diagonal matrices we obtain:

sinðnþ 1Þh ¼ 0) h ¼ kp
n
þ 1; ð50Þ

k ¼ cþ 2b cos h ¼ 6þ 2 cos
2kp

nþ 1
þ 2ð�4Þ cos

kp
nþ 1

¼ 16 sin4 kp
2ðnþ 1Þ ; ð51Þ

u
ðiÞ
j ¼ sin

ijp
nþ 1

ðj ¼ 1 : nÞ; ð52Þ

leading to

xk ¼ ðnþ 1Þ2
ffiffiffiffiffiffiffiffiffiffi
EIk

mL4

r
; n!1) k ¼ k4p4

ðnþ 1Þ4
; ð53Þ

xk ¼ ðkpÞ2
ffiffiffiffiffiffiffiffiffiffi
EI

mL4

r
; ðk ¼ 1 : nÞ: ð54Þ

Example 4: In this example, the main aim is to derive a general relationship for calculating the

eigenvalues of the Laplacian matrix for the strong Cartesian product Cm H Pn. As shown in

[10] and [19], the Laplacian matrix for such a product can be expressed as

Lmn ¼ Im � 3Fnð2; 0; 3Þ þ Bm � Fnð1; 1; 1Þ: ð55Þ

Since Im and Bm are commutative with respect to multiplication, therefore

eigðLmnÞ ¼ [
m

k¼1

�
eig½3Fnð2; 0; 3Þ � 1þ 2 cos

2kp
m

� �
Fnð1; 1; 1Þ�

	
¼ 0: ð56Þ

In the tri-diagonal matrix obtained, the equation corresponding to h is as follows:

�1� 2 cos
2kp
m

� �2

sinðnþ 1Þh� 6 1þ 2 cos
2kp
m

� �
sin nhþ 9 sinðn� 1Þh ¼ 0: ð57Þ

For calculating the second eigenvalue of this matrix,

h ¼ kp
n
) k ¼ 3 2þ 2 cos

kp
n

� �
¼ 12 cos2 ðn� 1Þp

2n
: ð58Þ

As an example, for m ¼ 20 and n ¼ 15, k ¼ 0:1311 is obtained.

5 Concluding remarks

In many practical structures, for a symmetric model, the selected supports can be non-

symmetric, resulting in matrices which are slightly different from the known canonical forms. In

this paper, methods are developed to modify the solutions in such a way that full benefit can be

made of the symmetry of the main structures.
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First tri-diagonal matrices are studied, and similar relationships are derived for block

tri-diagonal matrices. Block penta-diagonal matrices are then studied. The methods are illus-

trated using four practical structures.
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[4] Cvetković, D. M., Doob, M., Sachs, H.: Spectra of graphs, theory and applications, Academic

Press 1980.
[5] Godsil, C., Royle, G.: Algebraic graph theory. New York: Springer 2001.

[6] Fiedler, M.: Algebraic connectivity of graphs Czech. Math. J. 23, 298–305 (1973).
[7] Mohar, B.: The Laplacian spectrum of graphs. In: Graph Theory, Combinatorics and

Applications (Alavi, Y., et al. eds.), Vol. 2. pp. 871–898. NY: John Wiley 1991.
[8] Pothen, A., Simon, H., Liou, K. P.: Partitioning sparse matrices with eigenvectors of graphs.

SIAM J. Matrix Anal. Appl. 11, 430–452 (1990).
[9] Topping, BHV, Sziveri, J.: Parallel subdomain generation method. Proc. Civil-Comp, Edinburgh,

UK 1995.
[10] Kaveh, A., Rahami, H.: A unified method for eigendecomposition of graph products. Commun.

Numer. Meth. Engng. 21, 377–388 (2005).
[11] Kaveh, A., Rahami, H.: A new spectral method for nodal ordering of regular space structures.

Finite Elements Anal. Design 41, 1931–1945 (2004).
[12] Kaveh, A., Rahami, H.: An efficient method for decomposition of regular structures using graph

products, Int. J. Numer. Meth. Engng. 61, 1797–1808 (2004).
[13] Gould, P.: The geographical interpretation of eigenvalues. Trans. Institute British Geograph. 42,

53–58 (1967).
[14] Kaveh, A., Syarinejad, M. A.: Graph symmetry in dynamic systems. Computers Struct. 82, 2229–

2240 (2004).
[15] Kaveh, A., Salimbahrami, B.: Eigensolutions of symmetric frames using graph factorization.

Commun. Numer. Meth. Engng. 20, 889–910 (2004).
[16] Elliott, J. F.: The characteristic roots of certain real symmetric matrices. M.Sc thesis of Tennessee

1953.
[17] Kaveh, A., Rahami, H.: Unification of three canonical forms with application to stability analysis.

Asian J. Civil Engng. 6, 112–127 (2006).
[18] Yueh, W.-C.: Eigenvalues of several tri-diagonal matrices. Appl. Math. 5, 66–74 (2005).

[19] Kaveh, A., Rahami, H.: Compound matrix block diagonalization for efficient solution of
eigenproblems is structural mechanics. Acta Mech. (Published online July 20, 2006).

Authors’ address: A. Kaveh and H. Rahami, Centre of Excellence for Fundamental Studies in Structural

Engineering, Department of Civil Engineering, Iran University of Science and Technology, Tehran-16,
Iran (E-mail: alikaveh@iust.ac.ir)

Tri-diagonal and penta-diagonal block matrices 87



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


