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Summary. Surfaces and interfaces in solids may behave differently from their bulk counterparts, partic-
ularly when the geometry is on the nanoscale. Our objective in this work is to assess the overall behavior of
composites containing cylindrical inclusions with surface effects prevailing along the interfaces. In the
formulation, we first decompose the loadings into three different deformation modes: the axisymmetric
loadings, the transverse shear and the antiplane shear. For each deformation mode, we derive the energy
potential incorporating the surface effects. Using a variational approach, we construct the Euler-Lagrange
equation together with the natural transition (jump) conditions. The surface effects are represented by an
interface of a membrane type, with in-plane moduli different from those of either phase. The overall elastic
behavior of the composite is characterized by five constants. Four of them, except the transverse shear
modulus, are derived in simple closed forms using an approach of neutral inclusion. For the transverse
shear, we derive the value based on the generalized self-consistent method.

1 Introduction

The concept of surface stress dates back to more than one century ago by the celebrated
Young-Laplace equation in fluids [1]. Surface tension in fluids is defined as a force per unit
length along the perimeter of the interface. The concept of surface stress in solids, first intro-
duced by Gibbs [2], is defined through the change in excess free energy when the interface is
deformed at constant referential area. In contrast to fluids, surface stress may not be isotropic,
and it may depend on the crystallographic parameters of the solids joined at the interface.
Recent atomistic calculations indicate that a solid surface can be either elastically softer or
stiffer than their bulk counterparts [3]. The effect of surface stress has recently received
substantial attention in the materials physics community. Numerous studies focused on the
subjects of thin film stress evolution during deposition (see, for example, Cammarata et al. [4],
[5], Freund and Suresh [6] and the references contained therein).

A different application of surface effects is concerned with nanocomposites. The significance
of surfaces becomes important in nanoscaled structures due to their high surface-to-volume
ratios. The strain energy in these structures can be dramatically influenced by surface effects
and subsequently alters their local behavior and macroscopic properties. The objective of this
work is to explore the macroscopic behavior of nano-composites incorporating the surface
effect. Relevant to this line of research, Sharma et al. [7] derived solutions for the elastic state of
eigenstrained spherical inhomogeneities with surface effects using variational approaches. They


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: No
     Embed Thumbnails: No
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 657.638 847.559 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


40 T. Chen et al.

found that surface elasticity can significantly change the local fields at nanosized inclusion.
Yang [8] derived the effective bulk and shear moduli of composites containing spherical
nanosized cavities at dilute concentrations, in which the surface behavior is simply modelled by
a constant residual tension. Sharma and Ganti [9] derived closed-form expressions for the
Eshelby’s tensor for spherical and cylindrical inclusions. Duan et al. [10], [11] derived the
interior and exterior field solutions for a spherical inhomogeneity with the interface stress effect
subjected to a uniform eigenstrain in the inclusion and/or to a remote uniform stress. In all
these studies, apart from the work of Sharma and Ganti [9] which considered the Eshelby
tensor to cylindrical inclusions, attention has been limited to spherical inclusions.

Our objective in this work is to assess the overall elastic behavior of composites with aligned
cylindrical inclusions with surface effects along the interfaces. We consider that the phase
constituents are elastically transversely isotropic and the interfacial property is taken as iso-
tropic. Macroscopically, the overall behavior will be transversely isotropic, characterized by
five effective constants for the nanocomposites. For the mechanical properties, we can
decompose the loadings into three different deformation modes: the axisymmetric loadings, the
transverse shear and the antiplane shear. We first derive the energy potential incorporating the
surface effects for each deformation mode. Using the variational approach, one can construct
the Euler-Lagrange equation together with the interface jump conditions. The interface con-
ditions are described as a continuity of tangential strain across the interface in conformity with
the coherent interface assumption as well as a jump condition in traction. The latter term comes
from the natural transition condition in the variational process.

Derivation of local fields and overall properties relies on construction of neutral inclusions,
or in the same spirit, on composite cylinder assemblages [12]. The four effective elastic constants
are derived in simple closed forms. The remaining transverse shear modulus, based on the
generalized self-consistent method, could also be calculated through simple algebra. The
analytic expressions for evaluation of overall properties may serve is selecting phase properties
and volume fractions that would yield desirable overall moduli.

The plan of the paper is as follows. In Sect. 2, we derive the free energy of the system for
three different loading types. By using a variational approach, Euler equations together with
the interface conditions are found. The effective mechanical properties are derived in Sect. 3.
The axisymmetric moduli and the antiplane shear modulus are derived using an idea of neutral
inclusions. For the effective transverse shear modulus, we derive the value using the generalized
self-consistent method. Numerical calculations are illustrated in Sect. 4 for field solutions as
well as for the effective moduli. Finally, some concluding remarks are made in Sect. 5.

2 Interface conditions with surface stress

Here we are concerned with the boundary of a circular cylinder, in which the interface between
the two sides (the inclusion and the matrix) is associated with a deformation dependent
interfacial energy %. The fiber composite is modeled here by a representative volume element
consisting of aligned circular cylindrical fibers of the same diameter, bonded to the matrix by a
coherent interface which has a deformation-dependent surface energy and thus allows for
discontinuous radial tractions. The composite cylinder model is adopted for evaluation of local
fields in the phases that are used in Sect. 3 in the derivation of overall moduli.

Both fiber and matrix phases are assumed to be transversely isotropic, with the z-axis of
symmetry. The phase constitutive relation can be written as
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where the index k = f,m denotes the inclusion and the matrix, respectively, and the coefficients
k,l,m,m,p are Hill’s moduli [13].

Surface/interface stress can be defined in various ways. A review of these effects was given by

Cammarata [17], see also the earlier works of Gibbs [2], Shuttleworth [15] and Herring [16]. The
interfacial or surface energy is positive definite. Two independent interface stresses have been
reported in the literature: one is associated with coherent interface in which the tangential
strains are equal on both sides of the phases, the other allows that different tangential strains
may occur at the interface [17]. In the present study we are concerned with the first mode of
deformation in which no atomic bonds are broken in the interface plane. Interface stresses can
be described as (2 x 2) symmetric tensors in the tangent plane (strains normal to the surface are
excluded). The surface stress tensor, o7, is related to the deformation dependent surface energy
9 (eyp) by [15], [18]
O“f(ﬁ = 68‘{; + 70048, (2.2)
where & is the (2 x 2) surface strain tensor, d,4 is the Kronecker delta for surfaces and the
constant g is the residual surface tension. Equation (2.2) can be interpreted as modeling the
surface between the fiber and the matrix as an elastic skin, or interfacial thin layer that is
stretched over the bulk of two sides. In general those interface properties will be anisotropic
which depend on the crystallographic directions. Here in the sequel, the interface is taken as
elastically isotropic. The effect of residual tension 7 is not considered here. The surface moduli
can then be characterized by the surface Lamé constants As and g as [7], [9]

Oy = 2HsEpy + A5, 00 (2.3)

Conventional summation rules apply unless otherwise stated. Note that the Greek indices take
on values of the interfacial component. For instance, for cylindrical inclusions, «, f = 0,2. The
surface moduli A, u, have the dimensions of N/m which is different from the standard Lamé
constants (N/m?).

2.1 Axisymmetric deformations

We consider a composite cylinder which is composed of a circular fiber with radius a sur-
rounded with a concentric shell of matrix with outer radius b. Suppose that on the outer
boundary of the composite cylinder the matrix is subjected to the homogeneous boundary
conditions

&rlp=0, & = éo. (2.4)

The in-plane displacement fields are independent of the circumferential and axial variables, 0
and 2, and the axial displacement is simply a linear function of 2. That is u! = w(r), uf = 0
and u¥ = gz. To proceed, the free energy of the composite cylinder under (2.4), in the presence
of surface effects, can be written as
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where the bulk and surface elastic energy densities are functions of r, expressed as

&

1
1 : N
W (7w (r), up (1) = gafjsiﬁj, W (us) = / ay;deg;, (2.6)
0

and the prime denotes derivatives with respect to 7. As the displacement fields need to fulfill the
prescribed boundary conditions (2.4) (essential boundary conditions), by setting the variation
of the free energy to be zero, i.e., I1 = 0, we obtain the Euler-Lagrange equation

dzuk 1 duk Uy N

@ Trar e @7

We require that the minimizing (or maximizing) function be continuous at » = @ in conformity
with the coherent interface assumption, in which all admissible displacements possess the
common variation along the interface 6uf|H&: OUm|,_,,= Ous. Then we are led to the natural
transition condition along the interface

OFy B oF,,
8u} ou!

m

, U,

+ (A + 2;15)38} ous =0, (2.8)
r—a

where the functional Fy, = V. Then, substituting F; into Eq. (2.8) will give the jump condition

on stress. Specifically, the interface conditions are given by

N O‘S
ur(r)], o= () 0 = 0 =0

(2.9.1,2)

r=a

The presence of surface stress gives rise to a nonclassical boundary condition, which in
combination with the surface stress-strain relations and the equations of classical elasticity
form a coupled system of field equations. The governing field (2.7), together with the
interface conditions (2.9) and the boundary conditions (2.4), will allow us to determine the
field solutions.

2.2 Transverse shear deformation

Next we consider a transverse shear deformation in which the boundary data, u, = cx,
uy = —cy, U, = 0, are prescribed on the surface » =b. In terms of cylindrical coordinates,
these fields correspond to wu, = crcos20, ug = —crsin 260, u, = 0, where the value ¢ is the
applied shear strain. The displacement fields of the composite cylinder under the transverse
shear can then be written as:

ul = Ug(r)cos20, uly = Vi(r)sin20, uf =0, (2.10)

where Uy (7), Vi(r) and Wy (r) are unknown functions of 7. The nonvanishing strain compo-
nents are:

au vy Vi 20U
8@:—1600829, 2¢&,9 = sin 20 —k_Tk_Z7k ,
dr dr 7 r

, cos20 cos 20
0

&) = ; (Uk + 2Vk), 856 = o (Uk((l) + ZV]C((I)), (211)
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and the corresponding stresses can be derived accordingly. Again the interface of the inclusion
and the matrix is endowed with a deformation dependent interfacial energy 4. We first derive
the free energy of the composite system IT. In contrast to the axisymmetric loadings, the strain
energy density now depends on 7 as well as on 0. Setting 6II =0 and allowing that the
variations 0Uy(7) and o0Vi(r) be arbitrarily varied, the Euler-Lagrange equations,

F F F F
OB (0 (O OF 0 (0Fy (2.12)
(9Uk or 8Uk 8Vk or 6Vk
with
2n 2n
Fi(r, U, Uy, Vie, V) :/de(), F :a/‘I’S(a,u(S>)d0, (2.13)
0 0
can be expanded as
B kp+my 2 ke4+me 7 ki +my,  v? ’ (2.14)
2k ki + 2my U VI Ak +5my V) '
kg _2M_;+Vg+_k_w_§:o,
My my v r My r

We note that, when the phases are isotropic, the system (2.14) is the same as that of the
composite system with perfect bonding interface (without the surface effects) [19]. Note that the
system of equations (2.14) can also be derived by substituting (2.10) into the equilibrium
equations.

To proceed, we note that the functions U,, and V,, need to comply with the boundary
conditions. This gives that 6U,, = éV,, = 0 at » — b. In addition, to avoid rigid body trans-
lation at » = 0 we have set Uy = V; = 0. Also we require that the minimizing functions U and V
need to be continuous at » = a for coherent interfaces

Ur(a) = Upla), Vi(a)=Vy(a). (2.15)
The remaining boundary terms of ¢6IT become

(%wf+8ﬁ5vf> _(%U +%m)

o] oV’ 3, Un + 5 + 0F, = 0. (2.16)

r—a

r—a
These are exactly the natural transition conditions in the theory of variation ([20], p. 129).
Upon substitution of Egs. (2.13) into (2.16), we find the interfacial jump conditions

N . (4s +2u) (Us + 2V5)
& (r) =&l _, = " , (2.17)
r—a
~m ~f 2(;“9 + 2:“' (U9 + ZVG)
Gro(r) —oly(r)| = gs : (2.18)
r—a r—a
where the hat quantities, independent of 0, are given by
: 20 . sin 20
Ohy(r,0) = B4 (1) = ol (r,0) = g (r) . (2.19)

In the absence of surface residual tension 7y, the conditions (2.17) and (2.18) can be further
simplified to

S
() — )], =0 am) )| =19

”r
r roa r—a r 00

(2.20)

r—a
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Note thatif we look at the various types of imperfect interfaces proposed by Benveniste and Miloh
[21], we can see that Egs. (2.9) and (2.20) correspond to the membrane type of imperfect interface
with a suitable choice of the constant P ([21], Eq. (2.11)). Of course, when setting A; = p, = 0, the
mathematical framework will recover the known continuity condition of traction.

2.3 Anti-plane shear deformation

We next consider that the composite cylinder is undergoing an antiplane deformation. At the
boundary of the matrix the displacement fields, u, =0, uy = 0, u, = % sin 0, are imposed.
Corresponding to this deformation, the displacement fields of the composite cylinder can be
assumed as:

ub =0, ub=0, ul=Ww(r)sino. (2.21)
The non-zero strains are ¢,, and &g,. We can now derive the strain energy density. Note that the

functional of the phases can be exactly integrated as

2n

2
p= (M), R [ e 22
0

By setting the variation of the functional be zero, we find the governing equation

2
ddZM%dd—VZ’f—%Wk = 0. (2.23)
Further, the function W,, needs to satisfy the boundary condition. This implies that 6W,, = 0 at
r — b. In addition, we have set Wy = 0 at the origin 7 = 0 to avoid rigid body translation. We
further require that Wy(a) = W,,(a) due to coherent interface. Then, the remaining terms of 6IT

are the natural transition conditions

2n

OFy oFy,

<8WJ£ 5Wf> — (8W7’,L 5Wm) ?Ha—HZ / 11585 (@) cos 0] 6W db = 0, (2.24)
r—a 0
which can be written explicitly as
~m ~f &;z
Urz(r) - G{FZ(T)LH@: o ) (225)
L P

where the hat quantities, depending only on 7, are defined as
7 (r,0) = (r)sin0, a.(r,0) =& (r)cos0. (2.26)

We mention that the interfacial jump conditions in traction, (2.9.2), (2.20) and (2.25), under
the three different deformation modes agree exactly with the analysis of the generalized Young-
Laplace equations for solids obtained by Povstenko [22]. Here we recapitulate the main results
in Appendix A.

3 Effective elastic properties

In this Section we will derive the effective moduli of k*,1*,%* and p* using the concept of
neutral inhomogeneities ([23], Chap. 7). The idea of neutral inhomogeneity is mathematically
equivalent to that of constructions of composite cylinder assemblages (CCA) [13]. It is known
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that for perfect bonding interfaces (i.e., without surface effect), the effective moduli by the CCA
model have the same form as those predicted by the Mori-Tanaka method [24] and lie within
variational bounds [25]. For the effective transverse shear m*, we use the generalized self-
consistent model (GSCM) [19] (or called three-phase model) to derive the effective transverse
shear modulus.

3.1 Effective axisymmetric moduli k*,1*,n*
We first consider the composite cylinder is under the loading (2.4). The admissible displacement
fields, by solving Eq. (2.7), can be written as

C
ul. = Ar, w! =Br+—, W =ul =gz, uly=up =0, (3.1)

where the coefficients A, B, C are constants that need to be determined from the boundary and
interface conditions, (2.4) and (2.9). Next we consider a homogeneous cylinder with the same
size of the composite cylinder, with the effective moduli being denoted by k*,1*,%*. Under the
same boundary condition (2.4), we wish to adjust the values of k*,[*, " so that the radial stress
at » = b and the average axial stress in both configurations are the same. This concept can
be interpreted in different ways, termed as the CCA, or as the replacement inhomogeneity.
Specifically, these effective moduli can be exactly found as

(Ko + 70) {kf T isgj"s}

k* = km + Cf P + 2,“ ) (32)
kr 4+ My — cp(ky — k) + CMSTLS
F=1 +c (km + mm) (lf — Al + %) (3 3)
=l f ()~s+2ﬂs)7 .
]ﬁf + My, — Cf(kf — k’m) + cmT
* 2(/13 + 2#5) CrCm (lj + % . lm)Z
N = CrNy + Cpom + Cr — e 04
]ﬁf + My, — Cf(kf — ]{m) + C’m#

When setting 4, = p, = 0, it is seen that the formulae for k¥, I* and n*, recover the known
classical expressions for the perfect bonding situations ([13], Egs. (3.6), (3.8)).

3.2 Effective antiplane shear modulus p*

We now derive the effective antiplane shear modulus p*. The admissible displacement fields,
following from the governing equation (2.23), are
uf* m __ uf* m __ ’L&f* . mo__ c -

L=u =0, p=uy =0, uw,=Arsin0, u; = B7”+; sin 0, (3.5)
where again the constants A,B and C can be found from the boundary condition and the

interface conditions. Next we consider a same-size homogeneous cylinder with the unknown
axial shear modulus p*. Under the same boundary condition, we wish to adjust the value of
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p* so that the shear traction o,. at » = b will be the same in both configurations. This will

give

o= p, Q@ +5) + (1 —o)pm.
(=) (pr +5) + (L +c)pm

When the interface effect is neglected, the effective antiplane shear modulus again reduced to

the classical perfect bonding result for p* [13].

(3.6)

3.3 Effective transverse shear modulus m*

For the transverse shear loading, it is not possible to construct a neutral composite cylinder. A
commonly adopted procedure to derive the effective transverse shear modulus is through the
generalized self-consistent method. For a detailed exposition of this method, one can refer to
the work of Christensen and Lo [19]. This model assumes that the inclusion is first surrounded
by some matrix material, and then embedded in an effective medium with unknown effective
shear modulus. The auxiliary boundary value problem to be solved is that of a composite
cylinder with a cylindrical core with a matrix shell embedded in the unknown effective medium
(designated by x), and subjected at the remote boundary to a tranverse shear boundary
condition 24| =cu, uy|yﬁoc —cy, uy = 0. Note that the boundary condition and the
geometric configuration considered in Sect. 2.2 suffices to model the case of the generalized
self-consistent method employed here as the radius d can be taken as infinity. Under the
deformation, the corresponding solutions to Egs. (2.14) have the forms

u’; = 4—f (D1 (g) + Ay (r]f - 3) (g)‘;) cos 20,

r—o00

ul) = 4&)% (—D1 (g) + Ay (ny +3) (g)s) sin 20, (3.7)
=22 -0 )+ < 0(() () ).
up = b:imnjﬁ (Az(’?m +3) (g)S—Dz (g) = Ca(n,, — 1) (g) + B <§)3> ' (35)

i m( i en(®) e (2) )
( 2——A3 (n —1)(3) +Cs G)S) sin 20, (3.9)

*

m m m
Nw=1+2—, n,=1+2-", np=1+2-". (3.10)
k* K ' ky

The eight constants, Ay, D;, As, B2, Ca, Dy, Az and C3 can be determined from the eight
interface conditions:
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g = =0y ] =
Uiy =il 0= Ol = 0l (3.11)
21 2n 2n
/ o’ (a,0) cos26 db — / d.(a,0)cos20 df = é/ opcos20dl|
0 0 0 r—a
2n 2 2
/ orp(a,0)sin20 do — / o’;g(a, 0)sin20 d0 = 2/ opcos20dl| . (3.12)
0 0 0 r—a

Note that these field quantities depend on the unknown effective shear modulus m* as well as
the effective plane strain bulk modulus k£*. Next we consider a homogeneous comparison
medium with the effective shear modulus m*, which is subjected to the same boundary con-
dition. This will give the referenced field

ud = L*COSZO, ug =— sin 20, og = cos 20, 089 = —sin 20. (3.13)

7
T 2m 2m*
To proceed, we employ Eshelby’s formula [26] for the strain energy of the system

2n
/ (o7ul + alguy — ovur — ayu)bdd = 0. (3.14)

7
0

Upon a substitution of the field quantities into the identity (3.14), it can be proven analytically
through the software Mathematica that

As = 0. (3.15)

As remarked by Christensen and Lo [27], a more direct way to resolve the solution of m*
is to set Eq. (3.15) into (3.9) at the outset. Carrying through the derivations (3.11) and
(3.12), this will give an algebraic system of eight equations with eight unknowns,
Ay, Dy, As, By, Cy, Dy, Cs, m*. For completeness, the system of equations is recorded in
Appendix B. The solution for m* can be written in terms of a quadratic equation for m*. In the
absence of the surface effects, we have checked analytically that our system of equations exactly
agrees with that of Christensen and Lo [19].

4 Numerical results

In numerical illustrations, we first examine the effect of surface stress on the field solutions. We
consider a cylindrical cavity in an unbounded isotropic matrix (by letting b — oc) subjected to
a remote transverse hydrostatic tension aZ,”|HOO: ¢°, with an axial constraint ¢, = 0. Based on
the preceding derivations, the stress concentration factor (SCF) along the boundary of the
cylindrical cavity can be written as

As+2pn (1 1
k(L)

Ry B 2a My K
S D P T I (4.)

r—a 1
20 my,
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The same geometric configuration subjected to a remote transverse shear

a;f!,HOC: -0 = ¢ is also considered. The hoop stress around the cavity surface can be
found as e
As+2p (1 1
ay 4+ a : (m a k—)
SCF =% =- "ML cos 20. (4.2)
|, Js +2u5 (2 1
l+—F——+
2a My K

Note that when the surface effect is neglected, or the radius of the cylindrical cavity a is
relatively large, Eq. (4.1) gives a concentration factor of 2 and Eq. (4.2) gives a concentration
factor of 4. Both of which agree with the classical elasticity solutions [28]. To make numerical
illustrations, we consider solids containing cylindrical cavities. The material properties of the
matrix are recorded from [11] for aluminium (X, = 75.2 GPa, vy = 0.3). Note that X is the
isotropic bulk modulus and u is the shear modulus, which are related to Hill’s moduli by
k =K + u/3, u = p = m. The free surface properties were extracted from the existing literature
which were calculated based on the molecular dynamics simulations [29]. The surface properties
generally vary with different crystallographic orientations. Here we adopted two different sets
of surface properties corresponding to the crystallographic directions [100] and [111] of Al. Two
sets of the parameters are: surface A, s = 3.48912 N/m, yu, = —6.2178 N/m for [100]; surface
B, As = 6.842 N/m, u, = —0.3755 N/m for [111]. We shall use surface C to represent the results
for the classical solution without interface stress. In Fig. 1, we plotted the stress concentration
factor (4.1) under the transverse hydrostatic loading. It is seen that surface A tends to increase
the stress concentration as the radius of the cavity becomes smaller. By contrast, surface B
reverses the trend. The same calculations for the maximum stress concentration are also made
for the transverse shear (Fig. 2). But the factor does increase (decrease) rapidly compared to
that of Fig. 1. The classical solution (without surface effects) corresponds to A4; = p, = 0, and is
thus independent of cavity size.

2.6

24

22

1.8 surface B

stress concentration factor (5.1)

0 5 10 15 20 25

a (nm)

Fig. 1. The stress concentration factor (5.1) of a cylindrical cavity in an unbounded matrix under a
hydrostatic transverse loading versus the radius of the cavity. The curve A is calculated based on the
surface property of Al [100], curve B uses the surface moduli of Al [111] and the curve C denotes the
classical elasticity solution
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10

surface A

4 surface

stress concentration factor (5.2)
o)

surface B

0 5 10 15 20 25
a (nm)

Fig. 2. Same as Fig. 1, but for the transverse shear loading versus the radius of cavity. The stress
concentration factor is given in Eq. (5.2)

For the effective moduli, we present k* /kc and m* /m¢, where the subscript C represents the
classical results without surface effects. From the formulae (3.2)-(3.4) and (3.6), they suggest
that the surface effect becomes important only when the value (s + 2u,)/(2a) is in the order of
ks under axisymmetric loadings, and 2y, /a is in the order of py under antiplane deformation.
From the previous surface data (surfaces A and B), it is seen that k; is around the order of
10 ~ 100 GPa and /s and pu, are in the order of N/m. From preliminary dimensional analysis,
the surface effect will become important when the radius of the fibers, a, is in the order of
nanoscale or smaller (10~"m). This observation can also be found from the detailed numerical
calculations. In Fig. 3 plots of the value of k* /k¢ versus the cavity radius a (nm) for the volume
fraction ¢y = 0.3 are shown. The surface effect on the effective bulk modulus becomes negligible

1.2

1.1 surface B
~" | surface
te

0.9

surface A
0.8
0 5 10 15 20 25

a (nm)

Fig. 3. The value of k*/k¢ versus the radius of the cylindrical cavity ¢ (nm) for the volume fraction
Cr = 0.3
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when the radius of the cavity is larger than 25 nm. A similar plot (Fig. 4) is illustrated for the
variations of m*/m¢ versus the cavity radius a. All indicate that when the size of the cavity
becomes small, the surface effects become significant. In Figs. 5 and 6, we vary the volume
fraction of the cylindrical cavities to assess its influence on the effective quantities. Two different
radii of the cavity are selected as @ =5 nm and a = 20 nm. For a given radius, we plot the
effective modulus versus the volume fracion. When the radius size is small, the changing rate
becomes more pronounced. These numerical illustrations indicate that the surface effect is
particularly significant for smaller sizes of inclusions.

5 Concluding remarks

Surface stress effects with interface stresses can be characterized by a continuity of dis-
placements together with a jump in traction. Mathematically this corresponds to a membrane
type of imperfect interface [30]. Although the interface condition can in principle be for-
mulated via an introduction of a very thin and stiff interphase layer between the fiber and the
matrix, to deduce the present results from the existing solutions for composites with coated
fiber reinforcements would generally require some complicated asymptotic analyses [21],
which pose some mathematical difficulties in practice. We demonstrate that this nonclassical
interface condition also permits constructions of neutral inclusions. Simple, explicit formulae
for four out of the five effective elastic constants have been derived. The remaining transverse
shear modulus also permits simple calculations through elementary algebra. The present
study may find potential applications in technologically interesting systems, such as nano-
tube-based composites. The analytic expressions of these properties provide a general
guideline for the evaluation of nano-composite systems and thereby to be used to develop
criteria for choosing the base combination of different constituent materials to achieve spe-
cific purposes.

1.2
1.1 surface B
| surface C
< 09
3
0.8 surface A
0.7
0.6
0 4 8 12 16 20

a (nm)

Fig. 4. The value of m* /m versus the radius of the cylindrical cavity ¢ (nm) for the volume fraction
cr =03
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Fig. 5. The value of k*/k¢ versus the volume fraction ¢, of the cylindrical cavity for ¢ = 5 nm and
a =20 nm
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Fig. 6. The value of m*/m¢ versus the volume fraction ¢y of the cylindrical cavity for @ = 5 nm and
a =20 nm

Appendix A

Here we record the equilibrium equations of the generalized Young-Laplace equation for solids
[22]. The following results are extracted from Duan et al. [10]. The equilibrium equations of the
interface can be obtained as

(6" —0d) n=-Vs-o, (A1)
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where n is the unit normal vector to the interface I', and Vg- 6° denotes the surface divergence
of ¢° at the interface I'. For a curved interface I' with two orthogonal unit base vectors e; and
eq in the tangent plane, Vg- ¢° is expressed by

o, o e; [0(heas)) (o) oOmy Ohs
Vo.g° = — [ 211 4 222 1 11 21 orer o Yia ¢
59 (R1 + Rg e hlhg 60(1 + (9062 + (90(2 %12 (90(1 (722

€2 |:8<h20"12) 4 8(h10‘§2> _% s 8/%2 . :|

=203
+h1h2 6061 80(2 80(2 on + 21

T (A2)

where o; and o denote the two parameters determining the interface such that o; = const. and
oy =const. give two sets of a mutually orthogonal curve on I', and /; and Ay are the corre-
sponding metric coefficients. B; and Ry are the radii of the principal curvature. For cylindrical
inclusions, we can set €; = ey and e; = e, also, n; = 7 and hy = 1. It can be verified that our
interfacial jump conditions in traction are reconstructed.

Appendix B

We outline the system of algebraic equations for the solution of effective shear modulus m*
through the generalized self-consistent method. The system of equations is:

m.
(A4 (= 3)¢ +D1] = Az, = 3)ey + Dz + Calny, + ;" +Bacy?

) g .
m
m:? [A1(ny +3)er — D1 = [Az(’?m +3)¢r — Dy — Ca(n,, — 1e;! +Bchz}, (B.1)
m— 3 1 m 1 1 2 C-
i A2+—D2+n’—02+—32= c+ i,
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1 -1 1 -2
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